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Precision Assembly Among Multiple Thin
Objects With Various Fit Types
Dengpeng Xing, De Xu, Senior Member, IEEE, Fangfang Liu, Haipeng Li, and Zhengtao Zhang

Abstract—This paper investigates precision assembly
combining several subprocesses on a platform with multiple robot arms. The task manipulates irregular objects
and incorporates interference and clearance assemblies.
We use a mechanism with six robot arms and three microscopes to fulfill this assignment, and propose a general
control strategy to attain high precision and protect objects.
System calibration includes the image Jacobian matrix to
connect Cartesian motion with the image movement and
force transformation matrix to relate between coordinates
of force sensor and manipulators. In the control structure, a
general strategy is proposed for assembly with multiple manipulators, in which we present an assembly plan module to
generate desired states of each object by using an optimization approach, design a method to determine the collision
when blocking, and propose a hybrid control scheme for
both contact and clearance assembly controllers. Experiments are carried out to demonstrate the validation of the
proposed methods.
Index Terms—Motion control, precision assembly, various fit types.

I. INTRODUCTION
AKING advantage of high-precision sensing equipments,
such as microscopes and microforce sensors, automated
assembly systems are demonstrated to provide high precision on
manipulating small components, which can hardly be fulfilled
by traditional methods. Recently, much attention has been drawn
in this field and substantial works are successively presented.
According to the object size and precision requirement, the
assembly is basically divided into three types: traditional assembly, to automatically handle components with normal or much
large size; microassembly [1]–[3], to deal with very tiny objects,
usually smaller than micrometers; and precision assembly, to
package millimeter-sized or even less objects while achieving
micrometer-level precision. In precision assembly, a multiscale
assembly system is presented equipped with multiple customdesigned microgrippers and end-effectors to be used in several
reconfigurable modules [4]. In [5], an automatic assembly platform is proposed to realize the alignment of multiple holes on
two objects and three-dimensional (3-D) assembly.

T

Manuscript received November 28, 2014; revised April 16, 2015; accepted May 23, 2015. Date of publication June 1, 2015; date of current
version February 12, 2016. Recommended by Technical Editor S. Nahavandi. This work was supported by the Program for National Nature
Science Foundation of China under Grant 61305115, Grant 61227804,
and Grant 61421004.
The authors are with the Institute of Automation, Chinese Academy
of Sciences, Beijing 100190, China (e-mail: dengpeng.xing@ia.ac.cn;
de.xu@ia.ac.cn; fangfang.liu@ia.ac.cn; haipeng.li@ia.ac.cn; zhengtao.
zhang@ia.ac.cn).
Color versions of one or more of the figures in this paper are available
online at http://ieeexplore.ieee.org.
Digital Object Identifier 10.1109/TMECH.2015.2438022

To achieve precision assembly, microscopes are commonly
employed and vision-based control methods are introduced,
which can be categorized into three categories: position-based,
image-based, and hybrid scheme. Wason et al. [6] use multiple
coordinated probes for microassembly with automated vision
guided. The capabilities are developed required for the construction of 3-D structure using only planar microfabricated parts.
In [7], sequential robotic micromanipulation and microassembly are investigated using a monoview and multiple scale 2-D
visual control scheme. The imaging system is a photon video
microscope endowed with an active zoom enabling to work at
multiple scales. In [8], a visual-servo control approach is used
to automatically perform micrograsping and microjoining in
sequence. Merging microscopes and laser instruments is also
reported to achieve high-precision detection of the object’s posture [9]. Calibration is needed for the microscopic system in
order to accurately control the manipulators. A class of miniature vision sensors is proposed and analyzed that enables a wide
field-of-view within a small form through a refractive optical
design [10]. A simple vision-based set point controller [11] is
presented with adaptation to uncertainty in depth information.
In our previous work, an active calibration method [12] is presented for a platform with multiple manipulators.
In contact assembly, force-based control strategies are also
employed where vision-based method is usually unavailable due
to blocking. Two approaches are described [13] for precision position and force control to grip microobjects. One is a positionbased sliding mode impedance control method and the other is
based on a proportional-integral (PI) type of sliding function
of the impedance measure error. Rabenorosoa et al. [14] use a
two-sensing-fingers gripper to grasp planar microparts and analyze the lateral contact force which is estimated less than 3 mN.
A hybrid microassembly technique [15] is reported to combine
a robotic micromanipulator and a water droplet self-alignment.
Another method to approximate the force between objects is
the estimation of shape deformation with image features [16].
In [17], a vision-based force-sensing technique is proposed on
grasping biological cells in aqueous medium with three miniature grippers and solving Cauchy’s problem in elasticity. Cappelleri et al. [18] design a 2-D vision-based micronewton force
sensor consisting of a planar elastic mechanism, and use a CCD
camera to track the deformation of this mechanism in order to
estimate the manipulation forces. In our previous work, a simplified control method [19] is proposed in considering precision
assembly performed by multiple robot arms.
Although precision assembly has been investigated for
decades, some issues still remain open: 1) Most research focuses on operations of one manipulator (such as grippers, pickand-place task) or precision assembly between two objects
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(commonly peg-in-hole), whereas no relevant report about highprecision assembly of many components appears. Complicated
tasks need a series of subassemblies among multiple objects.
2) Interference fit inevitably leads to a contact assembly which
is rarely reported in precision operation. Force between objects
is generated in close fit and without an appropriate force controller, the small components will damage. But this fit type is
widely used in precision mechanisms or sealing equipments,
since it can provide strong relative position between objects and
no other medium, such as glue, exists.
This paper employs a sequence of precision assembly of multiple irregular objects as a study example and investigates the
aforementioned issues. We use a platform equipped with multiple manipulators according to the characteristics of this task and
calibrate the system’s image Jacobian matrix and force transformation matrix. A control strategy is also proposed to accomplish
these subassemblies while reaching the required precision and
protecting thin objects. To adapt to multiple manipulators on
a precision assembly platform, we present an optimization approach to compute desired state for each object to deal with
uncertainty and spare the tedious of manual tuning parameters for each manipulator and design a method to determine
collision by using two microscopic cameras. Since this task includes several subassemblies, the assembly state decision and
the switch mechanism are developed for appropriate execution
in sequence. We propose a contact assembly controller to handle the interference fit, and for the other fit types, a clearance
assembly controller is presented using force-based adjustment
as its auxiliary function to guarantee precision. We carry out a
precision assembly of four components in experiments, which
verifies the effectiveness of the control methods.
Our motivation is to assemble multiple irregular objects in
high precision on one platform during which to solve the contact
insertion between hollow thin components. This task contains
the challenging issues of the coordination of multiple manipulators to achieve micrometer-level precision on millimeter level
objects, and of the assembly between hollow thin components
in interference fit. By solving these difficulties, this material
achieves the novelties as: 1) to assemble a series of irregular objects using multiple robot arms and microscopes on one
platform; 2) to investigate calibration methods for such kind
of mechanism, especially computing force transformation relations by means of the image Jacobian matrix; 3) and to present
a general control structure to handle several subassemblies in
various fit type, particularly inserting the hollow thin objects in
interference fit. The platform, assembly task, and control strategy in this paper may have meaningful impacts on efficiently
assembling a series of irregular objects, inserting brittle objects
in interference fit, manipulating multiple robot arms in the small
microscopic vision space, and dealing with disturbances.

Fig. 1.

365

Components and their assembly relationships.

TABLE I
DETAILS OF THE COMPONENTS

shape
assembly
relationship
fit type

object A

object B

object C

object D

cylindrical
hollow
B, C, D

cylindrical
hollow
A

insert
AB

long thin
tube
ABC

–

interference
fit

transition fit

clearance fit

are approximately 30 − 100 μm thickness and the diameter of
D is about 12 μm at the tip. 2) From Table I, it is also known
that three assemblies consist of three different fit types, wherein
interference fit inevitably generates forces between objects. 3)
High precision requirements: 5 μm in positioning and 0.1◦ in
posture. 4) A long distance insertion lies in the assembly between A and B, which may cause deviations in position and
posture. 5) To automatically accomplish assembly of these four
objects on one platform, appropriate placement of each manipulator and coordinated control are needed in order to share the
small microoperational space.
The above descriptions illustrate a long insertion between two
thin parts in an interference fit, which demand high precision in
measurement and control. By taking this series of assembly as
an example, we investigate the precision operation incorporating
a variety of elements.
Since the objects A and D are loose (clearance fit) after assembly, we need a needle containing glue to dispense between these
two objects. This dispensing needle is labeled as component E
in the following figure of this paper (see Fig. 13).

II. ASSEMBLY TASK

III. ASSEMBLY PLATFORM

The four components to be assembled and their assembly relationships are shown in Fig. 1, and Table I displays the details
of each component. The distinctions of these assemblies are:
1) The objects are irregular shaped and all thin: A, B, and C

To complete the assembly of the above components, considering the mentioned difficulties, we need a precision operational
platform with multiple manipulators. Fig. 2 shows the platform
model, the design idea of which is summarized as follows.
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Fig. 2.

CAD model of the platform for complex components assembly.

1) Vision system: This is obvious a 3-D assembly; therefore,
at least three microscopes are used for vision feedback.
Two cameras are placed in the horizon plane, and one
looks down from the top. Since the microscope has the
characteristics of small view depth and small view field,
micromovable mechanisms are required for the vision
system to actively adjust the interested view plane and
to expand the clear view area of the vision system. This
movable vision also facilitates autofocusing and location
arrangement for each robot arm.
2) Manipulators: Six robot arms are required to hold the objects A−E and an inverted A, and specific grippers are
demanded on all manipulators according to the irregularity of each object. This mechanism needs macroactuators
in order to share the small operational space among the
multiple robot arms without interference, and micromotion systems to adjust their movements in the view of
microscopes.
3) Degree of freedom (DoF) distribution: The mechanism
has 43 DoFs totally including 34 of motor driven and 9
of manual adjustment. Each robot arm is provided with
a translational rail to fulfill macromovement. The arm 6
has a vertical translational DoF and three rotational DoFs,
while the others all have three microtranslational DoFs.
The arms 4, 5, and 8 are equipped with 3-D rotational
mechanisms to manually adjust the end effector’s posture, and the arms 4 and 8 have force sensors in order to
handle contact assembly and protect thin objects. Each
microscope has a micromovement unit with 3-D DoFs.
4) Object arrangement: The component A and its inverted
are held by the manipulators 5 and 8, individually; the
object C is held by the robot arm 4; and the part D is carried by the end-effector of the arm 7. Vacuum absorptive
mechanisms are designed to hold these irregular and thin
objects. The component B is put on the manipulator 6

and the dispensing needle E is fixed on the robot arm
9. The dispensing power is also supplied by a vacuum
mechanism.
5) Coordinate frames: The y-axis of the world coordinates
is defined as the arm 6 moving to the operational space
along its rail; the z-axis is upward; and the x-axis is determined by the right-hand rule. The operational coordinates
are fixed on each robot arm with y-axis along with the
rail direction and z-axis being upward to facilitate the
assembly.
6) Subsystem placement: The camera 1 is located to be parallel with the negative y-axis, the camera 2 with the negative z-axis, and the camera 3 with the positive x-axis. But
the cameras are not strictly orthogonal and they can also
be placed at certain positions or postures so that interested
features can be captured in their clear view. Each robot
arm is just situated in a place to facilitate assembly in
the operational space without interference, according to
the irregular objects they grip. Since no micromovement
unit is arranged on the manipulator 6, we place it directly
opposite to one horizontal camera to spare the horizontal
adjustment. According to the assembly process, the object D needs to insert into the inverted A and the needle
E is expected to dispense between them; hence, the manipulator 8 is situated in parallel with another horizontal
camera and the end-effectors holding the other objects
symmetrically locate at sides.
IV. SYSTEM CALIBRATION

A. Image Jacobian Matrix
1) General Method: To share the small operational space
among multiple robot arms leads to oblique placements of some
manipulators. The image Jacobian matrix is used to map from
the image changes in the microvision space to the Cartesian
movements of each manipulator. In the clear view area, the
relation between relative movements in Cartesian space and the
corresponding image changes in the microscope can be written
as
[Δui , Δvi , Δφi ]T = i J j [Δxj , Δyj , Δzj , Δαj , Δβj , Δγj ]T
(1)
where ΔX j = [Δxj , Δyj , Δzj , Δαj , Δβj , Δγj ]T represents
the jth manipulator’s motion, [Δui , Δvi , Δφi ]T means the image change observed in the ith microscope which can be separated as point feature change [Δui , Δvi ]T and line feature’s
angle variable Δφi , and i J j ∈ R3×6 is the image Jacobian matrix transforming the jth manipulator’s motion to the image
change in the ith microscope.
Due to the characteristics of small view depth and small
view field in microscopes, traditional calibration method, e.g.,
pattern-based, is not suitable and active calibration method is
employed in this paper. Using the least square method, the Jacobian matrix can be expressed as
i

T −1
J j = Ai B T
j (B j B j )

(2)
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where
⎡

Δui1
⎢
⎢ Δv
i1
Ai = ⎢
⎢
⎣
Δφi1
⎡

Δxj 1

⎢
⎢ Δyj 1
⎢
⎢
⎢ Δz
⎢ j1
Bj = ⎢
⎢
⎢ Δαj 1
⎢
⎢
⎢ Δβj 1
⎣
Δγj 1

···

Δvi2

···

Δφi2

···

⎥
Δvin ⎥
⎥
⎥
⎦
Δφin

Δxj 2

···

Δxj n

Δyj 2

···

Δzj 2

···

Δαj 2

···

Δβj 2

···

⎥
Δyj n ⎥
⎥
⎥
Δzj n ⎥
⎥
⎥
⎥
Δαj n ⎥
⎥
⎥
Δβj n ⎥
⎦

Δγj 2

···

Δγj n

Δuin

in (3) is simplified
⎤ ⎡ 1 ⎤†
⎡
Δxj
t Jj
⎥ ⎢2 ⎥
⎢
⎢ Δyj ⎥ = ⎢ t J j ⎥ Δu1 Δv1 Δu2 Δv2 Δu3 Δv3
⎦ ⎣
⎦
⎣

⎤

Δui2

Δzj

⎤

⎡

⎤

Δu1

[Δθ1

Δvi ]T = it J j [Δxj

Δyj

Δzj ]T

.

3
t Jj
Jj

Δθ2

Δθ3 ]T = J r [Δα

Δβ

Δγ]T

(6)

where J r is the rotational Jacobian matrix. Since this matrix
only includes rotary elements, Ai degenerates to contain only
line feature.
Combining the three rotational and one translational DoFs,
the mapping relation from the 3-D microvision to the robot arm
6 yields
⎡
⎤
Δu1
⎥
⎡
⎤† ⎢
⎤ ⎡1
⎢ .. ⎥
Δz6
⎢ . ⎥
t J6
⎥
⎢
⎥ ⎢
⎥ ⎢
⎥
⎢ Δα ⎥ ⎢ 2 J
⎥ ⎢
⎢
⎢
⎥ ⎢ Δv3 ⎥
⎥ ⎢t 6
⎥
⎢
⎥ ⎢
⎥=⎢
(7)
⎥
⎢
⎥ ⎢
⎥ ⎢
⎢ Δβ ⎥ ⎢ 3t J 6
⎥ ⎢ Δθ ⎥
⎥
1
⎣
⎦ ⎢
⎦ ⎣
⎥
⎢
⎥
J r ⎢ Δθ2 ⎥
Δγ
⎣
⎦

J6

Δθ3

where it J 6 ∈ R2×1 reflects the vertical motion angle in each
camera and J 6 ∈ R9×4 is the image Jacobian matrix of the
robot arm 6.
(3)

B. Force Transformation Matrix

m T T
where J j = [1 J T
j , . . . , J j ] is the Jacobian matrix of the jth
manipulator in the vision system, † means the pseudoinverse, and
m is the number of microscopes.
The microscopes usually need to move in order to expand
the vision scope. Since they are all equipped with translational
DoFs, the image Jacobian matrix does not change.
2) Applied in the Proposed Platform: Consider the characteristics of the proposed platform: the robot arm 6 has three
rotational DoFs and one translational DoF, and the others all
have three translational DoFs. For the translational manipulators, the mapping relation in (1) is simplified as

[Δui

T

(5)
For the rotational parts in the robot arm 6, the rotational scale
between image space and Cartesian space is simplified as

⎤

⎢
⎥
⎢ Δv ⎥
1
⎢
⎥
⎥
⎢
⎢
⎥
⎢ Δyj ⎥ ⎡
⎢
⎥
⎤
†
1
⎥
⎢
⎢ Δφ1 ⎥
Jj
⎥
⎢
⎢
⎥
⎢ Δz ⎥ ⎢
⎥
⎥ ⎢
j ⎥
⎢
⎢
⎢
⎥
.
.
⎥=⎢ . ⎥ ⎢ . ⎥
⎢
⎥ ⎣ . ⎦ ⎢ . ⎥
⎢
⎥
⎢ Δαj ⎥
⎢
⎥
⎥
⎢
⎢
m
⎥
⎢
J j ⎢ Δum ⎥
⎥
⎢ Δβj ⎥
⎢
⎥
⎦
⎣
⎢
⎥
⎢ Δvm ⎥
⎣
⎦
Δγj
Δφm
Δxj



t

where n is the total steps. A full rank B is the sufficient and
necessary condition to compute the Jacobian, and at least six
steps are included in the calibration since the matrix B ∈ R6×n .
One microscope can sensitively distinguish motions of three
DoFs: planar translational motion in parallel with the camera
view plane and rotation perpendicular to the camera lens. In
microvisual servo, at least two cameras are demanded for precise
control. Using the desired image changes in multiple cameras,
the manipulator’s expected motion can be calculated as
⎡
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(4)

where it J j ∈ R2×3 is the translational image Jacobian matrix. In
acquiring it J j , the matrix Ai in (2) contains only point features.
Combining each camera’s feedback, the manipulator’s motion

Force sensors are attached on manipulators to observe the
state of contact assembly. According to the force feedback, the
corresponding actuators are manipulated for adjustment, therefore the relationship between the sensor and the manipulator’s
coordinates is needed. Since the mapping relation from the endeffector to the actuators is determined if the component is modified to be vertical observed in the vision system, this paper
proposes a method based on image Jacobian matrix to compute
the force transformation matrix.
Three coordinates are established on the sensor, the endeffector, and the manipulator, as shown in Fig. 3. The sensor
has its own coordinates labeled as Os ; the end-effector’s coordinates Oe is established as the ze -axis coincident with the main
axis of the object, the xe -axis parallel with the image plane of
camera 1, and the origin lying on the contact plane between endeffector and object; and the manipulator’s coordinates Om are
setup as the ym -axis moving forward and the zm -axis upward.
Since the end-effector firmly grips the object, the end-effector’s
coordinates can also be regarded as on the fixed point of the
object and this coordinate system directly reflects the orientation of the force at the contact point. The force detected by the
sensor is expressed in the sensor’s coordinates; transforming
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Fig. 4.
Fig. 3.
lator.

Assembly control scheme between two objects.

Coordinates established on sensor, end-effector, and manipu-

it into the end-effector’s coordinates to be compared with the
force threshold, according to which to choose an appropriate
insertion controller; and converting this force to be expressed in
the manipulator’s coordinate frame to facilitate compensation
mechanism.
The mapping relation from the coordinate frame of the force
sensor to that of the end-effector is expressed as
F e = e Rs F s

(8)

where F s ∈ R3×1 is the force detected by the sensor, F e ∈
R3×1 is the same force but described in the coordinates of endeffector, and e Rs ∈ R3×3 is the rotational matrix. Since the
force sensors are closely attached above/below the objects, the
z-axis of the force sensor’s coordinates is parallel with that of
end-effector’s, and the rotation matrix can be simplified as
⎡
⎤
cos ϑ − sin ϑ 0
⎢
⎥
e
cos ϑ 0 ⎥
Rs = ⎢
(9)
⎣ sin ϑ
⎦
0

0

1

Δu3

Δv1 ]T = H J ej [Δxj

Δyj

Δzj ]T

(10)

where [Δu1 , Δu3 , Δv1 ]T is the picked image change and H J ej
is the corresponding image Jacobian matrix. Since microscopes
1 and 3 are placed in horizon, Δu1 and Δu3 are picked to
measure the manipulator’s horizontal motion and Δv1 is chosen to represent vertical movement. These three parameters
can uniquely determine 3-D translational motion due to the
nonparallelism of the two cameras. The matrix H J ej is composed in sequence by the first, fifth, and the second rows of t J j
in (5).
The rotation angle can be solved by
[Δ 0 0]T = λe Rs [Fsx
T

Fsy

ζ1
where  is the operator of Hadamard product, ζ1 and ζ3 reflect
the pixel length ratio, and H
im Rej is the transformation matrix
whose rows have the same pixel length. Given a perpendicular
placement between the horizontal cameras, the force transformation matrix yields
m

Rs =

−1
H
im Rej e
Rs
H
im Rej 

Fsz ]T

(11)

where [Δ, 0, 0] is the image change, which indicates that only a
force along horizontal line of the camera 1 is activated between

(13)

where m Rs maps from the coordinate frame of force sensor
to that of the corresponding manipulator. Employing the above
equation, we have the following relation:
F m = m Rs F s

where ϑ is the rotation angle. We can determine this variable in
experiment: By using image Jacobian matrix, drive the manipulator to move horizontally and in parallel with the view plane of
the camera until the two components collide. In this platform,
we simplify the image mapping relation as
[Δu1

the two components, Δ is a small value, and λ is a positive
parameter.
Since different cameras have different resolution, the matrix
H
J ej can be rearranged as
⎛⎡ ⎤
⎞
ζ1
⎜⎢ ⎥
⎟ H
H
⎜⎢ ⎥
⎟
(12)
im Rej = ⎝⎣ ζ3 ⎦ 1 1 1 ⎠  J ej

(14)

where F m ∈ R3×1 is the force expressed in the manipulator’s
coordinates.
V. CONTROL STRATEGY
The contact assembly inevitably produces force between
components, and for protection, a hybrid controller is needed including vision-based alignment and force-based insertion. With
sufficient alignment precision, insertion of the clearance assembly generates little force, and if contact happens, an auxiliary
mechanism based on force is used for adjustment. Fig. 4 shows
the general control strategy for a subassembly between two
components, which fits contact and noncontact operations.
During the assembly, the vision unit separates components
and extracts the features from the image captured by the microscopic system. The position and posture of each object are
acquired in the view of the corresponding cameras, and then are
fed to the assembly plan module, where the desired state of each
end-effector is determined. The image state error multiplying
image Jacobian matrix leads to the desired relative movements
of the corresponding manipulator. These motor commands are
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Fig. 5.

Assembly plan module.

sent into the controller. At the same time, the force sensor detects the forces between the components, which are filtered by
Kalman filter. After multiplying the force transformation matrix,
force information is also fed into the controller. Another input of
the control unit comes from the assembly state decision, which
decides the state of the assembly (alignment or insertion, and in
which subassembly). The hybrid controller picks an appropriate
controller according to the assembly state and the output drives
the corresponding actuators.

Fig. 6.

369

Optimization process description.

ensure the assembly safety. An alert signal is produced if the
alignment constraint is broken.
To describe the optimization approach, Fig. 6 shows a typical
example to align two objects whose initial states are random.
[ΔPh , ΔPv ]T represents the distance between the two objects,
and ΔPα and ΔPβ are their initial angles in the view of one
camera. The alignment desires to drive the two objects very
close and both vertical. n coordinate changes are picked as the
image state in the vision space and the mapping relation between
manipulator and cameras is
[Δxi , Δyi , Δzi , Δαi , Δβi , Δγi ]T =

A. Assembly Plan
The common method to manipulate two or more components
is to determine a trajectory for each manipulator in advance and
then execute to achieve the desired task. Several issues need to
be concerned: 1) uncertainty: the initial assembly state may be
different and the trajectory execution may change if disturbance
exists, which lead to collision of components; 2) optimization:
due to the unparallel configuration between some robot arms
and the vision system, manipulators may have different efforts
to maintain components inside the small microvision space;
3) simplicity: manually tuning motion parameters are tedious
especially for tasks including multiple subassemblies. To solve
the above problems, this paper uses an optimization method
together with image Jacobian matrix to automatically compute
the desired trajectory, when the current state of a subassembly
feeds into the assembly plan module for the first time. During the
execution of this subassembly, a mechanism is needed to judge
the process of this subassembly in real time in order to facilitate
assembly state switch and to avoid collision in order to protect
the components. This module is only applied for alignment.
Fig. 5 shows the assembly plan module structure. This module
accepts current components’ states as input and generates desired states, the assembly switch flag, and the collision alert
as its output. If the objects’ position and posture come in
for the first time, an optimization method is activated to generate
the goal state of each object. During this subassembly execution, the current state is compared with the goal state to judge if
this assembly process is finished. When this goal is reached, a
signal is sent to switch the assembly state in the assembly state
decision module; otherwise, collision judgment is carried out to

v

J †i ΔP1i , ΔP2i , . . . , ΔPni

T

(15)

where [ΔP1i , ΔP2i , . . . , ΔPni ]T is the image state of object i
which corresponds to the expected changes in cameras, and v J i
is the Jacobian matrix of manipulator i in the vision space v.
In this example, the total movements can be separated into the
submotion of each object. Let ΔPk1 and ΔPk2 be the kth feature
desired change of the two components, and the corresponding
manipulators have the following motion relationship:
|ΔP11 − ΔP12 | = ΔP1 ,
..
.

(16)

|ΔPn1 − ΔPn2 | = ΔPn .
In optimization, we pick one object’s expected image change as
the variable, and the other’s desired motion can be computed by
using the above equations.
Define P = [P1 , P2 , . . . , Pn ]T as the vector to represent the
position and posture of one object in corresponding cameras, and
Vc as the microvision space. One constraint during optimization
is P ∈ Vc in order to keep features in the vision space.
Let Xi = [xi , yi , zi , αi , βi , γi ]T to be the state of manipulator
i, and the optimization criterion can be expressed as
T
L = ΔXT
1 Q1 ΔX1 + ΔX2 Q2 ΔX2

(17)

where Q1 , Q2 ∈ R6×6 are the weight matrices. SNOPT [20] is
a general purpose system for constrained optimization, using
sequential quadratic programming. This paper employs it to
optimize the desired trajectory together with (15)–(17).
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Fig. 8. Collision detection in two horizontal camera’s view. (a) In the
view of camera 1. (b) In the view of camera 2.

Projecting a vector onto two image planes.

After the desired states are computed, the judge mechanism
decides whether this subassembly is achieved and what the motion constraints are in execution. The goal is reached if the
following equation is satisfied:

 n


[σi (Pi − Pid )2 ] ≤ ζ1
(18)

the two planes di d and dj d



cos ϕi

− sin ϕi

cos ϕj

− sin ϕj
r

⎡ ⎤
 
 x
0 Ri ⎢ ⎥
χi
⎢y⎥+
=0
⎣ ⎦
0 Rj
χj
z

(21)

T

i=1

where Pid is the desired state of the feature i, ζ1 is the alignment
error tolerance, and σi is a positive parameter of the feature i,
which weights each state error.
Motion constraint is necessary to avoid interference between
components during the alignment. For simplicity, the posture
alignment is first carried out and then the position motion. The
constraint of the example illustrated in Fig. 6 can then be expressed as
Pv1 − Pv2 ≥ ζ2

(19)

where ζ2 is the vertical distance permission between the two
components. Equation (19) is usually strict in constraining motion, which limits the vertical gap without allowing overlapping
in the image.

B. Collision Judgment
Since robot rails are not parallel with cameras, when round
objects comes into view, blocking may happen but it is hard
to directly recognize whether it is a real physical contact. We
present a method of constructing 3-D position and posture by
employing two planar projections to decide collision state. This
paper only considers convex objects and the objects are all
treated as solid-shaped for collision judgment.
For any vector d in Cartesian space observed by two unparallel microscopes, as shown in Fig. 7, its posture can be uniquely
determined. di is a line by projecting d onto the image plane i,
and the plane including d and di described in the coordinates i
yields
⎡ ⎤
ui
⎥
⎢
⎥
(di d)i : cos ϕi − sin ϕi 0 ⎢
(20)
⎣ vi ⎦ + χi = 0
wi
where ϕi is the angle between vi -axis and di and χi determines
the plane’s position. The vector d is the intersection between

T
where r = r T
, r 1 and r 2 are column vectors whose
1 , r2
transpose correspond to the first and second rows of r, and
Ri is the rotation matrix from the world coordinates to the
coordinates i. Therefore, the vector d can be expressed as


T
(r 1 × r 2 ) sin ϕi cos ϕi 0
d ↑↑
(r 1 × r 2 )T
T
(r 1 × r 2 ) sin ϕi cos ϕi 0 
(22)
where ↑↑ means corotating parallel, and the direction is determined by the contents in the bracket of the above equation.
Take position of the center end of object a as a reference, labeled as C0a = [xa0 , y0a , z0a ]T , as shown in Fig. 8, and the relative
position between the two center ends C0a and C0b yields
⎡
⎤
Δu1
⎡ b
⎤
⎥
x0 − xa0
 1 † ⎢
Jb ⎢
Δv1 ⎥
⎢
⎥
⎢
⎥
t
b
a ⎥
⎢
⎥
(23)
ΔC b−a
=⎢
0
⎢
⎥
⎣ y0 − y0 ⎦ = ξ 2
⎢
J
Δu
2⎥
t b
⎣
⎦
z0b − z0a
Δv2

where ΔC b−a
is the vector from point C0a pointing to C0b , and
0
ξ is a positive parameter scaling Cartesian movement to motor
step. Since the two objects are both cylindrical, the main axis is
expressed as
⎧ i i
y i −y i
z i −z i
0
⎨ x c −x
= cd i 0 = c d i 0
d ix
i
y
z
(24)
L :
⎩ di (z i − z i ) > 0
z c
0
where (xic , yci , zci ) is the point in the main axis, and di =
[dix , diy , diz ]T is the vector solved using (22) to describe the main
axis with the direction pointing upward for object b and downward for component a. The outer shape is a circle corresponding
to point (xic , yci , zci )
⎧
⎨ dix (xi − xic ) + diy (y i − yci ) + diz (z i − zci ) = 0
Ci :
(25)
⎩ (xi − xi )2 + (y i − y i )2 + (z i − z i )2 = ( D i )2
c
c
c
2
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where Di is the diameter of the object i. Therefore, the cylinder
function is written as
Si = L i + C i

(26)

where Si defines a cylindrical area of object i’s surface. The
sufficient and necessary condition to decide that the convex
objects have no collision is
Sa ∩ Sb ∈ 0.

(27)

C. Assembly State Decision
Since multiple subassemblies exist, a decision system is used
to determine the assembly state, according to the predefined assembly process and the switch flag sent from the assembly plan
module. If the posture and position errors between components
reach the alignment precision requirement, the alignment is then
accomplished and the assembly state changes from “alignment”
to “insertion”; and if one component is inserted into another and
the precision demand is realized, the assembly state is changed
to “alignment” of the next subassembly. Therefore, the result of
this decision system indicates the switch among subassemblies
and determines the choice of controllers.
T
Define s ∈ R3×2 as the assembly state, and s = [sT
1 , s2 ,
T T
s3 ] , where sk = [sk a , sk i ] displays the state of k’s subassembly, k = 1 means the state of assembly of A and B, k = 2 illustrates the state to assemble A and C, k = 3 represents the state
of A and D assembly, and sk a and sk i are the state of alignment
and insertion. As the assembly is series, at most one subassembly is carries out at a time, which yields that this assembly state
has only one nonzero element.

D. Hybrid Controller for Contact Assembly
According to the platform configuration described in
Section III, the robot arm 6 is equipped with three rotational
DOFs and one heaving DOF, and the other arms have the mobility of 3-D translational motion and manual rotational adjustment. When the assembly starts, the arm 6 is in charge of insertion and posture alignment of the object it grips with the target
component, while the other arms compensate for the positional
alignment error. Therefore, coordination between manipulators
is required to fulfill precision assembly.
The hybrid controller generates motor commands according
to its inputs, i.e., the image state errors, the force between components, and the assembly state matrix. This hybrid structure
has two types of controllers, which are used for vision-based
alignment and force-based insertion, as shown in Fig. 9. The
decision system picks a controller according to the current assembly state. The switch mechanism is written as

gk i = gk j =

gk f =

1,

sk a = 1

0,

sk a = 0

1,

sk i = 1

0,

sk i = 0

(28)

Fig. 9.

Hybrid vision/force controller.

where g k i and g k j are the switch functions for alignment, and
g k f is the switch function for insertion. The decision mechanism only activates one controller at a time. Fusion control is
not applied since vision-based positioning is not available in insertion due to the cover between objects and no contact applies
during alignment.
If the assembly is in the state of alignment, visual servo is
activated and incremental PI controllers are used to drive motors
according to the visual-state errors. The control law from visual
states to motor motion is written as
Δxik Δyik Δzik

T

= Kpi J †i (ΔUk − ΔUk−1 )
+ Kii J †i ΔUk

(29)

where ΔUk = [Δu1k , Δv1k , . . . , Δum k , Δvm k ]T , Kpi and
Kii are the proportional and integral factors of the PI controller,
and k is sampling time.
If the insertion is started, the hybrid system is then changed
to a force-based controller, which adjusts the components’ positions according to the force detected by the sensors, in order
to protect the objects. Since only the assembly between A and
B involves a long insertion, we use this process to describe
the force controller. Set F s = [Fsx , Fsy , 0]T as the horizontal
force detected by the sensor, and by employing (13) it can be
expressed in the manipulator’s coordinates
F m = m Rs F s

(30)

where F m = [Fm x , Fm y , Fm z ]T . The controller stops insertion
and adjusts one object’s position if the horizontal force is detected too large. The insertion continues after the force is less
than the threshold. Since the z-axis of the manipulator holding
the component B is not strictly parallel with the vertical of the
horizontal cameras, compensational motion of the object A is
needed according to the insertion of B in order to ensure the
center alignment of the objects. The assembly stops if the vertical force between components surpasses the threshold for the
!
1 0
,
sake of protection. Label a diagonal matrix M1,0 :=
0 0
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and this insertion controller can be expressed as
⎡
⎤
Δxa
⎢
⎥


⎢ Δy ⎥
Kpi δ(F m ,t − Fm ,t−1 ) + Kii δF m ,t
a ⎥
⎢
⎢
⎥ = g ia,t
⎢
⎥
⎢ Δza ⎥
0
⎣
⎦
Δzb
⎡
† 
1 ⎤
1j a
M1,0
0
t Jb
⎥
⎢
⎥
⎢
i
3
0
M1,0
+ gi,t
⎢ 3j a
t J b ⎥ ξbz
⎦
⎣
1
(31)
where [Δxa , Δya , Δza ]T is the motion change of the manipulator holding the component A, Δzb represents the component B’s
insertion movement, Kpi and Kii are the proportional and integral factors for interference fit, δ is the object stiffness reflecting
the relationship between deformation and corresponding force,
ξbz is the ascending step of the component B, 1 J a and 3 J a are
the image Jacobian matrices relating the Cartesian motion of the
component A’s manipulator and the image changes in camera
1 and 3, respectively, 1t J b and 3t J b are the translational image
Jacobian matrices of the manipulator holding object B, g ia,t and
g ii,t are the switch function between insertion controller and
adjustment controller for interference fit, and
⎧
0 0 ,
|Fez | ≥ FT z
⎪
⎪
⎪
⎪
⎪
⎪
⎪
F eh 2 ≥ FT h
⎪
 i T ⎪
⎪
⎨ 1 0 ,
g a,t
&|Fez | < FT z
=
⎪
⎪
g ii,t
F
eh 2 ≤ 
⎪
⎪
⎪
0
1
,
⎪
⎪
⎪
&|Fez | < FT z
⎪
⎪
⎩ i
g a,t−1 g ii,t−1 , others
F T = [FT x , FT y , FT z ]T is the threshold force, F eh = [Fex ,
Fey ]T and F T h = [FT x , FT y ]T indicate the horizontal force
components, and  is a positive parameter below which no force
compensation applies.
The first part on the right hand of (31) describes an adjustment controller which manages to decrease the contact force
from above the threshold to within the tolerance region through
compensational motion; and the second part of this equation is
an insertion controller which directs the component A to compensate for the horizontal deviation of the object B generated
during the insertion. The diagonal matrix M1,0 means only to
compensate for the deviations along the U-axis of the image.
After the insertion requirement is satisfied, the assembly state
switches to the next stage which turns OFF this insertion process
by altering the switch function.

E. Clearance Assembly Controller
For assembly of clearance fit, force between components
rarely exists and force sensor only provides a precision guarantee and an auxiliary function to adjust if contact really happens.

The controller accomplishes alignment by using vision-based
positioning and insertion by employing force-based adjustment.
Equation (29) is used for the alignment process if the desired
state is determined.
Suppose that this is also a vertical insertion and let L be
the radius difference between the peg and hole. If force sensor
feedback is nonzero, contact happens and the active manipulator
needs to move its component back to the desired position. The
insertion controller can be expressed as
⎤
⎡
Δxa
⎤
⎡  1 † 
  
⎥
⎢
Fex δ1
1
Ja
⎢ Δy ⎥
a ⎥
⎢
√ 2L 2 ⎥
⊗
⎥ = g ca ⎢
⎢
F e x +F e y ⎦
⎣ 3J
⎥
⎢
F
δ
0
a
ey
3
⎢ Δza ⎥
⎦
⎣
0
Δzb
⎡
† 
1 ⎤
1
M1,0
Ja
0
t Jb
⎥
⎢
⎥
⎢
3
0
M1,0
+ g ci ⎢ 3 J a
t J b ⎥ ξbz
⎦
⎣
1
(32)
where δ1 and δ3 are the ratio of image length to Cartesian
distance, ⊗ is the operator of Kronecker product, g ca and g ci are
the switch function between insertion controller and adjustment
controller for clearance fit, and
 c ⎧
⎨ 1 0 T , F eh 2 > ζ3
ga
=
T
⎩
g ci
0 1 , others
and ζ3 is the threshold to activate the adjustment, which is a
small positive number. In (32), [1, 0]T indicates to adjust in the
horizontal plane and the direction is determined by the contact
force.
VI. EXPERIMENTAL DETAILS

A. Experiment System
The detailed size of each object is listed as following. The
cylindrical part of object A is hollow with about 5 mm diameter, 0.1 mm thickness, and 4 mm length. The component B
is a hollow cylinder with 50 μm thickness and 4 mm length.
The magnitude of interference between these two objects is in
0 − 10 μm. The object C is a slice pad with diameter of about
5 mm and thickness of 30 μm. The tube, labeled as component
D, has a diameter of 12 μm at the tip.
To assemble these objects, we have established an experiment platform, as shown in Fig. 10. The vision system consists
of three microscopes, all equipped with Navitar lens. Cameras
1 and 2 are chosen as GC2450 with resolution of 2448 × 2050
and the other camera is picked as PointGrey 50S5M-C, whose
resolution is 2448 × 2048. The cameras’ cell size is 3.45 μm.
These technique parameters are selected from the tradeoff between visual field and precision, since high accuracy demand
and relative big object are involved in assembly. The relative
small visual field and big objects lead to close initial relative
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The corresponding image Jacobian matrix is then calculated as


0.2168
−0.2221 −0.0042
3
J5 =
.
−0.0067 −0.0007 −0.3085
Moving in the view of camera 1 leads to 1 J 5 and combining
these two matrices yields the image Jacobian matrix of manipulator 5 in horizontal cameras
⎤
⎡
−0.2234 −0.2265 −0.0038
⎥
⎢
⎢ −0.0060 −0.0008 −0.3024 ⎥
⎥
⎢
H
⎥.
J5 = ⎢
⎥
⎢
⎢ 0.2168
−0.2221 −0.0042 ⎥
⎦
⎣
−0.0067 −0.0007 −0.3085

Fig. 10.

Assembly platform.

position after feeding objects in, which makes it necessary to
use the assembly plan including the collision avoidance and
optimal alignment, and to equip the vision system with translational DOFs, as illustrated in Section III to focus objects at its
vision center.
In the platform, we choose Sigma SGSP26-200 as the macrorails, whose repeatability resolution is ±3 μm. The eight 3D micromovement units are all Suguar KWG06030-G, whose
translational resolution is ±0.5 μm. The manipulator 6 constitutes Micos ES-100 with movement errors within 0.1 μm to
realize vertical elevation, and KGW06050-L, KGW06075-L,
and SGSP-40yaw to rotate around its x-axis, y-axis, and z-axis,
individually. The posture manual adjustment equipped on the
end-effectors of arms 4, 5, and 8 is the tilt stages Sigma KKD25C, and the force sensors are Nano-43, with measurement
ranging between ±18 N and resolution as 1/128 N.

B. Image Jacobian Calibration
Among the manipulators with only three translational DoFs,
the arm 5 is chosen to display the calibration process. Three active motions are required at least to compute the image Jacobian
matrix according to (2). Six steps are used and moving in the
view of camera 3, we have
3

B5 =
⎡
1000
⎢
⎢0
⎣
0

⎤

−1000

0

0

0

0

0

1000

−1000

0

0

0

0

0

1000

−1000

⎥
⎥ pulse
⎦

−6.6

−6.7

−0.7

0.7

The manipulator 6 incorporates rotational DoFs, and employing the same active method leads to the image Jacobian matrix
in horizontal cameras
⎡
⎤
1.5043
0
0
⎢
⎥
⎢ −319.0884
⎥
0
0
⎢
⎥
⎢
⎥
⎢ −3.1906
⎥
0
0
⎢
⎥
H
⎥.
J6 = ⎢
⎢
⎥
⎢ −312.2113
⎥
0
0
⎢
⎥
⎢
⎥
−3
−6 ⎥
⎢0
4.5
×
10
−3
×
10
⎣
⎦
0

−6 × 10−6

−3.1 × 10−3

Analysis of the first column elements of the matrix shows that
the elevation of the manipulator 6 is approximately vertical in
the view of horizontal cameras, while a horizontal deviation of
1 pixel is generated when moving upward 212 pixels observing
in camera 3 and the tilt angle is about 0.58◦ from the vertical
line in camera 1. It is also known from the elements of the last
two rows that the two rotational actuators are well orthogonal.

C. Force Transformation

3

A5 =

217.2 −216.5 −222.2 221.9

Investigating the elements of the image Jacobian matrix, we can
conclude the relative posture between the manipulator and the
camera. The first and third rows in H J 5 show that the angles
between the robot arm 5 and the horizontal cameras are both
approximately 45◦ and the other rows indicate that this manipulator is situated almost perpendicular to the vertical microscope.
It is also shown in this matrix that coupling between horizontal
and vertical motion in horizontal cameras is weak.
Applying the same calibration method leads to the image
Jacobian matrix of the manipulator 4 in horizontal microscopes
⎤
⎡
−0.2405 −0.2146 −0.0022
⎥
⎢
⎢ 0.0005
−0.0014 0.3191 ⎥
⎥
⎢
H
⎥.
J4 = ⎢
⎥
⎢
⎢ −0.2181 0.2265
0.0027 ⎥
⎦
⎣
0.0048
−0.0022 0.3303

−4.3

4.1

−308.1 308.8


pixels.

Force sensors are located on manipulators 4 and 8 in the platform and we use the sensor on arm 4 as an example to calibrate
the force transformation matrix. According to the procedure
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TABLE II
OPTIMIZED CHANGES OF MANIPULATORS AS Q 1 = Q 2 = I3 ×3
Manipulator 4
Manipulator 5

[50.3, 52.0, 51.2] T pixels
[−220.8, 11.4, 163.2] T pulses
[49.7, 48.0, 48.8] T pixels
[0.06, −216.8, −158.3] T pulses

image change
motor movement
image change
motor movement

mentioned above, the end-effectors are initiated slight contact
in the view of horizontal cameras, where the center lines of the
two objects are coincidence in camera 1. Driving one of the
manipulator to move along the direction perpendicular to this
camera, (9) results in
⎤⎡
⎤
⎡ ⎤ ⎡
cos ϑ − sin ϑ 0
−0.88
0
⎥⎢
⎥
⎢ ⎥ ⎢
⎢
⎥
⎢ Δ ⎥ = ⎢ sin ϑ
cos ϑ 0 ⎥
⎦ ⎣ −0.09 ⎦ .
⎣ ⎦ ⎣
0

0

0

1

0

By solving the above equation, the rotation matrix relating the
coordinates of sensor and end-effector is acquired
⎡
⎤
−0.1017 −0.9948 0
⎢
⎥
e
−0.1017 0 ⎥
Rs = ⎢
⎣ 0.9948
⎦.
0

0

1

The resolution of each camera is same, and filling the image
Jacobian matrix J 4 into (12) yields
⎡
⎤
−0.2405 −0.2146 −0.0022
⎢
⎥
H
⎢
0.2265
0.0027 ⎥
im Re4 = ⎣ −0.2181
⎦.
0.0005

−0.0014

0.3191

Combining the above two matrices results in the force transformation matrix
⎡
⎤
58.18
−75.50 −0.08
−1
H
⎢
⎥
Re4 e
m
−79.86 −58.81
1.08 ⎥
Rs = im
Rs = ⎢
H
⎣
⎦.
 Re4 
im

−0.44

−0.14

−96.96

D. Motion Optimization
We use the manipulators 4 and 5 to test the effectiveness of
motion optimization. The image state is picked as n = 3, and
then the image vector is simplified as P = [u3 , v3 , u1 ]T and the
vision space is the intersection region between two horizontal
cameras. Motion state is also reduced to Xi = [xi , yi , zi ]T , and
the weight matrices Q1 and Q2 are both R3×3 . Suppose the
initial image distance of end-effectors is ΔP = [100, 100, 100]T
pixels. Set the motion of the manipulator 4 as the optimization
variable, and the other manipulator’s movement is restricted
by (16).
The weight matrix is set as Q1 = Q2 = I3×3 , and the optimized image coordinate changes and motor movements of
each manipulator are displayed in Table II, which show the difference of robot arm placement and its effect. Since the two
manipulators are placed in positions that are almost symmetric

along x-axis and on the same horizon plane, the optimal results
for the two manipulators are almost equal, which can also be
proved by comparing the elements of the Jacobian matrix of each
manipulator.

E. Assembly
The whole assembly task is carried out on the platform, and
the images in alignment of the objects A and B are shown
in Fig. 11, where horizontal cameras are used to direct adjusting the posture of the object B. In this subassembly, the
parameters of the posture adjustment controller are chosen as
Kp1 = 0.25 and Ki1 = 0.5. The PI parameters in this paper
are all regulated with Ziegler–Nichols method. Fig. 11(c) displays the posture errors, in which the object starts from the
initial state [0.99, −2.37]T degree deviation from the vertical
gradually moving to the upright with the final errors less than
a percent degree. In Fig. 11(d) and (e), the component A is desired to align with B in position, which is adjusted to the upright
through the manual rotational DoFs in advance. In this subprocess, the horizontal cameras are also used and the alignment
controller parameters are picked as Kp2 = 0.3 and Ki2 = 0.5.
The positional alignment errors are presented in Fig. 11(f), in
which the object A gradually moves from the initial deviation
of [Δu1 , Δv1 , Δu3 ]T = [7.8, −295.2, 17.8]T pixels to less than
0.4 pixels in ten steps.
The insertion of the object B into A is then started after
their alignment. The parameters of this contact assembly controller is set as: Fi m ax = 0.1 N,  = 0.05 N, Fz m ax = 1 N,
Kpi δ = 50, Kii δ = 25, and ξbz = 50 μm. The step lengths and
thresholds in force control were determined via experiments.
Fig. 12 displays forces between the components A and B
during the assembly of interference fit. The horizontal axis
is sampling time and the vertical axis is the force magnitude
after transforming to the end-effector’s coordinates. The dotted
lines are Fex and Fey , whose consultant F eh is represented as
the blue line, and the red is the vertical force Fez . The hybrid
controller is initiated with the insertion controller. As the
insertion goes further, the vertical force grows larger, gradually
reaching 0.45 N at the end. Planar force also grows as the
insertion progresses and when surpasses Fi m ax the adjustment
controller is started and the horizontal force quickly drops to
below . This adjustment is activated several times before this
subassembly ends.
Fig. 13 presents the images in the rest of subassemblies captured by different microscopes. After the object B is inserted
into A, the robot arm 6 descends to facilitate the latter processes.
Fig. 13(a) and (b) shows the alignment between the components
C and A where the upper object is the end-effector 4 holding
the thin component C. The horizontal vision combination is
utilized and the PI parameters are Kp3 = 0.25 and Ki3 = 0.4.
With the initial relative image state [−127.6, −168.6, −61.6]T
pixels, the object C moves until the deviation errors are within
0.4 pixels in ten steps, as shown in Fig. 13(c). After this subassembly, the assembly A&B&C is detached from the manipulator 5 to be absorbed by the end-effector 8, and Fig. 13(d)
and (e) exhibits the alignment of the object D and the hole on
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Fig. 11. Subassembly of A and B and the alignment errors. (a) B’s posture in the view of camera 3. (b) B’s posture in the view of camera 1. (c)
Posture adjustment errors of B. (d) Positions of A and B in the view of camera 3. (e) Positions of A and B in the view of camera 1. (f) Alignment
errors of A.

Fig. 12.

Forces generated during insertion of component B into A.

the component A. Since the camera 3 is blocked by the object,
microscopes 1 and 2 are employed as the vision system, and
the controller parameters are Kp4 = 0.25 and Ki4 = 0.4. To
locate the two objects which are not on the same plane, camera
2 needs to move to focus on the light circle on the black bar
and then elevates to focus on the object D. The initial state is
[Δu1 , Δv1 , Δu2 ]T = [62, −140.8, −9.1]T , and the final deviation errors are less than 0.3 pixels, as shown in Fig. 13(f). Since
the assembly of D and A is clearance fit, the object E containing

glue comes in to dispense at the assembly position, as shown
in Fig. 13(g) and (h). Due to the disturbance of component D
in the image and the gray background of the bar on object A,
image difference is used to distinguish the location of the object
E in the view of vertical camera. After sending the object E in
by driving the macrorail, the initial deviation from the desired
state is [−42.5, −58.6, 19.7]T , and the alignment precision is
within 0.1 pixels.
As can be seen from the above subassemblies, by using
the proposed control method, we achieve the results with
visual detection errors in alignment within 0.05◦ and 0.4
pixels, i.e., 1.38 μm, and the horizontal forces are limited
within 0.15 N and the vertical force is below 0.45 N. The
whole assembly process can be finished in less than 15 min,
most of which consumes in feeding objects in and out. The
time taken by the robots for finishing each task depends on
the error tolerance set, motion speed, initial state deviations,
etc. For reference, the assembly time used in alignment and
insertion in this paper is summarized as: the assembly between
objects A and B costs about one and half minutes (35 s for
alignment and 64 s for the insertion); objects A and C are
assembled together in 42 s; the alignment and insertion between
components A and D spend about 50 s; and 40 s is used for the
alignment to use needle E to dispense between components A
and D.

F. Comparative Experiments
We apply the force-based method proposed in [5] to carry
out the insertion between objects A and B and compare the
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Fig. 13. Subassemblies of components AB, C, D, and E and the alignment errors. (a) C and AB positions in the view of camera 3. (b) C and AB
positions in the view of camera 1. (c) Alignment error of C. (d) D and ABC positions in the view of camera 1. (e) D and ABC positions in the view of
camera 2. (f) Alignment error of D. (g) Positions of E, D, and ABC in the view of camera 1. (h) Positions of E, D, and ABC in the view of camera 2.
(i) Alignment error of E.

experiment results. To realize their approach, we set the
following parameters of the contact assembly controller:
Fx m ax = Fy m ax = 0.1 N to limit the maximum of contact
force along the horizontal axis in the end-effector’s coordinates,
Lx = Ly = 5 μm to set the adjustment step in each horizontal
direction, Lz = 50 μm as the insertion step, and the other
parameters are the same as used in our method. We also have
tried other adjustment step value and find 5μm obtains best
results in applying the comparative approach in our platform.
Since no compensational motion is included in their insertion
controller, the whole assembly process continues for 55 s, as
shown in Fig. 14, while our controller spends 73 s to fulfill
a complete insertion. The object contact presents a bit larger
vertical force than in our results but the horizontal force reaches
the threshold very soon and circular adjustments occupy in the
latter half assembly. By comparing the results, our approach
generates in obvious less contact forces, which means better
object alignment, during the insertion and every adjustment
leads to an almost zero resultant force in the next step, while
the compared method needs to pick the appropriate adjustment
step and even the best as we use still leads to noncomplete
adjustments.

Fig. 14. Forces generated during insertion of component B into A using
the method proposed in [5].

VII. CONCLUSION
The main contributions of this paper are the general control strategy to investigate a sequence of precision assembly of
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irregular components and the development of force controllers
to handle with contact assembly and clearance fit. We use as an
example an assembly of thin-walled hollow cylinders, a longthin tube, and a slim insert. To accomplish this task, we employ
a precision operational platform with multiple manipulators in
which three microscopes are used as a vision system and six
robot arms to achieve each subassembly in sequence. We first
calibrate the sensing mechanisms: using the image Jacobian matrix to actively relate the relative motions between manipulators
and objects in images; transforming forces to the coordinates
of end-effector and manipulator. An assembly plan module is
then presented to generate desired states of each object by using
an optimization method and a collision detection method is developed to determine the current assembly state. To accomplish
high-precision assembly, we propose a hybrid control scheme
for contact assembly which includes vision-based controllers for
alignment, force controllers for insertion, and a switch mechanism to pick appropriate controllers according to the current
assembly state. For clearance assembly, a force-based controller
is also developed as an auxiliary function to guarantee precision.
We carry out experiments to validate this control method and
results show the achieved substantial precision.
This platform system can be adapted to other irregular objects
by replacing the gripping mechanism and the proposed control
strategy can be used for the assembly between thin hollow
irregular objects with shapes like cylinder, cone, cylindroid,
cuboid, etc.
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