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In this paper, we develop a novel data-driven multivariate nonlinear controller design method for multi-
input-multi-output (MIMO) nonlinear systems via virtual reference feedback tuning (VRFT) and neural
networks. To the best of authors' knowledge, it is the first time to introduce VRFT to MIMO nonlinear
systems in theory. Unlike the standard VRFT for linear systems, we restate the model reference control
problem with time-domain model in the absence of transfer functions and simplify the objective
function of VRFT without a linear filter. Then, we prove that the objective function of VRFT reaches the
minimum at the same point as the optimization problem of model reference control and give the
relationship between the bounds of the two optimization problems of model reference control and VRFT.
A three-layer neural network is used to implement the developed method. Finally, two simulations are
conducted to verify the validity of our method.
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1. Introduction

Traditionally, a suitable controller is designed by the mathe-
matical model of the plant which is identified from the input and
output data. However, with the rapid development of science and
technology, the industrial process and production equipment
become more and more complex, which makes establishing
accurate mathematical models costly and even unattainable.
Imprecise models will bring about the model error into the
controller, which implies that the system cannot reach the
expected goal. Fortunately, with the development of information
technology, especially the accurate sensor technology and data
storage technology, huge amounts of data are recorded and stored
in the daily production. To make full use of data and solve the
direct control design problem, data-driven control is proposed and
gets the attention of more and more researchers.

Compared with model-based control, data-driven control
designs the controller directly without mathematical models.
Progress has been made to show the advantages of data-driven
control over traditional model-based controls [1-3]. In the past
few decades, various data-driven methods have been proposed
under some system hypotheses in different environments. Tuning
the controller online by estimating the gradient of the goal
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function is an effective idea of the data-driven control. For
instance, simultaneous perturbation stochastic approximation
(SPSA) introduced by Spall estimates the gradient by stochastic
approximation [4,5] and model free adaptive control (MFAC)
proposed by Hou replaces the gradient with pseudo-partial
derivative [6-8]. The idea of iterations also has good applications
in data-driven method. For instance, iterative learning control
(ILC) [9-14] suits for the systems when the off-line data can be
obtained repeatedly or periodically and iterative feedback tuning
(IFT) developed by Hjalmarsson [15-17] is based on an iterative
gradient descent approach. Additionally, in the field of optimal
control, adaptive dynamic programming (ADP) [18-21] is a sig-
nificant and hot topic. Many data-driven and model-free methods
based on ADP have been established [22-32]. Different from the
above methods, virtual reference feedback tuning (VRFT), which is
originally proposed by Guardabassi and Savaresi [33], provides a
global solution to a model reference control problem with one-
shot off-line data. VRFT has the advantages of less calculation than
iterative methods, global optimal solution compared to local
optimal solutions of gradient methods and just one-shot off-line
data with no need of detected signal. Until now, VRFT has been
developed for single-input single-output (SISO) linear systems
[34,35], multi-input multi-output (MIMO) linear systems [36,37],
and SISO nonlinear systems [38,39].

In the aspect of applications, more and more data-driven
control methods are designed to solve practical problems in recent
years. In [40], a data-driven approach was designed to control
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batch processes with applications to a gravimetric blender. Marcel
et al. proposed a robust data-driven control for solving synchro-
nization problem [41]. An iterative data-driven tuning method of
controllers was developed for nonlinear systems with applications
to angular position control of an aerodynamic system [42]. A data-
driven self-tuning control was designed by iterative learning
control to optimize the control parameters of turbocharged
engines [43]. In [44], Chi et al. presented a unified data-driven
design framework of optimality-based generalized iterative learn-
ing control. VRFT was also applied to nonlinear systems by neural
controllers [45] and MIMO linear systems [46,37].

However, as a well-known data-driven method, there are very
few results of VRFT for MIMO nonlinear systems in both theory
and applications. Different from SISO nonlinear systems and linear
systems, MIMO nonlinear systems are much more complex, and it
is a much tougher task to demonstrate the validity of VRFT in this
case. Nevertheless, data-driven control aims to solve the control
problem of complex and highly nonlinear plant, and the theory of
linear systems and SISO systems is not sufficient. Therefore, it is of
great importance to investigate VRFT for MIMO nonlinear systems.
To the best of our knowledge, our work is the first to present the
theoretical analysis of VRFT for MIMO nonlinear systems.

This paper studies the problem of model reference controller
design of general MIMO nonlinear systems by using VRFT and
proves the validity of the established method. First, to avoid the
difficulty of solving nonlinear transfer function, we recall the
optimization problem of model reference control with time-
domain model. Second, we prove that the time-domain model
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Fig. 1. Model reference control.
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Fig. 2. Responses of the system with reference to unit step signal in noiseless environment. (a) Reference input r and desired output y4. (b) Desired output y, and actual

output y. (c) Control signal u; and u,. (d) Error of output e; and e,.

optimization problems of VRFT and the model reference control
have the same solution. We also obtain the relationship of the
bounds of the two optimization problems. Finally, we provide the
implementation of VRFT in MIMO nonlinear systems by neural
networks.

The rest of this paper is organized as follows. Section 2 gives
the basic assumptions of the system and presents the optimization
problem of model reference control in MIMO nonlinear systems.
Section 3 describes the VRFT approach in MIMO nonlinear systems
and proves the equivalence of the optimization problems of model
reference control and VRFT. Furthermore, the relationship
between the bounds of the two problems is also discussed in this
section. Section 4 introduces a three-layer neural network to
approximate the controller with the aid of VRFT. Section 5
illustrates the simulation results in noiseless and noisy environ-
ments which show the effectiveness of our method, respectively.
Section 6 gives the conclusion.

2. Optimization problem of model reference control

The control system is shown in Fig. 1. u is the control input and
y is the output of the plant. y, is the plant output corrupted by
noise n and r is the reference signal. It is a classical closed-loop
control system where the controller C processes the error signal e
so as to generate the control input u to the plant P. The plant P
and the controller C are nonlinear and multivariate. We assume
that there is a reference model M which describes the relationship
between the reference input r and the desired output y,. Our goal
is to design the controller C to make the performance of the
closed-loop control system as close as possible to M, which means
that the error e,, between the output of control system and
reference model with the same reference input is as small as
possible.

For linear systems, the transfer function model is used to
describe the problem of model reference control [33,36]. However,
it is well known that the transfer function is not suitable for the
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analysis of nonlinear systems. In [38], the authors restated the
problem of model reference control in SISO nonlinear systems, but
it is difficult to extend this method to MIMO nonlinear systems.
Hence, in this section, we redefine the problem of model reference
control in MIMO nonlinear systems and make the basic assump-
tions of the system as follows.

First, the plant P is a discrete-time MIMO nonlinear system,
which is described by

y(ky=puk-1),...,utk—np),y(k—1),....y(k— np,))s )

where u(k) e/ ¢ R™ is the input of the plant, y(k)e Y c R" is the
output of the plant. ¢/ and ) are bounded closed convex sets. np,
and n,, are the orders of output y and input u in the plant,
respectively. To simplify the equation, we let

ICp(k—1) = {u(k—2),...,u(k—np,),
y(k=1), ..., y(k—np)}.

Eq. (1) can be rewritten as

y(k)=p(uk—1),IC,(k—1)).

We assume that the plant satisfies the following conditions:

)

(1) Function p(-) is continuous with all variables.

(2) System (1) is controllable and bounded input bounded output
stable.

(3) The initial condition is known and denoted by

ICH(0) = {u(~1). ....u(1 —np,).Y(0). ....y(1 ~ 1y )}.

(4) p(-) is invertible with respect to u(k), i.e., op(-)/ou(k) # 0, which
means that for any y(k)e R", there is a unique u(k)eR™
satisfying (1) with any fixed initial condition.

Remark 1. The controllability is a basic assumption of the system
and necessary for controller design. However, it is difficult to analyze
controllability and observability by data-based methods. Some
researchers presented several data-based methods to analyze the
controllability and stability of unknown systems [47,48]. The initial
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condition is usually assigned to zero. Actually, the initial condition
has little effect when the running time of the plant is sufficiently
long. The reference input r is sufficiently excited. The continuity
condition is the basic assumption of the plant and additional
conditions will be given for analyzing the properties of VRFT in the
sequel. The invertibility is certainly true for linear systems and also
for a large class of nonlinear systems. It is necessary for the
implementation of VRFT which will be discussed in the sequel.

Second, the controller is assumed to be a nonlinear function as
follows:

u(k) =c(e(k), ...,e(k—nc,), u(k—1), ..., u(k—ne,)), 3)

where u(k) e R™ is the control signal and e(k) =r(k)—y(k) is the
error signal. n., and n,, are the orders of control u and error e in
the controller, respectively. For simplification of discussion, we let
ICc(ky={e(k—1),...,e(k—ng,), u(k—1), ...,u(k—ne,)},
then Eq. (3) can be rewritten as

u(k) = c(e(k), IC.(k)). 4)

We assume that the function c(-) is continuous with all variables
and the initial condition is known and is denoted by

IC.(0)={e(—=1),...,e(1—nc),u(—=1),...,u(1—nc,)}.

As e(k)y=r(k)y—y(k)y and r(k) is known in advance, the initial
condition is rewritten as

IC0)={y(—1),....y(1 —nc),u(—1),....u(1 —ng,))}.

It is obvious that the variables appeared in both IC.(0) and IC,(0)
should be the same.
According to (2) and (4), the closed-loop control system can be
represented as
y(k) = p(u(k—1),ICp(k—1))
=p(c(e(k—1),ICc(k—1)),ICp(k—1)). (5)

We choose a group of nonlinear functions with fixed structure and
undetermined parameters as the candidate controllers

ug(k) = c(e(k), ICc(k); 0), (6)
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Fig. 3. Responses of the system with reference to damping sine and cosine signals in noiseless environment. (a) Reference input r and desired output y,. (b) Desired output y4

and actual output y. (c) Control signal u; and u,. (d) Error of output e; and e;.



818 P. Yan et al. / Neurocomputing 171 (2016) 815-825

where 6 € R™ is the undetermined coefficient and ny is the degree
of freedom. For convenience, the controller is simplified as

ug(k) = co(e(k), ICc(k)). )

The candidate controller set is denoted by {cy(-); & € R™}. Accord-
ing to (2) and (7),

Y& =p(ug(k—1),1C,(k—1))

=p(co(e(k—1),ICc(k—1)),ICp(k—1)). d)
The reference model is a mapping from r to y, as follows:
Yak) =m(r(k—1),....r(k—np,), ya(k—=1), ..., yq(k—1p,)), 9)

where y,(k) e R" is the desired output signal and r(k) e R" is the
reference signal. np,, and np,, are the orders of reference signal r
and the output y in the reference model, respectively. Let

ICn(k—1) = {r(k—2),...,r(k—nm,),
Yak=1), ..., yq(k—nm,)},

then (9) can be rewritten as

Va(k) = m(r(k—1),ICir(k—1)). (10)

We assume that the function m(-) is continuous with all variables
and the initial condition is known which is denoted by

ICn(0) = {r(=1),...,7(1 =1m,), y4(0), ..., Ya(1 =1, )}

For the implementation of VRFT, we assume that the function m(-)
is invertible with respect to r(k—1).

The reference model is the desired performance of the system
under ideal conditions and depends on the actual demand. The
reference model has an important effect on the performance of the
controller designed by VRFT. However, there are no effective
methods to acquire an ideal reference model, which is designed
just by experience. The reference model can be linear or nonlinear,
and it is hard to obtain such a nonlinear model to achieve the
system's demand. In most cases, the reference model is set to be a
linear system given as follows:

Vatk) =Air(k—1)+ - +Ap,, 1(k—1m,)

Q

0.5 17y

reference signal
<
~

== =Y

v - = =Yg P!

Time (s)

0.6

0.2

control signal

0 1 2 3 4 5 6
Time (s)

—Biyq(k—1) =+ —Bn,, yg(k —m,). 1n

It is obvious that this linear system is invertible with respect to
r(k—1) when A, is nonsingular.

In view of the observations above, the model reference control
problem shown in Fig. 1 is to find a nonlinear functional from ) to
U satisfying the following optimization problem:

N
: _ _ _ _ 2
min jMR(c)_k;ny(k) m(r(k—1),ICr(k— 1))l

s.t.  y(k)=p(c(e(k—1),ICc(k—1)),IC,(k—1))
elk—1)=rk—1)—yk—-1)
k=1,2,...N

IC(0) = IC,(0) U IC(0) U IC,y(0). (12)

The solution of (12) is a nonlinear function, which is difficult to
obtain. We usually choose a candidate controller set {cy(-); & € R"}
at first, then the problem (12) can be converted into

N
min Jyr(@) = > 1yp(k)—m(r(k—1),ICn(k—1))1?
k=1
s.t.  yg(k) =p(co(e(k—1),ICc(k—1)),IC,(k—1))
etk—1)=r(k—1)—yg(k—1)
k=1,2,...,N
IC(0) =ICy(0) U IC(0) U ICi;(0). (13)
Remark 2. Although the optimization problem (13) is defined by a
certain trajectory, this trajectory is required to make y(k) and u(k)
fully explore the domains of definitions ) and ¢/. To meet this
requirement, the trajectory must be long enough and the input
must be sufficiently excited. If the plant p is known, we can
directly solve the nonlinear optimization problem by gradient
descent algorithm to obtain the optimal solution &*. However,
we cannot acquire the precise mathematical model of the plant.
Thus we will introduce the data-driven method to solve the
optimization problem (13) in the next section.
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Fig. 4. Responses of the system with reference to unit step signal in noisy environment. (a) Reference input r and desired output y,. (b) Desired output y, and actual output y.

(c) Control signal u; and u,. (d) Error of output e; and e;.
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3. Data-driven control design of MIMO nonlinear systems via
VRFT

Notations: In this section, ¢ denotes measured values of the
variables, e.g., i and y are the measured values of the input and
output of the plant, respectively. ¢ denotes estimated values of the
variables, e.g., i, y and @ are the estimated values of the input,
output and parameters of the controller, respectively. llell denotes
Euclidean norm.

We assume that there is a sequence of input/output data
generated by the plant as

k), k=0,1,...N—1; y(k), k=1,2,...,N. (14)

If the plant is noiseless, {ii(k),y(k)} is equivalent to {u(k),y(k)}. In
this section, we have the following assumption.

Assumption 1.

(a) The plant is noiseless.

(b) The initial condition is known.

(c) The sampling time N is long enough and the control sequence
is sufficiently excited.

(d) (k) and y(k) are bounded.

The reference model M is given in advance. Due to the
assumption of invertibility, we can get #(k),k=0,1,...,N—1 from
Ff(k—1)=m~-1Fk),ICm(k—1)) with the initial condition IC,;(0)
which is usually zero. (k) is called virtual reference signal, because
it is computed by the inverse of reference model and is not the
desired reference trajectory that is used as the reference of the
system. However, (k) coincides with the reference model m(-) so
as to design the controller to adjust to m(-). If {cy(-); 0 € R™} is
sufficiently rich, 7(k) is constructed by y(k) and m~1(.) is suffi-
ciently excited, the optimal controller c,:(-) designed by F(k) is also
suitable for other desired reference trajectories.

Theorem 1. If p(-) and m(-) satisfy Assumption 1, for arbitrary initial
conditions IC(0) and reference trajectory r(k) in the domain of
definition, there is an optimal controller c*(-) such that the closed-
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loop system is equivalent to the selected reference model m(.), i.e.,
Jur(c*)=0.

Proof. For arbitrary initial conditions IC(0) and reference trajec-
tory r(k), according to the reference model m(-), we can obtain

Ya(k)=m(r(k—1),ICp(k—1)). (15)
As p(-) is invertible, its inverse is

uk—1)=p ="' (k) ICy(k—1)). (16)
According to (16) and the desired output trajectory yq(k),
u(k—=1)=p~ ' (ya(k), ICp(k—1)). (17)

Then we let e(k) = r(k) —y4(k) and construct the mapping c*(-) from

R" to R™, such that
c*(e(k),IC.(k)) =u*(k), k=0,1,.

It is easy to verify Jyr(c*)=0. 0

LN-1.

Theorem 1 shows that the invertibility of p(-) ensures the
existence of the optimal controller. The invertibility of m(-) is not
used in this theorem, as it is not the necessary condition of the
existence of optimal controller. However, we make the reference
model invertible, as it is indispensable in the implementation
of VRFT.

In view of SISO nonlinear systems [38], the optimization
problem (13) can be simplified as

min  J(@) = llyy—M][r]lI
s.t. Yo =P[Cy[r—Dyyll, (18)

where M : r—y is the reference model and D is the delay matrix
defined as

00 - 00
10 00

D=0 1 0 0. (19)
00 - 10

C[-] and P[-] are derived by c(-) and p(-), respectively. The exact
definitions of C[-] and P[-] can refer to [38]. The objective function
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Fig. 5. Responses of the system with reference to damping sine and cosine signals in noisy environment. (a) Reference input r and desired output y,. (b) Desired output y,

and actual output y. (c) Control signal u; and u,. (d) Error of output e; and e,.
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of the VRFT is
min Jyger = I F[C[8]]— Flii] 112, (20)

where é =7 —Dj. F is a linear time-varying filter

oP

F=(I—MD)@ﬁ. 21
In [38], the authors have proven that when the filter F is defined
by (21), the optimization problem (20) is a second order approx-
imation to the optimization problem (18). However, the method of
designing a linear filter is difficult to apply to MIMO nonlinear
systems as the estimation of the derivative of plant is hard to
obtain. Rough estimation cannot ensure the second order approx-
imation. More importantly, the estimation of the derivative is
based on system identification, which makes the method not a
pure data-driven method. Hence, we remove the filter F in MIMO
nonlinear systems and redefine the objective function of the VRFT
as

N-1
min Jyger(@) = > Iica(@(k)) — (k) 11, (22)
k=0

From (22), we can find that the core idea of VRFT method is to
design a controller which produces &t when fed by é. The
performance function of VRFT stands for the error between the
designed controller and the desired controller, while the perfor-
mance function of model reference control is the error between
the actual output and the desired output. In what follows, we will
demonstrate that when c¢* € {cy}, the solution of problem (22) is
equivalent to that of problem (13). Moreover, when
c*¢{cg; 0 € R"}, the solution of problem (22) can be an effective
estimation of the solution of problem (13) which can make the
objective value of problem (13) sufficiently small.

Theorem 2. If there exists 0* ¢ R" such that

N
Ir@) = D> 1y ) —m(F(k—1),ICm(k—1) 11> =0, (23)
k=1
then we have
N-1
Jwrer @) = > licg(@| (k), IC (k) — (k1> =0, 24)
k=0

and vice versa.

Proof. (i) By the assumption that

N
> Iyge k) —m(F(k—1), ICm(k—1)) 1> =0,

k=1
we can acquire, for k=1,2,...,N,

Iy e (k) — m(F(k— 1), [Cn(k— 1))l = 0.

Noticing that j(k) = mF(k— 1), ICn(k— 1)), we have

Ye(=yk), k=1,2,..,N. (25)
By (8), we can derive, for k=1,2,...,N,

Vg (k) = p(Cpe (F(k— 1) =y ge(k— 1),ICc (k— 1)), IC, (k— 1)),

and

J(k) = p(ii(k—1),IC,(k—1)).

By the invertibility of p(-), we can obtain, for k=1,2,...,N,

o (Fk—1) =y ge(k—1),ICc(k— 1)) = Ui(k—1). (26)
In addition, with (25), we have
Fk—1)—yp(k—1)=F(k—1)=J(k—1)=&k—1). 27)

Substituting (27) into (26), we can get, for k=1,2,...,N,
g (@(k—1),ICc(k—1)) = li(k—1).
Hence, we can conclude

N-1
Jurer@) = > licgs(@(k), ICc (k) — (k) 1> = 0.
k=0

(ii) If there exists &* such that Jygr(0%) =0, i.e.,
N-1 .
> licgs(@(k), IC (k) — (k) I> =0,
k=0

we have
cg+ (B(k), ICc (k) = il (k).
When the initial condition IC,(0) is fixed, we can derive, for
k=0,1,..,N-1,
P(Cg (€ (K), ICc (K)), ICy (K)) = p(it(k), IC, (k). (28)
On the right hand side of (28), it implies
P, Iy (k) = (k-+1)

=m(F(k), IC n(k)). 29)
On the left hand side of (28), for k=0,

P(Cy(8(0),1Cc(0)),IC,(0))
= p(Cy (F(0)—¥(0),ICc(0)), IC, (0))
=Yg(1),

and for k=1,2,...,.N—-1,

P(cg (@), ICc (k). IC (k)
= P(Cr (P(k) =y (k), ICc (K)), ICy (K))
=Yg (k+1).
Then, we can derive
Vg (k+1)—m(F(k), ICm(k)) = 0.
Therefore, we can conclude

N
> 1ygek)—m(F(k—1), IC(k— 1)) 1> = 0.
k=1

The equivalence of (23) and (24) is shown.o

Theorem 2 shows that when the set of candidate controllers is
sufficiently rich, the optimization problem (13) is equivalent to
(22).

Next, we will prove that when the result of optimization
problem (22) is not zero but bounded, the problem (13) is also
bounded. First, we will prove that it is true when the order of the
system is one. The system (1) is reduced to

y(k) =p(uk—1),y(k—1)), (30)
The controller is simplified as

uy(k) = co(e(k), u(k—1)), 31
and the reference model is

Ya(ky = m(r(k—1), y(k—1)). (32)

Then, we have the following theorem.

Theorem 3. Assume that for a given reference model m(-) and
arbitrary initial condition y(0), there exist @ e R"™ and a positive
number € > 0, such that

. N
Jwrer@) = > Ny @), iitk— 1) — (k) I1* < € (33)
k=1



P. Yan et al. / Neurocomputing 171 (2016) 815-825 821

and c,(-) is continuously differentiable with respect to all variables in
the domain of definition. Assume that the derivative of p(-) satisfies

op
@(u(k),y(k))

7]
<My | By <, (34)
and the derivative of c,(-) satisfies

GCé
E(e(k), u(k— 1))H <M.,

aCé
g(e(k), uk—1)|| < Me,. (35)
Then, there exists a positive number M, such that

. N
Iwr@) = > Iy, —m(i(k—1),y(k—1)1I* < Me?. (36)
k=1

Proof. From (33), we can derive
Icy@(k),ii(k—1)— k)l <e. (37)

By the inverse function of m(-) and the measured trajectory (k)
and y(k), the virtual reference signal is

Fk)=m=1Fk+1), (k). (38)
For each k, the error of output is
Ay(k) =y, (k) —m(F(k—1),y(k—1))
=p(cyek—1),u(k—2)),y(k—1)—y(k)
= plcy(F(k—1) —y,(k— 1), 1(k—2)), 9 (k—1))
—p(ti(k—1),y(k—1)). 39)
Let d(k—1)=cy(F(k—1)—y,(k—1),0a(k—2)). By the mean value
theorem, there is a real number y, 0 <y < 1, such that
op, ~ A N -
Ay(k) = ﬁ(uy(k— 1,y,(k=D)k—-1)-ak-1))
op, ~ N N -
oyl k= 1.3, (= D) k=) =y =), (40)

where 1, (k) = yi(k)+ (1 —y)i(k) and y,(k) = yy (k) + (1 —y)y (k).
Let Au(k—1)=1(k—1)—1ii(k—1) and take the norm on both
sides of (40). Then, we can obtain

I Ayl Il < Hg—g(ﬂy(k—l),yy(k—l))H Il Autk—1)

op .
+ HE(UV(k_ 1,y, k- 1))” IAy(k—1)I
<My, I Au(k—1) 1l +M,, Il Ay(k—1) 1. 41)
For each k, the error of control input is
Au(k) =1(k)—ii(k)
=cy(@k), ik —1)) —1(k)
=cy(e(k), u(k—1))—cy (k) a(k—1))
+cp(@ k), uk— 1)) —t(k). (42)
By the mean value theorem, there is a real number a, O <a <1,
such that
0Cé " N
Auk) == @€a(k). Ualk—1)(— Ay(k)

+aai3(éa(k), Ug(k—1)Auk—1)
+cy(@k), ti(k— 1) —(k), (43)

where é,(k)=aék)+(1—-a)ék), Uy (k—1)=ali(k—1)+(1-a)il
(k—1) and Ay(k) =y (k)—y(k) = é(k)—eé(k). Taking norm on both
sides of (43), we obtain

I Augk)ll < H%(éa(k), lg(k—1 ))H I Ay(k) I

aCy N
+ Hm(ea(k), Ug(k— ]))H Il Au(k—1)

+ e @k, ti(k—1) —di(k) |
< M¢, 1 Ay() I + M, | Autk— 1)1l +€. (44)
According to (41) and (44), we have
I Ay(k+1)1l < Mp, | Au(k) | +Mp, I Ay(k)ll
<Mp, (M, 1 Ay(k) Il + M, Il Au(k—1) Il +€)
+Mp, 1Ay (k) |
< (Mp,Mc, +Mp,) Il Ay(k) I
+Mp,Mc, Il Au(k—1)Il +Mp, €. (45)
Substituting (44) and (45), we can obtain
I Ayk+ 1)1l + Il Auck) I
< (Mp,Mc, +Mp, +Me,) Il Ay(k) I
+(Mp, M, +Mc,) Il Au(k— 1)l
+(Mp, +De. (46)
Adding € to both sides of inequality (46), we have
I Ay(k+1) 1 + Il Auck)ll +€
< (Mp,Mc, +Mp, +Mc,) Il Ay(k) I
+(Mp, M, +Mc,) I Au(k— 1)1l +(Mp, +2)e

<Mo(Il Ayl + Il Au(k—1) Il +e¢), (47)
where
Mo & max{Mp, M, +Mpy +Me,, Mp,Mc, +Mc,, Mp, +2}. (48)

Therefore, we have
Il Ay(k+1) 1l + Il Au(k) Il +€ < ME(I Ay(1) | + 1| Au(0) | +€). (49)

As the initial values are the same, ie., y(0)=y(0) and
tu(—1)=1i(—1), we have Ay(0)=0 and Au(—1)=0. Considering
(44) and (45), we obtain

I Au(0)ll <e, (50)
and
I Ay(1)Il <My, €. (51)

Hence, we can find
I Ay(1) Il + Il Au(0) Il +¢€ < Mye, (52)

where My = M, +2.
Combining (52) with (49), we can acquire

Il Ay(k+ 1)1+ Il Aulo) Il < MECIAy(1) 1+ Il Au(0) | +€)— e
< (MEM; —1)e. (53)
Then, IIAy(k)Il < (M’(‘,‘lM1 —1)e. Hence, we can derive
. N
k@)= > Iy, (k) —m(F(k—1),y(k—1)11*
k=1

Il Ay(k) 12

M=

=~
Il
—_

(ME=TM; —1)2€2. (54)

M=

<

=~
I
—_

Let M= >} _; (M§~"M; —1)?. Thus we can conclude

R N
k@)= > Iy, —m(F(k—1),y(k—1)11>

k=1
< Me?, (55)
which completes the proof of the theorem.c

Remark 3. Theorem 3 shows that when Jyzer is bounded, Jyr is
also bounded. M is a constant which is determined by the plant
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p(-) and the candidate controller set {cy(-); @ € R™}. In practice, as
the plant is unknown, Jy;z is unavailable. However, we can obtain
Jyrer Dy input and output data. Theorem 3 ensures that when Jyggr
converges to zero, Jyr converges to zero. Moreover, Me? is just an
upper bound which may be far greater than jyz. However, in
practice, Jyg Will be close to Jyger in most situations.

Theorem 4. Assume that the plant, the controller and the reference
model are defined by (2), (7) and (10), respectively. For arbitrary
initial condition IC(0), there exist @ e R" and a positive number
€ >0, such that

N-1
> licy (@), IC (k) —di(k) I* < €2. (56)
k=0

p(-) and cy(-) are continuously differentiable with respect to all
variables in the domain of definition. Assume that the derivative of

p(-) satisfies

_9%
au(k— 1)

__%
“lou(k—ny,)
_% |_
Tloy(k—np,)

<M, ..

< MPu
My

MY, .. Mﬁ{,y (57)

ay(k— 1)H

and the derivative of c,(-) satisfies

aCé -

ou(k—ne,)
0Cé

" |loe(k —n¢,)

Cu
Ng,

<M, ...,

0
ou(k—1)
0C6)
oe(k)

ce MC . (58)

Nee

Then there exists a positive number M, such that

R N
Iwr@) = > Iy, (k-3 1> < Me?. (59)
k=1

Proof. From (56), we can obtain
licy k), IC.(ky)—ik) Il <e. (60)
By the invertibility of m(-) defined by (10) and the measured
trajectory ti(k) and y(k), the virtual reference signal is
Fk—1)=m~ 1§ k), ICm(k—1)). (61)
For each k, the error of output is
Ay(k) = p(c; @k —1),ICc(k—1)), IC, (k— 1))~ (k)
=p(cye(k—1),ICc(k—1)),ICp(k—1))
—p(ii(k—1),IC, (k—1)). (62)

Let Qu(k) =c,(F(k)—- yé(k),ICAc(k—l)). By the mean value theorem,
there is a real number y, 0 <y <1, which makes the following
equality holds:

Ay(ky=————(,(k—1), ICV(kfl))Au(k 1)

a(k 1

ap
W(uy(k— 1), ICL (k— 1) Au(k—ng,)

ay(k 1)(u,,(k71)ICV(k—l))Ay(k 1)

W(uy(k 1),ICL (k— 1) Ay(k—ny)), (63)

where i, (k) =yu(k)+(1 -k, y,0=yyk)+1-y)yk and
Au(k—1)=1(k—1)—1i(k—1). Taking the norm on both sides of
(63), we obtain

Ay I < MP Il Auck— 1)1l 4 +M,’;;u Il Au(k—np )|l
+ MY I Ay(k—1) | + -+ M

, I Ay(k—np)ll
<MPe(Il Au(k—1) 1+ + 1 Autk—np ) 1)

+MPr (Il Ay(k— D)l + -+ Il Ay(k—np ) 1), (64)

where MP: =max{Mp“, ., Mbe } and MPr = max{M?, .4.,Mﬁf,y}. Let

Sy(ky =max{ Il Ayk)ll, ..., I Ay(0)11} and
Ou(k) = max{|l Au(k)ll, ..., IAu(0)Il}. We can derive
Oy(k) < 1y, MPu5y (k) + 1y, MPy 5y, (K). (65)

For each k, the error of control input is
Au(k) =1(k)— (k)
= c;(@(k). ICc(k— 1)) — (k)
= (cj(e(k), ICc(k— 1)) — 5 (&(k), IC-(k— 1))
+(cp(@(k), IC (k— 1)) —i(k)). (66)

By the mean value theorem, there is a real number a, 0 <a <1,
which makes the following equality holds:

Au(k)— 0 (@alk). ICZ (k—1))(— Ay(k)+--

a(l)

a (1
m(ea(k) ICE (k—1))(— Ay(k—nc,))

I, o
e 1)<ea(k>,lcc (k—1)Au(k—1)+ -

+ (eaq(k), IC“(k 1)Auk—nc,)

6
ou(k — ncu)

+(C@(e(k), ICC(k—l))—fl(k)). (67)
where e, (k)=aék)+(1—wa)ék), Uyu(k—1)=aii(k—1)+(1—a)il
(k—1) and Ay(k) =y(k)—3y (k) =é(k)—e(k). Taking norm on both
sides of (67), we obtain
I Au(k) I < M | Ayl 4+ Mgz 11 Ay(k—nc,)

+M{ Il Auck—1) +M;g" Il Autk—ne,)ll +e€

<Me(IIAy() Il + -+ + | Ay(k—ne,) 1)

+M(IAutk— 1) Il 4+ I Au(k—ng,) 1D +e€, (68)

where M = max{M{", ...,Mﬁ”m} and M® = max{Mg, ...,M;; }. Then,

we can derive
Ou(k) <ne, M6y (k—1)+nc, M*5y(k)+e. (69)
By (65) and (69), we have
Oy(k+1) < np, MPuSy (k) +np, MPr Sy, (k)
< np, MPu(ne, M5, (k) +ne, M5y (k—1)+€)
+1p, MPr 6, (k)
< (np, e, MP* M 411, MPY)5y, (k)
+1p, MPene, M Sy (k— 1) +np, MPee. (70)
By (69) and (70), we obtain
Sy(k+1)+0uk)+e€
< (np, e, MPr M +np MPY +11¢, M) S, (k)
+ (1p, MP* M + e, M©)ou(k— 1)
+(ny, MPe +2)€
< Mo(8y(k)+Su(k—1)+¢), 71
where My =max{n, ne, MP*M®+n, MP +n,,M% n, MPM“+
ne, M, ny MPe+2}. From (71), we have
8y(k-+1)+8u(k)+€ < My(Sy(1)+84(0)+6). (72)

As the initial values are the same, i.e., 6,(0)=0 and 6,(—1)=0,
considering (69) and (70), we obtain

6u(0) <e, (73)
and
oy(1) < np,MPee. (74)
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Thus, we can find
Sy(1)+64(0)+€ <Mqe, (75)
where M; = n, MP* +2. Combining with (72), we can acquire
8y(k-+1)+8u(k) < Mi(3y(1)+3u(0) +€) — €

< (MM - 1. (76)

Then, d,(k) < (mﬁ”ml —1)e. Hence, we can derive
~ N ~
Iur@) = > Iy (k) —m(F(k—1),IC(k—1))1I?
k=1

Il Ay(ky 112

M=

=
Il
—_

Sy(k)?

M=

,q.
I

1

~k—1-—

< S My M;—1)7%. (77

M=

=
Il
—_

Let M=>V_, (M’S_]M1 —1)%. Therefore, we can conclude

~ N ~
k@) = > Iy, k) —m(F(k—1),ICn(k—1))1I?
k=1

<Mé?, (78)
which completes the proof.c

Similar to Theorem 3, Theorem 4 shows the relationship
between the bounds of the optimization problems (13) and (22)
for general nonlinear systems. When c*¢{cy(-);0 € R}, we can
still obtain € by solving the problem (22) to make the objective
value of problem (13) as small as possible. Furthermore, when the
problem (22) converges to zero, problem (13) also converges to
zero, which demonstrates the validity of Theorem 2.

Remark 4. From problem (13), we can see that the problem of
VRFT for MIMO nonlinear systems is very different from linear
systems [33,36] and much more complex than SISO nonlinear
systems [38]. Hence, Theorems 3 and 4 provide a totally new idea
which is different from the previous work on VRFT. Our work
demonstrates theoretically the validity of VRFT in nonlinear MIMO
case for the first time.

4. Neural network implementation of VRFT

In this section, a three-layer neural network is used to approx-
imate the controller c(-). The number of hidden layer neurons is
denoted by [, the weight matrix between the input layer and the
hidden layer is denoted by VeR™" and the weight matrix
between the hidden layer and the output layer is denoted by
WeR™! Then the output of three-layer neural network is
represented as

(k) =Cc(x;; V,W)=Wo(Vx;) (79)

where x,=[eT(k),...,eT(k—ng,),uT(k—1),...,u"(k—n.)]" is the
input of the neural network, nn =n(nc, +1)+mnc, is the dimension
of x;, 6(Vxy) € R and [6(2)]; = (€% —e %) /(€% +e~%),i=1,2,...,1, are
the activation functions. Let X =[x1,Xa,...,xy] and U = [u(1), u(2)
,...,u(N)]. For convenience of computing, only the hidden-output
weight W is undetermined, while the input-hidden weight V is
initialized randomly and fixed. Then, we can use the least square
method to train neural network.

In the following, the neural network expression is simplified by
C(X; W) =Wo(Vxy) = Woy(xy). The objective function can be

rewritten as

~ N ~

JorerW) = 7 e W) — i) 12 (80)
k=1

Our goal is to select W to make the performance function
minimized, i.e.,

W* =arg r%n{kﬁ:] 16y W)a(k)ﬂ}. (81)
Let X =[%1,2,...,&y] and U =[ii(1),{1(2), ..., @I(N)]. Y is defined as
follows:

Y =oy(X) = 6(VX). (82)
So W* can be calculated by

w*=0YT(yy"H)-1. (83)

The above equation is true only when the data matrix Y is full row
rank. Fortunately, this condition is satisfied in most cases as the
number of data N is sufficiently large. Even if Y is singular, the
generalized inverse can be introduced to calculate

wW*=0YT(YYH)+ (84)
where (YYT)" stands for the generalized inverse of YY™.
5. Simulation

In this section, we will verify the effectiveness of the developed
method for MIMO nonlinear systems with different reference
signals under noiseless and noisy environment, respectively.

5.1. Noiseless environment

Consider the given discrete-time MIMO nonlinear system:

y(k+1) =10 tanh(0.1Ay(k)) + tanh(Bu(k)), (85)
where y(k) e R?, u(k) € R?, and

088 0.123 1 1
A:{OJB 0.88]’ B:[o 1}' (86)

This system extends the SISO nonlinear system introduced by
[38] into MIMO case. The reference model is a linear transfer
function as follows:

_02 0
ik = {55"8 0_4] r(k), 87)
s—-0.6
which can be represented by
08 O 02 O
y(l<+])={ 0 O.G}y(kH_{ 0 0/Jr(k). (88)

The controller neural network is chosen as a three-layer neural
network with the structure of 6-20-2. The input
x=[e(k)T,e(k—1)T,u(k—1)"1" and the output u = u(k). The weight
matrix from input layer to hidden layer is assigned randomly in
[—1,1] and the weight matrix from hidden layer to output layer is
undetermined. We choose N=10 000 groups of input-output data
{u(k),y(k)}, where u(k) is assigned from —1 to 1. Then we can
determine the weight matrix from hidden layer to output layer by
VRFT algorithm to obtain the controller. Finally, we can test the
performance of the designed controller by different reference
input signals.

When the reference signal is chosen as a unit step response and
the initial output of the system is [0,0]", the performance of the
designed controller is illustrated in Fig. 2. When the reference
signal is chosen as damping sine and cosine curve and the initial
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output of the system is [0,0]", the performance of the designed
controller is illustrated in Fig. 3.

From Figs. 2 and 3, we can see that the designed controller has
a good performance with the reference signal of step response and
damping sine—cosine signal. Actually, it also works well with the
reference signal as ramp signal, sine-cosine signal and other
familiar signals. This result verifies the effectiveness of VRFT and
that the controller designed by the virtual reference signal is also
suitable for other desired reference signals.

5.2. Noisy environment

Consider the following discrete-time MIMO nonlinear system:
y(k+1) =10 tanh(0.1Ay(k)) +tanh(Bu(k)) +v (89)

where y(k) e R?, u(k) € R?, A and B are defined by (86) and v is the
white noise with expectation 0 and variance 0.01. The reference
model is also defined by (88).

The structure of the neural network is the same as the one in
the noiseless environment. We choose N=10 000 groups of input-
output data {u(k),y(k)} generated by system (89). Then we deter-
mine the weight matrix from hidden layer to output layer by VRFT
algorithm to obtain the controller and test the performance of the
designed controller by different reference input signals.

When the reference signal is chosen as a unit step signal and
the initial output of the system is [0,0]", the performance of the
designed controller is illustrated in Fig. 4. When the reference
signal is chosen as damping sine and cosine curve and the initial
output of the system is [0,0]", the performance of the designed
controller is illustrated in Fig. 5.

From Figs. 4 and 5, we can see that when the system contains
white noise, the developed method can also design a controller
which has the similar performance with the situation of noiseless.
This result shows that our method can deal with noise and obtain
the optimal controller in noisy environment.

6. Conclusion

In this paper, we developed a data-driven controller design
method for MIMO nonlinear systems by VRFT. We presented the
optimization problems of model reference control and VRFT in
MIMO nonlinear systems and proved the equivalence of them
under ideal conditions. For the first time, we provided the
relationship between the bounds of optimization problems of
model reference control and VRFT. We introduced neural network
as a parameterized controller trained by the least square method
in the implementation of VRFT and the simulation results demon-
strate the validity of the developed method. As shown in
Theorems 3 and 4, the derivative of the plant has an influence
on the bound of optimization problem of model reference control.
In the future, we will try to introduce a linear or nonlinear filter to
reduce the influence of the derivative and improve the control
performance.
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