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Abstract—Generative Bayesian models have exhibited good
performance on the face verification problem, i.e., determining
whether two faces are from the same person. As one of the
most representative methods, the Joint Bayesian (JB) model
represents two faces jointly by introducing some appropriate pri-
ors, providing better separability between different face classes.
The EM-like learning algorithm of the JB model, however, are
occasionally observed to have unsatisfactory converge property
during the iterative training process. In this paper, we present a
Bootstrapping Joint Bayesian (BJB) model which demonstrates
good converging behavior. The BJB model explicitly addresses
the classification difficulties of different classes by gradually re-
weighting the training samples and driving the Bayesian models
to pay more attentions to the hard training samples. Experiments
on a new challenging benchmark demonstrate promising results
of the proposed model, compared to the baseline Bayesian models.

I. INTRODUCTION

Face verification is the problem of determining whether

a given pair of face images is from the same person or

not. It has numerous and important applications in intelligent

visual surveillance, access control, and immigration automated

clearance. It is also a very challenging problem due to the

large intra-class variations caused by illumination changes,

partial occlusions, head poses, and face expressions. Generally,

there are four basic steps in a face verification system: face

detection, face alignment, feature representation and classifier

construction. As a key component of face verification system,

classifier construction has been widely studied over the past

few years, and a number of algorithms have been proposed

[17], [1], [16], [11].

Among various classification methods, the Bayesian model

[17] and its variants [1], [13], [11], are one of the most popular

ones for face verification. The original formulation of the

Bayesian face model in [17] converts the verification task as

a binary classification problem by constructing the intra-face

space and extra-face space. The intra-face space represents the

difference between two faces from the same subject meanwhile

the extra-face space represents the difference between two face

images from different subjects. The model then classifies the

face difference as intra-face variations or extra-face variations.

This kind of formulation maps the face images from its origi-

nal space into a low-dimensional face difference space which
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Fig. 1: An illustration of the class separation problem. The

direction that separates Class 3 from the remaining classes as

much as possible resulting in confusions of Class 1 and

Class 2.

may loss some discriminative information. To address this

problem, Chen et al. [1] proposes a Joint Bayesian (JB) model

which represents the joint distribution of two face images and

introduces two Gaussian prior for the joint formulation. To

learn the model parameters, an EM-like learning algorithm is

employed in [1].

The EM-like learning algorithm of the JB model, however,

is often found difficult to converge to a stable solution.

To alleviate this problem, Liang et al. [11] proposes an

advanced joint Bayesian (AJB) model, which provides a new

learning procedure based on a more strict derivation of the

EM algorithm. Instead of using the EM algorithm, Liao et
al. [13] estimates the JB models parameters by calculating

between-class and within-class covariance matrices. However,

this method only attempts to maximize the average of all pair-

wise distances between classes, which suffers from the class

separation problem [14]. Specifically, it tends to pay more

attention to classes with larger distances, but ignores those

with smaller distances, resulting in the overlap of neighboring

classes. As shown in Fig 1, the Class 1 and Class 2 locate

closely to each other while Class 3 is far away from them.

Thus the direction that separates Class 3 from the remaining



classes as much as possible resulting in confusions of Class 1

and Class 2.

In this paper, we present an improved Bayesian model

termed as the Bootstrapping Joint Bayesian (BJB) with a

corresponding parameter learning algorithm. By setting larger

weights for more difficult image pairs in each iteration, the

BJB model can well deal with the class separation problem.

Furthermore, the BJB model gradually re-weights the training

samples and drives the Bayesian models to pay more attentions

to the hard training samples which improves the converging

behavior of the Bayesian model.

The rest of our paper is organized as follows. In Section

II we review the literature in this direction. In Section III we

introduce the Bayesian models for face verification. In Section

IV we present the proposed BJB models. In Section V we show

the effectiveness of BJB models by applying it to the LFW

face database and comparing it with both Joint Bayesian and

other metric learning based classifiers. Finally, we conclude

this paper in Section VI.

II. RELATED WORK

Besides the Bayesian model, metric or similarity learning al-

gorithms [2], [3], [8], [9], [18] are studied widely for face ver-

ification. Weinberger et al. [18] propose the LMNN algorithm

to improve the k-NN classification by formulating the metric

learning problem in a large margin setting. It learns a global

transformation matrix that maximizes the distances between

examples with different labels and minimizes the distances

between nearby examples with the same label. However, the

notable accuracy difference between the training and testing

sets indicates that LMNN has a good capability to fit training

data but the generalization performance is not promising. To

this end, under a wide range of possible constraints and prior

knowledge, Davis et al. [2] present an ITML method, which

regularizes the learned matrix to make it as close as possible to

a known prior matrix. Guillaumin et al. [3] propose a Logistic

Discriminant Metric Learning (LDML) model using a logistic

regression-type loss within a Mahalanobis distance framework.

It employs the gradient descent algorithm to obtain the optimal

solution. Koestinger et al. [8] propose a simple but efficient

metric function which considered a log likelihood ratio test of

two Gaussian distributions without iterative procedures.

There are some other face verification approaches which

should be mentioned. Hu et al. [5] present a deep metric

learning (DML) method which integrates deep neural network

with distance metric learning. After that, Hu et al. [6] also

propose a deep transfer metric learning (DTML) method

which learns a deep metric network by maximizing the inter-

class variations and minimizing the intra-class variations, and

minimizing the distribution divergence between the source

domain and the target domain. Schroff et al. [19] present a

FaceNet model directly optimizing a triplet-based loss function

based on LMNN.

III. BAYESIAN MODELS FOR FACE VERIFICATION

Since our method is built on the Bayesian models, to

make our paper self-contained, we in this section briefly

introduce the formulation of the Bayesian models for the face

verification problem.

A. Bayesian model

Based on the Bayesian decision theory, the Bayesian face in

[17] casts the face recognition task as a binary classification

problem by modeling the difference variations Δ between two

face images x1 and x2, i.e., Δ = x1−x2. It defines two kinds

of face difference variations, intra-personal variations ΦI and

the extra-personal variations ΦE , both of which are assumed

to follow a multivariate Gaussian distribution

P (Δ|Φi) =
exp[− 1

2 (Δ− μi)
�Σ−1

i (Δ− μi)]

(2π)
E
2 |Σi| 12

, (1)

where μi and Σi are the mean vector and covariance matrix

of the variations respectively, i ∈ {I, E}. The face similarity

function f(x1, x2) between the two faces is measured by the

posteriori probability P (ΦI |Δ). Using the Bayesian’s rule, it

can be expressed as

f(x1, x2) =
P (Δ|ΦI)P (ΦI)

P (Δ|ΦI)P (ΦI) + P (Δ|ΦE)P (ΦE)
. (2)

By assuming equal prior probabilities for the two variations

and according to the Bayesian decision rule, the similarity

function can be computed by the log-likelihood ratio as

f(x1, x2) = log P (Δ|ΦI)
P (Δ|ΦE) . Furthermore, by discarding some

constants that can be merged to the decision threshold and

subtracting the mean of all faces in the pre-processing step,

the similarity function can be simplified as:

f(x1, x2) = ΔT (Σ−1
μ − Σ−1

ε )Δ, (3)

where the two covariance matrices Σ−1
μ and Σ−1

ε are param-

eters that need to be estimated from the training data.

Due to its simplicity and the competing performance, the

above model has gained great popularity and many improve-

ments have been proposed [22], [10], [23]. However, building

the similarity function on the face difference space may loss

some separability during the projecting process. To address

this problem, the Joint Bayesian method [1] is proposed which

will be introduced in the following section.

B. Joint Bayesian model

Instead of building the similarity function on the face

difference space x1 − x2, the Joint Bayesian method directly

models the joint distribution of the face pair {x1, x2} for the

face verification problem.

Similar to the Bayesian model, the similarity function is

computed by the log-likelihood ratio:

f(x1, x2) = log
P (x1, x2|ΦI)

P (x1, x2|ΦE)
. (4)



To permit effective model learning, the Joint Bayesian method

incorporates a prior on the face to be the sum of two indepen-

dent Gaussian variables:

x = μ+ ε, (5)

where μ represents face identity, ε is the face variation within

the same identity. Both variable μ and ε follow Gaussian dis-

tributions with zero mean, denoted as N(0,Σμ) and N(0,Σε).
Here Σμ and Σε are two unknown covariance matrices.

Let ΦI represents the intra-face space that a pair of faces

x1 and x2 belong to the same subject, and ΦE represents the

extra-face space a pair of faces are from different subjects.

Based on the linear form of Eq. (3) and the independent

assumption between μ and ε, the covariance of two faces is:

cov(xi, xj) = cov(μi, μj) + cov(εi, εj), i, j ∈ {1, 2}. (6)

With these two hypotheses and using the prior in Eq. (5),

the covariance matrix of the distribution P (x1, x2|ΣI) and

P (x1, x2|ΣE) can be derived respectively as:

∑
I
=

[
Σμ +Σε Σμ

Σμ Σμ +Σε

]
. (7)

∑
E
=

[
Σμ +Σε

Σμ +Σε

]
. (8)

With Σε and Σμ, the log likelihood ratio in Eq. (4) can be

directly computed after simple algebra operations [1].

IV. BOOTSTRAPPING JOINT BAYESIAN MODEL

As can be concluded from the introductions in Section III,

the estimation of the parameters Σμ and Σε plays a pivotal role

in the Bayesian face verification models. Previously introduced

methods actually devote on developing various techniques to

estimate these two parameters.

The most straightforward way to estimate the parameters

Σμ and Σε is directly setting them as the within-class and

between-class covariances of the training samples. The Joint

Bayesian method [1] develops an EM-like algorithm to jointly

estimate these two parameters, which are first initialized as

random positive semi-definite matrices and updated by repeat-

ing an E-Step and M-Step.

The above parameter estimation methods assume the same

classification difficulty between different class-pairs and be-

tween different sample-pairs. This is often not true in practical

face verification settings, since classification between two

brothers is usually more difficult than between a brother and

sister. Furthermore, the EM-like algorithm is found sometimes

to have unsatisfactory converge property, as also observed

by [13], [11]. To address these issues, we design a task

sensitive parameter estimation schema to pay more attention to

classifying difficult class-pairs, and develop a corresponding

iterative learning algorithm with good converge property.

A. Task sensitive parameter estimation

Learning the decision function f(x1, x2) for verification

is different from learning a classifier for traditional machine

learning problems. Traditional machine learning algorithms

consider individual samples rather than a pair of samples.

Suppose we are given a set of training data X = {x1, ..., xn}
with corresponding target values Y = {y1, ..., yn}. We want

to ensure that yij × f(xi, xj) > 0 where yij = 1 if images

i and j contain the faces of the same person, and yij = −1
otherwise.

The BJB model is an iterative procedure that tries to learn

an adaptive decision function for performing verification tasks

of different sample pairs. Starting with the unweighted training

samples, the BJB model learns an initial joint Bayesian verifi-

cation function, with the parameters of Σμ and Σε initialized

as between-class and within-class scatter matrix in a pairwise

manner [12], [20]:

Σμ = ωw
ij

n∑
i,j=1

(xi − xj)(xi − xj)
�, (9)

Σε = ωb
ij

n∑
i,j=1

(xi − xj)(xi − xj)
�, (10)

where

ωw
ij =

{
ωij/nc, if yi = yj = c

0, if yi �= yj ,
(11)

ωb
ij =

{
ωij(1/n− 1/nc), if yi = yj = c

1/n, if yi �= yj .
(12)

Here, nc is the number of samples in class c, n is the total

sample number. Note that n > nc and hence (1/n− 1/nc) is

negative. The weight parameter ωij depends on the probability

of confusion between the i-th sample and the j-th sample. By

setting larger ωij for the sample pairs which are closer to

each other and likely to cause confusion, the BJB helps make

the optimality criteria more representative of the verification

ability. Then, the class label for every input xi, xj are pro-

duced. Every training image pair is associated with a weight,

which approximates the distribution of the samples. During the

learning process, the weights are updated after each iteration

in such a way that more emphasis is placed on hard examples

which are erroneously classified previously.

B. Weighting parameter modeling

The key concept of proposed BJB model is to model the

distribution of the training sample pairs in each step of the

learning process. In this section, we describe and compare

four different weighting parameter models, which can be used

in the BJB framework.



1) Constant weight: Clearly, the simplest model for the

weighting parameters is the constant weighting function,

which can be seen as a degenerated version of the BJB model

to the classic joint Bayesian model.

ξi,j = 1. (13)

Since all the pairs are equally weighted, it only attempts to

maximize the average of all pairwise distances between image

pairs, which suffers from the class separation problem.

2) Confusion weight: Inspired by [26] which uses confu-

sion matrix to maximizing the distance of the most difficult

classes, we model the weighting function as:

ξi,j =
ni × nj

n× n
, (14)

where n is the total number of training samples and ni is the

number of misclassified image pairs using a specific classifier.

The image pairs are composed by xi with other image in

training set. In real applications, it is a small probability event

to get a zero ξi,j , because the classification accuracy can

seldom be 100%. Therefore, it is useful define a modified

weighting function as ξi,j = (1−λ)ξi,j +λ, where 0 < λ < 1
and by default it is set to 0.5. This will make the estimation

of ξi,j more smooth and robust.

3) aPAC: Based on the minimization of the theoretical

pairwise Bayes errors occurring between any two Gaussian-

distributed classes, Loog et al. [14] propose an approximate

pairwise accuracy criterion (aPAC) which defines the weight-

ing function as:

ξij =
1

2d2ij
erf(

dij

2
√
2
) (15)

where erf(x) = 2√
π

∫ x

0
e−t2dt ∈ [−1, 1] is the error function

that is twice the integral of the Gaussian distribution with 0

mean and variance of 1/2, and dij is the distance of JB model

between sample i and sample j.

dij = f(xi, xj) (16)

4) POW: Lotlikar et al. [15] propose the fractional-step

model which uses a power function as

ξij = (f(xi, xj))
−m (17)

where m is a positive integer and is set to 3.

The weighting function of aPAC and POW are based on

the pairwise distance f(xi, xj) , while the confusion weight

is based on the classification results. Since each sample is only

confused with a few samples, the confusion weight is much

more sparse (local) than aPAC and POW.

C. Iterative parameters learning

In this subsection, we will give detailed descriptions of

the parameter learning procedure of the proposed BJB model.

Supposing the optimal solution of Eq. (9) and (10) in the k-

th iteration are Σ
(k)
μ and Σ

(k)
ε respectively, we construct the

classifier using Eq. (4), and estimate the weighting function

as described in Section 4.2. Then, we update the parameters

of ωi,j and do the next iteration. Algorithm 1 summarizes the

above Bootstrapping Joint Bayesian model procedure.

Algorithm 1 Bootstrapping Joint Bayesian model

Input:
samples xi, yi; ωij =

1
N ;

maximum number of iterations iter;

Output:
parameters Σμ, Σε;

1: for m = 1 to iter do
2: Normalize the weights: ωi,j ← ωi,j∑

i,j ωi,j
;

3: Fit a classifier f to the training data using Eq. (9) and

(10);

4: Estimate the weighting function as described in Section

4.2;

5: Update the weights: ωt+1,i,j = ωt,i,j × (1 + ξi,j)
d

where d = 0 if f(xi, xj) is classified correctly, d = 1
otherwise;

6: end for

V. EXPERIMENTS

To verify the effectiveness of proposed BJB model we

conduct experiments on the LFW database using the recently

proposed BLUFR protocol [13]. The BLUFR protocol defines

10-fold cross validation for face verification tests. In each trial,

the test set contains the 9, 708 face images of 4, 249 subjects,

on average. As a result, over 47 million face comparison

scores need to be computed. First, we compare the effects

of different weighting functions with triplet based feature and

encoding based feature. Second, several metric learning based

algorithms and Joint Bayesian based algorithms, including

Joint Bayesian (JB) [1], Advanced Joint Bayesian (AJB) [11],

ITML [2], LDML [3] , KISSME [8], LADF [9] and LMNN

[18], are also evaluated for comparison. Last, property of

proposed BJB model is checked. We detail these experimental

descriptions as follows.

We use the CASIA-WebFace dataset [25] to perform the fea-

ture representation learning and classifier construction, which

contains 10,575 identities of 494,414 face images. All the

face images in CASIA-WebFace are aligned by similarity

transformation according to the detected landmarks. The face

images of 2000 identities randomly sampled from CASIA-

WebFace are used for proposed BJB learning and existing

metric learning algorithms. For representing a face sample,

triplet-based features [19] or super vector encoding features

[27] are used. By triplet-based features, the GoogLeNet style

Inception [21] models with triplet loss is learned from the

remaining face images of 8575 identities. It consists of 2

convolutional layers, 9 Inception layers, 5 pooling layers,

1 fully connected layer and 1 triplet loss layer. The first

four pooling layers use max operator and the last pooling

layer is average. Follow [7], the batch normalization is used

after each convolution and before ReLU activation. The data

augmentation in [4], [24] is used. We train the CNN using



TABLE I: verification accuracies(%) of different weighting functions with the triplet based feature at different feature

dimensions.

d 256 288 320 352 384 416 448 480 512 Average

Confusion 92.39 92.11 92.45 92.67 92.77 92.72 92.53 92.87 93.05 92.61
aPAC 91.88 91.70 92.10 92.37 92.49 92.56 92.40 92.64 92.85 92.33
POW 91.48 91.38 91.63 91.97 92.02 92.17 92.01 92.23 92.40 91.92
Constant 90.89 90.52 91.07 91.53 91.72 91.79 91.79 91.86 92.18 91.45

TABLE II: verification accuracies(%) of different weighting functions with the encoding based feature at different feature

dimensions.

d 256 288 320 352 384 416 448 480 512 Average

Confusion 54.48 58.39 59.98 61.20 61.93 62.53 63.74 64.02 65.29 61.28
aPAC 51.46 54.24 57.66 60.42 60.64 62.72 64.12 65.03 65.18 60.16
POW 50.46 53.04 54.55 54.85 56.29 58.53 61.87 62.18 63.29 57.23
Constant 51.12 54.05 55.63 57.21 57.73 59.20 58.78 60.85 60.89 58.27

SGD with a mini-batch size of 400. The learning rate is set

to 5e-2 initially and reduce to 1e-5 gradually. The models are

initialized from random, and trained on four Titan X GPU

for 300 hours. While by super vector encoding feature, we

randomly select 10,000 images from CASIA-WebFace dataset

to train the encoding based feature representation models. The

128-dimensional HOG descriptors are extracted from a regular

grid at three scales, 16×16, 25×25 and 31×31, respectively.

The dimensionality of these descriptors were further reduced

to 50 through PCA. The spatial coordinates and the scale

information are used as three additional dimensions to 53-D

PCA-HOG. The codebook size is set to 256 by default.

A. Comparison with different weighting functions

The four weighting functions are compared according to

the face verification rate at FAR = 0.1% in the reduced

low-dimensional space from d = 256, 288, . . . , 512. From the

results in Tables 1 and 2, we can conclude that: (1) Compared

with the baseline model, the BJB model can improve the

verification performance for both triplet based feature and

encoding based feature. The improvement is notable especially

when the reduced dimensionality is low. For example, at a

dimension of 256 for triplet based feature, the accuracy is

improved from 90.89% for baseline to 92.39% for CW model.

(2) The confusion weight model can get consistently better

performance than the other weighting parameter models. This

indicates that the confusion weight model is more suitable

than the distance based weighting (aPAC, POW), to measure

the importance of the pairwise distance in unconstrained face

recognition. We hence used the confusion function for all

the following experiments. Interestingly, the performance of

POW drops even below the constant weighting function with

encoding based feature.

B. Comparison with other methods

We compare the performance of the proposed BJB mod-

el with several metric learning based algorithms and Joint

Bayesian based algorithms, including JB [1], AJB [11], ITML
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Fig. 2: Verification ROC curves for the eight algorithms

using the triplet-based feature.

[2], LDML [3] , KISSME [8], LADF [9] and LMNN [18] with

the same triplet based feature. For the compared algorithms,

PCA was first applied to reduce the feature dimensionality

to 512. The resulting Verification ROC curves are depicted in

Fig. 2. We observe that proposed BJB model have significantly

higher verification accuracy than the compared algorithms.

C. Model analyses

In this experiment, we check the convergence property

of proposed bootstrapping framework with the triplet based

feature, the dimensionality of which is further reduced to

256 using PCA. In the above algorithms, Kostinger et al.
[8] proposed KISS metric learning based on an assumption

that pairwise differences are Gaussian distributed and the log-

likelihood ratio test is define as:

f(x1, x2) = (x1 − x2)
tM(x1 − x2) (18)
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bootstrapping KISSME.

where M is the KISS metric matrix define as M = Σ−1
μ −Σ−1

ε ,

we also extend the KISS to our bootstrapping framework to

estimate the parameters M and compare with BJB, AJB and

JB model. From the results in Fig. 3 we can see that, with the

increasing of iterative process, the performance of proposed

BJB and the bootstrapping KISS continue to improve. On the

contrary, monotone convergence of traditional JB has not been

established. This demonstrates the proposed bootstrapping

framework has very good converging behavior in both JB and

KISS methods.

VI. CONCLUSION

In this paper, we present a Bootstrapping Joint Bayesian

(BJB) model and design a corresponding parameters learning

algorithm for the face verification problem. By adaptively

learning the weights for different image pairs in each iteration,

the BJB model can better deal with the class separation

problem. Furthermore, the BJB model gradually re-weights

the training samples and drives the Bayesian models to pay

more attentions to the hard training samples which improves

the converging behavior of the Bayesian model. Experimental

comparisons with both metric learning based methods (e.g.,

LMNN, ITML, KISSME) and JB based methods have verified

the effectiveness of the proposed method.
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