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Abstract—In this paper, a self-learning control scheme is pro-
posed for the infinite horizon optimal control of affine nonlinear
systems based on the action dependent heuristic dynamic program-
ming algorithm. The policy iteration technique is introduced to
derive the optimal control policy with feasibility and convergence
analysis. It shows that the “greedy” control action for each state is
uniquely existent, the learned control policy after each policy iter-
ation is admissible, and the optimal control policy is able to be ob-
tained. Two three-layer perceptron neural networks are employed
to implement the scheme. The critic network is trained by a novel
rule to conform to the Bellman equation, and the action network is
trained to yield a better control policy. Both training processes al-
ternate until the optimal control policy is achieved. Two simulation
examples are provided to validate the effectiveness of the approach.

Note to Practitioners—The objective of designing optimal
controllers without mathematical models is sought by control
practitioners, whereas existing approaches usually derive optimal
controllers by accessing the mathematical models or identified
models. This paper proposes a new approach which derives op-
timal controllers by numerical iteration method without accessing
any knowledge of the mathematical models. It gives evaluation
for every state-action pair in the whole state-action space through
the collected data of the underlying system, and then selects the
action with the best evaluation for each state. What is required is
an initial admissible control policy. Theorems show that optimal
controllers can be acquired and simulation studies verify its
effectiveness. Further research will extend this approach to an
online self-learning optimal control approach, thus it can adapt
the variation of underlying systems.

Index Terms—Action dependent heuristic dynamic program-
ming, adaptive dynamic programming, model-free optimal
control, neural networks, policy iteration.

I. INTRODUCTION

S TEERING systems from a state to any specified one by
the application of a series of control actions in a best

way is desired for the engineering. Such a series of actions is
called the optimal control policy. It is well known that deriving
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optimal control policies for linear systems with quadratic per-
formance index is equivalent to calculate the algebraic Riccati
equation, and for nonlinear systems is equivalent to calculate
the Hamilton–Jacobi–Bellman (HJB) equation [1]. What is
indispensable for solving these equations is the accurate models
of underlying systems [2]. Unfortunately, their parameters are
always uncertain, or even the models are completely unknown
in the practical application [3]. Moreover, the solution to HJB
equation is often difficult to obtain as it involves solving the
nonlinear partial difference equations even if they are com-
pletely known [4]. Therefore, developing an algorithm that
can calculate the optimal control policy model-freely is fairly
necessary [3].
The ADP algorithm [5]–[7], same as the mechanism of

the reinforcement learning, is an improved version of the
dynamic programming algorithm, inherits the powerful ability
of optimizing and circumvents the problem of “curse of dimen-
sionality” by adopting the function approximation architectures
to approximate the value function (heuristic dynamic pro-
gramming [8]), the derivative of value function (dual heuristic
programming [9]) or the both (global dual heuristic dynamic
programming [10]). So far, lots of work about the ADP algo-
rithm has been done for deriving the optimal control with the
model partially known or even model free. Optimal control
policies were derived for the affine nonlinear systems with dy-
namics model partially known [11]–[13], i.e., only the systems’
control coefficient matrixes were required. Model-free schemes
were developed in [3], [4], [14], and [15], but dynamics models
were still required to be identified based on the collected
data beforehand. However, model identification would incur
additional computational cost, and more importantly, would
introduce modeling errors which could significantly decrease
the performance [16].
The improved version of the ADP algorithm, action depen-

dent heuristic dynamic programming (ADHDP) algorithm [6],
[17], provides an available way for deriving the optimal control
policy model-freely by employing the state-action value func-
tion which evaluates all possible actions on each state rather
than only states like the value function adopted in the HDP al-
gorithms. Hence, the “greedy” action [18] for each state can
be derived by minimizing the state-action value function di-
rectly. Si et al. has applied the ADHDP algorithm to address
the cart-pole balancing problem [17]. Zhao et al. integrated the
prior experience of the system into the ADHDP algorithm for
speeding up the convergence rate via a supervisor and applied
the algorithm on driver assistance systems [19]–[21]. The struc-
tures adopted in the previous works are summarized as the for-
ward-in-time approach or backward-in-time approach in [5].
As choosing the inaccurate outputs of the critic network as the
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training objective at the next iteration step, it suffers from low
convergence rate and the problem of errors accumulation. The
least-squares policy iteration (LSPI) provides a solution for the
problems by employing linear approximation architecture and
calculating the parameters by least-square method. It makes ef-
ficient use of data collected and converges faster than the pre-
vious approaches [22], [23].
Motivated by LSPI, a model-free optimal control approach

is proposed for affine nonlinear systems in this paper. We
focus on optimal control problems and employing the more
powerful architectures–MLP neural networks–to implement
the proposed approach. Policy iteration is used to update the
state-action value function and the control policy with rig-
orous feasibility and convergence analysis. It is shown that
the “greedy” action for each state is uniquely existent, the
improved control policy is still admissible and converges to the
optimal one. To the best of our knowledge, it is the first time to
give the feasibility and convergence analysis for the policy-it-
eration-based ADHDP, which is the first main contribution of
this paper. Furthermore, MLP neural networks are employed
to approximate the state-action value function and the control
policy, respectively. It circumvents the barrier in the linear
approximation architecture that bias function should be guided
by engineering experience and intuition [24] with only the
number of hidden neurons needed to be adjusted for different
systems. It synthesizes the powerful generalization ability of
the MLP neural networks and the efficient learning ability of
LSPI, which is the second main contribution of this paper.
This paper is organized as follows. Section II presents the

problem of optimal control for the affine nonlinear system.
Section III presents the policy iteration for model-free optimal
control with feasibility and convergence analysis. Section IV
outlines the model-free optimal control approach. Two sim-
ulation examples are given to validate its effectiveness in
Section V. Conclusions are given in Section VI.

II. PROBLEM STATEMENT

In this paper, we study the discrete-time affine nonlinear
system as follows:

(1)

where is the state vector, is the
control action vector, with the subscript repre-
sents the time step, and represent the state space and the
action space, respectively. Here, we assume that the system is
controllable, (0,0) is the equilibrium point and both and

are continuous in . Control policy is defined as a map-
ping from a state to an action, and denoted as .
A value function is defined to evaluate the performance of

control policy by summing a local cost of the system
following the control policy in infinite horizon:

(2)

where the local cost (both
and are the positive definite matrices). At the

equilibrium point, .

Definition 1 (Admissible Control Policy): A control policy
is said to be admissible with respect to (1), if , is
continuous in the state-space and it is able to drive the system
to the equilibrium point from any initial state with the
value function being finite.
Mostly, the optimal control policy is desired, which can

achieve the minimized value function for each state

(3)

According to Bellman’s principle of optimality, the optimal
value function is time-invariant and satisfies the discrete-time
HJB equation

(4)

Then, the optimal control action can be derived by
applying the stationary condition , in the ab-
sence of control action constraints. To solve the HJB equation,
the dynamics model (1) must be known. However, dynamics
models are always unknown or uncertain in the engineering.
To circumvent these deficiencies, the policy-iteration-based
ADHDP algorithm is introduced to derive the optimal control
policy model-freely.

III. POLICY-ITERATION-BASED ADHDP

The above defined value function gives only an evaluation
for each state. -function proposed by Watkins [25] gives an
evaluation to each state-action pair. It is also known as the state-
action value function [18] and defined as

(5)

The state-action value function is the sum of the current step
local cost incurred by taking the action from the state , plus
the value function of the next state following an admissible
control policy . gives evaluations for all control
actions of each state following a control policy . Then, a better
control policy can be obtained directly

(6)

According to such a way, given an initial admissible control
policy , its state-action value function can be
determined via (5), then a better control policy is derived ac-
cording to (6), then the state-action value function
is calculated again, this procedure repeats until no improvement
of the control policy is observed, which is deemed to achieve the
optimal control policy. This procedure is known as policy itera-
tion [18]. In other words, the policy iteration alternates between
two phases: policy evaluation phase and policy improvement
phase, depicted as follows.
• Policy evaluation:

(7)

• Policy improvement:

(8)
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where is the policy evaluation index and the policy im-
provement index. represents the th evaluation for the th
control policy, and represents the converged state-action
value function for during the policy evaluation.

A. Properties

In this section, we will prove that the learned control policy
after each policy iteration is also admissible and both the state-
action value function and the control policy will converge to the
optimal ones.
Lemma 1: Given an admissible control policy , the state-

action value function iterative (7) will converge to the Bellman
equation as follows:

(9)

Proof: Expand the iterative (7)

(10)

According to Definition 1, the admissible control policy
will drive the system to the equilibrium points. It implies

. As , thus

(11)

Combining (10) and (11), we can obtain

(12)
For the admissible control policy , its value function

is finite. Hence, the
state-action value function converges during the policy evalua-
tion. Here, denote the converged state-action value function as

, then (12) is the Bellman equation.
Lemma 2: The solution to (8) is existent as well as unique if
is an admissible control policy and the local cost is chosen as

the quadratic form.
Proof: In Lemma 1, we show the state-action value func-

tion converges to the Bellman equation for the admissible con-
trol policy . Take the second partial derivative of
with respect to

As is positive definite, is a convex function
with respect to in the action space. Thus, the corresponding
minimum is the global minimum. Therefore, the lemma is true.
Lemma 3: Given an admissible control policy ,

the state-action value function for the improved control
policy is a nonincreasing sequence satisfying

, during the
policy evaluation phase.

Proof: Lemmas 1 and 2 imply that given an admissible
control policy , a better control policy can be derived by
(8).
During the policy iteration procedure, the convergent state-

action value function is used as the initial state-
action value function for starting the next policy iteration, i.e.,

(13)

Combining (8) and (13), the inequality holds

(14)

The first iteration during the policy evaluation phase is

(15)

By combining (9), (13), (14), and (15), we can deduce

(16)

Suppose there exists , the following inequality
holds:

(17)

The th and th iteration during the policy evaluation
phase

(18)
By combining (17) and (18), we obtain

(19)

Therefore, the lemma is true according to the principle of
mathematical induction:
Lemma 2 shows the improved control policy is existent

as well as unique. Next, we will show the improved control
policy is admissible and the optimal control policy is able to be
achieved.
Theorem 1: The improved control policy is also the

admissible control policy if is the admissible control policy.
Proof: Given an admissible control policy , Lemma 3

implies , and is fi-
nite according to the definition of the admissible control policy.
Hence, is finite.
Assume , then

. It is con-
tradictory with .
Hence, .
Assume there exists one state , the system cannot

reach the equilibrium point from such a state along with the
improved control policy . Thus, there must exist ,

, starting from the
state. Then, . It is con-
tradictory with the nonincreasing properties of policy iteration
in Lemma 3.
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Therefore, is finite, , and
is able to drive the system to the equilibrium point from any
initial state. These properties conform to Definition 1, so
is an admissible control policy.
Corollary 1: Given an initial admissible control policy ,

the state-action value function is a nonincreasing
sequence, and are admissible control policies throughout the
policy iteration procedure .

Proof: The improved control policy is derived from .
According to Lemma 3 and Theorem 1, it is true that is also
an admissible control policy and

Similarly, suppose is an admissible control policy,
it is true that is also an admissible control policy and

Therefore, the corollary is true according to mathematical in-
duction method.
Theorem 2: and will converge to the optimal

ones if the sufficient times of policy iteration are processed as

(20)

Proof: Corollary 1 and Lemma 3 bring

(21)

Thus

Let , then we can obtain

(22)

On the other hand, since the cost function sequence satisfies

Let , then we can obtain

(23)

Combining (22) and (23), we can deduce that

(24)

Notice that (24) satisfies Bellman’s principle of optimality,
we conclude that the optimal state-action is achieved. It also
implies the control policy converges to the optimal control
policy . The proof is completed.
Corollary 2: It achieves the optimal control policy ,

if and only if .
Proof: If is the optimal control policy, and according to

Bellman’s principle of optimality

Hence

On the other hand, implies

It satisfies Bellman’s principle of optimality, and so is the
optimal control policy.
Until now, we have proved the control policies learned during

the policy iteration are admissible, given an initial admissible
control policy. Moreover, both the state-action value function
and the control policy will converge to the optimal ones. Corol-
lary 2 provides a condition for terminating the policy iteration.
These properties will guide the implementation of the model-
free optimal control in the next section.

IV. MODEL-FREE OPTIMAL CONTROL

In order to implement the ADHDP algorithm, the actor-critic
structure [18] is adopted, where the critic acts as the state-ac-
tion value function and the actor acts as the control policy. In
this paper, two three-layer neural networks are employed to ap-
proximate the state-action value function and the control policy,
respectively. The role of the critic network is to approximate

(25)

The action network is to approximate

(26)

where is the activation func-
tion. are the weights and are the bias, respectively,
with the subscript , 2 representing the located layers. Note
that, the output of the action network is limited in the range
[ 1,1]. It should be transformed into the real action space in
proportion when acting on the system.
For simplicity, we collect the critic network parameters

, into a row vector and the action network
parameters into a row vector , and so the critic
network and the action network are denoted by

(27)
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Fig. 1. The structure diagram for model-free optimal control.

where and are the function expression for the critic
network and the action network, respectively.

A. Framework

The objective of themodel-free optimal control approach is to
calculate the optimal control policy from the collected state tran-
sition tuples . Here, it is supposed a state transi-
tion tuple set has been collected in advance

These tuples can be collected from the running trajectories of the
system if the dynamics model is unknown, or generated directly
by the dynamics model if it is known. What is required for the
collected tuples is that and should be distributed in the
whole state-action space.
Thewhole structure diagram is shown in Fig. 1. The critic net-

work is updated to give an evaluation for the current action net-
work. Instead of updating it iteratively as (7), the critic network
is updated to conform to the Bellman equation directly. After
the critic network converges, the action network is updated to
minimize the critic network. The two updating processes alter-
nate until the optimal control policy is achieved.

B. Critic Network

Ideal parameters of the critic network are desired to satisfy
the Bellman equation and , depicted as follows:

(28)
However, the relationships in (28) are not guaranteed to hold as
the critic network cannot calculate the state-action value func-
tion exactly, with errors and are

(29)
Hence, the parameters of the critic network are updated to re-
duce these errors at the highest possibility. So an objective func-
tion is defined for updating the critic network as

(30)

where the norm of is introduced for smoothing the outputs
of the critic network. are the coefficients to tradeoff ,
and during the update of the network. For example,

should be set to guarantee that the output at the equilibrium point
approximates zero as close as possible, and is always set
small as are less important than and . The parameters are
updated tominimize and the Levenberge–Marquardt method
is employed

(31)

where is the inner-loop cycle for updating the parameters and
is the damping factor. , is the

identity matrix with suitable dimensions and is the Jacobian
matrix of with respect to .
After the critic network converges, it switches to the policy

improvement phase in which the action network is updated.

C. Action Network

In the policy improvement phase, the action network is up-
dated to minimize the output of the critic network. From Lemma
2, is a convex function with respect to . Thus, the
improved control policy can be derived by vanishing its first
partial derivative as . Thus, the parame-
ters of the action network are updated to minimize the objective
function as follows:

(32)

where is the coefficient to the norm of the parameters. It can
be adjusted to smooth the output of the action network. Similar
to the update of critic network, the parameters of the action net-
work are updated by

(33)

where is the inner-loop cycle for updating the action network
parameters and is the damping factor, ,
is the identity matrix with suitable dimensions and is the

Jacobian matrix of with respect to .
So far, we have rules for updating the critic network and

the action network. Both networks are updated alternately ac-
cording to the procedure of the policy iteration method until the
optimal control policy is achieved. Corollary 2 shows the op-
timal control policy is achieved if the control policy cannot be
improved any more. During the updating procedure of the net-
works, we assume the optimal control policy is achieved when
the variation of the action network parameters satisfy

, and . The procedure to achieve the op-
timal control policy is shown in Algorithm 1. We assume avail-
able structures for the two networks have been determined and
the action network has been trained according to the provided
initial admissible control policy before the algorithm begins.
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Fig. 2. The convergence process on state .

Algorithm 1:Model-Free Optimal Control Algorithm

1:

// : the collected state transition tuple set

// : parameter of the action network for an initial
admissible control policy

2: initialization

3: : parameters

4: : thresholds for the objective functions of
the critic network and the action network

5: : maximum times for updating the critic
network and the action network

6: end initialization

7:

8:

9:

10: repeat

11:

12:

13:

14: repeat

15: (29),

16:

17: (30)

18: (31)

19: until ( or )

20:

21:

22: repeat

23:

24: (32)

25: (33)

26: until ( or )

27:

28: until

29: return

V. SIMULATION

In this section, the proposed approach is tested on the dis-
crete-time nonlinear mass-spring system and the continuous-
time nonlinear oscillator system, respectively. It will be com-
pared with a different ADP method in the first simulation ex-
ample and tested on the condition of different initial admissible
control policies in the second one.

A. Discrete-Time Mass-Spring System

We consider the mass-spring system [15] whose dynamics is
given by

(34)

The parameters of the quadratic cost function are chosen

as and . Here, the critic network

and the action network are implemented by two three-layer
MLP neural networks with structures of 3-8-1 and 2-6-1,
respectively. The initial parameters for the critic network are
chosen randomly in range [ 0.7, 0.7] and the initial action
network is trained to satisfy an admissible control policy

. The coefficients for the errors are set as
, , and . We suppose the state

space as in this example. If the state space is larger
than this range, a preprocess will be brought in to normalize
states in range [ 1, 1] in proportion when they are input to
both the networks. It is assumed that a batch of 1000 states
distributed randomly in the state space, the actions for the

states as , and the next time step states
have been collected in advance. Here, we set to

cover the action space as the control action is normalized in
range [ 1,1]. These sampled data is used to update the action
network and the critic network throughout the policy iteration.
The approach proposed in [11], which is named as time-based

ADP algorithm, derives the optimal control policy with ac-
cessing the system’s control coefficient matrix. It is also applied
to the system, where the bias functions of the critic are chosen
as . The same action network
and initial control policy are used for comparison.
Both approaches are trained offline. In the training proce-

dure, the policy iteration lasts ten steps. Fig. 2 illustrates the
convergence processes of the value function and the control ac-
tion on state , which are derived by the pro-
posed model-free optimal control approach and the introduced
the time-based ADP algorithm. At the zeroth iteration, the value
function is uncertain since the parameters of the critic network
are initialized randomly. The value function for the initial con-
trol policy is calculated at the first iteration, and then decreases
as the improvement of the control policy. After the third policy
iteration, the value function and the control action are steady,
what can be deemed convergent. The value functions, as well
as the control actions, calculated by the two approaches con-
verge to an approximately equal value.
Fig. 3 shows the state trajectories from state

to the equilibrium point steered by the initial control policy,
the control policy derived by the time-based ADP and the one
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Fig. 3. The state trajectories from state .

Fig. 4. The action trajectories from state .

learned by the model-free optimal control approach, and Fig. 4
shows the corresponding control action trajectories. All the tra-
jectories obtained by the model-free optimal control approach
are very close to the ones obtained by the time-based ADP. It
is also shown that both the learned optimal policies are much
better than the initial control policy, with less response time and
smoother trajectories.
All these results illustrate the model-free optimal control ap-

proach has the same optimization ability with the time-based
ADP algorithm, although no knowledge of the dynamics model
is provided.

B. Continuous-Time Oscillator System

The continuous-time oscillator system [24] is considered with
dynamics as follows:

(35)

The model-free optimal control approach will be carried out
on the system with sampling time .

The quadratic cost function is chosen as

and . As this system is more complex than the pre-
vious one, the number of hidden neurons increases to ten
and eight for the critic network and the action network, re-
spectively. Two different initial admissible control policies:
Initial Policy I and Initial Policy II

, are provided for the policy iteration,
respectively. Other parameters and the way of sampling data
are the same as the settings of the previous example.
In the training procedure, the policy iteration lasts ten steps

and Fig. 5 shows the convergence processes of the value func-
tion and the control action on state from the two dif-
ferent initial control policies, respectively. The value function
decreases as the control policies improve. Both the value func-
tion and the control action converge at the third iteration. The
state trajectories from an initial state to the equilib-
rium point steered by the two initial control policies, the optimal

Fig. 5. The convergence process on state .

Fig. 6. The state trajectories from state .

Fig. 7. The action trajectories from state .

control policies learned from Initial Policy I and II are shown
in Fig. 6, and the corresponding control action trajectories are
displayed in Fig. 7. The trajectories steered by the initial con-
trol policies are fluctuant, but the ones by the learned control
policies are smoother and faster to reach the equilibrium point.
Moreover, the performance of the two learned optimal control
policies are very close to each other.
These results illustrate that the model-free optimal control

approach is able to achieve almost the same control policy even
if different initial admissible control policies are provided.

VI. CONCLUSION

In this paper, a model-free optimal control approach is pro-
posed for the optimal control of the affine nonlinear system
without accessing the dynamics model. The policy iteration is
used to derive the optimal control policy with feasibility and
convergence analysis. Rigorous proofs show that the improved
control policy after each policy iteration is uniquely existent
as well as admissible, and the optimal control policy can be
achieved. The actor-critic structure is adopted with the actor and
critic implemented by twoMLP neural networks. The critic net-
work is trained in a novel way to conform to the Bellman equa-
tion directly and the action network is trained to minimize the
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output of the critic network. Both networks are trained with the
Levenberg–Marquardt method.
Two simulation examples are given to verify its effective-

ness. The mass-spring simulation example illustrates that the
model-free optimal control approach is as effective as the same
as the time-based ADP although no knowledge of the dynamics
model is provided. The oscillator system simulation example
illustrates that the proposed approach is able to achieve the op-
timal control policy although different initial control policies
are provided. In the two examples, the control policy converges
after the policy iterates three times. Moreover, only the number
of the hidden neurons should be adjusted for the critic network
and the action network to obtain more powerful generalization
ability. All results validate the model-free optimal control ap-
proach is effective, adaptable, and fast learning.
Further work will be on the extension of the proposed ap-

proach for online learning.
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