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Abstract—In this paper, an approximate online equilibrium
solution is developed for an N-player nonzero-sum (NZS) game
systems with completely unknown dynamics. First, a model identifier based on a three-layer neural network (NN) is established
to reconstruct the unknown NZS games systems. Moreover, the
identifier weight vector is updated based on experience replay
technique which can relax the traditional persistence of excitation condition to a simplified condition on recorded data. Then,
the single-network adaptive dynamic programming (ADP) with
experience replay algorithm is proposed for each player to solve
the coupled nonlinear Hamilton–Jacobi (HJ) equations, where
only the critic NN weight vectors are required to tune for each
player. The feedback Nash equilibrium is provided by the solution of the coupled HJ equations. Based on the experience replay
technique, a novel critic NN weights tuning law is proposed to
guarantee the stability of the closed-loop system and the convergence of the value functions. Furthermore, a Lyapunov-based
stability analysis shows that the uniform ultimate boundedness of
the closed-loop system is achieved. Finally, two simulation examples are given to verify the effectiveness of the proposed control
scheme.
Index Terms—Adaptive dynamic programming (ADP),
experience replay, nonzero-sum (NZS) games, optimal control,
unknown dynamics.

I. I NTRODUCTION
S AN effective method to solve the optimal control problem of linear and nonlinear systems, adaptive dynamic
programming (ADP) [1], [2] has received spreading attention
from various fields and has been applied to many areas such
as cruise control [3] and engine control [4]. Existing ADP
methods are mainly categorized into several main schemes [5]:
heuristic dynamic programming, dual heuristic dynamic programming, and globalized dual heuristic dynamic programming (GDHP) which differentiate the output provided by
the critic function. Many existing works on ADP with one
controller has been studied in [6]–[8].
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In practice, many practical systems have more than one
controller such as microgrid systems [9] and autonomous
guided vehicles [10]. Game theory can be used to describe
the optimal control problem of these systems with multiple
controllers [11]. Recently, based on evolutionary game theory,
the cooperative behavior and network interdependence in complex network were investigated in [12]–[15]. As an important
one of the game theory, nonzero-sum (NZS) game theory was
originally introduced in [16] and aimed at finding a set of
optimal policies named Nash equilibrium, which can both minimize the individual performance function and guarantee the
stability of the NZS game systems. For an open-loop NZS
game with full initial state information, the conditions for the
existence of a unique Nash equilibria were derived in [17]. In
general, there are multiple Nash equilibria for a closed-loop
system. In this case, it was possible to restrict multiple Nash
equilibria to a subset of feedback solutions which was known
as the feedback Nash equilibria [18]. Results in [19] and [20]
indicated that the feedback Nash equilibria were given by feedback strategies and their corresponding value functions were
the solution to the coupled Hamilton–Jacobi (HJ) equations.
Due to the difficulty of solving the coupled HJ equations,
ADP has been used to approximate the solution of the optimal
control problem of NZS game systems to obtain the feedback Nash equilibrium solution. In [21], a synchronous online
learning algorithm based on policy iteration (PI) scheme was
proposed for continuous-time nonlinear NZS games which can
update the critic-actor structure for each player simultaneously.
Zhang et al. [22] presented an ADP algorithm for two-player
nonlinear NZS games with a single critic network structure
rather than dual actor-critic architecture.
However, most of the previous literatures require the exact
knowledge of the system dynamics. Vrabie and Lewis [23]
proposed an integral reinforcement learning (IRL) approach to
solve two-player linear NZS game systems without requiring
knowledge of the drift dynamics. In [24], an online PI algorithm was given for continuous-time nonlinear systems without
requiring both the drift and the internal dynamics by simultaneous explorations. It was extended to the linear zero-sum
game in [25]. Zhao et al. [26] solved the model-free optimal control problem by Q-learning algorithm. Liu et al. [27]
adopted a model neural network (NN) to approximate the system model and presented a GDHP algorithm to approximate
the optimal control policy for discrete-time nonlinear system.
In [28], a model NN was used to identify continuous-time NZS
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game systems and an ADP algorithm was proposed based on
a single-network critic network structure.
The experience replay technique has been proposed
in [29] and [30], which can record and use available data effectively. Based on this technique, Chowdhary and Johnson [31]
proposed a related idea called concurrent learning using
recorded data together with current data for an uncertain
system. This method relaxed the persistence of excitation (PE)
condition for parameter convergence during the online learning process. In [32], the experience replay technique was
adopted in the NN identifier to identify an unknown nonlinear system. In [33], this technique was extended to IRL
algorithm for constrained-input system with a convergence and
stability proof. Yasini et al. [34] developed an online concurrent algorithm to solve the N-agent NZS games of nonlinear
dynamical systems with input constraints. In [35], the concurrent learning technical was used to N-player NZS games, in
which the exact knowledge of system draft dynamics was not
required.
To the best of our knowledge, there are still no online
ADP algorithm based on experience replay that solves the
continuous-time NZS games with completely unknown system
dynamics. In this paper, a novel approach is proposed to solve
the optimal control of NZS games without the requirement
of exact knowledge of dynamical systems. First, motivated
by [32], a neuro identifier is utilized to identify the system
model. Then a single-network ADP with experience replay
(SAER) algorithm is proposed to work together with the identifier to approximate the feedback Nash equilibrium solution.
Finally, a novel critic NNs’ weights tuning law is presented,
which can guarantee the convergence of NNs’ parameters and
the stability of the closed-loop system.
The main contributions of this paper include.
1) This paper extends the results of [22] and [34] to the
NZS games with completely unknown dynamics. The
difficulty to obtain the knowledge of unknown system
model has been overcome by a three-layer NN identifier.
Compared with the model identifier with multiple NNs
in [28], there are fewer parameters to tune using a threelayer NN identifier, and the assumption about the NN
identifier’s activation function is milder.
2) Comparing with the algorithm in [34], only one critic
NN is used to approximate the value function and control
policy for each player in the proposed SAER algorithm. The computational complexity can be reduced
effectively. Furthermore, a comprehensive comparison is
presented with some existing results in the simulation.
3) The experience replay technique, which can relax the
traditional PE condition, is introduced to tune both the
identifier’s weights and the critic NNs’ weights in
the proposed SAER algorithm.
The rest of this paper is organized as follows. Section II
introduces the problem formulation of N-player continuoustime NZS game systems with unknown dynamics. In
Section III, an NN identifier is designed to identify the system model and a PI scheme is presented. In Section IV, the
online SAER algorithm is proposed to approximate the optimal control policy with a stability analysis. Simulation results
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and the conclusion are presented in Sections V and VI,
respectively.
II. N ONZERO -S UM G AMES F ORMULATION
Consider the N-player NZS differential games given by
ẋ = f (x(t)) +

N


gj (x(t))uj (t)

(1)

j=1

where x ∈ Rn is the state vector, uj ∈ Rmj is the control input,
f (·) ∈ Rn and gj (·) ∈ Rn×mj are smooth nonlinear dynamics.
Assume that f (·) and gj (·) are unknown and Lipschitz continuous on a compact set  ⊆ Rn with f (0) = 0. In order to
simplify the expression, we use x and uj to represent x(t) and
uj (t) in the following presentation, respectively.
Define the cost functions associated with each player as
⎛
⎞
 ∞
N

⎝Qi (x) +
uTj Rij uj ⎠dt
Ji (x0 , u1 , . . . , uN ) =


0

j=1
∞

=

ri (x, u1 , . . . , uN )dt, i ∈ N

(2)

0


T
where ri (x, u1 , . . . , uN ) = Qi (x) + N
j=1 uj Rij uj , Qi (x) =
T
x Qi x is positive definite with Qi > 0. Rij > 0 and Rii ≥ 0 are
symmetric matrices, x0 = x(0) denotes the initial state, and
the set N = {1, . . . , N}.
Definition 1 [21]: A feedback control policy pair μ =
{μ1 , . . . , μN } is defined as admissible with respect to (2) on
the set , denoted by μi ∈ (), if μi (x) is continuous on
 with μi (0) = 0, μ stabilizes (1) on , and (2) is finite
∀x0 ∈ .
Define the value functions for any admissible N-tuple of
strategies μi (x) ∈ () as
Vi (x, μ1 , . . . , μN )
⎞
⎛
 ∞
N

⎝Qi (x(τ )) +
μTj (τ )Rij μj (τ )⎠dτ
=


t

j=1
∞

=

ri (x(τ ), μ1 (τ ), . . . , μN (τ ))dτ, i ∈ N.

(3)

t

The objective of the N-player NZS games is to find an optimal
admissible control policy pair {μ∗1 , . . . , μ∗N } to minimize the
cost functions associated with each player. This paper will
focus on the so-called Nash equilibrium solution {μ∗1 , . . . , μ∗N }
that is given by the following definition.
Definition 2 [36]: An N-tuple of policies {μ∗1 , . . . , μ∗N } with
∗
μi ∈ () is said to constitute a Nash equilibrium for an
N-player games, if the following N inequalities are satisfied
for all μi ∈ ():
Ji∗ μ∗i , . . . , μ∗i , . . . , μ∗N ≤ Ji μ∗1 , . . . , μi , . . . , μ∗N , i ∈ N.
(4)
Assume that the value function (3) is continuously differentiable, the differential equivalent of (3) can be given by
⎛
⎞
N

gj μj ⎠, i ∈ N
(5)
0 = ri (x, μ1 , . . . , μN ) + (∇Vi )T ⎝f +
j=1
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with Vi (0) = 0 and ∇Vi = ∂Vi (x)/∂x. Define the Hamiltonian
functions of system (1) and value functions (3) are
Hi (x, ∇Vi , μ1 , . . . , μN )
= ri (x, μ1 , . . . , μN )
⎛
+ (∇Vi )T ⎝f (x) +

N


⎞
gj (x)μj ⎠, i ∈ N.

(6)

j=1

The optimal value function Vi∗ (x) are defined as
⎞
⎛
 ∞
N

⎝Qi (x(τ )) +
μTj (τ )Rij μj (τ )⎠dτ, i ∈ N.
Vi∗ (x) = min
μi

t

j=1

Applying the stationarity conditions ∂Hi/∂μi = 0, the optimal feedback control policy associated with the optimal value
function can be obtained by
1
gT (x)∇Vi∗ , i ∈ N.
μ∗i = − R−1
2 ii i

(7)

Based on (6) and (7), the coupled HJ equation can be
presented as
0 = Qi (x) + ∇Vi∗ f (x) −
T

× ∇Vj∗ +

1
4

N


1
∇Vi∗
2

∇Vj∗

T

T

N


T
gj (x)R−1
jj gj (x)

j=1

−1 T
∗
gj (x)R−1
jj Rij Rjj gj (x)∇Vj

j=1

(8)
with Vi∗ (0) = 0 and i ∈ N.
Remark 1: Note that the solution to each player’s coupled HJ equation (8) is associated with all the other players’
strategies (7), so the multiple players are not independent
completely. This is in the spirit of rational opponents [36]
whereby the players share information, yet each player agrees
to remain at the equilibrium policy from the definition of Nash
equilibrium.
To solve the NZS games, the coupled HJ equations (8)
should be solved for Vi∗ first, then the feedback Nash equilibrium solution can be given by the feedback strategies (7).
For linear systems, the coupled algebraic Riccati equations
can be used to replace the HJ equations. However, it is very
difficult to solve the HJ equations for nonlinear systems. To
overcome this difficulty, a PI scheme using NN is given in the
next section.
III. P OLICY I TERATION FOR N ONZERO -S UM
G AMES W ITH U NKNOWN DYNAMICS
In this paper, since the internal and drift dynamics of system
(1) are unknown, we use an NN identifier to reconstruct the
systems’ dynamics first. Compared with [27], the experience
replay technique is introduced to tune the identifier weights
by the recorded and current data. Then, a PI scheme working together with the NN identifier is presented to solve the
coupled HJ equations.

A. NN Identifier With Experience Replay
In this section, a three-layer NN identifier is used to reconstruct the unknown dynamics of system (1). According to the
universal approximation property of NN, the system (1) based
on NN can be represented as
ẋ = Ax + WmT σ vTm z + θT

(9)

where A ∈ Rn×n is a designed matrix, z = [xT , μT1 , . . . , μTN ]T
is the NN input vector, vm ∈ Rs×d is the ideal weight
matrix
between input layer and hidden layer with s = n + N
j=1 mj ,
Wm ∈ Rd×n denotes the ideal weight matrix between hidden
layer and output layer, d denotes the number of hidden layer
neurons, and θT is the functional approximation error. σ (·) is
the activation function which is selected as a monotonically
increasing function such that σ (x) = tanh(x).
Assumption 1: The following assumption is commonly
used, as in [27] and [28].
1) The ideal NN weight matrices and the dynamics approximation error are bounded by positive constraints, i.e.,
Wm ≤ W̄m and θT ≤ θ̄ .
2) The NN activation function and its gradient are bounded
such that σ (·) < bσ and ∇σ (·) < b∇σ .
In this paper, the weight matrix vm is chosen as a constant
matrix, so we can reconstruct the system dynamics by tuning
the weight matrix Wm between hidden layer and output layer.
Inspired by [32], a filtered regressor form for (10) can be given
by the following lemma.
Lemma 1: The system (9) can be expressed as
x(t) = WmT h(x) + aS(x) + ε(t)
ḣ(x) = −ah(x) + σ vTm z , h(0) = 0

(10)

Ṡ(x) = −AS(x) + x,

(11)

S(0) = 0

where h(x) ∈ Rd is the filtered regressor version of σ (vTm z).
Proof: Choosing the designed matrix A = aIn×n , a > 0,
then the ith element of the solution vector for system (9) can
be written as
 t
 t
T
xi (t) =
e−a(t−τ ) Wmi
σ vTmi z(τ ) dτ + a
e−a(t−τ ) xi (τ )dτ
0
0
 t
+
e−a(t−τ ) θTi dτ,
i = 1, . . . , n (12)
0

where Wmi and vmi are the ith columns of Wm and vm ,
respectively. θTi is the ith row of θT and z(τ ) =
[xT (τ ), μT1 (τ ), . . . , μTN (τ )]T . The matrix form of (12) is
 t
T
x(t) = Wm
e−a(t−τ ) σ vTm z(τ ) dτ
0
 t
 t
+a
e−A(t−τ ) x(τ )dτ +
e−A(t−τ ) θT dτ. (13)
0

0
t −a(t−τ )
σ (vTm z(τ ))dτ , S(x)
0e
t −A(t−τ )
ε(t) = 0 e
θT dτ , then (13)

Denoting h(x)
=
=
t −A(t−τ )
x(τ )dτ , and
is
0e
equal to (10), and h(x) and S(x) satisfy the condition (11).
The proof is completed.
Defining a normalizing signal ns = 1 + hT h + ST S, and each
side of (11) is divided by ns to obtain
x̄ = WmT h̄(x) + aS̄(x) + ε̄(t)

(14)

ZHAO et al.: EXPERIENCE REPLAY FOR OPTIMAL CONTROL OF NZS GAME SYSTEMS WITH UNKNOWN DYNAMICS

where x̄ = (x/ns ), h̄ = (h/ns ), S̄ = (S/ns ), and ε̄(t) =
(ε(t)/ns ) are the normalized version of x, h, S, and ε, respectively. Since A is a positive matrix and θT is bounded, we
can get ε(t) is bounded. The output of NN identifier can be
presented as
x̂˙ = Ax + ŴmT (t)σ vTm z

(15)

where Ŵm (t) is the current estimated matrix of the ideal weight
matrix Wm at time t. Based on Lemma 1, the prediction of the
system state can be written as
x̄ˆ = ŴmT (t)h̄(x) + aS̄(x).

(16)

Denote the state estimation error as
ˆ − x̄(t).
es (t) = x̄(t)

(17)

Substituting (14) and (16) into (17), the state estimation error
is rewritten as
es (t) = W̃mT (t)h̄(x) − ε̄(t)

(18)

where W̃m = Ŵm − Wm is the identifier weights’ estimation
error.
Considering the experience replay technique, we collect the
data h̄(xk ) at past time tk , k = 1, . . . , l. Define the state
estimation error at time tk as
es (tk ) = W̃mT (t)h̄(xk ) − ε̄(tk ), k = 1, . . . , l

(19)

where l is a positive constant.
Condition 1: The recorded data Z = [h̄(x1 ), . . . , h̄(xl )] contains as many linearly independent element as the number of
hidden neurons in (9), i.e., rank(Z) = d.
Theorem 1: Suppose that Assumption 1 is satisfied. If
the recorded data satisfy condition 1 and the NN identifier
weights’ tuning law is updated by


l

˙
T
T
h̄(x)e (t) +
h̄(x )e (t )
(20)
Ŵ = −
m

m

k

s

s

k

k=1

then the identifier weights estimation error W̃m converges to a
¯ around zero
compact set 


 
(l + 1)θ̄


¯
(21)
 = W̃m : W̃m ≤
aλmin (B)
where m is a symmetric positive definite learning rate matrix,
l is the number of the recorded data, θ̄ is the bound of
functional approximation error θT , and B = h(x)hT (x) +
k
T
j=1 h(xj )h (xj ).
Note that Theorem 1 on uniform ultimate bounded (UUB) is
about the N-player NZS game systems, while the original one
in [32] is about common constrained-input system. Compared
with [32], there are two main differences. First, we use a threelayer NN identifier to approximate the system dynamics, then
the functional approximation error is not directly related to
the control inputs {μ1 , . . . , μN }. Thus, we do not need the
condition of constrained input to guarantee the boundedness
functional approximation error. Second, the filtered regressor
h̄(x) is related with all player control inputs {μ1 , . . . , μN }.
Evidently, it is more difficult to approximate the model by
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NN due to the N unknown nonlinear internal dynamics gj (x).
However, the mechanism of the proof is almost similar, so we
omit it here.
Remark 2: Condition 1 is a PE-like condition. However, it
can be checked online easily in contrast to the traditional PE
condition. The fact is shown as follows.
The traditional PE condition is required to guarantee that
˙ = 0 when there exists x = 0 during the learning proŴ
m
cess of NNs. That is, the identifier weights will be updated
continuously unless the system state stays at the euqilibrium
˙ = 0 when there exists x = 0.
point. Now we suppose that Ŵ
m
From (20), we can obtain that lk=1 h̄(xk )eTs (tk ) = 0. Since
the recorded data {h̄(xk )}l1 are required to satisfy condition 1,
we can obtain that es (tk ) = 0 (k = 1, . . . , l), i.e., the system state stays at the equilibrium point. Accordingly, we can
draw the conclusion that the second term in (20) guarantees
˙ = 0 until the system state stays at the equilibruum point.
Ŵ
m
That is, the traditional PE condition is removed.
Remark 3: Compared with [28], the last term of the weights’
tuning law (20) can help minimize the state estimation error
based on concurrent data. The number of stored data is a fixed
constant such that l > d. Based on (21), the number of stored
samples should not be too larger to guarantee the identifier
weights estimation error to be around zero. In addition, this
error can be decreased by choosing a large parameter a and
updating recorded sample to maximize λmin (B). The method
of replacing new data points in the history stack by increasing
the minimum eigenvalue of B, which is provided in [31], can
also be adopted in this paper.
Remark 4: After a sufficient learning session, we can obtain
the following identifier NN:
x̂˙ = f̂ (x) +

N


ĝj (x)uj = Ax + ŴmT σ vTm z

(22)

j=1

where f̂ (x) and ĝj (x) denote the estimation of the drift and
internal dynamics f (x) and gj (x), respectively. Taking the
partial derivative of both sides of (22) with respect to uj yields
ĝj (x) =

∂ Ax + ŴmT σ vTm z
∂uj
T
T ∂σ vm z

= Ŵm

∂ vTm z


T
.
vTm 0Tn×mj .. 0Tm1 ×mj · · · ImT j · · · 0TmN ×mj
(23)

where Imj is an mj × mj identity matrix. From Assumption 1
and Theorem 1, we know Ŵm and ∇σ (·) are UUB, then the
term ĝj (x) is bounded. Note that the knowledge of f̂ (x) is not
required for the PI algorithm proposed in next section.
B. PI Algorithm an Unknown Nonzero-Sum Games
In this section, a iterative offline solution technique working together with the NN identifier for the unknown NZS
games is presented. By the NN identifer in previous section,
we can obtain the system dynamics x̂˙ and internal dynamics ĝi from (22) and (23), respectively. Then we can develop
Algorithm 1, which can solve the coupled HJ equations (8)

858

IEEE TRANSACTIONS ON CYBERNETICS, VOL. 46, NO. 3, MARCH 2016

Algorithm 1 PI for Unknown NZS Games
1: Start with an initial state x and an initial stabilizing control
policy pair μ0 = {μ01 (x), . . . , μ0N (x)}. Given the maximum
number of iteration kmax and the computation accuracy .
Set Vi0 (·) = 0; k = 0.
2: Compute ĝi (x) (i ∈ N) according to (23).
3: Policy Evaluation. With the control policy {μk1 , . . . , μkN },
solve the following nonlinear Lyapunov equation
0 = ri x, μk1 , . . . , μkN + (∇Vik+1 )T
Ax + ŴmT σ vTm zk
4:

, Vik+1 (0) = 0, i ∈ N

Policy Improvement.
1
μk+1
(x) = − R−1
ĝT (x)∇Vik+1 , i ∈ N
i
2 ii i

5:

(24)

(25)

If max{ V1k+1 (x) − V1k (x) , . . . , VNk+1 (x) − VNk (x) } ≤
and k ≤ kmax , stop and obtain the approximate optimal
; else, set k = k + 1 and go to step 2.
control law uk+1
i

without requiring the system dynamics to be known. Note that
this algorithm iterates until the value function Vi (x) converges
to a small positive constant , which is chosen experimentally.
To avoid the stuck of the training process, we experimentally
choose a maximum number of iteration kmax .
In the next section, we use Algorithm 1 to motivate the
control structure for an online SAER algorithm.

ri (x, μ1 , μ2 ) + WiT ∇φi (x) Ax + ŴmT σ vTm z

In this section, an online SAER algorithm is proposed to
approximate the optimal control policy pair. To reduce computation burden, only N critic networks are used to approximate
the value functions for N-player NZS games instead of the N
action-critic networks in traditional ADP architecture. Based
on experience replay technique, a novel critic NN weights
tuning rule is given with relaxed PE.
A. SAER Algorithm
For clarity, we consider a continuous time two-player NZS
game systems with unknown dynamics as follows:
(26)

According to the Weierstrass high-order approximation theorem [37], the value functions based on NNs can be rewritten as

= εbi (29)

where εbi = (∇εi )T (Ax+ ŴmT σ (vTm z)) are the Bellman equation
errors due to the critic NNs approximation errors.
Based on (22), (25), and (28), the coupled HJ equations (8)
for system (26) can de derived as
1
Q1 (x) − W1T ∇φ1 D1 ∇φ1T W1 + W1T ∇φ1 f̂ (x)
4
1 T
1
+ W2 ∇φ2 E2 ∇φ2T W2 − W1T ∇φ1 D2 ∇φ2T W2 = ξHJ1
4
2
(30)
1 T
Q2 (x) − W2 ∇φ2 D2 ∇φ2T W2 + W2T ∇φ2 f̂ (x)
4
1 T
1
+ W1 ∇φ1 E1 ∇φ1T W1 − W2T ∇φ2 D1 ∇φ1T W1 = ξHJ2
4
2
(31)
−1 T
T
where D1 = ĝ1 (x)R−1
11 ĝ1 (x), D2 = ĝ2 (x)R22 ĝ2 (x), E1 =
−1 T
−1
−1 T
ĝ1 (x)R−1
11 R21 R11 ĝ1 (x), and E2 = ĝ2 (x)R22 R12 R22 ĝ2 (x). ξHJ1
and ξHJ2 are the coupled HJ approximation errors. It is shown
in [38] that as number of the critic NNs hidden neurons
K → ∞, the coupled HJ approximation errors converge to
zero. In addition, for fixed K, the HJ approximation errors are
bounded by constants such that ξHJi ≤ bξHJi , i = 1, 2.
Let Ŵi be the estimations of the unknown ideal weights Wi
of corresponding critic NNs. The actual outputs of critic NNs
can be presented as

V̂i (x) = ŴiT φi (x), i = 1, 2.

IV. O PTIMAL C ONTROL FOR N ONZERO -S UM
G AMES U SING SAER A LGORITHM

ẋ = f (x) + g1 (x)u1 (x) + g2 (x)u2 (x).

Then the associated Bellman equations (5) can be rewritten as

(32)

Then, the approximate optimal control policies for system (26)
are given by
1
ûi = − R−1
ĝT (x)∇φiT (x)Ŵi , i = 1, 2.
2 ii i
The approximate Hamilton functions are

(33)

1
H1 = Q1 (x) − Ŵ1T ∇φ1 D1 ∇φ1T Ŵ1 + Ŵ1T ∇φ1 f̂ (x)
4
1
1

+ Ŵ2T ∇φ2 E2 ∇φ2T Ŵ2 − Ŵ1T ∇φ1 D2 ∇φ2T Ŵ2 = e1
4
2
(34)
1 T
H2 = Q2 (x) − Ŵ2 ∇φ2 D2 ∇φ2T Ŵ2 + Ŵ2T ∇φ2 f̂ (x)
4
1 T
1

+ Ŵ1 ∇φ1 E1 ∇φ1T Ŵ1 − Ŵ2T ∇φ2 D1 ∇φ1T Ŵ1 = e2
4
2
(35)

where Wi ∈ RK and φi (x) ∈ RK are the critic NNs ideal
weights and activation function vector, with K the number
of hidden neurons, and εi ∈ R is the critic NNs approximation
errors.
The derivative of (27) with respect to x can be given by

where ei (i = 1, 2) are the residual errors.
Given any feedback control policy ui , it is desired to minimize the corresponding squared residual error Ei = (1/2)eTi ei .
Based on experience replay technique mentioned in the previous section, the critic NNs’ weights can also be updated by
recorded samples concurrently with current data. Define the
residual errors at time tk using the current critic NNs weights’
estimations Ŵi (t) as

∇Vi (x) = ∇φiT (x)Wi + ∇εi , i = 1, 2.

ei (tk ) = rik (tk ) + ŴiT (t)σik , i = 1, 2

Vi (x) =

WiT φi (x) + εi , i

= 1, 2

(27)

(28)

(36)
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where rik (tk ) = Qi (x(tk )) + 2j=1 ûi (tk )T Rij ûj (tk ) and σik =
N
∇φi (tk )(f̂ (x(tk )) + j=1 ĝj (x(tk ))ûj (tk )) are stored data at
time tk , k = 1, . . . , p, and p is the number of stored samples
for each critic NN.
Similarly with condition 1, we give the condition 2 to relax
the requirement of the traditional PE condition during the
learning process. The number of stored samples for each critic
NN is a fixed constant such that p > K.
Condition 2: Let Mi = [σ̄i1 , . . . , σ̄ip ], i = 1, 2, be the
recorded data corresponding to the first and second critic
NNs weights, where σ̄ik = (σik /(1 + σikT σik )). Then Mi contains as many linearly independent elements as the number of
corresponding critic NNs hidden neurons, i.e., rank(Mi ) = K.
Assumption 2: The following assumption is usually given
to satisfy the boundness property.
1) The critic NNs activation functions and their gradients
are bounded, i.e., φi (x) ≤ bφi and ∇φi (x) ≤ b∇φi .
2) The critic NNs approximation errors and their gradients
are bounded by positive constants such that εi ≤ bεi
and ∇εi ≤ b∇εi .
3) The critic NNs weights are upper bounded by positive
constants such that Wi ≤ W̄i and i = 1, 2.
Lemma 2: Suppose that Assumption 2 holds. For any given
admissible control policy ui , let the critic NNs with the
following tuning law:
ηi
˙ = −a
ηiT Ŵi + ri (x, u1 , u2 )
Ŵ
i
i
2
T
ηi ηi + 1
ηik
T
ηik
Ŵi + ri (x(tk ), u1 (tk ), u2 (tk ))
− ai
2
T
ηik ηik + 1
(37)
where ηi = ∇φi (Ax + ŴmT σ (vTm z)) and ηik = ηi (tk ). Then, for
bounded εbi and εbi (tk ), the critic NNs weights’ estimation
errors W̃i = Wi − Ŵi converge exponentially to a residual set.
Proof: The proof follows as in [33] and [34].
Note that the critic NNs weights tuning laws (37), which can
minimize the squared residual error Ei , cannot guarantee the
stability of the nonlinear NZS system (26) during the learning
process. Therefore, considering minimizing the residual Ei =
(1/2)eTi ei and guaranteeing the stability of NZS game system
simultaneously, the tuning laws based on experience replay
technique for the critic NNs weights are given by


p

σ̄1
σ̄1k
˙
e1 +
e (t ) − a1 F1 − F2 σ̄1T Ŵ1
Ŵ1 = −a1
k 1 k
ms1
m
k=1 s1
σ̄ T
σ̄ T
a1
a1
∇φ1 D1 ∇φ1T Ŵ1T 1 Ŵ1 + ∇φ1 E1 ∇φ1T Ŵ1T 2 Ŵ2
4
ms1
4
ms2
(38)


p

σ̄2k
˙ = −a σ̄2 e +
Ŵ
e (t ) − a2 F3 − F4 σ̄2T Ŵ2
2
2
2
k 2 k
ms2
m
k=1 s2
+

+

σ̄ T
σ̄ T
a2
a2
∇φ2 D2 ∇φ2T Ŵ2T 2 Ŵ2 + ∇φ2 E2 ∇φ2T Ŵ2T 1 Ŵ1
4
ms2
4
ms1
(39)

where σ̄i = (σi /(1 + σiT σi )), msi = 1 + σiT σi , σi = ∇φi (Ax +
ŴmT σ (vTm ẑ)), ẑ = [xT , ûT1 , . . . , ûTN ], mksi = (1 + σikT σik ),

Fig. 1.
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Structure diagram of the online SAER algorithm.

σik = σi (tk ), and ai > 0 denote the learning rates, and F1 > 0,
F2 > 0, F3 > 0, and F4 > 0 are designed parameters.
Then we give the structure diagram of the SAER algorithm
for two-player NZS game systems with unknown dynamics in
Fig. 1. Note that all critic NNs are tuned continuously and
simultaneously.
B. Stability Analysis
This section presents the main result based on Lyapunov’s
direct method.
Theorem 2: Let {u1 , u2 } be any admissible control policy
pair for system (26), the critic NNs weights’ tuning laws be
provided by (38) and (39), and the feedback control policies be
provided by (33). If recorded data Mi for each critic NN satisfy
condition 2, the system state x and the critic NNs weights’ estimation errors Ŵ1 and Ŵ2 are UUB. Furthermore, Ŵ1 and Ŵ2
converge to W1 and W2 , respectively.
Proof: See the Appendix.
Remark 5: In order to guarantee the UUB of the system state
and NNs weights’ errors, the designed parameter F1 –F4 should
be selected to male the matrix M in (54) positive definite.
Remark 6: In contrast to [22] and [28], the online algorithm
in this paper dose not rely on traditional PE condition which
is difficult to check online. As a PE-like condition, condition 2
can be easily checked online. In contrast to [34], we consider
the NZS game systems with unknown dynamics. A singlenetwork ADP algorithm with less computational burden is
presented working together with an NN identifier.
Theorem 3: Suppose that the hypotheses of Theorem 2
holds, the control policy pair {û1 , û2 } converges to the approximate Nash equilibrium solution of the NZS games.
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Fig. 2. System state errors. Solid line: our identification method. Dotted
line: identification method in [28].

Fig. 3.

Convergence of identifier weights.

Proof: From Theorem 2, we know the weights W̃1 and W̃2
are UUB. Based on (33), we have
1
− R−1
ĝi (x)∇φiT W̃i , i = 1, 2. (40)
2 ii
From Assumption 1 and (23), we have ĝi (x) is bounded such
that ĝi (x) ≤ giM . Recalling the boundedness of ∇φi , we
can obtain
1

ûi − ui ≤ λmax (R−1
(41)
ii )giM b∇φi bz = ςi , i = 1, 2.
2
Therefore, û1 −u1 and û2 −u2 are UUB. This completes
the proof.
Remark 7: In this section, we present an nearly optimal control scheme for the two-player NZS game systems. Evidently,
this scheme can be extended to the N-player NZS game
systems in theory.
ûi − ui ≤

Fig. 4. Critic NN weights for player 1. Solid line: SAER method. Dotted
line: method in [28].

V. S IMULATION
In this section, two simulation examples are given to
demonstrate the effectiveness of the proposed SAER method.
A. Two-Player Linear Nonzero-Sum Game
Consider the following two-player linear differential game
as follows [28]:
3
ẋ = − x + u1 + 2u2
4
where x ∈ R and u1 , u2 ∈ R are the system state and control
inputs, respectively.
We choose a three-layer feedforward NNs as identifier network, critic network 1, and critic network 2 with structures
3–8–1, 1–3–1, and 1–3–1, respectively. In the system identification process, the constant weights vm between input layer
and hidden layer are chosen randomly in [−1, 1], and the
initial identifier weights Wm are initialized to zero. The number of recorded data in identifier network is chosen of 15,
i.e., l = 15. We use the identifier weights’ tuning law (20)
and the tuning law in [28] for 200s with the learning matrix
m = 0.02I. The results are shown in Figs. 2 and 3. From
Fig. 2, we can observe that the state error by the tuning
law with experience replay (20) converges to zero faster than
the tuning law in [28]. The identifier weights converge to

Fig. 5. Critic NN weights for player 2. Solid line: SAER method. Dotted
line: method in [28].

[1.3460 − 0.1901 − 0.3957 1.4864 1.4938 0.1095 0.3166 −
1.2358]T in Fig. 3. Then, we finish the training of identifier
network. Select Q1 (x) = 2xT x, Q2 (x) = xT x, R11 = R12 = 1,
R21 = R22 = 0.5, and F1 = F2 = F3 = F4 = 10I. The
critic NNs activation functions are chosen as φ1 (x) = φ2 (x) =
[x12 x1 x2 x22 ]T , the learning rates are a1 = a2 = 0.1 and
the number of recorded data is 10, i.e., p = 10. A probing
noise is added to the control inputs for the first 1100s. From
Figs. 4 and 5, we can observe that the critic weight vectors
Ŵ1 and Ŵ2 converge faster than the method in [28].
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Fig. 8.
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Evolution of system states.

Fig. 6. Norm of state errors. Solid line: our identification method. Dotted
line: identification method in [28].

Fig. 9. Convergence curves of critic NN weights for player 1. Solid line:
SAER method. Dotted line: method in [28]. Dashed line: method in [34].
Fig. 7.

Convergence of identifier weights.

B. Two-Player Nonlinear Nonzero-Sum Game
Consider the following two-player affine nonlinear NZS
game system as follows [21], [34]:
ẋ = f (x) + g(x)u + k(x)w
where

(42)

⎤
x2
f (x) = ⎣ −x2 − 0.5x1 + 0.25x2 (cos(2x1 ) + 2)2 ⎦
+0.25x2 (sin(2x1 ) + 2)2




0
0
, k(x) =
g(x) =
cos(2x1 ) + 2
sin 4x12 + 2
⎡

x = [x1 , x2 ]T ∈ R2 and u, w ∈ R are state and control variables,
respectively.
We experimentally choose a three-layer feedforward NN
as identifier network with the structure 4–8–2. In the model
identification process, the initial weights vm between input
layer and hidden layer are chosen randomly in [−1, 1] and
keep constant, and the initial weights Wm between hidden
layer and output layer are initialized to zero. The identifier activation function is σ (·) = tanh(·), the learning matrix
m = 0.05I, and the recorded data vectors in identifier network are chosen of 15, i.e., l = 15. We apply the NN identifier
scheme for 200s with the experience replay weights’ tuning
law (20) and the standard steepest descent tuning law used

in [28], respectively. The norms of state errors are shown
in Fig. 6. We observe that the identifier with experience
replay scheme in this paper learns the unknown system faster.
The curves of identifer weights Wm are presented in Fig. 7,
and we can obtain Wm = [0.6330 0.0012 0.0070 0.0178
−0.0813 0.3344 0.4534 −0.3138; −0.0088 −0.0553 0.0673
0.5439 0.0496 0.4898 −0.3583 0.9114]T .
Select Q1 (x) = 2xT x, Q2 (x) = xT x, R11 = R12 = 2I, and
R21 = R22 = I, where I is an identity matrix. The optimal
value functions are V1∗ (x) = 0.25x12 +x22 and V2∗ (x) = 0.25x12 +
0.5x22 . The tuning matrices are F1 = F2 = F3 = F4 = 10I.
The recorded data vectors for two critic NNs are chosen of 10,
i.e., p = 10. The initial state vector is chosen as x0 = [−1, 1]T .
The learning rates are a1 = a2 = 1, and the activation functions of the critic NNs of two players are selected as φ1 (x) =
φ2 (x) = [x12 x1 x2 x22 ]T . During the learning process, a Gaussian
noise is added to the control inputs for the first 320 s. The system states converges to zero after the probing noise is turned
off and Fig. 8 presents the evolution of the system states.
To demonstrate the effectiveness of the proposed SAER
method, we apply the method in [28] and the concurrent
learning method in [34] to the system (42), Figs. 9 and 10
show the convergence of the critic parameters for the two
player, respectively. By using the proposed SAER algorithm, the parameters of critic NN 1 and 2 converge to
W1 = [0.4932, 0.0551, 1.0075]T and W2 = [0.2416, 0.0236,
0.4951]T at about 50 s, respectively. And we can observe that
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VI. C ONCLUSION

Fig. 10. Convergence curves of critic NN weights for player 2. Solid line:
SAER method. Dotted line: method in [28]. Dashed line: method in [34].

In this paper, we propose an online SAER algorithm to solve
the NZS game systems with unknown dynamics using NNs.
First, a model identifier is used to approximate the unknown
dynamics with an identifier weights’ tuning law based on
experience replay technique. Then, the single-network ADP
structure is adopted to approximate the value functions and
optimal policy pair. A novel critic NN weights’ tuning law
is proposed to guarantee the stability of the closed-loop system and the convergence to the Nash equilibrium of the NZS
games. Finally, two examples are given to demonstrate the
effectiveness of the proposed scheme. However, the NZS game
systems discussed in this paper are affine systems. In our future
work, we will develop an online algorithm for the unknown
nonaffine NZS game systems.
A PPENDIX
P ROOF OF T HEOREM 2
Proof: Choose the following Lyapunov function:
1
1 T −1
L = V1 (x) + V2 (x) + W̃1T a−1
1 W̃1 + 2 W̃2 a2 W̃2 .

 2




L
1

(43)

L2

Differentiating V1 along the trajectories generated by the
approximate control polocies ûi yields


1
1
T
T
T
V̇1 (t) = W1 ∇φ1 f̂ (x) − D1 ∇φ1 Ŵ1 − D2 ∇φ2 Ŵ2
2
2
+ ∇ε1T Ax + ŴmT σ vTm ẑ
Fig. 11.
control.

State trajectories. Solid line: SAER method. Dashed line: optimal

TABLE I
C OMPARISONS B ETWEEN THE M ETHOD
IN [28] AND [34], AND O UR M ETHOD

the parameters of critic NN 1 and 2 convergence to the optimal
values W1∗ = [0.5, 0, 1]T and W2∗ = [0.25, 0, 0.5]T approximately by using the three methods. Then, we use the final
converged critic parameters obtained by SAER algorithm and
the optimal parameters in an online run. Fig. 11 shows that the
state trajectories of the SAER algorithm are nearly optimal.
According
 to [22], we define an evaluation function by
PER(i) = N
m=1 W̃i (m) , i = 1, 2, which denotes the sum
of norms of critic NN weights error during the learning process. N is the number of sample points with N = 350. The
evaluation functions and the time taken by the three methods
mentioned above are shown in Table I. Compared with the
method in [34], due to the single-network ADP structure, it
results in less computational burden and less approximation
error. In addition, since we have to record and remove data
online in the SAER method, the time is longer than the method
in [28]. However, the approximation error is much smaller than
that in [28].

1
= W1T η1 + W1T ∇φ1 D1 ∇φ1T W̃1
2
1
+ W1T ∇φ1 D2 ∇φ2T W̃2 + ε̃1
2

(44)

where ε̃1 = ∇ε1T (Ax + ŴmT σ (vTm ẑ)) and η1 = ∇φ1 (x)(f̂ (x) +
ĝ1 (x)u1 + ĝ2 (x)u2 ).
From (30) we have
1
W1T η1 = −Q1 (x) − W1T ∇φ1 D1 ∇φ1T W1
4
1
− W2T ∇φ2 E2 ∇φ2T W2 + ξHJ1 . (45)
4
Then, substituting (45) into (44), we can obtain
1
V̇1 (t) = −Q1 (x) − W1T ∇φ1 D1 ∇φ1T W1
4
1 T
1
− W2 ∇φ2 E2 ∇φ2T W2 + W1T ∇φ1 D1 ∇φ1T W̃1
4
2
1 T
T
+ W1 ∇φ1 D2 ∇φ2 W̃2 + ε̃1 + ξHJ1 .
(46)
2
Similarly, we can have
1
V̇2 (t) = −Q2 (x) − W1T ∇φ1 E1 ∇φ1T W1
4
1
1
− W2T ∇φ2 D2 ∇φ2T W2 + W2T ∇φ2 D1 ∇φ1T W̃1
4
2
1
+ W2T ∇φ2 D2 ∇φ2T W̃2 + ε̃2 + ξHJ2
(47)
2
where ε̃2 = ∇ε2T (Ax + ŴmT σ vTm ẑ).
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Since Q1 (x) = xT Q1 x > 0 and Q2 (x) = xT Q2 x > 0, we can
get −Qi (x) ≤ −λmin {Qi } x 2 , i = 1, 2, for x ∈ . According
to Assumptions 1 and 2, Wm , Wi , ξHJi , σ (·), and ∇φi are UUB;
therefore, the derivation of L1 is
L̇1 = V̇1 + V̇2
1
≤ −(λmin (Q1 ) + λmin (Q2 )) x 2 + W1T ∇φ1 D1 ∇φ1T W̃1
2
1
1
+ W1T ∇φ1 D2 ∇φ2T W̃2 + W2T ∇φ2 D1 ∇φ1T W̃1
2
2
1
+ W2T ∇φ2 D2 ∇φ2T W̃2 + a b∇ε1 + b∇ε2 x + cmax
2
(48)
where
cmax =

Similarly, combining (39), (49), and (50) the weight estimation
error dynamics for the second critic NN is

˙ = a σ̄2 −W̃ T σ + 1 W̃ T ∇φ D ∇φ T W̃
W̃
2
2
2 2
2 2
2 2
ms2
4 2
1
1
+ W2T ∇φ2 D1 ∇φ1T W̃1 − W̃1T ∇φ1 E1 ∇φ1T W1
2
2
 p


σ̄2k  T
1 T
T
+ W̃1 ∇φ1 E1 ∇φ1 W̃1 − a2 k
W̃2 σ2k
4
ms2
k=1

−
−


 

1
W1 2 ∇φ1 D1 ∇φ1T  + ∇φ1 E1 ∇φ1T 
4

 

1
+
W2 2 ∇φ2 E2 ∇φ2T  + ∇φ2 D2 ∇φ2T 
4
+ bσ b∇ε1 + b∇ε2 Wm + bξHJ1 + bξHJ2 .

+
+

Based on (30) and (34), we can obtain
ei (t) = −W̃iT σi (t) + i (t), i = 1, 2

(49)

where
1
1 T
W̃1 ∇φ1 D1 ∇φ1T W̃1 + W1T ∇φ1 D2 ∇φ2T W̃2
4
2
1 T
T
− W̃2 ∇φ2 E2 ∇φ2 W2
2
1
+ W̃2T ∇φ2 E2 ∇φ2T W̃2 + ξHJ1
4
1
1 T
2 (t) = W̃2 ∇φ2 D2 ∇φ2T W̃2 + W2T ∇φ2 D1 ∇φ1T W̃1
4
2
1 T
T
− W̃1 ∇φ1 E1 ∇φ1 W1
2
1
+ W̃1T ∇φ1 E1 ∇φ1T W̃1 + ξHJ2 .
4
Likewise, ei (tk ) can be rewritten as
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σ̄ T
a2
∇φ2 D2 ∇φ2T Ŵ2T 2 Ŵ2
4
ms2
σ̄ T
a2
∇φ2 E2 ∇φ2T Ŵ2T 1 Ŵ1
4
ms1
σ̄2
T
a2 F3 − F4 σ̄2 Ŵ2 + a2
ξHJ2
ms2

 p
σ̄2k 
a2 k
2 (tk ) .
ms2 k=1

Based on (51) and (52), the derivation of L2 can be
rewritten as

1 (t) =

ei (tk ) = −W̃iT σik + i (tk ), i = 1, 2.


L̇2 =

+

−
+
+

 p


W̃1T

p
σ̄1k 

W̃2 + W̃1T

mks1 k=1

1 (tk ) + W̃2T

− W̃1T

p



T
σ̄1k σ̄1k

W̃1

k=1


T
σ̄2k σ̄2k

× D1 ∇φ1T W1

k=1

−

W̃2T

− W̃2T σ̄2 σ̄2T W̃2

k=1

Define the critic NN weight estimation errors as W̃i =
Wi − Ŵi . Combining (38), (49), and (50), the weight estimation
error dynamics for the first critic NN can be obtained

˙ = a σ̄1 −W̃ T σ + 1 W̃ T ∇φ D ∇φ T W̃
W̃
1
1
1 1
1 1
1 1
ms1
4 1
1
1
+ W1T ∇φ1 D2 ∇φ2T W̃2 − W̃2T ∇φ2 E2 ∇φ2T W2
2
2
 p



σ̄
1 T
1k
+ W̃2 ∇φ2 E2 ∇φ2T W̃2 − a1 k
W̃1T σ1k
4
ms1
σ̄ T
a1
∇φ1 D1 ∇φ1T Ŵ1T 1 Ŵ1
4
ms1
σ̄ T
a1
∇φ1 E1 ∇φ1T Ŵ1T 2 Ŵ2
4
ms2
σ̄1
a1 F1 − F2 σ̄1T Ŵ1 + a1
ξHJ1
ms1

 p
σ̄1k 
a1 k
(tk ) .
ms1 k=1

−W̃1T σ̄1 σ̄1T W̃1
−

(50)

(52)

σ̄1
σ̄2
ξHJ1 + W̃2T
ξHJ2
ms1
ms2

p
σ̄2k 

mks2 k=1

1
2 (tk ) + W̃1T ∇φ1
4

σ̄1T
σ̄ T
1
W̃1 − W̃1T ∇φ1 D1 ∇φ1T W1 1 W1
ms1
4
ms1

σ̄ T
1
1
+ W̃1T ∇φ1 D1 ∇φ1T W̃1 1 W1 + W̃2T ∇φ2 D2 ∇φ2T W2
4
ms1
4
×

σ̄ T
σ̄2T
1
1
W̃2 − W̃2T ∇φ2 D2 ∇φ2T W2 2 W2 + W̃2T ∇φ2 D2
ms2
4
ms2
4

× ∇φ2T W̃2
×

σ̄2T
σ̄ T
1
1
W2 + W̃1T 1 W1T ∇φ1 D2 ∇φ2T W̃2 − W̃1T
ms2
2
ms1
2

σ̄ T
σ̄1T T
1
W2 ∇φ2 E2 ∇φ2T W2 + W̃2T 2 W2T ∇φ2 D1 ∇φ1T W̃1
ms1
2
ms2

σ̄ T
σ̄ T
1
1
− W̃2T 2 W̃1T σ̄1 E1 σ̄1T W1 + W̃1T ∇φ1 E1 ∇φ1T W1 2 W̃2
2
ms2
4
ms2
σ̄ T
σ̄ T
1
1
− W̃1T ∇φ2 E1 ∇φ2T W1 2 W2 + W̃1T ∇φ1 E1 ∇φ2T W̃1 2
4
ms2
4
ms2
σ̄ T
1
1
× W2 + W̃2T ∇φ2 E2 ∇φ2T W2 1 W̃1 − W̃2T ∇φ2 E2 ∇φ2T
4
ms1
4
× W2

(51)

σ̄1T
σ̄ T
1
W1 + W̃2T ∇φ2 E2 ∇φ2T W̃2 1 W1 + W̃1T F1 W1
ms1
4
ms1

− W̃1T F1 W̃1 − W̃1T F2 σ̄1T W1 + W̃1T F2 σ̄1T W̃1 + W̃2T F3 W2
− W̃2T F3 W̃2 − W̃2T F4 σ̄2T W2 + W̃2T F4 σ̄2T W̃2 .

(53)
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Defining z
=
[x, σ̄1T W̃1 , σ̄2T W̃2 , W̃1 , W̃2 ]T , combining (48) and (53), the derivation of L(x) can be
rewritten as
⎡
⎤
M11 M12 M13 M14 M15
⎢ M21 M22 M23 M24 M25 ⎥
⎢
⎥
⎥
T⎢ M
L̇ ≤ −z ⎢ 31 M32 M33 M34 M35 ⎥z + zT δ + cmax
⎢
⎥
⎣ M41 M42 M43 M44 M45 ⎦
M51 M52 M53 M54 M55
(54)
where
M11 = λmin (Q1 ) + λmin (Q2 ), M22 = M33 = I
M12 = M21 = M13 = M31 = M23 = M32 = 0

k=1
p


1
T
=−
∇φ2 E2 ∇φ2T W1 σ̄1T −
σ̄2k σ̄2k
+ F3
4ms1
k=1

and the vector δ = [d1 , d2 , d3 , d4 , d5 ]T are given by
ξHJ1
ξHJ2
, d3 =
ms1
ms2
1
1
d4 = −
∇φ1 D1 ∇φ1T W1 −
∇φ1 E1 ∇φ1T W1 σ̄2T W2
4ms1
4ms2
p

σ̄1k
1
+ F1 W1 − F2 φ̄1T W1 +
1 (tk ) + ∇φ1 T
k
2
ms1
d1 = a b∇ε1 + b∇ε2 ,

d2 =

k=1

1
× D1 ∇φ1 W1 + ∇φ2T D1 ∇φ1 W2
2
1
1
d5 = −
∇φ2 D2 ∇φ2T W2 −
∇φ2 E2 ∇φ2T W2 σ̄1T W1
4ms2
4ms1
p

σ̄2k
1
T
+ F3 W2 − F4 φ̄2 W2 +
2 (tk ) + ∇φ1T
k
2
ms2
k=1

1
× D2 ∇φ2 W1 + ∇φ2T D2 ∇φ2 W2 .
2
According to Assumption 2 and the fact that σ̄1 < 1 and
σ̄2 < 1, we have δ is bounded. Let the parameters F1 –F4
be chosen such that M > 0. Let cmax and δ be bounded by
c and δM , respectively. Then (47) can be rewritten as
L̇ ≤ − z 2 σmin (M) + z δM + c


2
2 − 4cσ
δM
δM
min
−
= −σmin (M) z −
.
2 (M)
2σmin (M)
4σmin

holds, the Lyapunov derivative is negative. Then, we have that
the state and the critic NNs weights are UUB. Moreover, if
any component of z exceeds the bound, that is x > bz or
σ̄1T W̃1 > bz or σ̄2T W̃2 > bz or W̃1 > bz or W̃2 > bz ,
z is bounded by bz and z is bounded by bz . According
to [22], suppose that σ̄1 and σ̄2 are persistently exciting, the
critic NN errors W̃1 and W̃2 are UUB. This completes the
proof.
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