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Abstract—In this paper, we propose to deal with the problems
of logistic regression with outliers and class imbalance, which are
common in a wide range of practical applications. The robust
bounded logistic regression with different error costs is developed
to reduce the combined influence of outliers and class imbalance.
First, inspired by the Correntropy induced loss function, we
develop the bounded logistic loss function which is a monotonic,
bounded and nonconvex loss and thus robust to outliers. With
the bounded logistic loss, we construct a new robust logistic
regression. Second, under the principle of cost-sensitive learning,
we assign different error costs for different classes in order to
reduce the sensitiveness of the new robust logistic regression to
class imbalance. Using the half-quadratic optimization method,
it is easy to optimize the proposed logistic regression model.
Experimental results demonstrate that our proposed method
improves the performance of logistic regression on the datasets
with outliers and class imbalance.

I. INTRODUCTION

Logistic regression is a popular classifier in data mining
and machine learning, and has been shown to be competitive
with other classifiers [1]. It naturally provides class probability
estimates [1] and can be easily extended to multiclass classi-
fication problems [2]. In this paper, we only focus on binary
classification problems. Given a training dataset {(𝒙𝑖, 𝑦𝑖)}𝑁𝑖=1,
where (𝒙𝑖, 𝑦𝑖) ∈ ℝ

𝑑 × {±1} (𝑑 is feature dimension), the
logistic regression model can be obtained through empirical
risk minimization of the logistic loss function 𝑙𝑙𝑜𝑔(𝑧) =
log (1 + exp(−𝑧)), where 𝑧 is the margin variable and the
base of logarithm is 2 [3], [4]. Fig. 1(a) shows 𝑙𝑙𝑜𝑔(𝑧) from
which we learn that 𝑙𝑙𝑜𝑔(𝑧) is an unbounded and convex loss
function. However, in practice, noise and class imbalance in
the training dataset can deteriorate the performance of logistic
regression [5], [6].

In some real-world datasets, the training samples are often
contaminated by noise and some even have wrong labels.
These are known as outliers which may arise due to instrument
error, fraudulent behaviour and human error. Here, we treat
outliers as the samples that locate in the other classes and are
far away from their own classes because of feature noise or
label noise [7], [8]. Since 𝑙𝑙𝑜𝑔(𝑧) is unbounded and outliers
tend to have small margins, outliers usually have large losses
and as a result, the decision boundary of logistic regression
may deviate severely from the optimal one, which leads to the
poor performance of logistic regression [9]. Fig. 2(a) intuitively
shows that logistic regression is not robust to outliers since its
decision boundary is biased because of the positive outliers.
A number of methods have been proposed to tackle outliers

and improve the robustness of classifiers. The straightforward
methods are data preprocessing methods which aim to remove
or relabel any suspect training samples [7], [10]. But these
methods hold the risk of removing useful training samples and
it is usually very hard to identify outliers in the high dimen-
sional feature space. Assigning weights to the training samples
is another popular approach to alleviate the detrimental effect
of outliers [7], [11]. Many heuristic weight functions have been
proposed which are used to show the importance of the training
samples. Alternatively, the bounded and nonconvex loss func-
tions are robust to outliers since they place bounded losses
on outliers [7], [8], [9], [12], [13], [14]. In [9], the truncated
logistic loss function 𝑙𝑡𝑙𝑜𝑔(𝑧) = min{𝑙𝑙𝑜𝑔(𝑧), 𝑙𝑙𝑜𝑔(𝑞)}, where
𝑞 specifies the truncation location, was proposed to improve
the robustness of logistic regression to outliers. Moreover,
Bootkrajang and Kaban [15] suggested to build the robust
logistic regression by employing the latent variable model of
label noise.

Class imbalance problems are also common in practical
applications, e.g., medical diagnosis, credit fraud detection
and oil spills [16], [17], [18]. In a class imbalance prob-
lem, the majority (negative) class has a large number of
samples while the minority (positive) class only has a few.
The positive class is usually of primary interest and suffers a
greater misclassification cost than the negative class. Because
logistic regression assumes balanced class distributions and
misclassification costs, it tends to favour the negative class,
resulting in a high classification accuracy but an unacceptably
low detection rate of the positive class [6], which violates the
goal of class imbalance problem. Fig. 2(b) intuitively shows
that when classes are imbalanced, the decision boundary of
logistic regression is biased to positives. A variety of class
imbalance learning methods have been developed which can
be broadly divided into data-level and algorithm-level methods
[18]. Data-level methods are to balance the class distributions

−3 −2 −1 0 1 2 3
0

1

2

3

4

Margin z

Lo
ss

 

 

0−1
log
blog−η=0.1
blog−η=0.5
blog−η=1
blog−η=2

(a) bounded logistic loss

−2 −1 0 1 2 3
0

2

4

6

8

10

Margin z

Lo
ss

 

 

0−1
LS
C−loss,η=0.1
C−loss,η=0.5
C−loss,η=1
C−loss,η=2

(b) C-loss

Fig. 1. Loss functions for classification.
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Fig. 2. Crosses are positives and squares are negatives. Positives and negatives
are drawn from two Gaussian distributions with identity covariance matrix
respectively. LOG is short for logistic regression. (a) Logistic regression is
not robust to outliers. (b) Logistic regression is sensitive to class imbalance.

by data preprocessing, e.g., random undersampling, random
oversampling and SMOTE [18], [19]. Algorithm-level meth-
ods focus on algorithmic modification so as to reduce their
sensitiveness to class imbalance. Recognition-based learning
[18] and cost-sensitive learning [11], [18], [20], [21] are two
popular algorithm-level methods. Maalouf and Trafalis [6]
proposed to deal with the class imbalance problem of logis-
tic regression by assigning different error costs for different
classes. Zhang and Hu [22] developed a new class imbalance
learning framework called cost-free learning which is based
on normalized mutual information.

Although there are many studies on outliers and class
imbalance in isolation, only a few have addressed their com-
bined effects [11], [20], [23], [24]. In [11], [24], heuristic
weight functions are used to suppress the effect of outliers and
different error costs are used to overcome the class imbalance
problem. In this paper, we first propose a novel loss function
called the bounded logistic loss function which is then used to
develop a new robust logistic regression. Under the principle
of cost-sensitive learning [17], different error costs are further
used to overcome the sensitiveness of the new robust logistic
regression to class imbalance [21], [24]. The main contribution
of this work is as follows

1) Inspired by the Correntropy induced loss function
(C-loss) [25], we develop the bounded logistic loss
function which is a monotonic, bounded, smooth and
nonconvex loss that is robust to outliers. Moreover,
we show that 𝑙𝑙𝑜𝑔(𝑧) becomes a special case of the
bounded logistic loss. Then, we construct a new
robust logistic regression with the bounded logistic
loss.

2) The new robust logistic regression is still sensitive
to class imbalance. With cost-sensitive learning [18],
[21], we reduce its sensitiveness to class imbalance
by assigning different error costs for different classes.
After combining the above two ideas, our proposed
logistic regression model has the ability of handling
both outliers and class imbalance.

Using the half-quadratic (HQ) optimization method [26], it is
easy to optimize our proposed logistic regression model. And
the experimental results confirm that it has better performance
than the existing classifiers in the presence of both outliers
and class imbalance. The paper is structured as follows. We
develop the novel bounded logistic loss function in Section
II and derive the proposed logistic regression model that is
robust to outliers and class imbalance in Section III. Section

IV presents the experimental results. Finally, we summarize
the paper in Section V.

II. BOUNDED LOGISTIC LOSS FUNCTION

Correntropy is an information theoretic metric [27] and has
been commonly used in robust learning [28]. Singh et al. [25]
applied Correntropy to classification and developed C-loss

𝑙𝐶(𝑧) = 𝛽
(
1− exp

(− (1− 𝑧)2

2𝜎2

))
, (1)

where 𝜎 is the window width and 𝛽 =
(
1−exp (− 1

2𝜎2 )
)−1

is

a normalizing constant which ensures that 𝑙𝐶(0) = 1. 𝑙𝐶(𝑧) is
a bounded, smooth and nonconvex loss, and embeds the higher
order statistics of 𝑧. The least square (LS) loss function is [29]

𝑙𝑙𝑠(𝑧) = (1− 𝑧)2, (2)

which is a popular convex loss function. Comparing 𝑙𝐶(𝑧) with
𝑙𝑙𝑠(𝑧), we find that 𝑙𝐶(𝑧) can be rewritten as

𝑙𝐶(𝑧) = 𝛽
(
1− exp (− 𝜂𝑙𝑙𝑠(𝑧))

)
, (3)

where 𝜂 = 1
2𝜎2 > 0 is viewed as a scaling constant and

𝛽 = 1
1−exp(−𝜂) is a normalizing constant. In other words, we

can regard 𝑙𝐶(𝑧) as the bounded LS loss. Fig. 1(b) intuitively
shows the relationship between 𝑙𝐶(𝑧) and 𝑙𝑙𝑠(𝑧). According to
this relationship, we derive the bounded logistic loss function

𝑙𝑏𝑙𝑜𝑔(𝑧) = 𝛽
(
1− exp (− 𝜂𝑙𝑙𝑜𝑔(𝑧))

)
, (4)

where 𝜂 > 0 is also a scaling constant and 𝛽 = 1
1−exp(−𝜂)

is also a normalizing constant. Fig. 1(a) shows the different
behaviours of 𝑙𝑙𝑜𝑔(𝑧) and 𝑙𝑏𝑙𝑜𝑔(𝑧), and we can see that after
transforming, the unbounded 𝑙𝑙𝑜𝑔(𝑧) becomes 𝑙𝑏𝑙𝑜𝑔(𝑧) whose
loss bound is determined by 𝜂. Furthermore, our 𝑙𝑏𝑙𝑜𝑔(𝑧) is
smooth while 𝑙𝑡𝑙𝑜𝑔(𝑧) is not. The relationship between 𝑙𝐶(𝑧)
and 𝑙𝑙𝑠(𝑧) is firstly used in [30] where the bounded hinge loss
function is developed, which is then used to construct a new
robust support vector machine. But there are two differences
between [30] and this work: 1) [30] deals with support vector
machine, while this work focuses on logistic regression; 2)
class imbalance problem is not considered in [30], but is
considered in this work. Proposition 1 states that 𝑙𝑏𝑙𝑜𝑔(𝑧)
becomes 𝑙𝑙𝑜𝑔(𝑧) as 𝜂 → 0.
Proposition 1. lim𝜂→0 𝑙𝑏𝑙𝑜𝑔(𝑧) = 𝑙𝑙𝑜𝑔(𝑧).

Proof: According to the Taylor series of the exponential
function, we know that

𝑙𝑏𝑙𝑜𝑔(𝑧) =

+∞∑
𝑗=1

𝛽𝜂𝑗(−1)𝑗+1𝑙𝑗𝑙𝑜𝑔(𝑧)

𝑗!
.

According to L’Hopital’s rule, we derive that

lim
𝜂→0

𝛽𝜂𝑗 = lim
𝜂→0

𝜂𝑗

1− exp(−𝜂)
=

{
1 if 𝑗 = 1,

0 if 𝑗 ≥ 2.

Consequently, lim𝜂→0 𝑙𝑏𝑙𝑜𝑔(𝑧) = 𝑙𝑙𝑜𝑔(𝑧).

We show by Proposition 1 that 𝑙𝑙𝑜𝑔(𝑧) can be viewed as
a special case of 𝑙𝑏𝑙𝑜𝑔(𝑧). Because 𝑙𝑏𝑙𝑜𝑔(𝑧) is bounded, the
influence of outliers in each class can be effectively reduced.
In the next section, using 𝑙𝑏𝑙𝑜𝑔(𝑧), we derive the new robust
logistic regression with different error costs, which can handle
both outliers and class imbalance.



III. THE PROPOSED LOGISTIC REGRESSION MODEL

We consider the following linear discriminant function

𝑓(𝒙) = 𝒘𝑇𝜙(𝒙) + 𝑏, (5)

where 𝒘 is the weight vector; 𝑏 is the bias term and 𝜙(𝒙) is the
feature mapping function which is usually implicitly defined
by a kernel function that satisfies the Mercer theory [31].
With 𝑙𝑏𝑙𝑜𝑔(𝑧) and different error costs for different classes,
the objective function considered here is

min
𝒘,𝑏

1

2
(𝒘𝑇𝒘 + 𝑏2) + 𝐶+

𝑁∑

{𝑖∣𝑦𝑖=+1}
𝑙𝑏𝑙𝑜𝑔(𝑧𝑖) + 𝐶−

𝑁∑

{𝑖∣𝑦𝑖=−1}
𝑙𝑏𝑙𝑜𝑔(𝑧𝑖),

(6)
where 𝑧𝑖 = 𝑦𝑖𝑓(𝒙𝑖); 𝐶+ and 𝐶− are the error costs for
the positive and negative respectively. We set 𝐶+ > 𝐶− so
as to reduce the effect of class imbalance [21]. By simple
arithmetic modification, the above problem (6) is equivalent
to the following problem

max
𝒘,𝑏

− 1

2
(𝒘𝑇𝒘 + 𝑏2) + 𝐶+𝛽

𝑁∑

{𝑖∣𝑦𝑖=+1}
exp

(− 𝜂𝑙𝑙𝑜𝑔(𝑧𝑖)
)

+ 𝐶−𝛽

𝑁∑

{𝑖∣𝑦𝑖=−1}
exp

(− 𝜂𝑙𝑙𝑜𝑔(𝑧𝑖)
)
.

(7)

We recognize that the HQ optimization method [26] can be
used to optimize (7), which has been successfully applied to
robust face recognition [32] and robust feature extraction [33].

A. HQ Optimization for 𝑙𝑏𝑙𝑜𝑔(𝑧)

We consider a convex function 𝑔(𝑣) = −𝑣 ln(−𝑣) + 𝑣,
where ln(⋅) denotes the natural logarithm and 𝑣 < 0. Ac-
cording to the conjugate function theory [34], we have the
following proposition.
Proposition 2. exp (− 𝜂𝑙𝑙𝑜𝑔(𝑧)) = sup𝑣<0{𝜂𝑙𝑙𝑜𝑔(𝑧)𝑣− 𝑔(𝑣)},
where the supremum is achieved at 𝑣 = − exp (− 𝜂𝑙𝑙𝑜𝑔(𝑧)) <
0.

Proof: According to the definition of conjugate function
[34], the conjugate function 𝑔∗(𝑢) of 𝑔(𝑣) is

𝑔∗(𝑢) = sup
𝑣<0

{𝑢𝑣 − 𝑔(𝑣)} = sup
𝑣<0

{𝑢𝑣 + 𝑣 ln(−𝑣)− 𝑣}.

Since 𝑢𝑣 + 𝑣 ln(−𝑣) − 𝑣 is a concave function with respect
to 𝑣, its supremum is achieved at 𝑣 = − exp(−𝑢) < 0. Then,
(𝑢𝑣 + 𝑣 ln(−𝑣) − 𝑣)∣𝑣=− exp(−𝑢) = exp(−𝑢). Consequently,
we have

𝑔∗(𝑢) = sup
𝑣<0

{𝑢𝑣 − 𝑔(𝑣)} = exp(−𝑢),

where the supremum is achieved at 𝑣 = − exp(−𝑢) < 0. If
we define 𝑢 = 𝜂𝑙𝑙𝑜𝑔(𝑧), then we have that

𝑔∗(𝜂𝑙𝑙𝑜𝑔(𝑧)) = sup
𝑣<0

{𝜂𝑙𝑙𝑜𝑔(𝑧)𝑣 − 𝑔(𝑣)} = exp (− 𝜂𝑙𝑙𝑜𝑔(𝑧)),

where the supremum is achieved at 𝑣 = − exp (− 𝜂𝑙𝑙𝑜𝑔(𝑧)) <
0.

With Proposition 2, we can derive the following equation

− 1

2
(𝒘𝑇𝒘 + 𝑏2) + 𝐶+𝛽

𝑁∑

{𝑖∣𝑦𝑖=+1}
exp

(− 𝜂𝑙𝑙𝑜𝑔(𝑧𝑖)
)

+ 𝐶−𝛽
𝑁∑

{𝑖∣𝑦𝑖=−1}
exp

(− 𝜂𝑙𝑙𝑜𝑔(𝑧𝑖)
)

=− 1

2
(𝒘𝑇𝒘 + 𝑏2) + 𝐶+𝛽

𝑁∑

{𝑖∣𝑦𝑖=+1}
sup
𝑣𝑖<0

{𝜂𝑙𝑙𝑜𝑔(𝑧𝑖)𝑣𝑖 − 𝑔(𝑣𝑖)}

+ 𝐶−𝛽

𝑁∑

{𝑖∣𝑦𝑖=−1}
sup
𝑣𝑖<0

{𝜂𝑙𝑙𝑜𝑔(𝑧𝑖)𝑣𝑖 − 𝑔(𝑣𝑖)}

=− 1

2
(𝒘𝑇𝒘 + 𝑏2) + sup

𝒗≺0
{𝐶+𝛽

𝑁∑

{𝑖∣𝑦𝑖=+1}

(
𝜂𝑙𝑙𝑜𝑔(𝑧𝑖)𝑣𝑖 − 𝑔(𝑣𝑖)

)

+ 𝐶−𝛽

𝑁∑

{𝑖∣𝑦𝑖=−1}

(
𝜂𝑙𝑙𝑜𝑔(𝑧𝑖)𝑣𝑖 − 𝑔(𝑣𝑖)

)}

(8)

= sup
𝒗≺0

{−1

2
(𝒘𝑇𝒘 + 𝑏2) + 𝐶+𝛽

𝑁∑

{𝑖∣𝑦𝑖=+1}

(
𝜂𝑙𝑙𝑜𝑔(𝑧𝑖)𝑣𝑖 − 𝑔(𝑣𝑖)

)

+ 𝐶−𝛽

𝑁∑

{𝑖∣𝑦𝑖=−1}

(
𝜂𝑙𝑙𝑜𝑔(𝑧𝑖)𝑣𝑖 − 𝑔(𝑣𝑖)

)},

where 𝒗 ∈ ℝ
𝑁 . In (8), the second equation establishes

since 𝜂𝑙𝑙𝑜𝑔(𝑧𝑖)𝑣𝑖 − 𝑔(𝑣𝑖), 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑁 are independent
functions in terms of 𝑣𝑖, and the third equation establishes
since − 1

2 (𝒘
𝑇𝒘+𝑏2) is a constant with respect to 𝑣𝑖. Using (8),

we can derive that (7) is equivalent to the following problem

max
𝒘,𝑏,𝒗≺0

𝑅(𝒘, 𝑏,𝒗), (9)

where

𝑅(𝒘, 𝑏,𝒗) =− 1

2
(𝒘𝑇𝒘 + 𝑏2) + 𝐶+𝛽

𝑁∑

{𝑖∣𝑦𝑖=+1}

(
𝜂𝑙𝑙𝑜𝑔(𝑧𝑖)𝑣𝑖 − 𝑔(𝑣𝑖)

)

+ 𝐶−𝛽
𝑁∑

{𝑖∣𝑦𝑖=−1}

(
𝜂𝑙𝑙𝑜𝑔(𝑧𝑖)𝑣𝑖 − 𝑔(𝑣𝑖)

)
.

After having (9), we can use the alternating optimization
method. Specifically, given (𝒘, 𝑏), we optimize over 𝒗, and
then given 𝒗, we optimize over (𝒘, 𝑏). First, suppose that we
have (𝒘𝑠, 𝑏𝑠) (the superscript 𝑠 denotes the 𝑠-th iteration), then
(9) is equivalent to

max
𝒗𝑠≺0

𝐶+𝛽
𝑁∑

{𝑖∣𝑦𝑖=+1}

(
𝜂𝑙𝑙𝑜𝑔(𝑧

𝑠
𝑖 )𝑣

𝑠
𝑖 − 𝑔(𝑣𝑠𝑖 )

)

+ 𝐶−𝛽

𝑁∑

{𝑖∣𝑦𝑖=−1}

(
𝜂𝑙𝑙𝑜𝑔(𝑧

𝑠
𝑖 )𝑣

𝑠
𝑖 − 𝑔(𝑣𝑠𝑖 )

)
.

(10)

According to Proposition 2, we know that the analytic solutions
to (10) are

𝑣𝑠𝑖 = − exp (− 𝜂𝑙𝑙𝑜𝑔(𝑧
𝑠
𝑖 )) < 0, 𝑖 = 1, 2, ⋅ ⋅ ⋅ , 𝑁. (11)

Second, after we have 𝒗𝑠, we can obtain (𝒘𝑠+1, 𝑏𝑠+1) by
solving the following problem1

max
𝒘,𝑏

−1

2
(𝒘𝑇𝒘+𝑏2)+𝐶+𝛽

𝑁∑

{𝑖∣𝑦𝑖=+1}
𝜂𝑙𝑙𝑜𝑔(𝑧𝑖)𝑣𝑖+𝐶−𝛽

𝑁∑

{𝑖∣𝑦𝑖=−1}
𝜂𝑙𝑙𝑜𝑔(𝑧𝑖)𝑣𝑖,

(12)

1Here, we omit the superscripts of (𝒘𝑠+1, 𝑏𝑠+1), 𝑧𝑠+1
𝑖 and 𝑣𝑠𝑖 for the

reason of clarity.



Algorithm 1 The HQ optimization method for (6)
Input:

The training dataset {(𝒙𝑖, 𝑦𝑖)}𝑁𝑖=1; 𝜂 in 𝑙𝑏𝑙𝑜𝑔(𝑧); the error
costs 𝐶+ and 𝐶−; the kernel function 𝑘(𝒙𝑖,𝒙𝑗); and the
iteration number 𝑆.

Output: (𝒘, 𝑏) or (𝜶, 𝑏).
1: Construct the Gram matrix 𝐾;
2: Set 𝑠 := 0 and initialize 𝒗𝑠;
3: while 𝑠 < 𝑆 do
4: Obtain (𝒘𝑠+1, 𝑏𝑠+1) by solving (13) or (𝜶𝑠+1, 𝑏𝑠+1)

by (14);
5: Update 𝒗𝑠+1 according to (11);
6: Set 𝑠 := 𝑠+ 1;
7: end while
8: return (𝒘𝑠, 𝑏𝑠) or (𝜶𝑠, 𝑏𝑠).

which is equivalent to

min
𝒘,𝑏

1

2
(𝒘𝑇𝒘 + 𝑏2) +

𝑁∑

{𝑖∣𝑦𝑖=+1}
𝐶+

𝑖 𝑙𝑙𝑜𝑔(𝑧𝑖) +
𝑁∑

{𝑖∣𝑦𝑖=−1}
𝐶−

𝑖 𝑙𝑙𝑜𝑔(𝑧𝑖),

(13)
where 𝐶+

𝑖 = 𝐶+𝛽𝜂(−𝑣𝑖) > 0 and 𝐶−
𝑖 = 𝐶−𝛽𝜂(−𝑣𝑖) > 0.

We can see that (13) can be viewed as a weighted logistic
regression problem. And 0 < −𝑣𝑖 < 1 can show the relative
importance of the training samples. In fact, (11) can also be
considered as a weight function. For any training sample with
large 𝑙𝑙𝑜𝑔(𝑧𝑖), −𝑣𝑖 will be very small so as to reduce its detri-
mental influence. Since outliers usually have large 𝑙𝑙𝑜𝑔(𝑧𝑖)’s,
their (−𝑣𝑖)’s are very small and then their influence is reduced.
Compared with the existing heuristic weight functions [7],
[11], our (−𝑣𝑖) is derived from 𝑙𝑏𝑙𝑜𝑔(𝑧) which, we think, is
more rational.

When using linear kernel, we suggest to apply LIBLINEAR
[35] to help solve (13). When using nonlinear kernel, e.g., the
Gaussian kernel, we usually have no idea about the explicit
form of 𝜙(𝒙). Using the fact that 𝒘 =

∑𝑁
𝑖=1 𝛼𝑖𝜙(𝒙𝑖), (13)

can be further transformed to the following problem [3]

min
𝜶,𝑏

1

2
(𝜶𝑇𝐾𝜶+ 𝑏2) +

𝑁∑

{𝑖∣𝑦𝑖=+1}
𝐶+

𝑖 𝑙𝑙𝑜𝑔(𝑧𝑖) +
𝑁∑

{𝑖∣𝑦𝑖=−1}
𝐶−

𝑖 𝑙𝑙𝑜𝑔(𝑧𝑖),

(14)
where 𝐾 is the Gram matrix; 𝐾𝑖𝑗 = 𝜙(𝒙𝑖)

𝑇𝜙(𝒙𝑗) =
𝑘(𝒙𝑖,𝒙𝑗), where 𝑘(𝒙𝑖,𝒙𝑗) is a kernel function; and 𝑓(𝒙𝑖) =∑𝑁

𝑗=1 𝛼𝑗𝑘(𝒙𝑖,𝒙𝑗) + 𝑏. Quasi Newton method is applied to
solve (14) [4].

Now, we derive the HQ optimization method for (6) and
Algorithm 1 presents the whole optimization procedure. In
Algorithm 1, 𝒗0 can be initialized by either setting it to −1
or using some existing weight functions [7], [11].

B. Convergence of HQ Optimization

In this section, we present the convergence property of
Algorithm 1. Proposition 3 states that Algorithm 1 converges.
Proposition 3. The sequence {𝑅(𝒘𝑠, 𝑏𝑠,𝒗𝑠), 𝑠 = 1, 2, ⋅ ⋅ ⋅ , }
generated by Algorithm 1 converges.

Proof: According to (8), we derive that 𝑅(𝒘, 𝑏,𝒗) ≤
𝐶+𝛽𝑁++𝐶−𝛽𝑁−, where 𝑁+ is the number of positives and
𝑁− is the number of negatives, which means that 𝑅(𝒘, 𝑏,𝒗)

TABLE I. CHARACTERISTICS OF DATASETS

Dataset
# of

features

# of

samples

# of positives

(%)

D1 Phoneme 5 5404 1586 (29.35)

D2 Vehicle(1 vs. others) 18 846 212 (25.06)

D3 Marketing (8 vs. others) 13 6876 1069 (15.55)

D4 OptDigits(0 vs. others) 64 5620 554 (9.86)

D5 Satimage(4 vs. others) 36 6435 626 (9.73)

D6 Vowel(0 vs. others) 10 990 90 (9.09)

D7 Letter(A vs. B ∼ N) 16 10723 789 (7.36)

D8 Mammography 6 11180 260 (2.33)
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Fig. 3. Linear decision boundaries of different classifiers on a synthetic
dataset.

is upper bounded. Then, according to (10) and (12), we have
that

𝑅(𝒘𝑠, 𝑏𝑠,𝒗𝑠) ≤ 𝑅(𝒘𝑠+1, 𝑏𝑠+1,𝒗𝑠) ≤ 𝑅(𝒘𝑠+1, 𝑏𝑠+1,𝒗𝑠+1),

which shows that the sequence {𝑅(𝒘𝑠, 𝑏𝑠,𝒗𝑠), 𝑠 = 1, 2, ⋅ ⋅ ⋅ , }
generated by Algorithm 1 is nondecreasing. Consequently,
the sequence {𝑅(𝒘𝑠, 𝑏𝑠,𝒗𝑠), 𝑠 = 1, 2, ⋅ ⋅ ⋅ , } of Algorithm 1
converges.

There is a common problem with the existing heuristic
weight functions which is that there is no guarantee for
convergence [7], [11]. Hence, weights are usually updated
only once. However, if we update weights according to (11),
Proposition 3 ensures the convergence property.

We call the proposed logistic regression model derived in
this section robust bounded logistic regression with different
error costs (RBLOG-DEC).

IV. EXPERIMENTS

In this section, we carry out experiments to show the
performance of RBLOG-DEC. The datasets used in our ex-
periments are shown in Table I. Except the Mammography
dataset, which is generously provided by Dr. Nitesh Chawla
[19], the other datasets are from the UCI machine learning
repository [36]. We learn from Table I that class distributions
in these datasets are imbalanced. First, we would like to present
a toy example in order to intuitively show the effectiveness of
RBLOG-DEC in the presence of outliers and class imbalance.

A. A Toy Example

We generate a synthetic dataset which is shown in Fig. 3.
The positives are uniformly distributed on the right plane; the



negatives are uniformly distributed on the left plane; and the
black dash line between the two planes is the ideal decision
boundary. However, in this synthetic dataset, the class ratio of
positives over negatives is 1 : 10. Besides, there are 2 positive
outliers and 2 negative outliers. We run logistic regression
(LOG) [4], logistic regression with different error costs (LOG-
DEC) [6], robust logistic regression with latent variable model
of label noise (RLOG-LVM) [15] and RBLOG-DEC on this
synthetic dataset. Linear kernel is used and for RBLOG-DEC,
𝜂 = 1, 𝐶+ = 10, 𝐶− = 1, 𝑆 = 4 and 𝒗0 = −1.

The linear decision boundaries of these classifiers are
shown in Fig. 3. First, the decision boundary of LOG is
seriously biased from the ideal one and misclassifies most of
the positives. Second, LOG-DEC has the mechanism to tackle
class imbalance but due to the outliers, its decision boundary
still does not approximate the ideal one well and misclassifies
many negatives. Third, RLOG-LVM is designed to deal with
label noise and we can see from Fig. 3 that the outliers do
not influence its decision boundary much. But its decision
boundary is still not satisfactory since it is near the positives.
Fourth, the decision boundary of our proposed RBLOG-DEC
can approximate the ideal one very well, which proves the
effectiveness of RBLOG-DEC. The (−𝑣𝑖)’s of the 4 outliers at
the last iteration (0.0030, 0.0132, 0.0153 and 0.0169) are much
smaller than those of normal samples (greater than 0.3656).
Hence, the detrimental influence of the 4 outliers is efficiently
reduced. And the different error costs 𝐶+ and 𝐶− ensure that
its decision boundary is not near the positives. To conclude,
we can expect good performance of RBLOG-DEC on a dataset
with outliers and class imbalance.

B. Comparison on the Real-World Datasets

In this section, we compare the performance of RBLOG-
DEC with other classifiers on the real-world datasets in Table
I. First, we list all the classifiers in comparison and their
parameter settings so as to make the comparison clear.

1) Classifiers in Comparison: We compare the following
classifiers

∙ LOG [3], [4].

∙ LOG-DEC [6]. The negative error cost is fixed to be
1 and we modify the positive error cost.

∙ The support vector machine with different error costs
(SVM-DEC) [21]. Like LOG-DEC, the negative error
cost is set to be 1 and we vary the positive error cost.

∙ RLOG-LVM [15].

∙ The classifiers based on the asymmetric stagewise
least square loss function (ASLS) [20]. The negative
ramp and margin coefficients are both set to be 1 and
we change the positive ramp and margin coefficients.

∙ Our proposed RBLOG-DEC. We set 𝑆 = 4 by balanc-
ing the computational complexity and the convergence
of HQ optimization method. 𝐶− = 1 and

−𝑣0𝑖 =
2

1 + exp(𝜃∥𝒙𝑖 − 𝒙̄∥2) ,

where 𝜃 > 0 is a given constant and 𝒙̄ is the class
center of the class that 𝒙𝑖 belongs to. We modify 𝜂
and 𝐶+ during the experiments.

LOG is selected to show that it does not perform well on
the dataset with outliers and class imbalance. LOG-DEC and
SVM-DEC are only designed to overcome class imbalance
and we want to check their performance if outliers and class
imbalance both occur. RLOG-LVM is only proposed to tackle
outliers and we are eager to know its performance when class
imbalance exists. ASLS is a classifier that can handle outliers
and class imbalance at the same time, and we would like to
compare it with our proposed RBLOG-DEC.

2) Experiment Design: The datasets in Table I are imbal-
anced but they generally have no outliers. In order to study
the combined influence of outliers and class imbalance, we
artificially introduce label noise into the training dataset [7],
[8], [9], [12], [15], [23], [24]. Label noise is a kind of outliers
which is the process of polluting labels [7]. Like the way of
injecting label noise in [23], we flip 𝜌% × 𝑁+ (𝑁+ is the
number of positives) labels of positive to be negative, and also
𝜌%×𝑁+ labels of negative to be positive. We consider 2 levels
of label noise, i.e., 𝜌 = 5 and 𝜌 = 15. The hyper-parameters of
the above classifiers, including 𝜂 in RBLOG-DEC, are tuned
by 5-fold cross-validation on the training dataset. To evaluate
classification results, we use G-mean and F-measure which are
commonly used in the class imbalance problem [17], [18]

G-mean =
√

TPR × TNR,

F-measure = 2× Recall × Precision
Recall + Precision

,

where TPR stands for true positive rate and TNR stands for
true negative rate.

Table II shows the 10-fold cross-validation results of all the
classifiers with linear kernel and Table III shows the 10-fold
cross-validation results of all the classifiers with the Gaussian
kernel 𝑘(𝒙𝑖,𝒙𝑗) = exp(−𝛾∥𝒙𝑖 − 𝒙𝑗∥22). The Friedman test
with Nemenyi post-hoc test [37] is also used for statistical
analysis. It is a nonparametric test which is commonly used to
compare the performance of multiple classifiers over multiple
datasets. Fig. 4 presents the critical difference (CD) diagrams
of the Friedman test with Nemenyi post-hoc test at the 5%
significance level. In Fig. 4, the lower the rank is, the better
the classifier is. And if the difference between the ranks of two
classifiers is greater than CD, their performance is considered
to be significantly different. In Fig. 4, groups of classifiers that
are not significantly different are connected by a thick line.

3) LOG vs. RBLOG-DEC: LOG usually has good perfor-
mance on the clean and balanced datasets, but when there are
outliers and class imbalance, its performance is not satisfacto-
ry, which is confirmed by the results in Table II and Table III.
In Table II, LOG with linear kernel performs very badly on the
Marketing and Satimage datasets, and in Table III, LOG with
the Gaussian kernel performs very badly on the Marketing
dataset. However, we learn from Fig. 4 that our proposed
classifier, RBLOG-DEC, can perform statistically better than
LOG in all the cases, which demonstrates that compared with
LOG, RBLOG-DEC is effective in handling outliers and class
imbalance.

4) LOG-DEC and SVM-DEC vs. RBLOG-DEC: LOG-
DEC [6] and SVM-DEC [21] are originally designed to
deal with class imbalance problem and here, we check their



TABLE II. THE 10-FOLD CROSS-VALIDATION RESULTS OF ALL THE CLASSIFIERS WITH LINEAR KERNEL. THE BEST RESULTS ARE HIGHLIGHTED IN

BOLD.
(

MEAN(STD)%
)

(a) 5% label noise level

Dataset LOG LOG-DEC SVM-DEC RLOG-LVM ASLS RBLOG-DEC

Phoneme
G-mean 61.19(4.77) 74.09(2.71) 74.33(1.84) 75.50(2.60) 75.61(3.29) 76.08(2.70)

F-measure 49.56(6.10) 62.65(3.16) 63.02(2.17) 64.33(3.05) 65.01(4.02) 65.02(3.16)

Vehicle
G-mean 61.68(6.24) 77.80(3.70) 78.88(3.57) 77.18(3.40) 79.04(3.59) 79.84(3.32)

F-measure 49.99(7.76) 63.33(4.39) 64.45(4.52) 62.38(4.17) 66.06(5.28) 65.61(4.60)

Marketing
G-mean 1.93(4.08) 69.05(2.46) 67.44(2.80) 69.06(2.08) 68.74(2.16) 69.47(2.29)

F-measure 0.37(0.78) 40.41(2.46) 38.73(2.65) 40.81(2.28) 40.79(3.30) 40.89(2.34)

OptDigits
G-mean 98.42(1.22) 98.19(0.75) 98.91(0.93) 98.66(1.19) 99.02(1.08) 99.33(0.67)

F-measure 98.16(1.36) 98.16(1.36) 98.45(1.22) 95.94(1.81) 98.64(1.31) 98.82(1.05)

Satimage
G-mean 9.02(8.29) 70.43(1.89) 69.15(1.60) 70.67(2.21) 70.24(1.72) 70.54(2.12)

F-measure 2.76(3.01) 29.78(1.52) 29.07(1.03) 30.32(1.71) 29.66(1.65) 29.82(1.58)

Vowel
G-mean 79.00(7.44) 92.50(3.18) 92.61(2.79) 92.30(4.64) 93.24(2.95) 93.04(4.49)

F-measure 74.09(9.37) 77.33(8.29) 75.15(8.03) 70.36(8.44) 75.98(8.77) 78.61(9.68)

Letter
G-mean 91.21(2.58) 95.29(0.91) 95.52(1.24) 95.30(1.08) 95.56(0.94) 95.55(1.09)

F-measure 88.18(2.74) 88.18(2.74) 89.22(2.69) 86.09(3.18) 88.92(2.84) 91.16(2.78)

Mammography
G-mean 56.59(8.26) 86.84(2.86) 86.53(3.55) 78.72(7.71) 87.59(2.87) 88.14(4.18)

F-measure 46.55(10.18) 45.73(11.34) 40.88(3.10) 56.52(8.98) 41.59(2.86) 54.83(9.80)

(b) 15% label noise level

Dataset LOG LOG-DEC SVM-DEC RLOG-LVM ASLS RBLOG-DEC

Phoneme
G-mean 54.49(5.16) 74.21(2.91) 73.60(1.77) 75.93(2.64) 75.64(3.38) 75.95(2.28)

F-measure 42.01(6.48) 62.81(3.40) 62.34(1.96) 64.87(3.12) 65.05(4.09) 65.07(2.67)

Vehicle
G-mean 55.23(11.91) 76.04(5.32) 77.38(6.13) 75.99(3.91) 76.17(4.66) 78.10(5.26)

F-measure 43.17(14.46) 61.88(7.12) 63.22(7.57) 62.16(5.42) 63.01(6.01) 64.00(6.48)

Marketing
G-mean 0.00(0.00) 68.45(1.84) 66.32(2.76) 69.35(2.63) 68.58(2.03) 68.78(2.13)

F-measure 0.00(0.00) 39.74(1.88) 37.68(2.61) 41.98(2.97) 41.13(3.12) 41.09(2.18)

OptDigits
G-mean 97.42(1.39) 97.15(1.14) 98.83(0.50) 97.58(1.74) 98.64(0.51) 98.72(1.08)

F-measure 97.22(1.55) 97.22(1.55) 98.35(1.14) 93.70(2.74) 98.45(0.97) 98.35(0.84)

Satimage
G-mean 3.80(6.12) 68.88(2.30) 66.70(1.35) 71.17(1.80) 69.63(1.67) 70.46(2.15)

F-measure 0.94(1.52) 28.64(1.68) 27.78(0.78) 30.57(1.39) 29.51(1.37) 29.75(1.57)

Vowel
G-mean 62.91(12.50) 90.13(2.66) 90.41(4.33) 89.98(6.25) 92.72(2.88) 91.26(4.93)

F-measure 55.68(15.99) 54.51(3.72) 56.59(5.81) 61.31(7.00) 64.83(4.31) 77.67(10.03)

Letter
G-mean 88.56(3.54) 94.59(0.95) 95.20(1.12) 95.08(1.20) 95.25(1.07) 95.57(1.12)

F-measure 86.68(3.60) 86.68(3.60) 87.74(3.06) 84.58(5.41) 87.72(2.95) 89.99(3.11)

Mammography
G-mean 53.24(9.76) 85.81(3.51) 86.05(3.29) 80.77(5.87) 86.93(3.55) 87.94(3.97)

F-measure 42.79(11.87) 43.30(11.42) 40.05(2.96) 45.59(7.85) 39.54(3.35) 43.72(11.08)
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Fig. 4. The CD diagrams of the Friedman test with Nemenyi post-hoc test at the 5% significance level. Groups of classifiers that are not significantly different
are connected. In the above subtitles, 5% and 15% represent label noise levels.



TABLE III. THE 10-FOLD CROSS-VALIDATION RESULTS OF ALL THE CLASSIFIERS WITH THE GAUSSIAN KERNEL. THE BEST RESULTS ARE

HIGHLIGHTED IN BOLD.
(

MEAN(STD)%
)

(a) 5% label noise level

Dataset LOG LOG-DEC SVM-DEC RLOG-LVM ASLS RBLOG-DEC

Phoneme
G-mean 81.42(1.73) 84.90(2.11) 84.98(2.16) 80.25(2.11) 85.49(2.26) 85.67(2.20)

F-measure 75.11(1.88) 75.84(2.48) 75.74(2.58) 73.59(2.20) 77.49(2.60) 76.99(2.63)

Vehicle
G-mean 62.26(5.09) 79.92(3.39) 80.78(3.80) 65.10(6.27) 81.10(4.48) 81.45(3.64)

F-measure 51.20(6.39) 66.29(3.81) 67.07(5.00) 53.54(7.63) 67.87(5.56) 67.98(4.75)

Marketing
G-mean 0.97(3.07) 70.13(3.21) 69.93(3.29) 62.58(6.08) 69.60(3.38) 70.56(3.36)

F-measure 0.19(0.59) 41.99(2.96) 41.32(3.21) 39.61(4.92) 41.36(3.65) 42.30(3.50)

OptDigits
G-mean 99.28(0.72) 99.75(0.40) 99.66(0.44) 99.37(0.85) 99.65(0.44) 99.67(0.63)

F-measure 99.27(0.72) 99.20(0.78) 99.28(0.57) 98.74(0.88) 99.37(0.61) 99.46(0.64)

Satimage
G-mean 69.76(2.82) 89.20(1.56) 89.35(1.54) 70.03(4.04) 89.36(1.65) 89.89(1.08)

F-measure 59.33(4.03) 59.19(2.46) 60.70(2.73) 58.79(5.74) 62.61(3.01) 61.07(2.06)

Vowel
G-mean 96.49(4.96) 99.22(0.76) 99.61(0.59) 98.19(2.23) 99.44(0.79) 99.27(0.75)

F-measure 96.32(5.23) 95.80(5.09) 96.52(5.15) 93.25(4.18) 96.32(5.23) 96.66(5.92)

Letter
G-mean 97.35(1.29) 99.53(0.46) 99.78(0.28) 98.42(1.09) 99.66(0.33) 99.69(0.23)

F-measure 97.19(1.35) 96.10(1.26) 98.75(0.88) 97.95(1.52) 99.43(0.36) 99.00(1.22)

Mammography
G-mean 69.52(6.70) 90.77(3.85) 89.67(4.11) 74.72(4.04) 90.06(4.09) 90.86(3.71)

F-measure 61.26(8.38) 58.89(8.15) 58.79(8.91) 66.10(5.08) 63.82(6.94) 61.13(9.70)

(b) 15% label noise level

Dataset LOG LOG-DEC SVM-DEC RLOG-LVM ASLS RBLOG-DEC

Phoneme
G-mean 78.83(2.16) 83.98(2.02) 84.50(1.54) 77.18(2.97) 85.00(1.79) 84.05(1.62)

F-measure 72.51(2.43) 74.58(2.35) 75.15(1.88) 70.91(3.39) 76.24(2.30) 76.18(1.89)

Vehicle
G-mean 52.90(7.20) 78.61(2.71) 78.16(3.73) 67.23(8.92) 78.59(4.19) 78.21(4.62)

F-measure 41.30(9.31) 65.82(3.85) 64.64(5.80) 54.71(8.78) 64.12(7.13) 65.86(5.99)

Marketing
G-mean 0.00(0.00) 69.87(3.35) 70.12(3.00) 50.61(6.15) 68.66(3.82) 70.27(3.24)

F-measure 0.00(0.00) 41.65(3.47) 41.58(3.06) 32.04(5.94) 40.67(3.74) 42.02(3.46)

OptDigits
G-mean 97.90(1.43) 99.42(0.59) 99.29(0.59) 98.57(0.97) 99.50(0.44) 99.44(0.43)

F-measure 97.86(1.46) 98.05(1.34) 97.28(1.46) 97.31(1.37) 99.08(0.97) 98.87(0.73)

Satimage
G-mean 62.44(4.07) 88.54(1.76) 88.13(1.80) 64.01(3.83) 89.00(1.54) 88.70(1.66)

F-measure 52.41(5.39) 56.79(2.41) 58.24(3.42) 53.75(5.55) 60.58(3.59) 60.08(2.41)

Vowel
G-mean 89.89(5.84) 97.40(1.15) 97.17(1.47) 95.66(5.16) 98.76(1.46) 97.82(1.15)

F-measure 89.24(6.41) 89.42(6.14) 90.96(5.11) 85.44(7.85) 90.65(7.32) 91.24(6.33)

Letter
G-mean 94.24(1.56) 98.88(0.60) 99.61(0.32) 97.64(1.27) 99.38(0.36) 99.36(0.39)

F-measure 94.07(1.65) 94.07(1.65) 97.41(1.30) 97.15(1.75) 97.77(1.59) 98.17(1.84)

Mammography
G-mean 66.12(3.86) 89.77(4.95) 89.81(4.39) 71.33(3.81) 90.16(4.76) 91.20(4.03)

F-measure 57.76(9.26) 57.76(9.26) 57.17(8.09) 62.80(5.09) 59.93(7.62) 59.69(13.17)

performance on the datasets with both outliers and class
imbalance. According to Fig. 4, both LOG-DEC and SVM-
DEC have better performance than LOG, which proves that
they can handle class imbalance problem. However, since the
loss functions used in LOG-DEC and SVM-DEC are not
robust to outliers, they are sensitive to outliers and this is the
reason that they do not perform as well as RBLOG-DEC in
our experiments. Fig. 4 indicates that SVM-DEC generally
performs slightly better than LOG-DEC.

5) RLOG-LVM vs. RBLOG-DEC: RLOG-LVM [15] uses
a latent variable model of label noise to reduce the influence
of outliers. Classification results in Table II and Table III
confirm that after using the latent variable model of label noise,
RLOG-LVM generally achieves better performance than LOG.
Although RLOG-LVM may perform better than RBLOG-DEC
on some datasets, like the Satimage dataset in Table II, we
know from Fig. 4 that RBLOG-DEC is better overall. The
advantage of RBLOG-DEC over RLOG-LVM is that RBLOG-
DEC has another mechanism to deal with class imbalance
while RLOG-LVM does not.

6) ASLS vs. RBLOG-DEC: ASLS approaches the squared
ramp loss by updating targets of samples. In ASLS, there
are two coefficients, namely ramp and margin coefficients.
The ramp coefficient determines the loss bound and the
margin coefficient is in charge of the distances to decision
boundary of different classes. By setting different ramp and

margin coefficients for different classes, ASLS has the ability
of tackling outliers and class imbalance. Fig. 4 suggests
that ASLS generally has better performance than LOG,
LOG-DEC, SVM-DEC and RLOG-LVM, which confirms its
effectiveness in the case of outliers and class imbalance. But
compared with our RBLOG-DEC, its performance is still
slightly worse, which, we think, is related with the heuristic
idea of ASLS in some degree.

To summarize, a classifier should have both mechanisms to
deal with outliers and class imbalance in order to achieve good
performance when there are outliers and class imbalance in the
datasets. Our proposed RBLOG-DEC uses the bounded logistic
loss to suppress the influence of outliers and different error
costs for different classes to solve the class imbalance problem.
The above experimental results demonstrate that compared
with the existing classifiers, RBLOG-DEC performs better on
the dataset with both outliers and class imbalance.

V. CONCLUSION

Outliers and class imbalance are two common problems
in practical applications. In this paper, we propose to deal
with the problems of logistic regression with outliers and class
imbalance. First, we develop the bounded logistic loss 𝑙𝑏𝑙𝑜𝑔(𝑧)
by employing the relationship between 𝑙𝐶(𝑧) and 𝑙𝑙𝑠(𝑧). The



bounded logistic loss 𝑙𝑏𝑙𝑜𝑔(𝑧) is a monotonic, bounded and
smooth loss that is robust to outliers, which is then used to
develop a new robust logistic regression. Second, with the
principle of cost-sensitive learning, different error costs for
different classes is further used to deal with class imbalance
problem. By combining the above two ideas, we propose the
robust bounded logistic regression with different error costs
which is RBLOG-DEC for short. According to the experimen-
tal results on the real-world datasets with different degrees of
outliers and class imbalance, RBLOG-DEC is demonstrated to
have better performance than the existing classifiers.

In the future, we will explore the usage of the bounded
hinge loss [30], [38] and bounded exponential loss in the class
imbalance problem, and then compare their performance with
RBLOG-DEC proposed in this paper.
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