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A neural-network-based distributed control algorithm is established for bipartite consensus of the
nonlinear multi-agent systems with time delays. By using a backstepping technique, a desired reference
signal is introduced. Then, neural networks are used to learn the unknown nonlinear dynamics of the
multi-agent systems. In order to eliminate the effects of time delays, the information of a constructed
Lyapunov-Krasovskii functional is included in the distributed control algorithm. However, it can induce
singularities in the distributed control algorithm. Therefore, a o-function is utilized to circumvent this
problem. With the developed distributed control algorithm, bipartite consensus can be reached if the
communication graph is structurally balanced. Finally, simulation examples are conducted to demon-
strate the validity of the main theorem.
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1. Introduction

Multi-agent systems have attracted a lot of attention during the last
decade. Variety of problems studied includes optimal control problems
[1-5], output-based control problems [6-9], containment problems
[10,11], formation problems [12-14], event-triggered problems [15,16]
and consensus problems [17-30]. For more details, refer to the survey
papers [31-35] and the references therein. However, the commu-
nication weights of multi-agent systems in all the papers above are
nonnegative and they have been fully investigated. Due to the exis-
tence of negative communication weights, bipartite consensus is a
new branch of traditional consensus problems. Therefore, it is worthy
of investigating how to design distributed control algorithms for
bipartite consensus problems.

In many physical scenarios, it is reasonable to assume that
some of the agents are cooperative while the rest are competitive.
For example, one community can be divided into two clusters
holding the opposite opinions as shown in Fig. 1. In [36], negative
weights were introduced to the communication topology and
bipartite consensus can be reached in the presence of antagonistic
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interactions. However, it only dealt with the simplest situation
where the first-order dynamics of each agent was equal to the
control input. Subsequently, bipartite consensus problems were
extended to formation control [13] and directed signed networks
[37] with the same dynamics. In [38], the dynamics of the multi-
agent systems were high-order and bipartite consensus can be
reached under the stabilizability assumption with an equilibrium
between two fully competing groups. However, none of them
takes time delays into consideration. Due to the limit of the
communication capability, time delays are ubiquitous in physical
implementations and they will induce instability. Furthermore, the
unknown nonlinear dynamics are considered in this paper to
generalize bipartite consensus problems to a complex external
environment. Therefore, it is important to investigate bipartite
consensus of nonlinear time-delayed multi-agent systems.

In [39], adaptive neural control was introduced to solve the
uncertain MIMO nonlinear systems. In [17] and [18], a decentralized
adaptive control with neural networks (NNs) was proposed for multi-
agent systems with unknown dynamics, which made great contribu-
tions to the studies of nonlinear multi-agent systems. A neural net-
work technique is a powerful tool for learning the unknown dynamics
[40]. In [41], an adaptive neural control protocol was utilized for a class
of strict-feedback nonlinear systems with unknown time delays. In
[42], a Lyapunov-Krasovskii functional and Young's inequality were
used for the consensus of time-delayed multi-agent systems. We
borrow the technique of Lyapunov-Krasovskii functional from [41,42]
to eliminate the negative effects of time delays. However, this tech-
nique will induce singularities in the distributed control algorithm.
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Cluster A
(Cooperative)

Cluster B

Antagonistic (Cooperative)

Fig. 1. Two clusters with cooperative behaviors inside and antagonistic behaviors
between each other.

Thus, we utilize a o-function to deal with this problem. Furthermore,
to the best of authors’ knowledge, it is the first time to investigate
bipartite consensus of the time-delayed nonlinear multi-agent systems
of second order with the o-function developed. The main contribu-
tions of this paper are listed as follows:

(1) A distributed control algorithm with neural network techni-
que is developed to achieve bipartite consensus of the non-
linear time-delayed multi-agent systems.

(2) A o-function is introduced to circumvent the singularities in
the distributed control algorithm and the backstepping tech-
nique is utilized to design a reference signal which can reduce
the difficulty of achieving bipartite consensus.

(3) A Lyapunov-Krasovskii functional is introduced to eliminate
the negative effects of time delays and enhance the reliability
of the learning capability of NNs.

The rest of this paper is organized as follows. Basic definitions
of bipartite consensus and radial basis function neural networks
(RBENNS) are given in Section 2. The distributed control algorithm
with NNs is developed for bipartite consensus in Section 3.
Implementations of bipartite consensus are conducted to
demonstrate the effectiveness of the developed algorithm in Sec-
tion 4. Conclusion is given in Section 5.

Notations: (-)" denotes the transpose of a given matrix. (-) is the
trace of a given matrix. Il - Il is the Frobenius norm or Euclidian
norm. ® stands for the Kronecker product. Apin(-) and Amax(-) are
the smallest nonzero eigenvalue and the largest eigenvalue of a
given matrix, respectively. diag(-) represents a diagonal matrix.

2. Preliminaries
2.1. Signed graph and bipartite consensus

A triplet G={V, &, A} is called a signed graph if v={1,2,...,N}
is the set of nodes, £V x V is the set of edges, and A= (A4;) e
RN*N is the adjacency matrix of . Denote .4; as the element of the
ith row and jth column of the matrix .A. The ith node in a signed
graph G represents the ith agent, and a directed path from node i
to node j is denoted as an ordered pair (i,j) e £ which means that
agent i can directly transfer its information to agent j and
Aji #0 < (i,j) € £. The interaction between the ith and the jth
agent is cooperative if A4; > 0. It is competitive if A; < 0 and there
is no interaction if 4; =0. Note that self-loops will not be con-
sidered in this paper, i.e., A;=0, i=1,2,...,N. The Laplacian
matrix of the signed graph is given as follows:

> Al ifi=j;
Lij= ke e . M
—Ajj ifis].

The following two definitions are important concepts in this
paper.

Definition 1 (Structurally balanced, cf. Altafini [36]). In this paper,
a signed graph G(A) is said to be structurally balanced if it contains
a bipartition of the sets of nodes V; and V,, where V=V; U

Vo,V1 N V=@ such that A,-jZO,Vi,jeVp(pe{l,Z});A,-jSO,
VieVp,jeVq,p#q(p,qe{l,2}). Otherwise, it is called structurally
unbalanced.

Definition 2 (Bipartite consensus). If for any initial conditions
x;(0), ieV, the distributed control algorithm will make the fol-
lowing conditions hold:

tlim IX;(H)—x;(DIl =0, VijeViorVijeVy;

tlim IX(6)+x;(H|l =0, VieV;and Vje)s, 2)
where V; and V; are the distinct sets defined in Definition 1. Then,
we say that the multi-agent systems reach bipartite consensus.

2.2. Radial basis function neural networks

In practice, we usually employ a neural network as the function
approximator to model an unknown function. RBFNN is a potential
candidate for approximating the unknown dynamics of the multi-
agent systems in virtue of “linear-in-weight” property. In Fig. 2, a
continuous unknown nonlinear function vector h(x) = [h1(x), hy(X),
oy hn()]7 : R™ > R™ can be approximated by RBFNNs:

h(x) = WTd(x), 3)

where x =[Xq, Xz, ...,Xm]" € R™ is the input vector, W € RP*™ is the
weight matrix and p represents the number of neurons. @(x)=
[p1(%), (%), ..., gop(x)]T is the activation function vector and

@;(x)=exp {W} i=1,2,...,p, 4)

where y; = [Ui1, fin» - Him]" 1S the center of receptive field and &; is
the width of Gaussian function. RBFNNs can approximate any
continuous function over a compact set with a given precision.
Therefore, for a given positive constant fy, there exists an ideal
weight matrix W* such that

hx) = W*T d(x)+ 6, (5)

where 6 € R™ is the approximating error with 1101 < Oy.

However, it is difficult to obtain W* in real applications. Thus,
we denote W as the estimation of the ideal weight matrix W*, The
estimation of h(x) can be written as

hx) = WT ), ©6)

where W can be updated online. The online updating law will be
given in Section 3.

Input Layer Neuron Layer

Output Layer

Fig. 2. Structure of the radial basis function neural networks.
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3. Distributed control algorithm for bipartite consensus

We discuss the second-order case where multi-manipulator
systems are one of its physical applications. It can be described as
follows:

Xi(0) = fi(xi(0), Xi(£)) + & (X;(t — 1) + ui(D),
i=1,2,..N, 7

where x;(-) e R™ is the state vector, 7; is the unknown time delay,
u;(-) e R™ is the control vector, f;(-) : R™"->R™ and g;(-) : R" > R™
are continuous but unknown nonlinear vector functions. For
simplicity, in the sequel we will ignore time expression t in case
there is no confusion.

Remark 1. In practice, x;, X; and X; can represent position, velocity
and acceleration of manipulator i, respectively. Furthermore, g;(-)
is the unknown nonlinear time-delay term which can be seen as
the frictional impact on manipulator i.

The following three assumptions and one lemma are helpful for
demonstrating Theorem 1.

Assumption 1. g;(x;(t—1;)), i=1,2,...,N, are unknown smooth
nonlinear functions. The inequalities 11g;(X;(t))Il < ¢@;(X;(t)), i=1,
2,...,N, hold and ¢;(-), i=1,2,...,N, are known positive smooth
scalar functions. Furthermore, g;(0) =0 and ¢;(0)=0,i=1,2,...,N.

Assumption 2. The unknown time delays 7;, i=1,2,...,N, are
bounded by a known constant 7may, i.e., 7j < Tmax, i=1,2,...,N.

Assumption 3. 6;,i=1,2,...,N, are bounded approximation errors
of RBFNN, i.e.,

10;I <Oy, i=1,2,...,N, (8)
where Oy, i=1,2,...,N, are positive constants.

Lemma 1 (¢f. Ge and Wang [39]). V(t) = 0 denotes a continuous
function and V(0) is bounded. If Vt >0, V(t) < —b1V(t)+b,, where
b; and b, are positive constants, then the following inequality holds

V() < V(O)e‘blf_:,_gl(] —e~bity, o
1

Our aim is to design a distributed control algorithm to drive the
nonlinear time-delayed multi-agent systems toward bipartite
consensus. The distributed control algorithm is divided into four
parts and they are linear feedback term, neural network term,
time-delay eliminated term and second-order information term.
Before proceeding, we introduce a Lyapunov-Krasovskii functional
as follows:

1 N t
Low=3>" [

i=1 —Ti

Qi(*i(&)NdS, (10
where Q;(x;({)) = ¢?(%;({)). The time derivative of Lo(t) is
: 1& . .
Lo =5 (#7i0)— i xict—7). (n
i=1
Let y; =x; and y;; =x;. Then, Eq. (7) can be rewritten in the

following form:

Vin =Yoo 12)

Vio =fi0in.Y) +&Wpt—t)+uw, i=12,...,N.
In the sequel, for convenient analysis, we will ignore the declara-
tion that i=1,2,...,N and concentrate on agent i. We employ the
backstepping technique and suppose that
Yoa=—ki Y 1Al /i1 —SEn(Ayy;). (13)

jeN;

where sgn(-) is a sign function given as follows:

1, .A,‘j > O,
sgn(Ay) =1 0, A;=0, (14)
— 1, Aij <0.

Then, we can obtain an error signal between the real state y;; and
the virtual state y4, i.€., Vej =Y —¥ing- Consequently, the time
derivative of v,; is
Vei =Yio —Yina =fi0Vi1. Vi) +&iVin(t— 7)) + Ui+ k; Z [ Ajjl (Vi2 — sgn(Ay)yj2)-
JjeN;
(15)

We utilize RBFNNs to approximate f;(y;;,y). The distributed
control algorithm is designed as follows:

AT 1 Vi
U= —pi(t)vei —W; ¢i(yi)_jW_ia(vei)¢i2(yiz)
—ki > 1 Ajl (Vi2 — SgD(AY;)s (16)
JjeN;
where

1 1 1
(O =kip+5+ (l +7h‘>,
PO =Ko+ 5 2\ Vel 2 T owe)

t
m= [ QR+l + @ Ml

Yei = > | Ajl (i1 —sgn(A)yj1),

JeN;
Yi=h.yhl"s
1, iflvell <C, 5
OWe) =10 ifllvll = C, an

and C is a predetermined threshold (e.g., C=0.01). Furthermore,
w; >0 and M are defined in (21). Next, we discuss the structure of
the distributed control algorithm.

(1) The linear feedback term —p;(t)v,; is utilized to drive the ith
agent to the final bipartite consensus state. It contains all the
information which can be used by agent i to guide its direction
towards bipartite consensus. Moreover, if bipartite consensus
can be reached, then —p;(t)v,; has no impact on the multi-
agent system (7).

In order to model the unknown dynamics in (15), the neural
network term — W7 ;®;(y;) is used to learn the characteristics
of fi(y;) online. W; represents the estimation of RBENN weight
matrix of agent i. Motivated by the projection algorithm, we
can derive the adaptive updating law as follows:

—
N
—

a; DY)V},

T, if tr(WIWQ < WP or

if tr (W,TW,) = WM and vLW,TqD,»(y,-) <0;

W By (18)
Wi

tr(WiTWi>

if tr (W,TW,) = W™ and vVI.WT &;(y;) > 0,

a;Di(yvg; —a;

where g; > 0 has impact on the updating rate of W, and WM
> 0 is utilized to constrain the value of W;. It is noted that the
initial value W;(0) should satisfy

tr (V\}I(O)W,»(O)) <wmax, (19)

Thus, we let W;(0) be a zero matrix. Furthermore, according to
Lemma 2 in [17], if the updating law is expressed as (18), then
tr W] (OW () < WM™, vt > 0. Note that in (18), the final aim is
to regulate the angle between v,; and W,-ch,-(y,-) to 90°.
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3) —-a /2)ve,-/(||vei||2+0'(ve,-))¢i2(y,-2) is the time-delay elimination
term which is introduced to eliminate the effects of time
delays. Note that if the o-function is removed from the
denominator, it has singularity at llv,; Il =0. In physical appli-
cations, it is nonsense because of the infinite control induced
by llve;ll =0. Therefore, we should exclude zero case and o-
function is a wise choice for solving this problem.

—kid7i e a1 Aijl iz — s8N(Ay)yj2) s the second-order informa-
tion term and it includes the information of velocities that
agent i can obtain.

(4

~

Theorem 1. The nonlinear time-delayed multi-agent system is
described by (7) with Assumptions 1-3. If the distributed control
algorithm is expressed as (16), the updating law of RBFNN weight
matrix is given in (18), the communication topology is structurally
balanced, and the initial condition is satisfied with (19), then the
multi-agent system (7) can reach bipartite consensus.

Proof. We construct a Lyapunov function containing error signal
Vei, i=1,2,...,N, as follows:

V=V (t)+LQ(t)+22tr< W, w)%@ve

Ll e i1y I QO

i=1

1+
+= Z tr( ) 5 V]ve, (20)
1 =1
where V};I(t):(l/Z)}A/I(ﬁ QIm)y1, Y11= Dﬂ{]:y-{]a ---a}’L1]T and
Ve = [V, V], ..., vIy]T. Note that if lv;ll =0, then yj, =Yg, i€, Viq
=Yina=—ki > | Ajl (Vi1 —sgn(Ay)y;). It is obvious that this is a
JeN;

traditional distributed control algorithm for bipartite consensus in
[36]. Therefore, in the sequel we will focus on the case where
lvei II # 0.Then, we can infer that

dv N1t .
dit) eyl +2 Z (¢1 (y12(t)) ¢1 (sz(f Tl))) E t[‘(—_W:W,-) +VZVE

i=1 =1

N N .
=Ved> 52(@%@» ¢l Volt—) - Zt(&\fvfwi)

i=1

N N
+ Z VaUi—Yina)+ Z Ve (fiin, Yia) + &Vt — 1),

i=1 i=1
where Wi:W;k—W,*. _92:WT2,y;2,---=YL2]T and y,= [yel’yez’
...,yIyIT. Furthermore, the communication topology is connected
and structurally balanced. Thus, according to Lemma 1 in [36],
zero is an m-multiplicity eigenvalue of £ ® I, and T contains
eigenvectors of £ ® I, corresponding to the eigenvalue matrix

A =diag(Olm, A2Im, A3lm, ... Anlm), where TTT=T'T=I,y and
T-1=T". Hence,
YL ® Impy =y TT ATy,

=yIT'VAVATY,

_TTVAVAVA VAT VAVATY,
=yITATT™A T ATy,
=YI(L ® In) M(£ ® In)
—yIMy,, @1
where
VA = diag(OIm, NG V™ S \//T,Ilm),
A =diag(Azlm, A2lm, A3lm, ..., Anlm),

VA= diag (v Azl v/ Aol /Al ..o\ Al )

and M=T"A"'T. Then, with Assumptions 1 and 3, we substitute
(16) into dV/dt to obtain

vy _1¢
O < 3>yl + vl 3t

= i=1

N N
Z(«/a V)~ P vt -1))+ > O,
i=1

i=

N N
+ Z VezW D (yl)_ Z <,0,'(f)—§> ”Vei”2

i=1

NI'—‘\

1 N
+3 2 (A 0at—m)-9l0a0)).

1=

According to (18), we discuss the following two cases.

a) When Wizaicp,» OV, we have
(a) )

ei’

tr(WiT (ale - ‘151‘011')‘/;')) =0.
1

(b) When W = a; iyl —ai(v;V\},T Di(y;)/tr(WT W)W, we have
TWID(v:) /o1 s
tr<W <]W —dyV ))— Mtr(wfw,-).
tr(W W)

Furthermore, we can obtain

tr(WiTW,-) :tr(W?W;") —tr(W] W,

=l (wwe) e (wrrw) e ()
2[tr(W"‘TW"‘) r(wiwy)] +%[tr Wi W)
+tr(W W,»)]ftr(W,TW,)
— S (WTwp) e (WT V) — gt (W W)
<0
with
(Wiw,) =0
and

r(WIW) =win > e (WiTwy).
Then, if
tr (WIW,) —WM* >0 and VW& (y,)=0,

we can obtain

tr (W <]<W — DY)V} ))) > 0. 22)

Therefore, in the above two cases, the inequality (22) always holds.
In terms of Assumption 2, we have

1 N t 1 N t
22 [ e3> |

[ —Tmax

Qi(y(&)dC.
Thus, with (17) we can obtain

dV(f) 2 1 2 Amax(M) 2
—ar = Z <—ki0||Vei|| —Twillveill _%”yei” )
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3 / QL - tr( H(GWi-200t) )

2w1 ~
1 N
< VO a0 g ve— > e (G
-1
Wmax 2Wmax
+ Z oot —+6; < ——V(t)+ Z +6s,
where ws = max; . yw; and 0s = Zi _ 106N,
On the basis of Lemma 1, we have
V(D) < V(O™ Vo (1 /o), 23)

where vs= >N | 2W™* /g, + @0;. Since all the terms in (20) are
nonnegative, as t—oo we can obtain that V; (t) <vs. That is,
iy eel Al Vi — sgn(A,J)yﬂ) <vs. By choosmg the parameters
W™, a;, w;, 0; and A; properly, we can eventually derive that

B (et 24

Hyl] _Sgn(Al])y]] < |.A |>

where /vs/| A;| can be set small enough to meet the require-
ments in Definition 2. Therefore, bipartite consensus can be
achieved. o

Algorithm 1. Distributed control algorithm for bipartite con-
sensus of nonlinear time-delayed multi-agent systems.

1. In: Parameters of the multi-agent system (7), W™, Oy,, ki,
a;, Wi(0), Ajj, Tmax, ki pi, 0;, and the initial conditions x;(0)
and x;(0)

2. 0ut: x;(t), X;(t), x§ = lyl.

3. If topology G is structurally unbalanced:

4. Terminate the algorithm.

5. While bipartite consensus is not reached:

6. Calculate feedback coefficient p;(t);

7. Obtain linear feedback signal p;(t)ve;

8

9

Calculate the output of RBFNN WiT<Df(y,v):
. Update W; by (18);
10. Calculate —%mff)?@iz):

11. Calculate —k; Z |Ayl(y,2—sgn(.AU)yj2)
jenN

12. Use input signal u, to control agent i;

13.  Return x(t), x;(t), x;°.

14. Terminate the algorithm.

1 —0.6 8
0.3
2 7
0.4 0.1
3 6
0.1 0.5
-
4 —0.2 5

Fig. 3. Topology of Example 1 with eight agents.

4. Implementations of bipartite consensus

Example 1. In this example, the multi-agent system contains
eight agents shown in Fig. 3. Each agent can represent a robot that
moves on the plane. x; =[x;;,X;]" is the position of agent i. The
adjacency matrix A; is given as follows:

T 0 03 0 O 0 0 0 —067
03 0 04 O 0 0 0 0
0 04 0 01 0O O O O
0 0 01 O -02 0 0 O
A=1'9 0 0 -02 0 05 0 0
0 0 0 O 05 0 01 O
0 0 0 0 0 01 0 0

l-06 0 0 O o 0 0 o0 |

The dynamics of the multi-agent system are described by the

Table 1
Coefficients of the unknown dynamics in Example 1.

i 1 2 3 4 5 6 7 8
pi 04 ~0.65 8 1 ~10 15 0.5 -1
Pi2 05 045 -6 1 1 9 2 5

Table 2
Coefficients of time-delay terms in Example 1.

i 1 2 3 4 5 6 7 8
Sit 0.9 12 —-11 -0.7 0.6 0.3 0.2 0.6
Si2 12 0.8 0.6 0.3 0.8 0.4 -01 —-04

Table 3
Time delays of eight agents in Example 1.

i 1 2 3 4 5 6 7 8

7 0.1 0.05 0.15 0.08 0.18 0.1 011 0.02

i2

Positions of x.

Positions of x,,

Fig. 4. Trajectories of eight agents on the plane.
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following equations:

Xi1(t) B Xip(t) sin(p;X;1(£)) " SitXin (E—17;) €os (Xpp(t—1y))
Ko | = | %n(0) cos (i) | THT | spxip(t—7y) sin G (t-7) |
i=1,2,...,8, (25)

where pj1, Pi2, Si1 and s;, are the corresponding positive coefficients

given in Tables 1 and 2. We choose ¢;(%;) = 1/ (5i1%i1)* + (Siz%i2)%. i,

i=1,2,...,8, are time delays shown in Table 3. We suppose that
the initial states of the multi-agent system are on a circle with
radius 5 and the initial velocities are zeros. All the eight agents
have the same parameters, Tmax = 0.2, kjp =50, k;=30, w; =50,
Wi =100, a;=100 and Oy, = 0.01. The number of neurons for

each RBFNN is 16 and 5? =2.u;, i=1,2,...,8, are distributed uni-
formly in the range [—5,5] x [—5,5]. Our control objective is to

a

><.‘:

ks

(%]

=

o

.“:n'

o

a
-5 i i i i i i i i i i
0 0.1 02 03 04 05 06 07 08 09 1

Time/s

Velocities of x

-60 I I I I I I I I I i
0 0.1 02 03 04 05 06 07 08 09 1

Time/s

Fig. 5. Trajectories of positions and velocities in first dimension for eight agents:
(a) trajectories of positions in first dimension, (b) trajectories of velocities in first
dimension.

a 5 M
x} | —A—1
= —o—2
o ——3
%] —5—4
é 0 2 DN
i) 6
& " a7
J ST —\H $dcoobopoooook kAhhk | —%—8
—5HMHHHWHH\‘HH\ i i i i i i
0 01 02 03 04 05 06 07 08 09 1
Time/s
&
X
k]
172
Q2
=
o
©
>

-30 i i i i
0

01 02 03 04 05 06 07 08 09 1
Time/s
Fig. 6. Trajectories of positions and velocities in second dimension for eight agents:

(a) trajectories of positions in second dimension, (b) trajectories of velocities in
second dimension.

drive the eight agents on the plane to the bipartite consensus
state. Fig. 4 illustrates that the eight agents can reach bipartite
consensus with the distributed control algorithm in Algorithm 1.
Additionally, Figs. 5 and 6 show the trajectories of positions and

DO e i e b e bt by

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Timels

Fig. 7. Error trajectories of bipartite consensus with eight agents.

Positions of x;,

Positions of x ;,

Fig. 8. Trajectories of eight agents with structurally unbalanced graph.

Base

Fig. 9. Two-link revolve manipulator.
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velocities in two dimensions. In Fig. 5(b), the velocities eventually
become zeros and the eight agents are divided into two different
groups with opposite signs. In order to describe whether bipartite
consensus has been achieved, we define the measurement of error
of bipartite consensus for each agent:

Xf: ”ye,'H, 121,2,,8 (26)

In Fig. 7, it shows that the error of each agent can gradually
approach zero. Therefore, bipartite consensus for multi-agent
system (25) can be achieved. In Fig. 8, we just change the topol-
ogy of multi-agent system (25) and the adjacency matrix is
modified as

T 0 03 0 0 0 0 0 -067
03 0 04 O 0 0 0 0
0 04 0 -01 O O O O
. 0 0 -01 O -02 0 0 O
A=l 9 0 0 -02 0 05 0 0
0 0 0 0 05 0 01 O
0 0 © 0 0 01 0 02
|-06 0 O 0 0 0 02 0 |

It is obvious that the corresponding communication topology of

¥ is structurally unbalanced. Fig. 8 shows that bipartite con-
sensus cannot be reached and this in turn demonstrates the
importance of structural balance for bipartite consensus problems.

Example 2. We utilize a multi-manipulator system [43] to verify
the validity of the distributed control algorithm (16) in Section 3.
The profile of the two-link manipulator is shown in Fig. 9 and each
manipulator holds a component which is used to assemble the
industrial product. The concept of bipartite consensus can be
applied to the tasks which need to assemble the product in a
symmetrical way. The dynamics of the multi-manipulator system

Table 4
Parameters of each manipulator in Example 2.

g lin liz mi; mi

9.8 m/s? 1.5m 1m 2kg 1kg

—4—0qy
S Gy
—b— gy
= g4

< 951

Positions of q

Time/s

(e

—4—dq,,
—o—da,,
——dag,
—=—dq,,
—6—dag,

dq61

Velocities of q

04 05 06 07 08 09 1

Timels

Fig. 10. Positions and velocities of link 1 with six manipulators: (a) trajectories of
positions of link 1, (b) trajectories of velocities of link 1.

are described as follows:
Mi()4;+Vi(qi, 4)4; +Gi(q) +8:/(qi(t—) =T},
i=1,2,...,6, (27)

where q; =[q;,qn]" € R?,q; and §; are the position, velocity and
acceleration vector of the ith manipulator, respectively. M;(q;) € R?*? is
the inertia matrix of manipulator i, V;(q;, ;) € R**? is the centripetal-
Coriolis matrix of manipulator i, G;(q;) € R? is the gravitational vector
of manipulator i and I'; € R? is the torque vector of manipulator i. We
give the detailed parameters of each manipulator as follows:

. Vin Vi
Vi(qi.q;) = [Vm Vi22:| >
Gi(q) =[G Gal,
M =1,
Vin = —malalp sin(qi)qi,
Vita = —Mplilp sin(qp)qp —maplinlp sin(gip)qi,
Vi1 = mplinlip sin(qi2)qi1,
Vi =0,
Git = (M +mp)gly sin(gi) +mpglp sin(gi +43),
Gip = Mpgli sin(q;; +qp).

£, li1, lp, m;; and my, are given in Table 4. For simplicity, we set M; = 1.
8i(q;(t —7;)) represents the frictional force vector where

Sitqin (E—7i) €oS(qp(t—1)

Sdp(t—1;) sin(@y(t—17)) | (28)

gi(qit—7) =

We set the same parameters for all the six manipulators,
kio =15, w; =30, 67 =1.6 and the number of neurons for each
RBFNN is 16. u;, i=1,2, ..., 6, are distributed uniformly in the range
[—3,3] x [—3,3]. The coefficients of time-delay terms and time
delays are chosen from numbers 1 to 6 in Tables 2 and 3. The

15
14 —A—q

o 12
g ost oy
o S B0
S —E 0
2 %
o q62

Time/s
b 20
:[:'\—\
= A d

o 10 5 912
o o —o—da,,
[s]

5 o4g Sophcinsassibtosasassss o
= \ 12 —odgy,
3 P 5
e \ g —6—dag,
g 1ok g,

_20 i i i i i i i i i

0 01 02 03 04 05 06 07 08 09 1

Time/s

Fig. 11. Positions and velocities of link 2 with six manipulators: (a) trajectories of
positions of link 2, (b) trajectories of velocities of link 2.
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Fig. 12. Error trajectories of bipartite consensus for six manipulators.

initial states of the multi-manipulator system are

QI(O) qI(O) [—7/3,7/3] [0,0]
a(0) §3(0) (z/3, —7/4 [0,0]
45(0) 4§30 [z/5.7/4]  [0.0]
a3(0) ;0 [27/5, —2z/5] [0,0]
qk(0) 430 [~7/4,—x/6] [0,0]
@ ¢ L e300

The adjency matrix A, is given as follows:

0 -05 0 0 0 0.3
—-0.5 0 02 0 0 0
0 0.2 0 07 0 0
0 0 07 0 -01 O
0 0 0 -01 0 1.5
0.3 0 0 0 1.5 0

Other parameters are the same in Example 1.

From Figs. 10 and 11, we can infer that the multi-manipulator
system can reach the opposite positions in a symmetrical manner,
where dg;; and dg;, represent the velocities of Link 1 and Link 2,
respectively. In Fig. 12, all the errors of bipartite consensus g,
i=1,2,...,6, approach zeros, which are similar to the definition of
x;£ in Example 1. This further demonstrates the effectiveness of the
developed control algorithm in physical applications.

5. Conclusion

Bipartite consensus of the unknown nonlinear time-delayed
multi-agent systems is investigated in this paper. RBFNNs are
utilized to learn the unknown dynamics online and a Lyapunov-
Krasovskii functional is introduced to deal with time delays.
However, in order to avoid singularities in the distributed control
algorithm, a o-function is applied to the time-delay elimination
part of the algorithm. If the communication topology is structu-
rally balanced, then the distributed control algorithm can make
the multi-agent systems achieve bipartite consensus, which can be
applied to a multi-manipulator system. In the future, to adapt to
more complex environment, we will concentrate on the cases
where external noises are added to the control input and con-
nectivity is preserved.
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