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Abstract—In this paper, a novel online Synchronous Policy
Iteration algorithm based on Concurrent Learning (CLSPI) is
presented to solve the continuous-time optimal control problem.
We design this algorithm based on actor-critic architecture.
Original Synchronous Policy Iteration (SPI) algorithm just
updates parameters of actor-critic simultaneously, which is
rather different to the way standard policy iteration updates. In
the scheme of SPI, only current estimation error is utilized to
update weights while previous information can also contribute to
weights update. Concurrent learning is a new parameters
estimation method which combines previous information and
current estimation error. CLSPI utilizes concurrent learning to
train SPI, in order to improve the learning performance. Finally,
two comparison experiments including linear and nonlinear
systems are presented to demonstrate that CLSPI can obtain the
optimal control policy with faster convergence rate, which shows
that CLSPI is more efficient to solve continuous-time optimal
control problems.

I. INTRODUCTION

HOUGH control theory has developed over one hundred

years, optimal control is still a great challenge especially
for nonlinear problems. Under the architecture of traditional
control theory, solving optimal control problem means
obtaining solutions of Hamilton-Jacobi-Bellman (HIB)
equation[ 1, 2]. Nevertheless, under most conditions the HIB
equation is intractable to be solved by traditional analytical
methods because of the property of nonlinear partial
differential equation (PDE)[1]. Only special problems may
have solutions, like linear time-invariant system because in
those cases HJB equation will become Algebraic Riccati
Equation (ARE). Due to such reasons, many algorithms have
been proposed to solve the PDE[3].

Recently, one method called reinforcement learning[4, 5]
(RL) has been applied to optimal control. RL algorithm
mainly contains two classes of iterative algorithms-Value
Iteration (VI) and Policy Iteration (PI), which are all
computational intelligence algorithms. Though VI also has
been applied to some optimal control problems, we will focus
on the PI algorithm in this paper. Policy iteration represents
some algorithms that are based on policy evaluation and
policy improvement. Generally, policy iteration will begin to
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evaluate the value function of initial admissible policy and
then utilize the evaluation to improve current control policy,
hence avoiding the difficulty of directly solving nonlinear
HJB equation. The two steps iteration process will repeat
again and again until the control policy converges.
Actor-critic structure is a popular architect for implementing
PI and it has been widely used in model free optimal
control[6], adaptive cruise control[7]. In this frame [8], the
actor performs actions by interacting with the environment
and the critic takes evaluations of actions. Then feedback
information from critic is delivered to the actor, resulting in
the improvement of the next output of actor. In actor-critic
architecture, two neural networks (NN) are designed to
approximate respectively value function and control policy.
For continuous-time problem, critic NN is trained to solve
nonlinear Lyapunov equation, while actor NN will output
control policy. Some offline methods have been given by[3].
Also[9, 10] developed online actor-critic PI method for
continuous time optimal problem which updates sequentially
parameters of actor and critic. In[11, 12], synchronous policy
iteration algorithm was presented to solve continuous time
optimal control problem. This method differs from traditional
actor-critic PI in that it updates parameters of actor or critic
NN simultaneously.

Concurrent Learning (CL) is a method for estimating
weights which combines previous information and current
information. In ordinary gradient descent method only current
estimation error is utilized to update parameters. However, we
can see that previous estimation errors might also contribute
to current update if those errors can be collected. Based on
such view, Chowdhary and Eric[13] propose a method called
concurrent learning to substitute traditional gradient descent
algorithm. It has been applied to model reference adaptive
control[14], optimal control[15], reinforcement learning[16,
17]. Here we hope not only current estimation error but also
historical errors can be applied to current update in order to
improve the performance of algorithm. In this paper, we
propose CLSPI, a new synchronous policy iteration algorithm
based on concurrent learning which shows better performance
than original SPI in [12]. Also two rules of storing historical
data will be detailed in the sequel.

This paper is organized as follows. Section II introduces
preliminaries of optimal control problems of nonlinear
continuous-time systems. Concurrent learning is provided in
sections III and IV gives a view of the proposed CLSPI.
Section V presents two experiments to show the efficiency of
CLSPI. Finally, discussion and conclusion are drawn.
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II. PROBLEM STATEMENT

In this paper we study continuous time affine nonlinear
system as follows:

x(1) = f(x(0) + g(x(1)u(x(1)) (1
with x(0) =x,, the state x(¢) e R", the control input u(z),
functional matrix g(x(¢)) € R™" and the nonlinear function

f(x(t))eR" . It can be assumed that f(x)+ g(x)u(x) is

Lipchitz continuous on a compact set 2 — R" containing the
origin. Furthermore, this system can be stabilized on Q . That
is to say, there must exist a continuous control input
u(t) € U which can make the system asymptotically stable
on QQ . We assume system dynamics f(x),g(x) are known

and bounded over Q. The value function for system (1) is
denoted by

V) = [ r(x(s).us)ds (s20) @)
where 7(x,u) = O(x)+u’ Ru, O(x)is positive define and R
is symmetric positive definite matrices.

Definition 1(Admissible control policy): A control policy
7 is said to be admissible with respect to (1) on Q , denoted

by 7 ey (Q), if #(0)=0 , z(x)is continuous and can drive
the system to equilibrium point from any initial state with
finite V(x,) e Q .

For admissible control policy 7, its cost function can be
written as

Ve ()= [ r(x(s)u(s)ds. ()
So, the nonlinear Lyapunov equation is given by
) +[68Vx J (S +g@aE)=0. @

Now, the optimal control will be presented. Provided with
dynamic system (1), the set of admissible control policies and
value function (2), locate the optimal control policy which can
make the cost function (2) minimum. Hence, the optimal value
function can be defined by

V' (x,) = min [ "r(x(s), u(s))ds (5)
Meanwhile, Hamilton function of (1) is denoted as
H(x,u,V,) = r(xu)+ V. (f(x)+gxu(),  (6)
where V, =0V”" /0x . In order to get optimal value function,
HIJB function should be satisfied. That is
0= min (H(x,ﬁ,VX)). (7

Ty (Q)
According to optimal control theory, by minimizing Hamilton
function solving stationary condition 0H /0u =0 can lead to
the optimal control

u*(x) = —%R"g%x)V:(x). ®)

Substituting this optimal control policy into (6), we can get the
HIB equation and the necessary and sufficient condition for (8)
will be

T | Q- a7 .
Q) +V S =V gR g (), =0

V'(0)=0
If f(x(¢))+ g(x(¢))u = Ax+ Bu with constant 4 and B , that

means it’s a linear problem. Then HJB equation can be written
as well-known ARE. For nonlinear system in order to find
optimal control policy, (9) should be solved firstly.
Nevertheless, under most conditions, locating the solution of
HIB equation is not easy. So later, CLSPI will be proposed to
obtain the optimal control policy for HIB equation.

©)

III. CONCURRENT LEARNING

When it comes to parameter estimation, we often use
regression to build the relationship between the input

x(¢)eR" and the output y . Here, the unknown system
dynamics are assumed to be linearly parameterized with
regression vectors @ (x(1)) e R" .

A. Linear Regression
Assuming regression vectors @ (x(t)) are known, bounded
and continuously differentiable. Meanwhile the constant ideal

weight vector is denoted by W~ € R". So the unknown system
model can be given as:

y(@O) =W D(x(1)). (10)
If we do the regression online, W (t) € R" can be employed as
the online estimate of . With regression vectors known,
online estimate of y(¢) will be )A/:W(t)r D(x(t)) . So the

estimation error £(¢) can be written as

£(t) = y=y(0) =W (HD(x(1)), (11)
where W(t) is the parameter error which can be defined
asW(t)=w(@t)-w".

In order to estimate W (¢) some update laws should be

employed to guarantee the convergence of £ — 0. One of the
most popular methods is gradient descent. Given the cost
function J = ¢(¢)" &(¢t) , we have to minimize J to get the
estimation of W . Here, we would employ gradient method as
the update law. So, the gradient of J can be denoted as
VJ =2*®(x(¢))e(t) . The online update law of W (¢) will be
W(t)=—-aVJ . (12)

In this equation, a represents the update rate which might
be constant variable or change with the update process.
However, this gradient method will not necessarily guarantee
W(t)— W* which requires that the regression vectors

@(x(¢)) are persistently exciting.
Persistently exciting condition[18]: A function ®(¢) is

persistently exciting if there exist T',0,,6, > 0 such that
51, <[ o@w@) dr<s,1, (13)

holds for all >0 where I, is identity matrix of order .



B. Learning with Data Recording

The update law in linear regression described in III.A only
considers the current information. If previous information
about the model is reused, it can improve the effects of online
estimation. In[13], Girish and Eric propose a new update law
of online estimating W (¢), called concurrent learning which

combines previous and current information about x and ¢.
Its update law can be written as

W (1) = TOXO)e) TS dx)e,  (14)

where i € {1,2...,q} denotes the index of stored data points,
®(x,)is the regression data at point x, and ¢,is the output

estimation error at point x; .

IV. SYNCHRONOUS POLICY ITERATION BASED ON CL

In this section, we will introduce a novel synchronous
policy iteration based on concurrent learning. This algorithm
applies the thought existing in concurrent learning which
records previous information for current parameters update to
synchronous policy iteration algorithm.

A. Synchronous PI with two NN Function Approximators

As an iteratively updating algorithm standard policy
iteration can be implemented with actor-critic structure. This
structure consists of two neural networks which are applied to
approximating value function (9) or policy solution (7). In
every iterative loop, value function will be updated first,
which is policy evaluation step. Then according to the value
policy improvement step will be processed in order to obtain
better control policy. In standard PI, parameters of actor-critic
NN shall update sequentially. By contrast, in[11] SPI
algorithm has been proposed to update the parameters of actor
and critic neural networks simultaneously. Also, extra
theoretical proof has been presented to guarantee the
convergence of SPI algorithm to the optimal control policy.
The architecture of SPI is depicted in Fig. 1.
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Fig. 1. The architecture of actor/critic
1) Value Function Approximation
Similar to linear regression, we assume there exists W
such that value function V' (x) can be approximated by NN
Vix)=W"¢(x)+¢, (15)
where @(x):R” — R" is the activation functions vector, N is

the number of neurons in hidden layer, and ¢ is the error of
approximation. By differentiating (15) we get

6_V=(5¢(x)] W+5—'9=V¢TW+V,9. (16)
Ox Oox Oox

According to[19], as neurons of hidden layer N — oo, the
approximation accuracy can be arbitrary, that is ¢ — 0. With
NN approximation, Hamilton equation (6) is substituted by
H(G,u, W) =r(x,u) + WV(f(x)+g(xu(t)) =¢, . (17)
Then, once the system dynamics satisfies Lipchitz condition,
the approximation error &, will converge to zero. Next, the

critic and actor updating process of SPI algorithm will be
detailed.

2) Critic Neural Network Updating
Assuming the weight of critic NN, W which is unknown,

provides the optimal approximator for (17). So the estimation
of value function will be

V() =W ), (18)
where VIA/C is the estimation of current weights in critic NN
with N neurons in hidden layer. ¢(x) is the activation

functions vector . Hence estimation of Lyapuov equation
should be

H(x,u, W) = r(x,u) + WV (£ (x) + g(x)u(?)) = e, . (19)

Therefore, cost error can be written as

E = e:ec /2, (20)

Then minimizing (20) will lead to Vf’( — W,_. One of most

popular method to achieve the optimal Vf/c is gradient

descent:
X oF »
W= —a e = D67, +Q(x) +u" Ru], (21)

—-a
o, (oyo, 1)
where o, =V¢(f +gu) and q, is the learning rate. This

update law will not necessarily assure the convergence of VIA/L
because ¢(x) shall satisfy PE condition. Therefore, when

implementing SPI algorithm, proper noise should be added to
numerical simulations to make sure PE condition is satisfied.

3) Actor neural network updating

The update strategy of critic has been presented in IV.A.2,
based on which synchronous policy iteration involving actor
NN update will be introduced here. It is known that PI just
updates actor-critic networks sequentially. That means, when
updating one, the other will hold constant. Comparing with
standard PI, SPI can properly update two neural networks
synchronously or simultaneously in real-time.

Like critic network, actor network can also be given by
similar formation. So output of control solution is

u(x)=—R"'g" (X)Ve' W, /2 (22)

where Wa denote the online estimation of actor NN weights
W and V¢ is the gradient of activation function ¢(x). Then

according to[12], by virtue of (21) the actor update law of SPI
algorithm can be presented as

W, ==, -k W)~ P M) @23)



with o, =V§(f+gu) , 5,=0,/(c,0,+1) , M =3, /0,
and F=Vgg(x)R"'g" (x)V4" . In (23), a, is the learning
rate and k,,k, are constant parameters which can be set to be
identity matrix in practical experiments.

B. Parameters Updating Based on CL

In section III, we introduce the thought of concurrent
learning which combines previous information and current
information to improve the effects of parameters estimation.
Though the analysis is based on linear regression, we hope
that concurrent learning can be applied to SPI algorithm. The
actor-critic structure in section IV.B only uses current
estimation error in (20). If we store historical data in stack,
then they can be accumulated to update the parameters of two
neural networks. So here (20) can be rewritten as

1 ¢
EL‘ = _eZOeL’O +_Zez;eci (24)
2 25

where i € {1,2...,q} denotes the index of historical data point,
e, denotes current estimation error and e, represents the
historical estimation error at point x, . So the update law of
(23) can be denoted by

A o, - o,

W=-a4—"—e,—ay ———e. (25
c 1 (Ué"o_o + 1)2 c0 1 P (O-I-TG,- + 1)2 ci ( )
Actually, in order to simplify the updating process of
actor-critic neural network, only update law of critic NN will
utilize the old information as in (25). And the update law of
actor network will remain unchanged as in (23). So the CLSPI
algorithm can be schemed in Algorithm 1.

Algorithm 1 SPI algorithm based on Concurrent Learning

1: Initialize the parameters like learning rate a,,a, , weights of NN,

admissible initial control policy 77, and so on.

2: Repeat
3:  Compute the output of actor NN # according to (22) based on

current state X;

4:  Calculate the estimation error of critic NN with current VV1

according to (19)
if current point should be stored in stack
Store the error of critic NN in historical stack
end if
Update weights of critic NN by (25)
Update weights of actor NN by (23)

10:  Update current state X,

R AN

11: Until Vf/a and Vf/c converge

12: Return Vf/a andWC

In CLSPI algorithm, some rules should be given to decide
whether current point should be stored as in line 5 of
Algorithm 1. Here two methods of recording historical data
will be presented. One just records g points before current

data. The other is that new added data will make historical
stack vectors full rank.

The first method is the simplest one to implement the new
algorithm we proposed. The size of stack should be allocated
in advance. Once new data comes, it is added to stack and the
oldest point is removed from the stack. As for the second rule,

historical stack matrices shall satisfy full rank condition. In
stimulation experiments, both rules have been realized.
Generally, once the size of stack is much larger than n two
rules show little difference when being applied to SPI. It
should be pointed out that though the size of stack can be set
arbitrarily, excessive large size of historical data can increase
the computational complexity and result in some problems of
convergence of actor-critic NN in practical simulations.

Full rank condition: Let S=[5,,"--,5,] be the stack,

when every new data is added to stack it should satisfy that
rank(S)=n . And n is the dimension of &, .

V. EXPERIMENTS

In this section, two experiments will be given to support
what we have discussed about CLSPI. One is linear system,
and the other is nonlinear system. In both experiments, we can
see that the optimal control policy will be achieved and show
better performance than SPI algorithm in[12].

A. Linear System
Similar to[11], we choose linear system with quadratic cost

function
-1 =2 1
X = X+ u
1 -4 -3

where Q and R are identity matrix. Actually, in linear system
solving HJB equation will be equivalent to acquiring the
solution of the algebraic Riccati equation. Accordingly, we
choose ¢(x) =[x x,x, x;]" as the activation functions vector
of critic network. Here, we will present the comparison
between SPI and CLSPI algorithm. The learning rates
a, =a, =60 are set in both experiments. &k, =k, =51 is
given in contrast experiments. Also, when CLSPI algorithm is
implemented, the number of historical points ¢ is set to be 25.
As is presented, when ¢ < 100s proper signal noise is mixed
into control input in order to make PE condition is satisfied.

System States

1 i I i i
00 1200 1400 160 180 200
Time (s}

Fig. 2. Evolution of the system states
By solving ARE, the optimal parameters of critic NN can
be easily obtained. That is 7. =[0.3199 —0.1162 0.1292]" .
Fig. 2 shows the evolution of system states when SPI
algorithm is applied to the linear problem. Fig. 3 presents the



trajectories of critic network parameters in CLSPI which
converge to the optimal W, (¢,) =[0.3162 —0.1182 0.1285] at

8s. By contrast, in SPI algorithm the weights just converge to
the optimal W,(z,)=[0.3155-0.11720.1289] at about 48s

under same settings as in Fig. 4. From the comparison
experiment, we can see CLSPI algorithm can converge to
optimal control policy much more quickly without affecting
the property of convergence in linear case.

Systern States
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Fig. 5. Evolution of the system states with CLSPI

0.2

01

1.2 . . . : ,

Parameters of the critic Mh

07 i 1 ; i 1 i I I i
0 20 40 g0 a0 100 120 140 160 180 200
Time ()

Fig. 3. Evolution of critic parameters with CLSPI
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Fig. 6. Evolution of critic parameters with CLSPI
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Fig. 4. Evolution of critic parameters with SPI

B. Nonlinear System

Parameters of the critic Mh

A more complex nonlinear will be analyzed in this part.
Following[12], we choose affine nonlinear system with a
quadratic value function s I

X = f(x) + g(x)u 0 20 40 80 a0 1DID Wéﬂ 1x‘10 1éD Wéﬂ 200

Time ()
T . . . .
wher f(x) = |:_x1 +x, —0.5x -0.5x,(1-(cos(2x,)+ 2)2 )] Fig. 7. Evolution of critic parameters with SPI

, . Here, comparison experiments will also be presented
g(x)=[0 cos(2x)+2] .Meanwhile, R=1 and Q=7 . between SPI and CLSPI algorithm. In both experiments the

And the optimal cost function canbe ¥* = 0.5x> + x>. So, we ~ Parameters should be ¢ =30, @, =a, =50, k =k, =107 .

. . N T And g indicates the size of historical data points in stack. Also
can get the optimal policy as ¥ =[x, x, ] [O cos(2x,) + 2] . . o . .
when ¢ < 100s , proper signal noise is mixed into control input

. . . . 2 24T
Then the activation function is set to be ¢(x) =[x x;x, ;1 - jn order to identify the model of value function.

And the parameters of critic neural network can be The evolution of system states and the trajectories of
represented by W, = [Wl W, W3]T' critic-actor parameters with CLSPI algorithm are presented in

Fig. 5, Fig. 6 and Fig. 8. By contrast, Fig. 7 and Fig. 9 display



the trajectories of parameters with SPI algorithm under same
conditions. We can see that in CLSPI algorithm, the weights
of critic-actor neural network can asymptotically converge to

the optimal weight Wc(tf)=[0.5000—0.000021.0002]T at
about 14s. Nevertheless, SPI algorithm only converges to
W)= [0.5000 —0.00002 1.0002]T at about 40s under the

same circumstance. Therefore, CLSPI can show better
convergence speed than SPI algorithm.
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Fig. 8. Evolution of actor parameters with CLSPI
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Fig. 9. Evolution of actor parameters with SPI

VI. DISCUSSION AND CONCLUSION

In this paper, CLSPI is introduced and applied to a linear
system and a nonlinear system. It is inspired by SPI algorithm
which updates the parameters of weights synchronously using
current estimation error. Concurrent learning is a new method
which combines historical estimation errors and current errors
together. We give two different methods of storing historical
data. When CL is applied SPI we can see from Fig. 2 and Fig.
5 that the convergence of the control system is not affected.
From the two comparison experiments, it is clear that CLSPI
converges to optimal control policy much faster than SPI in
both linear system and nonlinear system. So CLSPI can show
greater advantage over SPI algorithm. Meanwhile, the size of
stack represents the computational complexity of CLSPI. If it
is too large, great computational sources are required and in

practical experiment the convergence property of parameters
can be disturbed.

Finally, though CLSPI has been applied to two different
systems and presents promising results, theoretical analysis of
this algorithm should be looked into furthermore. Also, in this
paper only parameters of critic network utilize historical data
points; we hope actor network can also be updated by
concurrent learning.
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