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Abstract— This paper presents an extended kinematics and
dynamics of the articulated tracked vehicles (ATV) used in
many applications. The velocity of the front and the rear
vehicle are firstly analysed and the kinematics of ATV is built,
according to which the steer radius and the track velocity can
be obtained. Then we analyse the force and moment acting
on the ATV running on the firm ground and the soft ground,
respectively. And a unified dynamics is established in a matrix
form. To show the motion performance of the ATV, simulations
are performed and the results are further presented.

I. INTRODUCTION

TRACKED vehilces are wildly used in many off-road
applications such as military operations, mining and

construction, and exhibit excellent mobility because of low
ground pressure. Tracked vehicles can be steered using
various methods including skid-steering, articulated steering
and curved tracked steering[1]. Compared with skid-steering,
articulated steering requires less power when steering on
soft ground[2][5]. So articulated tracked vehicles (ATV) with
articulated steering systems have been developed in order
to improve steering performance of skid-steering tracked
vehicles.

Although the kinematic and dynamic characteristic of
ATV have been analysed by some researchers, a complete
theoretical analysis has not been fully reported.

So far, there are two kinematics and dynamics modelling
methods reported. One method to establish the kinematics
and dynamics is force-analysis and mathematical deduction.
The article [2] presented theoretical and experimental anal-
ysis of steering performance of articulated tracked vehicles
on level firm ground and developed a mathematical model
for predicting the plane turning motion of articulated tracked
vehicles. [3] developed equations for uniform turning motion
and analyze steering dynamics and steer-ability in the plane
motion of the tracked tractor with wheeled trailer. Refer
to[2][3] , [6][7] studied the mathematical model and nu-
merical solving method for analysing the stationary turning
performance of ATV. And the effect of vehicle’s structure
parameters on turning performance were further explored.
When ATV runs on sloping ground, there will be a problem
of the deviation of the mass center from the geometrical
center and gravitational terms. J. Yamakawa constructed the
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equations of motion on sloping ground and conducted numer-
ical analyses for various running conditions[4]. Taking the
centrifugal force effect into account, [5] analysed the required
track forces for steering motion of ATV and compared the
centrifugal force effect on steering between single tracked
vehicle and articulated tracked vehicle.

However, the previous research works are based on the
assumption that the ATV runs on the firm ground. Practically,
ATV has to face changeable and complex environment. The
properties of the soft ground, such as track slippage, sinkage,
frictional forces and load distribution along the tracks, are
quite different from the firm ground. And the performance
of ATV is, to a great extent, dependent upon the manner in
which the vehicle interacts with the terrain.

The other method of modelling the kinematics and dy-
namics is to bulid the virtual prototype of ATV by software
and simulate the state of motion. The article [8] estab-
lished the virtual prototype of ATV using the simulation
software RecurDyn and made a comparative analysis of
steering motion with different topography. Similar to [8],
[9] set up a virtual prototype of ATV based on the multi-
body system dynamics theory and simulated the motion of
steering, stepping over continuous embossment and trenches,
pitching, climbing vertical wall. Base on ADAMS/VIEW and
ADAMS/ATV, a virtual prototype model of the articulated
crawler had been built by [12] and the dynamics simulations
under different working conditions were accomplished. [13]
and [14] likewise used ADAMS/ATV to build the virtual
prototype of ATV and designed different control scheme to
ensure staby running of the vehicle. Based on the tracked
vehicle turning principle and Bekker theory, [10] established
the models of ATV for resistance torque solving and pitch
analysis. To discuss the trench crossing capability of ATV,
[11] used the multi-body dynamics analysis software to
model a virtual prototype and carried a comparative analysis
of the parameters related trench crossing.

The above research work is base on the virtual prototype of
ATV which is helpful and useful in engineering application.
However, it lacks the rigorous theoretical analysis.

To solve the above problem, this paper will provide an
extension of the kinematic and dynamic model of ATV,
taking into account the interactions between the tracks and
the terrain including the firm ground and the soft ground.
Different mechanical and dynamic model will be obtained.

The rest of this paper is organized as follows: Section II
derives the kinematics of ATV. Section III introduces the
force analysis for ATV running both on the firm ground and
the soft ground. And then, the dynamics of ATV was pre-
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sented. Some simulation results for kinematics and dynamics
are presented in Section IV. Finally, Section V concludes the
paper.

II. KINEMATICS MODELLING OF ATV

Kinematics deals with the modelling of the motion of ATV
on the horizontal plane. For simplicity and computational
efficiency, we assume that: (1) the geometrical center of the
front vehicle and the center of gravity are identical, the same
applies to the rear vehicle; (2) load wheels with independent
suspensions are installed on each side of vehicle at equal
intervals; (3) the steering input is given by articulation
steering angle; (4) air resistance is neglected.

To analyse the kinematics, the coordinate system are
assigned for the vehicle as show in Fig.1. As a reference, a
fixed world coordinate system O − xy is set on the ground.
The mobile coordinate frame O1c−x1y1 is set with its origin
O1c on the center of gravity of the front vehicle and y-axis
directing from the vehicle’s right side to left, x-axis along
the heading direction. In the same way, the coordinate frame
O2c − x2y2 is set on the rear vehicle with its origin O2c on
the center of gravity of the rear vehicle.

The instantaneous steering centers of tracks are defined
by Oij , where, i = 1 represents the front vehicle and i =
2 the rear vehicle, j = 1 represents the inside track and
j = 2 the outside track. The lateral deviation defined by
Aij of instantaneous steering center exists, because of the
slip and skid of tracks. What’s more, Aij increases as the
slip ratio increases. While steering, tracks are subjected to
the lateral force, which causes a longitudinal deviation of
instantaneous steering center defined by Di. The steering
center of the front vehicle is defined by O1, and the rear
vehicle O2. When the ATV executes a steady-state steering
behavior, O1 will exactly coincide with O2. Otherwise, O1

and O2 do not coincide.
The directional angles of the vehicle and the steering angle

are related in the following way

θ2 = θ1 − α. (1)

where, θ1 is the directional angle of the front vehicle and θ2
the rear vehicle, α is the steering angle. The vehicle turns
left ,when α > 0, turns right, when α < 0, and goes through,
when α = 0.

Let v1 be the velocity of the front vehicle and v2 the rear
vehicle. Let v1x and v1y be components of total velocity
v1. The relations exist that v1 =

√
v21x + v21y and v2 =√

v22x + v22y . And the velocity of the rear vehicle is{
v2x = v1x cosα+ (v1y + θ̇1L1H) sinα;

v2y = θ̇2L2H + (v1y + θ̇1L1H) cosα− v1x sinα.
(2)

where, L1H is the distance between the articulation point OH

and the geometrical center O1c of the front vehicle, L2H

is the distance between the articulated point OH and the
geometrical center O2c of the rear vehicle.

Fig. 1. Kinematics modeling of ATV

The accelerated speed of the front vehile is given by{
a1x = v̇1x + v1y θ̇1;

a1y = v̇1y − v1xθ̇1.
(3)

Similarly, the accelerated speed of the rear vehile is given
by {

a2x = v̇2x + v2y θ̇2;

a2y = v̇2y − v2xθ̇2.
(4)

Substituting (2) for v2x and v2y in equation (4) yields the
following equations. a2x = v̇1x cosα+ v̇1y sinα+ θ̈1L1H sinα+ f1;

a2y = −v̇1x sinα+ v̇1y cosα+ θ̈1(L2H+
L1H cosα) + f2.

(5)

where, f1 and f2 are defined as
f1 = (θ̇1 − α̇)2L2H +

[
(v1y + θ̇1L1H) cosα

−v1x sinα
]
θ̇1;

f2 = −
[
v1x cosα+ (v1y + θ̇1L1H) sinα

]
θ̇1−

α̈L2H .

Considering the side-slip angle β1 of the front vehicle, it
is given by

β1 = arctan
v1y
v1x

. (6)

It then follows that

β̇1 =
v̇1yv1x − v1y v̇1x

v21
. (7)
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Suppose that (x0, y0) is the start position of the front ve-
hicle. The positions (xt, yt) of the front vehicle are obtained
by integration of the velocity v with respect to time t.{

xt = x0 +
∫ t

0
v1 cosφ1dt;

yt = y0 +
∫ t

0
v1 sinφ1dt.

(8)

where, φ1 is the direction of v1, and φ1 = θ1 + β1.
The longitudinal deviation Di of instantaneous steering

center is shown below.

Di =
viy

θ̇i
. (9)

The lateral deviation Aij is

Aij =
vij

θ̇i
(10)

The steering radius Ri of the vehicle is given by

Ri =
vi
φ̇i

. (11)

Let v1t and v2t be the relative velocity of the inside track
and the outside track. Then we can obtain the x-component
of the absolute velocity of the tracks:{

v11x = v1x − B
2 θ̇1 − v1t;

v12x = v1x + B
2 θ̇1 − v1t

(12)

where, B is the distance between the centerlines of the two
tracks.

Because the y-components of the absolute velocity of the
load wheels with the same number are equal, we can obtain
that

v11yk = v12yk = v1y + (
k − 1

n1 − 1
− 1

2
)L1θ̇1. (13)

where, v11yk is the y-components of the absolute velocity
of the inside k’th load-wheel, n1 is the total number of the
load wheels on each side of the front vehicle, L1 is ground
contact length of track of the front vehicle.

From the above equation, the slip angle ϕijk of the track
shoe with regard to the x-axis under the k’th load-wheel can
be expressed as

ϕijk = arctan
vijyk
vijx

. (14)

where, i = 1, 2, j = 1, 2, k = 1, 2...n1.

III. DYNAMICS MODELLING OF ATV
A. Force Analysis

Before establishing the dynamic model, we analyse firstly
the force acting on ATV.

When vehicles drive on the firm surface, the track sinkage
and the associated bulldozing effect of the track during
a turning maneuver can be neglected[1]. The lateral and
longitudinal resistance are components of the frictional force
Fµ between the track element and the ground. The frictional
force is isotropic and obeys the Coulomb law of friction. The
direction of the frictional force at a point on the track-ground
interface is opposite to that of the sliding velocity between
the track and the ground at that point.

On soft terrain where the vehicle sinkage is significant, the
bulldozing resistance Fb acting on the track should be taken
into account, in addition to the compaction resistanceFc. The
bulldozing and compaction resistance may be calculated us-
ing the earth pressure theory which is too complicated to use
in the practical engineering. For simplicity, we decompose
the force acting on the tracks into the steer resistance Fs and
the longitudinal resistance Fr which are proportional to the
vertical load G and expressed as{

Fs = εG;
Fr = ϵG.

(15)

where, ε is the steer resistance-coefficient, ϵ is the longitu-
dinal resistance-coefficient. The resistance-coefficient ε and
ϵ can be determined experimentally[1].

From the above analysis, we known that the resistance
applied to the tracks is proportional to the vertical load. Next,
we will discuss the vertical pressure distribution under the
track.

On firm ground, the pressure distribution under the track
is nonuniform and significant pressure peaks exist. The peak
pressure is much higher than the average (nominal) ground
pressure, so we assume that the vertical loads in the interface
between tracks and ground are concentrated under the road
wheels. In contrast, when the vehicle travels over the soft
ground and the track system causes the terrain to deform,
uniform ground contact pressure can be assumed.

When the ATV turns at moderate and higher speeds, or
with a relatively small turning radius, the centrifugal force
may be significant, and its effect should be taken into consid-
eration, which is neglected in the previous research[2][3][6].

The force analysis of the ATV driving on the firm ground
is shown in Fig.2.

(a) Lateral force acting on
the front vehicle

(b) Longitudinal force acting on the front
vehicle

(c) Lateral force acting on
the rear vehicle

(d) Longitudinal force acting on the rear
vehicle

Fig. 2. Force analysis of the turning ATV driving on firm ground
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The vertical force F1jk exerted on the k’th load-wheel of
the tracks installed on the front vehicle is given by

F1jk = F1jgk + F1jx + F1jyk. (16)

where, F1jgk is the vertical force produced by the gravity
and is expressed by F1jgk = m1g

2n1
, F1jx is the vertical force

produced by the moment about x1 axis and is expressed by
F1jx = ± 1

n1B
(F1cyh1c−F1yhH), F1jyk is the vertical force

produced by the moment about y1 axis and is expressed by
F1jyk = 3(n1−2k+1)

n1(n1+1)L1
(F1cxh1c+F1xhH), h1c is the height of

the center of gravity, F1cx and F1cy are x-axis and y-axis
component of the centrifugal force F1c, respectively.

Accordingly, we can obtain the resultant frictional force
on the track-ground interface.{

F1jµ =
∑n1

k=1 µF1jk;
F2jµ =

∑n2

k=1 µF2jk.
(17)

where, F1jµ is the frictional force acting on the front vehicle,
F2jµ is the frictional force acting on the rear vehicle. F2jk

is the vertical force exerted on the k’th load-wheel installed
on the rear vehicle, which can be developed following the
same steps of analysis for F1jk. n2 is the total number of
the load-wheels on each side of the rear vehicle.

The longitudinal resistance acting on the tracks is given
by {

F1jr = F1jµ cosϕ1j =
∑n1

k=1 F1jkµ cosϕ1j ;
F2jr = F2jµ cosϕ2j =

∑n2

k=1 F2jkµ cosϕ2j .
(18)

where, ϕ1j is the angle between the absolute velocity v1j
and x1 axis, ϕ2j is the angle between the absolute velocity
v2j and x2 axis.

The lateral resistance acting on the tracks during steering
is given by 

F1js1 =
∑m1

k=1 F1jkµ sinϕ1j ;
F1js2 =

∑n1

k=m1
F1jkµ sinϕ1j ;

F2js1 =
∑m2

k=1 F2jkµ sinϕ2j ;
F2js2 =

∑n2

k=m2
F2jkµ sinϕ2j .

(19)

where, the turning center of the front vehicle is located
between the m1’th load-wheel and the (m1 + 1)’th load-
wheel.

Thus the moment of the turning-resistance acting on the
front vehicle is as follows:

M11s =
∑m1

k=1 F11kµ sinϕ11(
L1

2 −D1 − k−1
n1

L1)+∑n1

k=m1+1 F11kµ sinϕ11(
k−1
n1

L1 − L1

2 +D1);

M12s =
∑m1

k=1 F12kµ sinϕ12(
L1

2 −D1 − k−1
n1

L1)+∑n1

k=m1+1 F12kµ sinϕ12(
k−1
n1

L1 − L1

2 +D1).
(20)

Following the same steps, the moment of the turning-
resistance acting on the rear vehicle can be deduced, which
is omitted in this paper.

When the ATV travels on the soft surface, as mentioned
previously, the pressure distribution under the track is uni-
form, which is different from the firm surface. The force
situation of the ATV is shown in Fig. 3.

(a) Lateral force acting on
the front vehicle

(b) Longitudinal force acting on the front
vehicle

(c) Lateral force acting on
the rear vehicle

(d) Longitudinal force acting on the rear
vehicle

Fig. 3. Force analysis of the turning ATV driving on soft ground

We can now derive the vertical force per unit length of the
tracks installed on the front vehicle, expressed as

F11 = m1g
2L1

− 1
L1B

(F1cyh1c − F1yhH)−
6x
L3

1
(F1cxh1c + F1xhH);

F12 = m1g
2L1

+ 1
L1B

(F1cyh1c − F1yhH)−
6x
L3

1
(F1cxh1c + F1xhH).

(21)

where, x is the distance between the force acting point and
the geometric center of the front vehicle.

In the same method, the vertical force per unit length of
the tracks installed on the rear vehicle is given by

F21 = m2g
2L2

− 1
L2B

(F2cyh2c − F2yhH)−
6x
L3

2
(F2cxh2c − F2xhH);

F22 = m2g
2L2

+ 1
L2B

(F2cyh2c − F2yhH)−
6x
L3

2
(F2cxh2c − F2xhH).

(22)

where, L2 is the ground contact length of track of the rear
vehicle.

On substituting (21) and (22) into (15) then performing
the integration, we get the expressions for the longitudinal
force and the lateral turning-resistance.

F1jr =
∫ L1

2

−L1
2

F1jϵdx;

F2jr =
∫ L2

2

−L2
2

F2jϵdx.
(23)

{
F1jr =

[
m1g
2 ± 1

B (F1cyh1c − F1yhH)
]
ϵ;

F2jr =
[
m2g
2 ± 1

B (F2cyh2c − F2yhH)
]
ϵ.

(24)

where, F1jr and F2jr take the plus sign, when j = 1, F1jr

and F2jr take the minus sign, when j = 2.
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Thus the moments of the turning-resistances acting on the
tracks are as follows:

M1js =
∫ L1

2

D1
F1mε(x−D1)dx+∫D1

−L1
2

F1mε(D1 − x)dx;

M2js =
∫ L2

2

D2
F2mε(x−D2)dx+∫D2

−L2
2

F2mε(D2 − x)dx.

(25)

B. Dynamics Modelling

Fig. 4. Dynamic modeling of ATV

When the ATV performs a turning behavior, the force
acting on the front and rear vehicle is show in Fig. 4. On
the basis of the above force analysis, we then, respectively,
establish force and moment equilibrium equations for the
front vehicle and the rear vehicle during a turn.

For the front vehicle, the force equilibrium in the x1

direction, is given by

m1a1x =

2∑
j=1

F1jd −
2∑

j=1

F1jr − F1x − F1cx. (26)

where, a1x is an acceleration in the x1 direction, F11d and
F12d are the driving force acting on the inside and outside
track of the front vehicle, respectively.

The force equilibrium in the y1 direction, is given by

m1a1y =

2∑
j=1

F1js1 + F1cy −
2∑

j=1

F1js2 − F1y. (27)

where, a1y is an acceleration in y1 direction.

And, the moment equilibrium about the instantaneous
steering center O′

c1 of the front vehicle can be written as

I1z θ̈1 = (F12r − F11r)
B
2 +

∑2
j=1 M1js+

(F11d − F12d)
B
2 − F1cyD1 + F1y(L1H +D1)−M.

(28)
where, I1z is the moment of inertia of the front vehicle, M
is the steer moment about the articulation joint OH

For the rear vehicle, the force equilibrium in the x2

direction, is given by

m2a2x =
2∑

j=1

F2jd −
2∑

j=1

F2jr + F2x − F2cx. (29)

where, a2x is acceleration in x2 direction, F21d and F22d are
the driving force acting on the inside and outside track of
the rear vehicle, respectively.

The force equilibrium in the y2 direction, is given by

m2a2y =
2∑

j=1

F2js1 + F2cy −
2∑

j=1

F2js2 − F2y. (30)

where, a2y is an acceleration in y2 direction.
And, the moment equilibrium about the instantaneous

steering center O′
c2 of the rear vehicle can be written as

I2z θ̈2 = (F22r − F21r)
B
2 +

∑2
j=1 M2js+

(F21d − F22d)
B
2 − F2cyD2 − F2y(L2H −D2) +M.

(31)
where, I2z is the moment of inertia of the rear vehicle.

The equations for the centrifugal force of the front and
rear vehicle are expressed as F1c = m1R1φ̇1

2 = m1
v2
1

R2
1
;

F2c = m2R2φ̇2
2 = m2

v2
2

R2
2
.

(32)

For the articulation joint OH , the force balance equations
is given by {

F1x = F2x cosα+ F2y sinα;
F1y = F2x sinα− F2y cosα.

(33)

By substituting equations (1)-(25) and (33) into equations
(26)-(32), the equations of motion of the ATV can be written
directly in terms of the unknown quantities v1x, v1y and θ1.

a11 a12 a13 0
a21 a22 a23 0
a31 a32 a33 a34
a41 a32 a43 a44



v̇1x
v̇1y
θ̈1
α̈

 =


T1

T2

T3

T4

+ (34)


b11 b12 0 0 −1
b21 b22 1 1 0
b31 b32 0 0 0
b41 b42 b43 b44 1



F11d

F12d

F21d

F22d

M

 (35)

where, the definitions of a11-a44, b11-b44 and T1-T4 are listed
in the appendix.

In the process of derivating the dynamics (34) of the ATV,
it is not taken into account whether the vehicle runs on the
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firm ground or the soft ground. The effects of the force acting
on the vehicle are the same, but the expressions of the force
are different. When the vehicle turns on the firm surface,
the longitudinal resistance is expressed as (18), the turning-
resistance is (19) and the moment of turning-resistance
is give as (20). However, when the vehicle turns on the
soft ground, the expression of the longitudinal resistance is
(23), the turning-resistance (24) and the moment of turning-
resistance (25).

IV. SIMULATION RESULTS

In this section, the following simulations are performed for
the kinematics and the dynamics of the ATV, the parameters
of which is listed in Table I.

TABLE I
PARAMETERS OF THE ATV USED IN SIMULATIONS

Parameter Value Parameter Value
m1/kg 75 m2/kg 75
L1H/m 0.5 L1H/m 0.5
L1/m 0.5 L2/m 0.5
h1c/m 0.25 hy2c/m 0.25
hH/m 0.25 B/m 0.45

ϵ 0.6 ε 0.06

When the vehicle performs a turn motion under the steady-
state conditions, the steering center O1 coincides at O2, and
there are no linear and angular accelerations. The relations
between the steering radius of the front and rear vehicle and
the steering angle α are shown in Fig. 5. It can be noted
that: (1) the relations between the steering radius of the front
and rear vehicle and the steering angle are both nonlinear,
(2) R1 and R2 both decrease with the increase of the the
steering angle α, (3) when L1H < L2H , R1

R2
> 1, that is to

say, the steering radius of the front vehicle is bigger than
that of the vehicle, (4) R1

R2
increases with the increase of α,

which means that the difference between the steering radius
gradually grows.

It is assumed that the forward velocity of the ATV v =
1m/s and the maximal steering angle α = 45◦, Fig. 6
presents that the influences of the steering angle on the
velocity of four tracks. It suggests that: (1) the velocity of all
four tracks change with the variation of the steering angle,
(2) when α > 0, the velocity of the outside tracks are bigger
than the velocity of the inside tracks, (3) the change trends
of the velocity of four tracks are not completely similar.

Fig. 7 shows the trajectory of the center of gravity of
the front vehicle with the steering angle α continuously
changing. The variation range of the steering angle is [ π12 ,

π
4 ],

and the steering time Tα is set as 1s, 5s, 10s, 20s and 30s.
The simulation time is 50s. We can clearly see that: (1)the
trajectories depend upon the steering angle α, (2) the steering
radius of the front vehicle decreases with the increase of the
the steering angle α, which is consistent with the simulation
result shown in Fig. 5.

0.0 0.2 0.4 0.6 0.8
0

4

8

12

R
1 / 

m

Steering angle  / rad

(a) Relation between R1 and α

0.0 0.2 0.4 0.6 0.8
0

4

8

12

R
2/ m

Steering angle  / rad

(b) Relation between R1 and α

0.0 0.2 0.4 0.6 0.8
1.00

1.01

1.02

1.03

R
1/R

2

Steering angle  / rad

(c) Relation between R1 and R2

Fig. 5. Relations between steering radius and steering angle

0.0 0.3 0.6
0.8

0.9

1.0
v 11

/ m
/s

 

Steering angle  / rad

(a) Relation between v11 and α

0.0 0.3 0.6
1.0

1.1

1.2

v 12
 / 

m
/s

Steering angle  / rad

(b) Relation between v12 and α

0.0 0.3 0.6

0.8

0.9

1.0

v 21
 / 

m
/s

Steering angle  / rad

(c) Relation between v21 and α

0.0 0.3 0.6
1.0

1.1

v 22
 / 

m
/s

Steering angle  / rad

(d) Relation between v22 and α

Fig. 6. Relations between the velocity of tracks and steering angle

V. CONCLUSIONS

In this paper, the kinematics and dynamics of the ar-
ticulated tracked vehicles was established. According to
the kinematics, the radius of vehicle and the velocity of
tracks and load-wheels were determined and had a nonlinear
relationship with the steer angle. Then a unified dynamics
of the ATV driving on the firm ground and the soft ground
was modelled in a matrix form on the basis of the force
analysis. At the end, some simulations for the kinematics and
dynamics were performed. It concluded that the steer angle
was an decisive factor for the motion of the ATV, which was
consistent with theoretical analysis.
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Fig. 7. Trajectory of the center of gravity of the front vehicle

APPENDIX

The definitions of a11-a44, b11-b44 and T1-T4 are as
follows.

a11 = m1(σ1σ2 + σ3); a12 = m1σ2; a13 = I1z;

a21 = m1(cosα+ σ1 sinα) +m2 cosα;

a22 = (m1 +m2) sinα; a23 = m2L1H sinα;

a31 = −m1[(1 + σ1σ4) sinα+ (σ4 − σ1) cosα]−m2 sinα;

a32 = m1(σ4 sinα− cosα) +m2 cosα;

a33 = m2(L1H cosα+ L2H); a34 = −m2L2H ;

a41 = −m1[(σ1σ5 + σ6) cosα+ (σ1σ6 − σ5) sinα];

a42 = −m1(σ5 cosα+ σ6 sinα);

a43 = I2z; a44 = −I2z;

T1 = (σ1σ2 + σ3)t1 + σ2t2 + t3;

T2 = (σ1 sinα+ cosα)t1 + sinαt2 + t4;

T3 = [(σ1 − σ4) cosα− (1 + σ1σ4) sinα]t1 + (cosα−
σ4 sinα)t2 + t5;

T4 = [−(σ1σ5 + σ6) cosα+ (σ5 − σ1σ6) sinα]t1−
(σ5 cosα+ σ6 sinα)t2 + t6;

b11 = σ1σ2 + σ3 +
B

2
; b12 = σ1σ2 + σ3 −

B

2
;

b21 = σ1 sinα+ cosα; b22 = b21;

b31 = (σ1 − σ4) cosα− (1 + σ1σ4) sinα; b32 = b31;

b41 = −(σ1σ5 + σ6) cosα+ (σ5 − σ1σ6) sinα;

b42 = b41; b43 =
B

2
; b44 = −B

2
;

t1 = −m1gϵ− F1cx −m1v1y θ̇1;

t2 = m1v1xθ̇1 −
2m1gD1ε

L1
+

3(4D2
1 − L2

1)h1cε

L3
1

F1cx+

F1cy;

t3 = (h1cϵ−D1)F1cy +
D1h1cε(3L

2
1 − 4D2

1)F1cx

L3
1

+

(
L1

4
+

D2
1

L1

)
m1gε;

t4 = −m2gϵ− F2cx −m2f1;

t5 = −2m2gD2ε

L2
+

3(4D2
2 − L2

2)h2cε

L3
2

F2cx + F2cy −m2f2;

t6 = h2cF2cyϵ+ (F21d − F22d)
B

2
− F2cyD2+

D2h2cε(3L
2
2 − 4D2

2)F2cx

L3
2

+

(
L2

4
+

D2
2

L2

)
m2gε;

σ1 =
3(4D2

1 − L2
1)hHε

L3
1

; σ2 = L1H +D1 − hHϵ;

σ3 =
D1hH(3L2

1 − 4D2
1)ε

L3
1

; σ4 =
3(4D2

2 − L2
2)hHε

L3
2

;

σ5 = D2 − L2H − hHϵ; σ6 =
D2ε(3L

2
2 − 4D2

2)hH

L3
2

;

f1 = (θ̇1 − α̇)2L2H +
[
(v1y + θ̇1L1H) cosα− v1x sinα

]
θ̇1;

f2 = −
[
v1x cosα+ (v1y + θ̇1L1H) sinα

]
θ̇1.
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