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ABSTRACT
In this paper, we propose a level-set based segmentation method for
medical images with intensity inhomogeneity. Maximum a Posteriori estimation is adopted to combine image segmentation and bias
field correction into a unified framework. Within this framework,
both contour prior and bias field prior can be fully used. In order
to restrict bias field, we introduce an adaptive regularization. Based
on this new adaptive regularization, the bias field is estimated more
smooth and the input medical image with intensity inhomogeneity
is recovered more clearly. Especially, the estimated bias field of
our method introduces less structure information obtained from input image. Experimental results on both synthetic and real images
show the advantages of our method in both segmentation and bias
field correction accuracies as compared with the state-of-the-art approaches.
Index Terms— Level set, adaptive regularization, image segmentation, bias field

methods have been reported in these papers. However, these methods compute the bias field roughly by fixed smoothing operators,
such as the Gaussian kernel and gradient operator.
Motivated by previous work [6,8], we propose an effective levelset based segmentation method. In our method, the segmentation
and bias field correction problems are formulated simultaneously by
a variational energy functional.
Specifically, the main advantages and contributions of our work
are highlighted as follows:
1. Maximum a posteriori estimation method is utilized to unify
segmentation and bias field correction into a uniform framework.
Therefore, our model can make full use of the prior knowledge on
the segmented contour and the bias field.
2. An adaptive regularization is introduced to restrict the spatial smoothness of the bias field. Due to the adaptive regularization,
the estimated bias field of our method is more smooth and has less
structural information of the original image. Especially, for an image
with weak edges and strong biased regions, the segmentation results
of our method are better than the state-of-the-art approaches.

1. INTRODUCTION

2. METHODOLOGY

Image segmentation is a key component in various medical imaging systems [1–3]. It is a fundamental step for subsequent tasks,
such as 3D reconstruction and object recognition. In many medical
imaging systems, the output medical images often present intensity
inhomogeneity caused by bias field. Hence, it is important to develop some algorithms that can segment the images with intensity
inhomogeneity, or simultaneously segment images and correct the
bias field [4, 5].
In recent years, numerous approaches have been proposed for
medical image segmentation simultaneous with bias field correction.
Li et al. [6] developed an approach based on local image mean for interleaved bias field estimation and segmentation. However, the computational cost of this model is a bit high due to the utilization of local models, which involves many convolution operations on images.
Motivated by Li’s method, Zhang et al. [7] considered both local image variance and mean in a multi-phase level set approach, which
has many advantages such as the evolution is less sensitive to the
initialization. whereas the estimated bias field in this approach contains too much structural information of the original image. Wang
et al. [8] introduced a fixed regularization to smooth the bias field.
This method assumes that bias field and reciprocal bias field both
vary slowly in the entire image. In [9], Li et al. utilized a linear
combination of a number of smooth basis functions to approximate
the bias field. Improved performances compared with the classical
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2.1. Bayesian Framework
We consider the following model to formulate medical image formation with multiplicative bias field:
I(x) = b(x)J(x) + n(x) ,

x∈Ω,

(1)

where I is the input image, Ω is the two dimensional image domain,
J is the true image, b is the bias field, and n is the additive Gaussian
white noise. The purpose of image segmentation is to find a segmentation contour C, while the goal of bias correction is to directly
estimate the bias field b from the observed image I. In our work,
the above two tasks are considered together, and further unified as a
Bayesian estimation problem
C ? , b? = arg max p(C, b|I) .

(2)

Based on the Bayes’ theorem, Eqn. (2) can be reformulated as
C ? , b?

=
∝

arg max p(C, b|I)
arg max p(I|C, b)p(C)p(b) ,

(3)

where the bias field b and C are assumed to be independent. Maximum a posteriori estimation in Eqn. (3) is equivalent to minimizing
the following objective functional
F(C, b) = L(I|C, b) + νR(C) + µA(b) ,
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(4)

where ν and µ are two positive weighting parameters used to balance
the likelihood and two priors. The term L(I|C, b) is the segmentation likelihood presented in Subsection 2.2, R(C) is contour prior
described in Subsection 2.3, and A(b) is adaptive bias field prior
introduced in Subsection 2.4.
2.2. Segmentation Likelihood
As with the previous work [8, 9], the recovered true image J is assumed to be composed of N disjoint regions, satisfying that

where tr(·) is the trace of the matrix. Motivated by the analysis presented in [12], the covariances Σ and Ω are assumed to be
Σ −1 = QΛQT , Ω −1 = QKQT ,

where Λ = diag[λ1 , λ2 , . . . , λM ] , K = diag[k1 , k2 , . . . , kM ] and
Q = [q1 , q2 , . . . , qM ] is a Discrete Cosine Transform (DCT) basis.
Hence, Eqn. (10) can be reformulated as
A(b) =

Ω=

N
[

Ωi , Ωi ∩ Ωj = ∅ , ∀ 1 ≤ i 6= j ≤ N .

(13)

1 XM
1 XM k i
λi (qiT b)2 +
.
i=1
i=1 λi
2
2

(14)

(5)
By solving variables {λi }M
i=1 from Eqn. (14), we get

i=1

The intensity value in the i-th region is approximate to a constant ci ,
namely,
J(x) ≈ ci , x ∈ Ωi .
(6)
Combining with Eqn. (1), b(x)ci , (x ∈ Ωi ) can be regarded as the
intensity value in the i-th region in the observed image, that is,
I(x) ≈ b(x)ci , x ∈ Ωi .

λi =

Substituting {λi }M
i=1 into Eqn. (14), we get the final adaptive regularization

(7)
A(b) =

Based on Eqn. (7), the segmentation likelihood energy L(I|C, b) is
N  Z
X
γi

L(I|C, b) =

i=1

(I(x) − b(x)ci )2 dx

√
ki
, ∀i = 1, 2, · · · , M .
|qiT b|


,

(8)

x∈Ωi

XM √
ki qiT b .

(15)

i=1

In this work, Laplacian is adopted as the model distribution q(b). In
such case, the values {km }M
m=1 in the diagonal matrix K satisfy that
km = 2(1 − cos(π(m − 1)/M )), m = 1, 2, . . . , M .

where γi is the positive constant for the i-th region.
3. LEVEL SET FORMULATION
2.3. Contour Prior
In this work, we do not have any special knowledge on the segmented objects. Hence, it is hard to introduce shape priors [10, 11] on the
segmentation contour. Therefore, the contour length prior is used to
represent contour prior energy, given by
R(C) = |C| ,

(9)

In this work, we consider the two-phase segmentation case1 , that is,
N = 2. By using level set formulation, the segmentation likelihood
energy can be rewritten as
Z
L(φ, b)

=

(I(x) − b(x)c1 )2 Hε (φ(x))dx

γ1
Ω

Z
+

where |C| represents the length of the contour C.

(I(x) − b(x)c2 )2 (1 − Hε (φ(x)))dx ,

γ2

(16)

Ω

2.4. Adaptive Bias Field Regularization
In contrast to the traditional regularization proposed in [8], which
specifies a fixed regularization operator to penalize the bias field, we
estimate it simultaneously with parameters. We assume that the prior
distribution p(b) is unknown, but is close to the model distribution
q(b) in terms of Kullback-Leibler (KL) divergence. Accordingly, the
adaptive bias field regularization in Eqn. (4) is represented as
A(b) = S(b) + KL(p(b)||q(b)) ,

(10)

where S(b) = log(p(b)) is the smooth regularization used to restrict
that the bias field b should be spatially smooth, and KL(p(b)||q(b))
is the KL-divergence between the unknown prior distribution p(b)
and the model distribution q(b). In this work, the two distributions
p(b) and q(b) are assumed to be zero-mean multivariate Gaussian
distribution with covariances Σ and Ω respectively, that is,
p(b) ∼ N (0, Σ) , q(b) ∼ N (0, Ω) .

(11)


where Hε (x) = 21 1 + π2 arctan xε is ε-Heaviside function, and
ε
its derivative is ε-Dirac function, given by δε (x) = π1 ε2 +x
2 . As
with the previous work, such as [8], the contour length regularization
energy with level set formulation is
Z
R(φ) =

A(b) =

1 T −1
1
b Σ b + tr(Ω −1 Σ) + const ,
2
2

(12)
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(17)

Combining with Eqns. (15), (16) and (17), we can get the final objective energy functional:
Z
F(φ, b, c)

=

(I(x) − b(x)c1 )2 Hε (φ(x))dx

γ1
Ω

Z
+

(I(x) − b(x)c2 )2 (1 − Hε (φ(x)))dx

γ2
Ω

Z
+

|∇Hε (φ(x))| dx + µ

ν
Ω

Hence, Eqn. (10) can be reformulated as

|∇Hε (φ(x))| dx .
Ω

M
X
√

ki qiT b . (18)

i=1

1 Same with [8], our model is easy to be extended to multi-phase case by
introducing multiple level sets.

3.1. Optimization
The standard gradient descent method is used to minimize the energy
functional Eqn. (18) by iterating following three steps.
Step 1 (b, φ 7→ c): Keeping level set function φ and bias field b
fixed, minimizing the energy functional F(φ, b, c) with respect to c
by variational method, given by
R
c1

Ω

=
R

c2

Ω

=

I(x)b(x)Hε (φ(x))dx
R
,
Hε (φ(x))dx
Ω
I(x)b(x)(1 − Hε (φ(x)))dx
R
.
(1 − Hε (φ(x)))dx
Ω

∂E(b)
= eb − f + µΣ −1 b ,
∂b

(b) Li

(c) Ours

Fig. 1. Comparisons of our method with Zhang [7] and Li [9] on a
synthetic image. (a) The results of Zhang’s model. (b) The results of
Li’s model. (c) The results of our model.
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These two steps both have closed-form solutions. Unfortunately, it
is very time-consuming to obtain the closed solution of the second
minimizing step. In this work, we give a fast and approximate solution. Denote E(b) = L(φ, b) + µbT Σ −1 b, the solution is
0=

(a) Zhang

(19)

finding Σ −1 : Λ = K 1/2 diag(QT b)−1 , Σ −1 = QΛQT , (20)
b
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Step 2 (c, φ 7→ b): Keeping level set function φ, clusters c1 and
c2 fixed, minimizing the energy functional F(φ, b, c) with respect to
b. Motivated by [12], it is solved by the following two sub-steps:

minimizing b : min L(φ, b) + µbT Σ −1 b .
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(22)
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where
(a) Zhang

e
f

=
=

γ1 c21 Hε (φ) + γ2 c22 (1 − Hε (φ)) ,
γ1 c1 IHε (φ) + γ2 c2 I(1 − Hε (φ)) .

To facilitate presentation, we denote a diagonal matrix E = diag(e).
Hence, Eqn. (22) can be rewritten as
Eb + µΣ −1 b = f .

(23)

To solve Eqn. (23) fast, we ignore the term µΣ −1 b first, and calculate b̃ = E −1 f . Then, Eqn. (23) is approximate to
b − b̃ + µE −1 Σ −1 b = 0 .

(24)

As presented in [12], Eqn. (24) can be solved fast by the following
iterative function:
bt+1 = Q

diag QT bt
QT b̃ ,
diag |QT bt | + µK

(25)

in which the QT and Q are obtained by forward and inverse multidimensional DCT respectively.
Step 3 (b, c 7→ φ): Keeping clusters c1 , c2 and bias field b fixed,
we minimize the objective functional F(φ, b, c) with respect to φ,
and obtain the following gradient descent flow:



∂φ
∇φ
= −δε (φ) γ1 (I − bc1 )2 − γ2 (I − bc2 )2 − νdiv
.
∂t
|∇φ|
(26)
In Eqn. (26), the partial derivative is simply discretized as the central
finite difference, and the temporal derivative as a forward difference.
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(b) Li

(c) Ours

Fig. 2. Comparisons of our method with Zhang [7] and Li [9] on a
synthetic image. (a) The results of Zhang’s model. (b) The results of
Li’s model. (c) The results of our model.

3.2. Implementation
The main steps of the our algorithm is summarized as:
STEP 1. Initializing the level set function φ to be a binary function as follows:


−ρ, x ∈ Ωin − ∂Ωin
φ = 0,
,
(27)
x ∈ ∂Ωin

ρ,
x ∈ Ω − Ωin
where Ωin is the inner of the initial contour C, and ∂Ωin is the
boundary of Ωin . Initializing the bias field b0 as b0 = I ⊗ g, where
g is the Gaussian kernel function.
STEP 2. Computing clusters c1 and c2 by Eqn. (19).
STEP 3. Computing the bias field b by Eqn. (25)
STEP 4. Evolving level set function φ by Eqn. (26).
STEP 5. Repeating STEP 2, STEP 3 and STEP 4 until φ and
b converge or the maximum iteration number is reached.
4. EXPERIMENTS
In this section, we evaluate the proposed model by comparing it with
two state-of-the-art approaches, namely, Zhang [7] and Li [9], on
both synthetic and real images. All experiments are conducted in
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(a) Zhang

(c) Ours

(b) Li

(d) Zhang

(e) Li

(f) Ours

Fig. 3. Comparisons of our method with Zhang [7] and Li [9] on vessel images. (a) The results of Zhang’s model. (b) The results of Li’s
model. (c) The results of our model. (d) The results of Zhang’s model. (e) The results of Li’s model. (f) The results of our model.

Matlab 7.0 programming environment on a 1.6 GHz Intel Pentium
IV personal computer.

Segmentation
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4.1. Synthetic Examples
Experimental results on a synthetic image are presented in Fig. 1.
As shown in this figure, the results of the proposed method and Li’s
method look similar. Specifically, the bias fields estimated by these
two methods are very smooth, and the corrected images are both homogeneous. However, Zhang’s model produces an inaccurate segmentation result, and the estimated bias field by Zhang’s model contains image structure information, which further causes an inaccurate
bias correction result.
We evaluate our method on another synthetic image, in which
the right part of background has higher intensities than the left part
of object. As shown in Fig. 2, the segmentation results of our method
and Zhang’s method are similar, however, Li’s method fails (see
Fig. 2(b)). In Fig. 2(c), we can see that the bias field estimated by our method is more smooth, and the corrected image of our
method is more homogeneous. As with Fig. 1, the estimated bias
field of Zhang’s method also has image structure information, which
degrades the performance on the result of the corrected image (see
Fig. 2(a) for details). In Fig.2 (b), we can see that the corrected
image of Li’s model is still hard to distinguish the target from background.

Bias
Fields

Corrected
Images
(a) Zhang

(b) Li

(c) Ours

Fig. 4. Comparisons of our method with Zhang [7] and Li [9] on
brain image. (a) The results of Zhang’s model. (b) The results of
Li’s model. (c) The results of our model.

fields estimated by their methods have image structure information,
which leads to an inaccurate result on the corrected images. In our
results (see Fig. 4(c)), the estimated bias field is smooth, and the
corrected image is more homogeneous than the original one.

5. CONCLUSION
4.2. Real medical images
To further evaluate the performance of the proposed method, we apply the proposed model, as well as Li’s and Zhang’s to two real blood
vessel images which present intensity inhomogeneity. As shown in
Fig. 3, the segmentation results by our method (see Fig. 3(c) and
(f)) are much more accurate than those by Zhang’s (see Fig. 3(a) and
(d)) and Li’s (see Fig. 3(b) and (e)). It is worth noting that the bias
fields estimated by our method are more smooth, and the corrected
images are more homogeneous.
In Fig. 4, we show the results on a brain MR image by the
above mentioned three models. As shown in Fig. 4(a) and (b), both
Zhang’s model and Li’s model achieve almost the same segmentation results, which have better detailed information, but the bias
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This paper presents a new level-set based segmentation approach to
simultaneous bias correction and image segmentation for medical
image. From a Bayesian perspective our method can make full use of
the contour prior and the bias field prior. The smoothness of the bias
field is intrinsically ensured by the adaptive regularization, which
makes our estimated bias field more smooth and has less structural
information of the original image. Comparisons with the other segmentation methods on synthetic and real medical images show that
our method holds many advantages on the segmentation and bias
field correction accuracies. In the future, we will extend our model by using multiple level set functions, and evaluate our model on
more types of images.
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