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Abstract In this paper, we propose a novel semi-supervised multi-category classification
method based on one-dimensional (1-D) multi-embedding. Based on the multiple 1-D
embedding based interpolation technique, we embed the high-dimensional data into sev-
eral different 1-D manifolds and perform binary classification firstly. Then we construct
the multi-category classifiers by means of one-versus-rest and one-versus-one strategies
separately. A weight strategy is employed in our algorithm for improving the classifica-
tion performance. The proposed method shows promising results in the classification of
handwritten digits and facial images.
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1. Introduction

Multi-category classification problems are widespread in our life. Various methods
have been proposed to deal with the multi-category classification problems. Beyesian
methods® 1315 based on the statistical theory use prior information to construct
statistical models to estimate the unknown samples. These methods are valid when
the number of training samples is sufficiently large and the samples obey some
distributions. To deal with more general cases, k-nearest neighbor method,'® neural
networks,'? support vector machine (SVM) methods® are proposed. Among these
methods, SVM is widely used and shows good performance in handling multi-class
classification tasks. Based on several binary classifiers, SVM uses one-versus-rest or
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one-versus-one strategy to construct the multi-category classifier. It disassembles the
multi-category classification problem into several binary classification problems.®

When the dimensionality of data is huge and the number of available train-
ing samples is limited, the multi-category classification becomes a challenging task.
With limited training samples, the performance of classifiers usually deteriorates
as the dimensionality increases, which is the so called Hughes phenomenon.? To
deal with the high dimensional data, some dimension reduction methods have been
proposed to embed the high dimensional data into an underlying lower dimensional
manifold.’* 16 To handle the small-sample-sized problems, some semi-supervised
learning methods have been established to exploit both a large amount of unlabeled
samples and limited labeled samples.? 2" By utilizing the geometrical structure in-
ferred from both labeled and unlabeled data, recently, a new one-dimensional (1-D)
manifold embedding method has been proposed in Ref. 17 to solve semi-supervised
classification problems. By embedding the high dimensional data into a 1-D space,
the decision function on original high dimensional data can be substituted by a uni-
variate function on a 1-D space. In this paper, we propose a 1-D multi-embedding
multi-category classification method to deal with the high dimensional data. The
proposed method constructs multi-category classifiers based on binary classifiers
using one-versus-rest or one-versus-one strategy. It first maps all the samples into
a line using multiple 1-D embedding, then generates binary classifiers by interpo-
lation functions,'”'® and finally constructs the multi-category classification deci-
sion function by one-versus-rest and one-versus-one methods. Based on 1-D multi-
embedding multi-category classification method, the classification of data with high
dimensional complex structure is simplified to an easier 1-D classification problem,
which can be effectively solved by a linear interpolation technique. In addition, a
novel one-versus-rest technique based on majority voting of autodidactic interpola-
tion function values is constructed to handle the 1-D multi-category classification
problem.

The rest of this paper is organized as follows. Section 2 gives a detailed descrip-
tion of multi-category classification method based on the 1-D multi-embedding.
The experimental results and analysis are provided in Section 3. Section 4 gives a
summary of our work.

2. Multi-category classification based on 1-D multi-embedding

Given a sample set S = {(z1,v1), ", (@n,yn)} with 2; € R™ and y; € ¥ =
{1,--- ,k}, the task of k-class classification is to construct a decision function la-
beling each test sample. In this section we will give a brief introduction on the 1-D
embedding method!” and propose an algorithm for multi-category classification.

2.1. 1-D multi-embedding

Let X = {x;},_;, C R™ be a given data set, and d(-,-) be a distance function
measuring the distance between points in the data set. The 1-D multi-embedding
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method for a given data set is proposed by J. Wang in Ref. 17. Here we give an
outline for this method. Please refer to Ref. 17 for more details.

Assume that the initial order of samples in X is arranged as x = [£1, X2, - , Zy).
First one finds a permutation operator P (derived from the index permutation 7),
such that x = PX = [#,%9, - ,%,] has a nearly shortest path, by solving the
following minimization problem:

n—1
X = arg m}in Zl d(Zj,&j41), Tj = Ty (2.1)
i=
It leads to the ordered stack x = [£1, &2, , Zn]. Second, a mapping h: X — R,
h(:i’j):tj, t1:0, tj+1*tj:d(57j+17§]j), ]:1,2, ,77,71 (22)

yields a 1-D embedding of X. Considering that the interval [t1,t,] may be different
in different permutations, it adjusts the interval [¢1,¢,] to [0, 1] at last. That is, the
map h: X — [0, 1] gives a 1-D embedding of X.

When the starting point in (2.1) is different, the resulting 1-D embedding or
the shortest path is different. Assume there are s different paths and mappings
hi,1 <i<s, the vector h = [hq, ha, -+, hs] gives a 1-D multi-embedding of X.

2.2. The binary classifier based on 1-D multi-embedding

Let h : X — [0,1] be a single 1-D embedding associated with the permutation P
such that h(PX) =T = {t1,ta, -+ ,t,} with ¢t; = 0,¢, = 1. Assume that f is a
binary classifier on X, whose values on the subset Xy C X are known. For z € X,
f(@) = +1 or f(x) = —1, where +1 and —1 denote the labels of two different
classes respectively. The 1-D embedding h converts the classifier f on the original
high dimensional data X to a classifier f on 1-D interval [0.1] such that

f=fo(P ton™).

In this framework, f will be learned instead of the target function f. Note that the
values of f are known on the subset Ty = h(PXj). Hence, a simple 1-D learning
algorithm can solve the task and obtain an approximation of f , such as polyno-
mial interpolation methods on interval [0,1]. Due to the lost of information in the
embedding from high dimensional space to 1-D space, a binary classifier built on
a single 1-D embedding is quite weak. To overcome the problem, it employs 1-D
multi-embedding.'”

Assume that a 1-D multi-embedding h = [hy, ha, -+ , hs] of X has been given.
For each embedding h;, a univariate function ﬁ = fo (Pi’1 ) h;l)7 1 <1i¢ < scanbe
constructed. Assume that T% = {t¢ ¢4 --- !} with ¢} = 0, = 1 is the image of
X under the embedding h; : T® = h;(P;X), and the labeled set X; is mapped onto
T¢ = hi(P;X). Then each f; yields an approximation of f in the following way:

fr="fio(hioP). (2.3)
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The vector £* = [ff, f5, -, f¥] gives s different approximations of the binary
classifier f.

To improve the the quality of the approximations, an autodidactic interpolation
scheme is constructed to enlarge the labeled data set Xy in Ref. 17. Algorithm
1 shows the detail of the scheme on 1-D multi-embedding and gives the decision
function vector £* = [f, f3,---, f7].

Algorithm 1 Autodidactic interpolation scheme

Input: Data set X = {z;};_, with labeled subset X, C X.

1=

Output: The decision function vector £* = [f{, fo, -+, f¥].

Step 1 Construct the multi-embedding h = [hy, kg, -+, hs] of X.
Step 2 While 1 Do

Step 2.2 Construct f* = [ff, f3, -, f¥] using interpolation operator.
Step 2.3 Update feasible confident set Xcont, and set X7 = Xo | Xecons. If Xo #
X1, set Xg = Xy; else if Xy = Xy, break.

End While
Step 3 Construct £* = [f], f5, -+, f] using Step 2.1 and Step 2.2.

S

Remark 2.1. In algorithm 1, the feasible confident set is constructed as follows:
KXeont C X satisfies | Xeont| = 0| X¢],0 < p < 1, where Xt = {z € X\Xo;0(z) < €}
with o(z) = 137 | \/(sgn(fz*(m)) -1 ;:1 sgn(f7(x)))? and € > 0 is a constant.
The signum function, denoted sgn(x), is defined as sgn(z) = 1 if z > 0, = —1
otherwise.

2.3. Multi-category classification based on 1-D multi-embedding

We employ two popular methods, one-versus-rest and one-versus-one® to solve the
multi-class classification problem based on a series of binary classifiers. Let k be the
number of classes.

2.3.1. One-versus-rest method based on 1-D multi-embedding

The main idea of one-versus-rest method is to construct k£ binary classifiers, where
the j-th binary classifier is learned based on the assumption that all of labeled
samples in the j-th class have positive labels while all other labeled samples have
negative ones.

In the one-versus-rest multi-category classification case, k binary decision func-
tion vectors f1, f2, ... | f* will be constructed respectively as described in subsection
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2.2, where fi = [ff, fg, -+, fJ] gives s approximations of the binary classifier be-
tween j-th class and the others, 1 < j < k. For each sample z, let

Ple) =1 > sen( @) (24

be the binary decision function.
Based on these k decision function vectors, p!(z),p%(z),---,p"(x) are con-
structed. For the sample z € X, we denote

={m:pm(z) = J <m< :
M ={m:p™(z) max p (z),1 <m < k} (2.5)
as a alternative label set. If | M| = 1, we label « by the only label in M. In particular,

if 31 < my, my < k, satisfy p™ (z) = p™2(z) = 1rga§kpj(x)’ we compute the average
i<

wie) = 23 £ @) (2.6)

as the weight that z is labeled as j. If w™! (x) > w™2(z), we assign x to the class my,
else if w™ (z) < w™2(x), we assign x to the class ms. In case that w™ (z) = w™2(x),
we randomly draw one of them as the class label of x. Algorithm 2 shows the one-
versus-rest method based on 1-D multi-embedding.

Algorithm 2 One-versus-rest method based on 1-D embedding

Input: k binary decision vectors £!,£2 ... ¥ where £/ = [f f1,..-, f1].
Output: The multi-classifier L.

Step 1 Calculate [p!(z),p?(x), -+ ,p*(z)] :
Y)Y senlr @), 1 <k
i=1

Step 2 Update the alternative label set of the sample x by (2.5).
Step 3 If |M| =1, then set

L j .
() « arg max p’ (z);
else calculate w/(z) < 2327 f/(x),j € M, and set

L(z) « I (x).
(2) arg max w ()
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2.3.2. One-versus-one method based on 1-D multi-embedding

Algorithm 3 One-versus-one method based on 1-D embedding

(k

Input: kal) binary decision function vectors £/, 1 <i < j < k.

Output: The multi-classifier L.

Step 1 Calculate @ binary decision function:

. 1< .

i — - J 1<i<j<k.

9" () Snz::lsgn(fn (), 1<i<j<
Step 2 For 1 <i<j <k,

~ i7 9i, (.13) > 07
Gig(z) =9 . ’
J. gi(x) <0,
Step 3 Update the alternative label set by
M < {m:|Spn| = max|S)|,1 <m < k},
1<i<k
where S; = {g; ;(x): Gi;(x)=1},1 <1<k
Step 4 If |[M| =1, then set

L(w) « arg max |Si];

else calculate w,,(z) = ﬁ > i €80 190,5(@)], m € M, and set

L .
() ¢ arg max wp,(z)

The one-versus-one method first constructs binary classifiers between any two
different classes, and then uses voting method to generate the final multi-category
classification decision function.

Picking up the samples belonging to i-th and j-th classes, the decision function
vector fid = [ff’j, §’j7 -+, f59] is constructed using the method in subsection 2.2,
where f57(1 <m < s) is a approximation of binary classifier between i-th class and
j-th class. Assume samples in i-th class have positive labels while the samples in
j-th class have negative ones, the binary decision function g; ; can be constructed
using the method described in one-versus-rest method, which is represented as

gua() = = 3 sen(f37 (). (27)

Hence, g; j(z) € [-1,1].
After all @ functions g; ;(1 < ¢ < j < k) have been constructed, each sample
(k—1)

has been labeled kT times. The class of the sample x is given by the majority
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voting rule. More precisely, we define
. i, 9i, (fE) > 07
giglx) =1 ’ (2.8)
7 gl,j ((E) < 07
k(k—1)

and divide the —=— functions g;; into k sets Si,---,Si such that S; =
{9ij+ Gij(x) =1}
Let ¢; be the cardinality of S;: ¢; = |Si]. If ¢y is the unique largest number

among c¢;,1 < [ < k, then we assign z to class m. Otherwise, say ¢, = cm, =
max{c;,1 <1 < k}, we compute wp,, (z) = @ qu;,jesml l9i,;(x)| and wp, (z) =
w—;l Zgi‘jesm l9i,j(x)]. If wp, () > Wm,(z), then we assign x to the class my,
else if Wy, () < Wi, (), then we assign x to the class mq. In case that w,, (z) =
W, (), then we assign z to either the class m or the class ms at random. In a
straightforward way, we may apply the voting rule for the case that there are more
than 2 subsets achieving the maximal cardinality.

3. Experimental results

The performance of the proposed method is evaluated on two well-known handwrit-
ten digit data sets, MNIST,"! USPS'? and a Yale face” data set. In MNIST, USPS
and Yale, a digit or face is originally represented as a ¢ X ¢ matrix, where ¢ = 28
for MNIST, ¢ = 16 for USPS, and ¢ = 100 for Yale. To reduce the shift-variance, a
distance between z = (z;;)§ ;—, and y = (y; ;)5 =, is defined by (3.1).17

c—1c—1

d = i i — Yirir)? 1
(y)= ,  min DN (@i —vir) (3.1)

i=2 j=2

In our experiments, a digit is represented as a ¢ x ¢ = ¢ dimensional vector, so the
data set can be rewritten as X = {z;},_, where z; is a ¢* dimensional vector. In
data set X, only a subset X is labeled.

3.1. Classification on MNIST

In this section, the sample subsets of MNIST handwritten digits are chosen accord-
ing to Ref. 17. For digits in {1,2,3,4,5,6,7,8,9,0}, 200 samples for each digit are
randomly selected so that | X| = 2000 and X C R™*. In each experiment, we choose
2,4,--- 20 samples from each digit as the labeled samples randomly, therefore, the
initial labeled set X, has the size 20,40, - - - , 200, respectively.

We first consider the one-versus-rest classification method. Let the initial labeled
samples selected from 1-th class be labeled by +1 and other labeled samples be
labeled by —1. In the experiment, we construct the iteration scheme enlarging the
labeled set to improve the algorithm, and the ratio of digits in Class +1 to digits
in Class —1 is kept to be r = 1 : 9 in each updated labeled set. In the experiment,
we employ s = 3 in iteration scheme and s = 10 in the last step in algorithm 1.
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By the means of step 2.1 and step 2.2 in algorithm 1, the function vector f* =
[fi, fs,---, fi] is obtained based on the labeled set X;. In the experiment, X is
divided into two subsets as follows:

X;-r =NMi—i{z € X\Xo; fi'(z) > 0}, X, =ni_{z € X\ Xo; f{ (z) < 0}.
Given a constant p = 0.5, we select Xctmf C X;r and X, C Xy satisfying:
(1) [X5, s < pIXFLIX G0 < pIXF;

con

(2) ‘X+nf| : |X;;nf| =T

CO’

The feasible confident set is constructed as Xconf = Xctm P U Xoon f and the labeled
set is updated as Xy = X UXconf. In the last iteration, the decision function
vector f! is given.

Repeating the above procedures, let initial labeled samples selected from m-th
class (2 < m < k) be labeled by +1 and other labeled samples be labeled by —1.
The decision function vector £™(2 < m < k) is constructed by interpolation based
on 1-D multi-embedding.

k are constructed, k binary

When k binary decision function vectors f*, f2, .- . f
decision functions p!(z), p?(z),--- ,p¥(z) are constructed by (2.4), a sample z; is
labeled to the class corresponding to maximal decision function value. If more than
one class achieve the maximal value, we compare their weights to decide the label
of the sample as mentioned in algorithm 2.

In the one-versus-one method, let the initial labeled samples selected from i-th
class and j-th class be labeled by +1 and —1, respectively, where 1 <i < 5 < k.
According to algorithm 3, @ binary decision functions can be constructed, then
each sample is labeled @ times. Based on the majority voting method, the final
label for each sample can be obtained.

In the experiments, our 1-D multi-embedding multi-category classification
method is compared with SVM,3 Laplacian SVM,! random forest,> KNN method
and adaboost algorithm.® The one-versus-rest (1-v-r) and one-versus-one (1-v-1)
1-D multi-embedding multi-category classification methods are compared with the
corresponding 1-v-r SVM and Laplacian SVM, 1-v-1 SVM and Laplacian SVM,
respectively.

Fig. 1 shows the average accuracy of different algorithms on MNIST. It clearly
shows that our method gives the best results using different number of labeled
samples per class. Especially, when the number of labeled samples per class is 2,
the accuracy of other algorithms is about 60% while our algorithm almost correctly
classifies all the samples. Except for 1-v-r 1-D multi-embedding multi-category clas-
sification method, the 1-v-r Laplacian SVM provides the best results because it uses
both the labeled and unlabeled samples. Fig. 2 shows the average accuracies of our
proposed 1-v-1 1-D multi-embedding multi-category classification method, 1-v-1
SVM, 1-v-1 Laplacian SVM, random forest, KNN method and adaboost algorithm.
Similar to Fig. 1, our method shows the best classification performance even if the
labeled set is extremely small.
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Fig. 1. Comparison of 1-v-r 1-D multi-embedding multi-category classification method and other
methods on MNIST.
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Fig. 2. Comparison of 1-v-1 1-D multi-embedding multi-category classification method and other
methods on MNIST.

3.2. Classification on USPS

For digits in {1,2,3,4,5,6,7,8,9,0}, 200 samples for each digit are randomly se-
lected so that |X| = 2000 and X C R?%. In each experiment, choose 2,4, - - ,20
samples from each digit as the labeled samples randomly, therefore, the initial la-



December 24, 2015 11:42 WSPC/WS-IJWMIP MClass912

1-D Embedding Multi-Category Classification Methods 101

beled set Xy has the size 20,40, -- - , 200, respectively.
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Fig. 3. Comparison of 1-v-r 1-D multi-embedding multi-category classification method and other
methods on USPS.
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Fig. 4. Comparison of 1-v-1 1-D multi-embedding multi-category classification method and other

methods on USPS.

Figs. 3 and 4 show the average accuracy of different methods on USPS data. It
can be seen that our method shows consistent better results than other methods
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even in the case of extremely limited labeled samples.

3.3. Classification on Yale face data

In this experiment, we use the proposed 1-D multi-embedding multi-category clas-
sification methods to classify the face images in Yale face data set. The Yale data
set has 15 classes, and each class contains 11 pictures. The size of each face image
is 100 x 100, so the data X C R'%99° We randomly select 1,2,3,4, 5 samples from
each class to form the labeled set. Fig. 5 and Fig. 6 show the average accuracy
of different methods. The proposed method provides the best results in all cases,
which demonstrates that the 1-D multi-embedding method is very effective for the
classification of high dimensional data.

Accuracy (%)

=—©— 1-v-r 1-D interpolation
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snef=en 1-vr lapsvm
random forest

==k knn

= ¥ = adaboost

0 L L L

1 2 3 4 5

the number of labeled samples in each class
(randomly selected from 200 samples in each class)

Fig. 5. Comparison of 1-v-r 1-D multi-embedding multi-category classification method and other
methods for face recognition on Yale face data.

4. Conclusion

In this paper, a multi-category classification method based on 1-D embedding of
the data has been proposed. The 1-D multi-embedding method transfers the com-
plex high dimensional classification problem to a simple 1-D interpolation classifi-
cation problem. In the 1-D space, the binary classifier is represented as a univari-
ate function. By means of one-versus-rest and one-versus-one techniques, a multi-
category classifier is generated on the basis of several binary classifiers on 1-D
multi-embeddings. Experimental results have shown that the 1-D multi-category
classification method is very effective to handle high dimensional data with only
limited labeled samples.
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Accuracy (%)
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Fig. 6. Comparison of 1-v-r 1-D multi-embedding multi-category classification method and other
methods for face recognition on Yale face data.
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