
 
 

 

  

Abstract—The flying boat, as one of the general aviation 
aircraft, can take off and land from water, which is widely used 
in terms of both military and civilian field. It is affected by 
aerodynamic force and hydrodynamic force, making the 
controller design a difficult problem. To operate in different 
wave conditions, the flying boats should avoid dynamic 
instability phenomena and keep good sea-keeping ability. In this 
paper, a nonlinear controller is introduced based on robust 
adaptive method and ADRC (Active Disturbance Rejection 
Control), weakening the wave influence and achieving the wave 
following control. Finally, the simulation results in three water 
conditions demonstrate that the proposed controller can 
improve the anti-waves capability and reduce the impact from 
water. 

I. INTRODUCTION 
OMPARED with other flying vehicles, flying boats have 
some unique advantages because of its water movements 
and water resides operational capability. However, 

autonomous takeoff and landing control is still a challenging 
problem due to the uncertainty that comes from the sea waves. 
In addition, dynamic instability phenomena still exists, such 
as porpoising, which refers to the longitudinal coupling 
among heave, pitch angle and speed. Therefore, it’s necessary 
to design high-performance controllers to improve the flying 
boats anti-waves capability and solve the motion instability 
problem.   

Although flying boats have been developed and researched 
for hundreds of years, there is no systematic and 
comprehensive public literature on controller designing 
methods except limited studies. Eubank [1] [2] adopted 
traditional decoupled proportional-derivative control laws 
with a mode-based gain scheduling scheme for the flying fish 
unmanned aerial system. Zhu et al [3] [4] proposed a 
compound controller (active-disturbance rejection controller 
and dynamic inversion methods) based on the mathematical 
model of a flying boat. Moreover, control methods of 
high-speed planning vessel can be used for reference since 
dynamic characteristics of a flying boat are similar to it. Xi [5] 
designed a nonlinear controller based on the feedback 
linearization method to avoid porpoising of planning boat at 
high speeds. Gao [6] used Fuzzy-Neural Networks to control 
planning vessel’s attitude and reduce the vessel’s roll. 
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Furthermore, as special airplanes, the abundant research 
achievements on flight control have guiding significances for 
developing flying boat controllers. Scientists and engineers 
had introduced numerous effective control methods to 
improve the airplane performances, such as nonlinear control, 
adaptive control, intelligent control and so on [7] [8] [9]. 

Recently, the longitudinal nonlinear mathematical model 
combined aerodynamic and hydrodynamic effects has been 
developed by Zhu et al for a flying boat [3]. However, 
complex model with input-output cross-coupling, strong 
nonlinearities and external disturbances makes it difficult to 
design controllers. Moreover, the inaccuracy of 
hydrodynamic estimation intensifies the parametrical 
uncertainties. During takeoff from the water, the flying boats 
will suffer from a set of superimposed waves with different 
amplitudes and periods, which requires that the controllers 
should be able to predict the waves’ influences and achieve 
the wave following control. 

Based on the previous work, this paper proposes a new 
control approach applying robust adaptive method and 
ADRC, which guarantees the stability and seakeeping ability 
for flying boats. The control system utilizes double loop 
scheme to track related command in order to keep the flying 
boats safe in different wave conditions. 

The organization of this paper is as follows: In section 2, 
the nonlinear mathematical model is briefly described and the 
calculation method of hydrodynamic is given. In section 3, 
the controller design based on robust adaptive method and 
ADRC is introduced. The simulation results show the 
performances of the controller in three wave conditions in 
section 4. Finally, the concluding remarks are summarized in 
section 5. 

II. NONLINEAR MODEL OF THE FLYING BOAT 
In this section, three coordinate systems are defined firstly. 

Then, combining Newton’s law of motion and Savitsky’s 
semi-empirical method [10], a longitudinal mathematical 
model is derived for the flying boat [3]. 

A. Coordinates Definition 
A right-handed coordinate system is defined in Fig.1. 

 Earth-fixed coordinate system with , ,e e eX Y Z  axes, with 
the eX axis lying in the undisturbed water surface pointing in 
the direction of the forward speed. 

  Steady-translating coordinate system with , ,s s sX Y Z  
axes, with the sX axis lying in the undisturbed water surface 
pointing in the direction of the forward speed and travelling 
with a given constant speed. 
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  Body-fixed coordinate system with , ,b b bX Y Z axes, with 
the origin in the centre of gravity (CG) of the ship and of 
which the bX axis is the longitudinal axis pointing forward. 
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Fig. 1. The coordinate systems 

where α = angle of attack;θ = angle of pitch. 

B. Longitudinal Mathematical Model 
According to the longitudinal mathematical model 

developed by Zhu et al [3], the forces acting on a flying boat 
can be categorized into weight, forces from water, 
aerodynamic forces, and engine thrust (Fig. 2). 

sX

bXaL

sO

V

aD xaG

zaG

fD

wN

ta

T

 
Fig. 2. The forces acting on the flying boat 

The nonlinear longitudinal dynamic model of the flying 
boat is represented by 
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where 
m = the mass of the flying boat; 
V = the speed of the flying boat; 
T = the thrust of engine; 

tα = the angle between engine force and bX ; 

wN = the water pressure normal to the bottom; 

aL = the aerodynamic lift; 

aD = the aerodynamic drag; 

fD = the water friction along the bottom; 
,u w  = the speed components of the flying boat along ,b bX Z , 

cos , sinu V w Vα α= = ; 
q  = the pitch angular rate; 

yI = the flying boat’s moment of inertia about bY ; 
,g gx z  = the position of the flying boat along ,e eX Z ; 
, ,a w TM M M  = the total pitching moment from air, water and 

engine; 
,xa zaG G = the gravity along ,s sX Z , 

( )cos sin sin cosxaG mg α θ α θ= − + , 

( )sin sin cos coszaG mg α θ α θ= + ; 
g  = acceleration due to gravity. 

The state vector of the longitudinal dynamic model is  
[ ]T

g gX V q x zα θ=  
The engine throttle thδ and the elevator deflection eδ form 

the vector of control variables 
[ ]T

th eu δ δ=  

C. Water Forces 
Savitsky’s semi-empirical method of planning hulls 

motion predication can be applied to calculate water forces of 
the flying boat [10]. The effective mean wetted length-beam 
ratio, λ , plays an important role in water forces estimate. 

Water lift of the flying boat is calculated by following 
formulas: 

        2 20.5w LN V B C βρ=                              (2) 

  0.6
0 00.0065L L LC C Cβ β= −                        (3) 

when  10vC ≤  
1.1 0.5 2.5 2

0 (0.012 0.0055 / )L vC Cθ λ λ= +            (4) 
when  10vC >  

0.5 1.1
0 0.012LC λ θ=                                (5) 

where   
/vC V gB=  is the speed coefficient; 

B = the beam length; 
0LC = lift coefficient for a zero deadrise surface; 

LC β = lift coefficient for surface with constant deadrise of β ; 
ρ  = water density. 

The water friction is calculated by following equations: 
 2 2

10.5 / cosf fD C V Bρ λ β=                       (6) 
2.58

100.072 / log (Re)fC =                         (7) 
2 0.5

1 (1 2 / ( ))dV V p Vρ= −                        (8) 
2/ ( cos )d wp N Bλ θ=                             (9) 

where 
fC  = Schoenherr turbulent friction coefficient; 

1V  = the average bottom velocity; 

eR = Reynolds number; 

dp = the average dynamic pressure. 
The center of water pressure of the flying boat can be 

expressed as follows: 

2 2

1(0.75 )
5.21 / 2.39p

v

l B
C

λ
λ

= −
+

                  (10) 
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where pl  is the longitudinal distance from the step point of 
the flying boat to the center of water pressure. 

D. Aerodynamic Forces 
The forces and moments acting on the longitudinal plane of 

the flying boat include the aerodynamic lift aL , drag aD  and 
pitching moment aM , which are calculated by the following 
equations: 

20.5 a

a w L

a w D

a w A M

Q V
L QS C
D QS C
M QS c C

ρ ⎫=
⎪= ⎪
⎬

= ⎪
⎪= ⎭

                             (11) 

where 
aρ = air density; 

Q = the dynamic pressure; 

wS = the wing reference area of the flying boat; 

LC = the coefficient of aerodynamic lift; 

DC = the coefficient of aerodynamic drag; 

MC = the coefficient of aerodynamic pitching moment. 

III. THE CONTROLLER BASED ON ROBUST ADAPTIVE 
METHOD AND ADRC 

A. Control Strategy 
In order to design the controller effectively for the flying 

boat, based on the time-scale separation [9], the states are 
divided into three categories: fast variable q ; medium-slow 
variables V and α ; slow variables gx  and gz . 

Using the first three equations in Eq(1), the control system 
utilizes double loop scheme to track related command: The 
desired speed cV  and desired angle of attack cα , are the 
input signals of outer loop, whose output signals are the 
engine throttle thδ and pitch angular rate cq . Inner loop 
controller is designed to follow the desired angular rate 

cq and provide the elevator deflection eδ . The specific 
control strategy is showed in Fig.3. 

cV

cα cq
eδ

thδ
X
•

X

 Fig. 3. The forces acting on the flying boat 

B. Inner Loop Controller 
Active Disturbance Rejection Control, inspired by classical 

PID method, absorbs the results of modern control theory and 
overcomes some drawbacks of PID [11], which has 
demonstrated its effectiveness in many industry fields [12] 
[13]. A typical ADRC consists of three main parts, tracking 
differentiator (TD), extended state observer (ESO) and 
non-linear state errors feedback (NLSEF). In order to 
improve the control performance, TD constructs a transient 

profile to avoid setpoint and produces the input signals’ 
differential. ESO can estimate the system’s unmodeled 
dynamics and compensate the disturbances. NLSEF is used to 
deal with the errors between the command and the observed 
states to construct the feedback law. 

In this paper, only ESO is used to compensate the 
uncertainties of the flying boat model. The third equation in 
Eq(1) can be rewritten as :  

( , ( ), ) ( / )e
a y eq f q t t M Iδω δ= +                      (12) 

where e
aM δ is the pitching moment coefficient of the elevator.  

As the moments acting on the flying boat, especially 
hydrodynamic moment, are difficult to estimate, we regard 
them as unmodeled parts which are expressed by a 
multivariable function ( , ( ), )f q t tω , including both system 
states and total disturbance. Thus, ESO can be introduced to 
observe the disturbance and compensate the influences of 
unmodeled parts. For Eq(12), ESO is represented as follows: 

1

1 2 01

2 02

( / )

( , , )

e
a y e

z q

z z M I

z fal

δ

ε
β ε δ

β ε α δ

= −⎧
⎪ = − +⎨
⎪ = −⎩

                     (13)

1

| | sgn( ) , | | ,
( , , ) 0 1 , 0

/ , | | ,
fal

α

α

ε ε ε δ
ε α δ α δ

ε δ ε δ−

⎧ >⎪= < < >⎨
≤⎪⎩

    (14) 

where 1z is the estimation of the pitch angular rate q , 2z is 
the extended state variable to estimate the total disturbance. 

01 02,β β is the changeable parameters of ESO. 
Assume that 2z can track the function ( , ( ), )f q t tω well, 

the Eq(12) can be rewritten as: 
     2 ( / )e

a y eq z M Iδ δ= +                                 (15) 
Replacing NLSEF by linear state error feedback, the 

desired closed loop dynamics model is designed as: 
 0( )cq k q q u= − =                                      (16) 

Combining Eq(15) and (16), the elevator deflection eδ can 
be obtained by 

2/ [ ( ) ]e
e y a cI M k q q zδδ = ⋅ − −                       (17) 

Fig.4 shows the diagram of inner loop controller. 

cq

1z

2z

0u u q

Fig. 4. The diagram of inner loop controller 

C. Outer Loop Controller  
Control problem statement 

The first two equations in Eq(1) can be rewritten as: 
( ) ( )= +x f x g x u                                      (18) 
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where 0 0, , , , ,e th th
a a a a a aL D L L L Dδ δ δα are aerodynamic coefficient 

of the flying boat, th
TCδ is the coefficient of engine throttle. For 

convenience, we define ( ) , ( ) ,f x g x u  as : 

 1 111 12

21 222 2

( ) ( ) ( )
( ) ( )

( ) ( )( )
f ug g

g gf u
⎛ ⎞ ⎛ ⎞⎛ ⎞

= = =⎜ ⎟ ⎜ ⎟⎜ ⎟
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x x x
f x g x u

x xx
  (20) 

Eq(18) is a typical MIMO nonlinear system. The objective 
is to design a controller to track the desired state vector 

[ ]T
c c cV α=x , that is, the tracking error can be attenuated 

to a small residual set as close as possible. 
The tracking error is given as follows: 

[ ] , ( , )T
V V c ce e e V V eα α α α= = − = −e            (21) 

We define the following error metric: 
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                                (22) 

where V αλ λ， are positive constants to be selected.  
Combining Eq(18), the time derivative of S can be 

expressed as: 

1 1 111 12

21 222 2 2
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where, 

1

2

( )
( )

c V V

c

t V e
t eα α

ν λ
ν α λ
⎧ = − +⎪
⎨

= − +⎪⎩
                            (24) 

Eq(23) can be written in the compact form: 
( ) ( ) ( )t= + +S f x g x uν                             (25) 

Assume that ( ) , ( )f x g x  are completely known and 
g(x) is invertible, the control law can be designed as: 

1( )[ ( ) ( ) ]t−= − − −u g x f x KSν                     (26) 
where ( , ) , , 0V Vdiag k k k kα α= >K   
which guarantees that || || 0

t
lim
→∞

=S . 

According to [14] [15], the control law can be rewritten as: 

[ || || ( ) ( )]
( ) sk t

b
= − − −T Te

e e
S

u S S f x S
x

ν             (27) 

where / || ||=eS S S is the unit vector, ( )b x is called the gain 
function. For square matrix ( )g x satisfying certain 
assumption, we have 2( ) ( ) || || ( )T

e e eb b= =S g x S x S x .  Thus, 

using Eq(27), the calculation of the inverse of ( )g x can be 
avoided. 

Neural network approximation 
In the control law (27), ( )f x and ( )b x are assumed to be 

completely known. However, for the flying boats, ( )f x and 
( )b x are difficult to be expressed accurately due to the strong 

nonlinearities and uncertainties of the wave conditions. In this 
paper, radial basis-function (RBF) neural networks are used 
to approximate the unknown function [14] [17]. It has been 
proved that RBF neural networks can approximate any 
nonlinear function to arbitrary accuracy. Fig.5 shows the 
structure of RBF neural networks. 

1ϕ

2ϕ

nϕ

∑

∑

∑

V

α

1̂ ( )f x

2̂ ( )f x

ˆ( )b x

input layer hidden layer output layer   
Fig. 5.  The structure of RBF neural networks 

The neural networks include three layers: V andα are used 
as the input layer of the networks, whose output layer is the 
approximation of ( )f x and ( )b x . Gauss function is selected 
as the radial basis function, which is expressed in the 
following form: 

      
2

2

|| ||
exp( ) 1,2, ,

2
i

i
i

i nϕ
σ
−

= − =
x c

               (28) 

where n represents the number of nodes in the hidden layer. 
[ ]T

i iV ic c α=c   is the center vector of the ith node. 

1 2[ ]T
nσ σ σ=σ  is the width vector of the neural 

networks. 
( )f x and ( )b x are approximated as follows: 

ˆ( ) ( | ) ( ) 1,2
ˆ( ) ( | ) ( )

i i

T
i i f f

T
b b

f f i

b b

≈ = =

≈ =

x x x

x x x

θ θ ϕ

θ θ ϕ
           (29) 

where ,
if bθ θ are weight vectors, 1( ) [ ( ) , , ( )]nϕ ϕ=x x xϕ . 

We define the parameters of the best function 
approximation as: 

*

*

ˆarg min [sup | ( ) ( | ) |]

ˆarg min[sup | ( ) ( | ) |]

i i
f fi i

b b

f i i f

b b

f f

b b

∈Ω

∈Ω

= −

= −

x x

x x

θ

θ

θ θ

θ θ
            (30) 

where  
if

Ω and bΩ are constraint sets for 
if

θ and bθ . 
Let 

*

*

1, 2
i i if f f

b b b

i= − =

= −

θ θ θ

θ θ θ
                             (31) 

Then the minimum approximation errors can be written as: 
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Robust adaptive controller 
Using the approximation of ( )f x and ( )b x , the control 

law (27) can be rewritten as[14]: 

ˆ[ || || ( ) ( )]ˆ( ) sk t
b

= − − −T Te
e e

S
u S S f x S

x
ν           (33) 

For simplicity, rewrite the control law (33) as: 
0u= eu S                                            (34) 

0
1 ˆ[ || || ( ) ( )]ˆ( ) su k t

b
= − − −T T

e eS S f x S
x

ν           (35) 

The adaptive law is designed as follows: 

1 1

2 2

0
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|| || ( )

f f V
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b b
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u
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⎧ =
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⎪
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S x

θ ϕ

θ ϕ

θ ϕ

                            (36) 

where 
1 2

, ,f f bγ γ γ are positive design parameters. 
Proof:  

First, define the approximation error as: 
* *

0
ˆˆ[ ( ) ( )] [ ( ) ( )]T

e b b uω = − + −S f x f x x x          (37) 
Consider the Lyapunov function 

1 1 2 2

1 2

1 1 1 1( )
2

T T T T
f f f f b b

f f b

V
γ γ γ

= + + +S S θ θ θ θ θ θ       (38) 

Then the time derivative of V can be obtained as: 

1 1 2 2

1 2

1 1 1T T T T
f f f f b b

f f b

V
γ γ γ

= + + +S S θ θ θ θ θ θ           (39) 

Using Eq(25) and (34), 

0

( ) ( ) ( )
( ) ( ) ( )

T T T T

T T T
e

t
u t

= + +
= + +

S S S f x S g x u S
S f x S g x S S

ν
ν

            (40) 

According to [14], we obtain 
2( ) ( ) || || ( )T

e e eb b= =S g x S x S x                 (41) 
By substituting Eq(41) into (40), 

0

0 0

( ) ( ) || || ( )
ˆ ˆ( ) ( ) [ ( ) ( )] || || ( ) || ||

T T T

T T

b u t

t b b u b u

= + +

= + + − +
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Combining (35),(37) and (32), we have    

1 2
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S S S f x f x x x S S
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S S
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(43) 

By(31), ,
i if f b b= =θ θ θ θ , combining (36), 

1 1 2 2

1 2

1 2 0

1 1 1

( ) ( ) ( ) || ||

T T T
f f f f b b

f f b

T T T
V f f bS S uα

γ γ γ
+ + =

+ +x x x S

θ θ θ θ θ θ

θ ϕ θ ϕ θ ϕ
        (44) 

Finally, using (39),(43) and (44), 

2|| || || ||sV k ω= − +S S                              (45) 
The neural networks can ensure the approximation error to 

arbitrarily small, so we can obtain： 
0V ≤                                                (46) 

Eq(46) suggests that the proposed controller can track the 
desired state well. 

IV. SIMULATION RESULTS 
To evaluate the performance of the proposed controller, 

numerical simulations are performed. Three different wave 
conditions are assumed for the flying boat, including calm 
water, regular wave and irregular wave. It’s essential to trim 
the flying boat to equilibrium status as the initial state of each 
simulation. The trimmed state is: 15 /V m s=  ,  12.42α °=  , 

0 /q rad s=  , =12.42θ °  , =0gx m  , =-0.45gz m . 
For the inner controller, the design parameters are given by 

01 02=100 , =10 , =10kβ β . For the outer controller, Gauss 
radial basis function is selected as: 

2

2

|| ||
exp( ) 1,2, ,

2
i

i
i

i nϕ
σ
−

= − =
x c

. The number of nodes in 

the hidden layer is given as =10n .We choose the center of 
radial base =[15+0.2* ,10 +0.5 * ]i i i° °c , the width: 

=5iσ , =1,2, ,10i .The control parameters are: 
= =1 ,V αλ λ =20 ,sk

1 2
1 ,f fγ γ= = 0.1bγ = . 

The simulation results are shown from Fig.6 to Fig.8. For 
the height time-response, the dotted line indicates the wave 
surface height and the solid line indicates the height of the 
center of gravity. Fig.6 shows the time responses of the flying 
boat in calm water. It suggests that the flying boat can 
converge to the equilibrium state in a short time. In Fig.7, the 
regular wave, whose amplitude and wavelength are 0.2m, 
50m, respectively, is applied in simulation. The results show 
that the flying boat can follow the wave surfaces very well, 
reducing the wave impact. In Fig.8, an irregular wave based 
on P-M spectrum is constructed, which can be divided into 
multiple regular waves with different amplitudes and 
wavelengths [18]. In this condition, the speed and angle of 
attack fluctuate in a certain range and the flying boat can track 
the desired state in most of time, but   rough wave state makes 
the performance of the controller not very well. The 
simulation results demonstrate that the proposed controller 
can improve the sea-keeping ability and keep the flying boat 
safe in different wave conditions. 

V. CONCLUSION 
Complex mathematical model, strong nonlinearities and 

wave impact make the controller design for the flying boat a 
challenging problem. In this paper, a new control strategy 
based on robust adaptive method and ADRC is presented for 
the flying boat. The controller can compensate the 
disturbances and estimate the uncertainties of the model, 
improving the stability and dynamic characteristics of the 
flying boat. The wave following control is effective to track 
the surface of the waves, reduce the wave influences and 
strengthen the anti-waves capability. The simulation results 
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show that the controller has good performances in three 
different wave conditions (calm water, regular wave and 
irregular wave). 

 
Fig. 6. The time-response in calm water 

 
Fig. 7. The time-response in regular wave 

 
Fig. 8. The time-response in irregular wave 
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