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ABSTRACT

In this paper, we concentrate on investigating bipartite output consensus in networked multi-agent systems
of high-order power integrators. Systems with power integrator are ubiquitous among weakly coupled,
unstable and underactuated mechanical systems. In the presence of input noises, an adaptive disturbance
compensator and a technique of adding power integrator are introduced to the complex nonlinear multi-
agent systems to reduce the deterioration of system performance. Additionally, due to the existence of
negative communication weights among agents, whether bipartite output consensus of high-order power
integrators can be achieved remains unknown. Therefore, it is of great importance to study this issue. The
underlying idea of designing the distributed controller is to combine the output information of each agent
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itselfand its neighbours, the state feedback within its internal system and input adaptive noise compensator
all together. When the signed digraph is structurally balanced, bipartite output consensus can be reached.
Finally, numerical simulations are provided to verify the validity of the developed criteria.

1. Introduction
In the last decade, the issues about multi-agent systems have
drawn a lot of attention (Cheng, Hou, Lin, Tan, & Zhang, 2011;
Cheng, Wang, Hou, Tan, & Cao, 2013; Cheng, Hou, & Tan, 2014;
Cheng, Wang, Hou, & Tan, 2015; Liu, Cheng, Tan, & Hou, 2015;
Ma, Liu, Wang, Tan, & Li, 2015; Pan, Nian, & Guo, 2014; Ren,
Beard, & Atkins, 2007; Sun, Guan, Ding, & Wang, 2013; Wang,
Cheng, Ren, Hou, & Tan, 2015; Wen, Li, Duan, & Chen, 2013;
Yao & Zheng, 2014; Yu & Wang, 2014; Zhang & Tian, 2014).
The idea of distributed algorithms can be traced back to Tsit-
siklis (1984) and Bertsekas and Tsitsiklis (1989) for dealing with
the advent of networks. A novel type of phase transition in a
system of self-driven particles was proposed (Vicsek, Czirdk,
Ben-Jacob, Cohen, & Shochet, 1995), which is the origin of the
nearest neighbour rules. Then according to Vicsek’s model, Jad-
babaie, Lin, and Morse (2003) introduced the nearest neighbour
rules into multi-agent systems. For more details, please refer to
survey papers (Hespanha, Naghshtabrizi, & Xu, 2007; Olfati-
Saber & Murray, 2004; Olfati-Saber, Fax, & Murray, 2007; Ren,
Beard, & Atkins, 2005) and the references cited therein.
Bipartite graph (Diestel, 2000) is a basic concept in graph the-
ory which is suitable for representing the communication topol-
ogy of bipartite consensus. In several physical scenarios, it is rea-
sonable to suppose that some of the agents are competitive, while
the rest are cooperative. For instance, the polarisation of the
community can be divided into two groups holding the opposite
opinions, such as two competing sport teams shown in Figure 1.
To the best of authors’ knowledge, some pioneering works were
given in Smith (1995), meanwhile Altafini (2013) was the first to
propose the concept of bipartite consensus. Next, we consider a
representative set of problem in the area of bipartite consensus.

Altafini (2013) introduced the negative weights to the communi-
cation topology and demonstrated that bipartite consensus can
be reached in the presence of antagonistic interactions. On one
hand, Altafini (2013) mentioned that one of the most impor-
tant requirements for the signed graph was structural balance
(Cartwright & Harary, 1956). On the other hand, Altafini (2013)
proposed both the linear and nonlinear Laplacian feedback dis-
tributed protocols to solve bipartite consensus. However, only
the simplest situation was discussed where the dynamics of each
agent were just equal to the distributed control, that is x; = u;.
Consequently, bipartite consensus was extended to formation
control (Hu, Xiao, Zhou, & Yu, 2013) and directed signed net-
works (Hu & Zheng, 2013, 2014) with the same dynamics. In
addition, Valcher and Misra (2014) discussed a more complex
situation that the dynamics of multi-agent systems were high-
order with antagonistic interactions, and bipartite consensus can
be reached under the assumption of stabilisability with a sort of
equilibrium between two fully competing groups. However, all
the aspects mentioned above are associated with linear systems.
In physical implementations, the power integrator system inves-
tigated by Qian and Lin (2001) is more ubiquitous. Therefore, it
is of great importance to study the case where the multi-agent
systems of high-order power integrators can reach bipartite out-
put consensus.

High-order power integrator systems are both conceptually
interesting because they are more complex than traditional lin-
ear systems in the aspect of analytical technique, and practi-
cally interesting because a class of weakly coupled, unstable
and underactuated mechanical systems (Liu & Jiang, 2013),
which are difficult to obtain stable control, are inherently non-
linear. Thus, they pose a number of challenges in terms of
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Figure 1. Two teams with cooperative behaviours inside and competitive
behaviours between each other.

controllability after linearisation around the origin. In view of
this, the technique of adding power integrator is a promising
alternative approach to deal with the nonlinear properties of
high-order power integrator systems. This technique has been
widely used among the literatures. A new feedback design tool
which adds a power integrator was introduced to solve the prob-
lem of global robust stabilisation when the nonlinear systems
were lower triangular forms (Lin & Qian, 2000). Additionally,
adding a power integrator was also introduced in Qian and Lin
(2001) to deal with the global strong stabilisation with the simi-
lar form of power integrator. Moreover, in Qu (2010), network-
based cooperative control of nonlinear dynamical systems was
investigated and a restriction thatp; = p, > ... = p,_; = 1 was
given, where p1, pa, ..., pn—1 are odd integers. In Peng and Ye
(2013), it shed light on cooperative output-synchronisation in
multi-agent systems of high-order power integrator with input
noises and undirected topology. However, we focus on a directed
graph, particularly where the weights among agents are partly
negative. Compared with the advances in the area of consen-
sus (Olfati-Saber et al., 2007), less progress has been achieved
in bipartite consensus and especially in bipartite output consen-
sus. Therefore, due to the difficulty of handling the nonlinearity
of power integrator and the unconventional properties of signed
digraph, it is of great practical interest to investigate that under
what conditions the multi-agent systems of high-order power
integrators can reach bipartite output consensus.

Inspired by the above discussions, this paper aims at further
investigating bipartite output consensus in networked multi-
agent systems of high-order power integrators with signed
digraph and input noises. By virtue of the technique of adding
power integrator, we present this problem by first discussing
when bipartite output consensus can be achieved in the absence
of input noises, and then proceed by introducing noises to input
channels, which is plausible in physical implementations. How-
ever, noises can further deteriorate performance of the entire
networked systems. Thus, an adaptive noise compensator is
developed to deal with noises in input channels. Finally, numer-
ical simulations are given to validate the effectiveness of the
established criteria.

The main contributions of this paper are listed as follows.

(1) Unlike conventional unsigned graph, we extend the
graph to signed digraph whose communication weights
are partly negative.

(2) Only the output is communicated with each other. Thus,
information transferred among the multi-agent systems
is not the full state vector of each agent and communi-
cation resources are highly reduced. Furthermore, per-
formance of bipartite output consensus deteriorates in
the presence of input noises which is more suitable for
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physical scenarios. Thus, we establish an adaptive noise
compensator to minimise the negative effect of external
disturbances.

(3) It is difficult to use traditional linear feedback control
method to maintain the stability of multi-agent systems
after linearisation around the origin. Therefore, the tech-
nique of adding power integrator is introduced to solve
this problem.

The remainder of this paper is organised as follows. Basic
definitions of bipartite output consensus and the properties of
signed digraph are given in Section 2. By means of the tech-
nique of adding power integrator, a distributed control protocol
is developed to obtain bipartite output consensus without input
noises in Section 3. In view of input noises, an adaptive noise
compensator is developed in Section 4 to enhance the robust-
ness of networked multi-agent systems. In Section 5, numerical
examples of bipartite output consensus are conducted to demon-
strate the validity of the criteria established in Section 3 and 4.
Conclusion of the whole paper is given in Section 6. Some key
lemmas and propositions are provided in Appendices 1 and 2
with essential proofs.

2. Backgrounds and preliminaries

2.1. Algebraic graph theory

A triplet G = {V, £, A} is called a (weighted) signed graph if
YV ={1,2,...,N} is the set of nodes, £ CV x V is the set
of edges and A = (A;;) € RV*N is the matrix of the signed
weights of G. Here, A;; denotes the element of the ith row
and jth column of matrix .A. The ith node in signed graph G
represents the ith agent, and a directed edge from node i to
node j is denoted as an ordered pair (i, j) € £ which means
that agent i can directly transfer its information to agent j.
A is called the adjacency matrix of signed graph G with real
numbers and we use the notation G(A) : Ajj # 0 < (j, 1) €
& to represent the signed graph corresponding to .A. Note
that self-loops will not be considered in this paper, i.e. A; =
0,Vi=1,2,...,N.For convenience, we introduce the follow-
ing concepts. A directed cycle C of G(A) is a directed path
with the same beginning and ending node. A cycle C is posi-
tive if it consists of an even number of negative edge weights:
Awywy Awyws - Awyw, > 0, where wy, wy, ..., w, belong to V. Tt
is negative when Ay, 1, Auw, ;" + *Auw,uw, < 0.Inadirected graph
(digraph), a pair of edges sharing the same nodes (i, j), (j, i) €
€ is called a digon. We assume that A;;A;; > 0, which means
that all digons cannot have the opposite signs. In this paper, we
call this property digon sign-symmetric. Otherwise, we call it
digon sign-nonsymmetric. Given a signed digraph G(A), C, is
termed as the row connectivity matrix of A and

Cr,ll o --- 0

0 Cr’22 0

C = .. .
0 o -.. Cr,NN

with diagonal elements ¢, ; = > JeN: | Aijl, where N;={j e
V|(j, i) € £} is the in-degree neighbour set of node i. The
column connectivity matrix C. is defined likewise, where
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Coii = X e [Ajil and Ni={je V|G j) e&} is the out-
degree neighbour set.

2.2. Bipartite consensus
The communication topology among the N agents can be rep-
resented by a signed digraph G = {V, £, A}. The interaction
between the ith agent and the jth agent is cooperative if A;; > 0;
otherwise, it is antagonistic if .4;; < 0. Furthermore, A;; =0
means there is no interaction between the ith agent and the jth
agent.

Following the definition of the unsigned graph in most liter-
ature, we define the row Laplacian matrix corresponding to the
adjacency matrix A of signed digraph G(.A) as

L=C — A, (1)

where C, is the row connectivity matrix of 4. Therefore,

> 1Al ifi = j;
Lij = ken: (2)
~ Ay, ifi# .

Definition 1 (Structurally balanced, cf. Altafini (2013)): A
signed digraph G (A) is said to be structurally balanced if it con-
tains a bipartition of the nodes Vi, V,, V =V, UV, V1NV, =
@ such that A; >0,Vi,jeV, (pefl,2});A;=<0,Vie
Vo, j € Vg p# q (p.q € {1, 2}). Otherwise, it is called struc-
turally unbalanced.

In this and the subsequent sections, we assume that the
signed digraph G is digon sign-symmetric, strongly connected
and structurally balanced. In addition, all the cycles C in digraph
G are positive. According to Definition 1 and the illustration
in Figure 1, this is equivalent to saying that the agents can be
split into two disjoint groups, where the cooperative interactions
between pairs of agents exist in the same groups and the antag-
onistic interactions between pairs of agents exist between two
different groups.

2.3. Problem formulation
Suppose that the network contains N agents and the dynamics
of each agent i are given as follows:

).le = szl
Xip = xf’;
: 3)
xi,nfl = xfnn_l
xin = ufn
Vi = Xi1

where py =1, Vk € {1, 2, ..., n} are odd integers and x; =
(Xi1, Xiny -+ s xin)T € R", y; € R, u; € Rarethe state vector, out-
put and control input of agent i, respectively. Before proceeding,
we introduce the definition of bipartite output consensus in con-
cert with the subsequent analyses.

Definition 2 (bipartite output consensus): If for any initial con-
dition x;(0),

tlim ly;@®) —yi(t)|l =0, Vi, je ViorVi, j € Vy;
—00

tlim ||)/](t) +yi)|| =0, Vie V) and Vje Vs, @)

where V), and V), are the sets defined in Definition 1, then we
say that the multi-agent system (3) can reach bipartite output
consensus.

Remark 1: In this paper, we suppose that the communication
capability is sufficient and the communication intensity is not
related to the distance between each pair of agents. Furthermore,
if there is an edge from agent i to agent j where j € A, then
agent i can transfer its output information y; to agent j without
data loss.

3. Bipartite output consensus with directed topology
In this section, we will concentrate on designing a distributed
control protocol to achieve bipartite output consensus without
input noises. The main theorem is given as follows.

Theorem 1: The dynamics of each agent in the network are given
in (3) and x,1 =2,3,...,n, can be seen as internal reference
states. The distributed control protocols are designed as follows:

i = Z [Aijl(yi — sgn(A;ij)y))

jeNi
+ Z |Ajil (yi — sgn(Aji)y;)
jeN;

* *
xizpl - _kl‘pil Vi = xle - x,’zpl (5)

*p1pa __ __ PP *p1p
xi3l P = _k2§0i2 Vi3 = xigl ?— xi31 :

EPL P P DL P
xinpl Pr1 _kn—l(Pi,n—l Pin = xﬁ: p 1_me1 Pn—1

ui = — (Kngpin) /PP,

where ki, ky, ..., ky, and p1, pa, ..., pn are positive constant con-
trol gains and positive odd integers, respectively. The symbol sgn
represents the sign function. That is

1, if A;; > 0;
sgn(A;j)) =1 0, if A;; =0;
—1, if Aij < 0.

Then, the multi-agent system (3) can asymptotically achieve
bipartite output consensus. Furthermore, xi, Xi3, . . ., Xin, Vi € V
are bounded and will approach zero.

Proof: Note that the basic idea of designing the distributed
control protocol is borrowed from backstepping technique. ¢
utilises the information of both in-degree and out-degree neigh-
bouring nodes of agent i. Then, we obtain the internal virtual
reference state x;kzp ' which will be tracked by xgl ,and ¢; can be
seen as the feedback error to the internal virtual reference state
x;/*. Thus, ¢, is the error between x;7" and x%, which can be fed
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to higher order virtual reference state x¥'¥*. By using the simi-

lar designing steps, Equation (5) can easﬂy be obtained. Further-
more, u; is the final control signal which is used to control agent
i.

Let £, = C, — A, bean undirected Laplacian matrix, where

T

We first define a potential function V; associated with the Lapla-
cian matrix £, as follows:

ga - 1 2
Vi=-XL,X= 3 Z | Au,ijl (it — sgn (Auipxjn)”.  (6)

1
2 (i.j)e€

where ¥ = (x11, %21, ..., xn1)" and A,.ij is the (i, j)th element

of matrix A,. Then,

A\
ux)x

(€ — A5+ (€ — AN %

N
Z Z [Ajjl (xir — sgn(Aij)xjr)

i=1 | jeN;

v =

N — /N

N | —

+ ZIA,lI(xu sgn(Aj)xj1) | Xin

i

'

Mz?n

1
=3 > ouh
21‘:1
1N
=32 e+ Z% (h-x). O

i=1

p *P1

Let 9 = xj; — x5 '. Then, by Lemma 1 in Appendix 1,

. k
Vl = = + Z Pi1Pi2

i=1

ky 1
<- Zggfl + Z%Zl + Z(pfz (by Lemma 1)
i=1 i=1 i=1
N N
—bn Zfﬂ,zl +5122(ﬂi22’ (8)
i=1 i=1

IA

where by; and by, are two positive constants satisfying the
inequality (8). In the sequel, we make use of the form of x/' to
define a new scalar function

Xi2
S, = / (" —xPYVY P4 viev. 9)

k.
iy
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Referring to Proposition 1 in Appendix 2, S;; = 0 and the corre-
sponding partial derivatives of S, are

N 2-1/p)

PYE R

Xi2

aS; 1\ axr e :
_2:_<z__ il / (P — )P g

9xi1 p1/) 9xa Jy,

0S; ax*Pl a2 * =1/p

e _ <2__> ¥ / (P =) TP e N
a.le P1 8x11 x5

Similarly, define another potential function containing the
information of x;; and x;, of all the agents as follows:

N N Xi2
V,=Vi+ ZS:’Z =Vi+ Zf (rpl _ x:‘ZPI)Z*l/Pl dr
i=1 i=1 Y%

(10)
Hence, the derivative of V, with respect to time ¢ is

N
aS;
2-1 2.
=V +Z¢ Pl (ol = )]+ Y o
i=1 axll
Sy
L
i=1 jeM dxj1
2-1
< —by Zwﬂ +buZ¢,2 +Z<p it
+ Z i/ |l — X
N
0S8
z 2 il + zz\—l £l (1
= i=1 jeN;
Furthermore, from (5) we can derive that x:;p ’ = —k;/ h <pi12/ h

and

* * 1/p1 =)
|xgz_xpz| <2 P1 | glpz_xi3P1Pz| =2 |¢3|1/p1

By Lemma 1, we obtain

N
2—1 *
> loal o = 5
i=1
N N N
p-1 / ’
e 2—1 1 2 2
<2 Y gl VP sV < by Y gk + by Y @R (12)
i=1 i=1 i=1

where b,, and b,; are two positive constants.
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Now, we concentrate on the latter two terms in (11). Note that
with Propositions 2 and 3, the following two inequalities hold:

3Sa| . 5 ;
T X1 < 4leil |[——xi| < 4yylenl(enl + leizl),
Xil il
3Si2 xf .
8 : \X]1| < 4|pp] xji| < 4my;lenl(enl + lepD,
le
jeN.

where ¥}, and n} j are positive constants. By virtue of Lemma 1,
we obtain

i%a

i=1

|x]1|

|%1|+ZZ'8812

zlje./\/

N
S%Z%+%Z%, (13)
i=1 i=1

where b,, and b,, are positive constants.
With (12) and (13), V, can be rewritten as

N N N N
) L ,
Vo< —bn ) ¢n+bn)y oh— /" Y eh+bn)y ¢
i=1 i=1 i=1 i=1
N N N
+b232¢123 + by, Z‘P:Zl + by, 290122
i=1 i=1 i=1
N N N
—5212(/7,'21 — by Zfﬂizz-f—bn Z@éy (14)
i=1 i=1 i=1

where k, and by; are chosen properly such that —by; + b;l <0
and —ki/pl + by + b’22 + b;z < 0, and by, by, by are positive
constants.

Next, we utilise induction with similar steps above for 2 < m
< n — 1. Define

Xim
2—1/p1 P
Sim = f I ) S A G A &)
x*

im

Then,

N
Vin = Vi1 + Zsim = Vm—1
i=1
N Xim 21
+ Zf (rpl"‘Pm—l _ x;’;ﬁl"‘]’m—l) - /Pl“'mel dr. (16)
i=1 x?m

Thus, the derivative of V,,, is

m—1

0Sim BS,m.
;a—,, Sy B,

N s, N
Vm = m—1+2ﬁxim+z
i=1 M i=1 i= IJEN
N

1m *pm *Pm
= m1+§: - Xim+1 E tm+1 xi,erl)

=1 lm

N m—-1

*Pm § :
X \xz m+l 1 m+1| +
i=1 |=1

N
=< mel - (km)l/plwpﬂkl Z(pzzm

i=1

+ Z (bim(pizm + bi,m+l(pi2,m+l>

N
< Vm—l - (km)l/pr-'[?m—l Z(pzzm

i=1

N

+ Z (bim(pizm + bi,m+1§0i2,m+1>
i=1
N m—1

+ZZM%|

i=1 [=1

+22wm

i=1 jeN;

= Vm—l - (km)l/plmp”kl Z @izm + Z (b;m(pizm + b;’.m+l(pi2,m+1>

i=1 i=1

*P1 ‘Pm—1

< Pm—1
(by Proposition 2)

N m—1

+ Zz4yrizl|§0im|(|(ﬂil| 4.

i=1 =1

+ |(pim|)
N

+ > 4}, @il (91| + l@12]) (by Proposition 3)
i=1 jeN;

N N

<-b 2 b z b

= “"Um-1,1 <ﬂi1 — Um—-1,2 (p,‘z — = Um—1,m—-1
i=1 i=1

N N
2 2
X E Piim—1 T bm—1m E Piim
i=1 i=1
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Figure 3. Output trajectories V=X i=123,4, with bipartite output consensus.
N N , In addition, with the help of similar steps shown in calculating
— (k) PrPm Zgofm + Z (bim%zm + bi,m+1¢zm+1> Vo for 2 < m < n — 1, the derivative of V,, is
i=1 i=1
N
" 2 " 2 " 2 _
+y (bilgoil F bl +. .+ bim%m) . (17) P i S i”iil S, . i 3 3Si .
i=1 = 1+ u" + —x + — X
1 ! T gy, , oxy s 9xj1 7
i=1 i=1 |=1 i=1 jeN;

Therefore, by appropriately choosing the parameters in (17), we
can rewrite V,,, as

N N N
2 2 2
—bu_1,1 E @i — bu-12 E @ — = bu1a E Pin—1
i=1 i=1 i=1

=
N N N
me_bmlz(pi21_bmzzwizz_"'_bmmzfpizm N , N , N
i=1 i=1 i=1 + by, Z(oizn + b,y Z¢121 + by, 2%22 +--
N i=1 i=1 i=1
+bm,m+1 Z¢§m+1~ (18)
i=1

N N
/ 1/p1po
b ) 0 =KD g,
i=1 i=1
Finally, we demonstrate V,, < 0. To that end, define

N N N
2 2 2
N —bm E Y1 — by E Pip — 0 — by 1 E Din—1
i=1 i=1 i=1

Vi=Via + Zsim (19)

i=1

IA

N
_bnnz(pizn f 07 (21)
i=1

Xin
2= 1/pye Py .\
Sin = f (rPrprr — i Prb) Iprobet g, (20)  where by, by, ..., by, are all positive constants.
X

s
in
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Figure 4. Trajectories of x,,, i =1,2,3,4.

Then by integrating (21), we have
N ot
Vn(t) - Vn(o) =< _bnl Z/ (0121 (O')dO’ — an
i=1 70
N ot
x Z/ @3 (o)do — - — by,
i=1 70

N t
2 (g)d 0. 22
ngowmmos (22)

Therefore, 0 < V,(t) < V,(0) and V,(t) is bounded. Since
V, <0,

lim V,(t) = 0. (23)
t—00

The preceding analysis, along with V,, < 0, yields
lim V,(t) = 0. (24)
t—00

According to (21),

lim @, (t) =0, VieV,k=1,2,...,n.
t—00

10 15
Time/s

Furthermore, with regard to (5), it is clear that xj, x, ...,
Xin are bounded and all approach zero when t — oo. Since
(I/Z)fﬁuf, Si2, Sias - - -, Sin are all nonnegative terms and G is
strongly connected, along with (6) and (23), we have

tlim Vi(t) =0, (25)

and this implies that bipartite output consensus can be asymp-
totically achieved, which is satisfied with (4) in Definition 2. [

Remark 2: The distributed control law ¢;; in (5) includes two
parts, i.e. the in-degree and out-degree information of agent
i. Therefore, more information from neighbours can guaran-
tee better performance of the multi-agent systems. Furthermore,
although the dynamics of each agent are high-order power inte-
grator, only output information is needed to be transferred to
the neighbours around, which greatly reduces the communica-
tion overhead.

4. Bipartite output consensus with input noises

We consider the case when input channels of multi-agent sys-
tem (3) are contaminated with unknown disturbances § =
(81,85, ...,88)" € RN,

Assumption 1: There is an unknown external system
0 =T0,
5§ =027, (26)
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Figure 5. Trajectories of x5, i =1,2,3, 4.

where € R2, T' € R?2, & € R>N and the eigenvalues of T are
all on the imaginary axis. The marginal stability of the exosys-
tem implies that 8; is bounded by constants §;, i.e. |8;] <4,
Vie.

To obtain a concise form, we only show the different parts
from (3) and (5). They are

in = uf" + 0 27)
and
1/pi-pu-t 2-1/propury 2 VP
Ui = — [(knwin) n-l 4 sgn((pin )81] 7
gi = Kj (pizn_l/pl"'pn—l , (28)

where §; is the adaptive disturbance compensator and «; is a pos-
itive gain parameter. Based on Theorem 1 and Assumption 1, we
provide the following theorem where input noises are added.

Theorem 2: If Equations (3) and (5) are updated with (27)
and (28), respectively, and other parts are kept unchanged in
Theorem 1, then the multi-agent system (3) with (27) can
asymptotically achieve bipartite output consensus. Moreover,
Xi2, X3y - - - » Xin, Vi € V are bounded and will approach zero.

Time/s

Proof: All the proof steps are similar with the steps in Section 3
except the final step from (19). For simplicity, we restrict our
attention to the following different steps.

N N
1 -
Va=Via+ ) Sut) 58 (29)
i=1 i=1

1

>

Va=Vaa+ Y gi (W +8)+> > gs’”xll
i—1 in i1 =1 il
N 3Sim . A I
PIDBE et D Bt )
i=1 jeN; J i=1 !

N N N
=< —bn—1,12¢7i21 - bnfl,ZZ 90122 - bﬂfl,ﬂflz (piz,nfl
i=1 i=1 i=1
B N B N B N
+bﬂ*1,ﬂ Z(plzn + bnl Z‘plzl + an Z(pé +e
i=1 i=1 i=1

N N N
~ 1/p1-Pu 2=1/prPu_
MRl DD DA
i=1 i=1 i=1
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Figure 6. Trajectories ofx,., i=1,2,3,4in3D space.
N 1 Pttt
2—1 w1\ & Kt
x (8= sgn (¢, /7Y 6) — ZZ 5. (30)
i=1 K s
; k
H 1 !
Note that | i
221/ preepa_ 2-1 a1 2 % 4
Pin o 1( SgII((pm o 1)8i “\
2-1 e 21 | e 2-1 | e
< ‘(pin /pre-p-t ‘(p Ipper| 5 o /b5
Figure 7. Communication topology of six agents.
Therefore,

N N N
7 2 7 2 1/pr-pn- 2
_|_b;122:§0i2_|_"'_|_br1r12:(pin_knp1 g lzwin
i=1 i=1 i=1

0 .  nla: 2 prpa
Mg i ("

i=1

- i&) Si. (31)

In order to remove the last item in (31), update <§i with

N N N

2 7 2 7 2
x E(pi,nfl + bp-1n Zl Pin + by 2%1 2-1/py- P
1= 1= 1= .

3 = ki@, (32)
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Figure 8. Output trajectories V=X i=12 ...,

Then, V,, can be simplified to the following form

N N
Vn =< _b Z 21 - an Z‘Plz T bn,nfl Z‘piz,nfl
i=1 i=1
5 N
—buw Y ¢, <0, (33)

i=1

where I;,,l, Z)nz, el Z)m, are all positive constants. Go back to
(21) and its corresponding steps (22)-(25) in the proof of Theo-
rem 1, we can get the same conclusion that bipartite output con-
sensus can be reached. Furthermore, x;5, x;3, ..., X;, are bounded
and all approach zero when t — . g

Remark 3: «; is aimed at adapting the amplitude of unknown
disturbances §;. If k; is too large, then a small change in ¢;, can
cause a big surge in u;, which is too sensitive. In contrary, if «;
is too small, there will hardly be a response to the input noise
8;. Therefore, the constant gain «; can affect the performance of
adaptive noise compensator ;. Furthermore, time-varying «;(f)
can be considered in future works.

5. Implementations and performance analysis
We provide two examples to demonstrate the validity of the dis-
tributed control protocols established in this paper.

6, with bipartite output consensus and input noises.

Example 1 (Signed digraph without input noises): The dynam-
ics of the multi-agent system are given as follows:

Xil = X
).Ciz = x33 (34)
Xi3 = u i=1,2,3,4.

There are four agents in this network and the topology is
shown in Figure 2 . The graph is strongly connected, digon sign-
symmetric and structurally balanced. Agents 1 and 2 are in one
group, while agents 3 and 4 are in the opposite group. Let k; =
0.5, k; = 10, k3 = 100 and the initial values of the four agents
are

(x11(0), x12(0), x13(0)" = (=1, —0.5, )7
(x21(0), X22(0), x23(0))"
(x31(0), x32(0), x33(0))"

(x41(0), x42(0), x43(0))" = (=1.5,2, =2)".

= (0.5, 1, —0.5)"

=(2,0.5—1)"

It is illustrated in Figure 3 that bipartite output consensus
can be reached. In Figures 4 and 5 , we can see that x;, and x;3
approach zero, which is in concert with Theorem 1. In Figure 6,
we show the trajectories of x; in three-dimensional (3D) space.
Clearly, the four agents, from their initial positions, can achieve
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Figure 9. Trajectories of x,,i=1,2, ..., 6, with input noises.

bipartite output consensus by virtue of only output information,
which in turn demonstrates the effectiveness of our distributed
control laws (5).

Example 2 (Signed digraph with input noises): In this example,
the dynamics of the multi-agent system are given as follows:

Xi1 = Xi2
D'Ciz = xi33 (35)

xi?,:u?"i_aiv i=1,2,...,6,

and

c_[o 1] H_[or-01 0o 03 02 -02
“|-10]" T 7|02 05 005 —0.05 0.1 0.05 |

The eigenvalues of matrix I" are +i and —i, which are all on the
imaginary axis. Thus, according to Equation (26), we can obtain
the bounded oscillating signals §;, i =1, 2, ..., 6, which are the
input noises.

There are six agents and the topology is shown in Figure 7 .
The graph is also strongly connected, digon-sign symmetric and
structurally balanced. Agents 1, 2 and 3 are in one group, while
agents 4, 5 and 6 are in the opposite group. Let k; = 0.5, k, = 10,
ks =20,k; =0.01,i =1, 2, ..., 6, and the initial values of the

Time/s

six agents are

(x11(0), x12(0), x13(0))" = (=2,1, —0.5)"
(x21(0), X22(0), %,3(0))" = (1.5, 0.5, 1)"
(x31(0), x32(0), x33(0)" = (2, =1, 1.5)7
(x41(0), x42(0), x53(0))" = (=1,2, =)'
(x51(0), x52(0), x53(0))" = (—0.5,1.5,0)"

(%61 (0), x62(0), x63(0))" = (1,0, 0.5)".

Itis illustrated in Figure 8 that bipartite output consensus can
be achieved in the presence of input noises. In Figures 9 and 10 ,
we can see that x;; and x;3 are bounded and approach zero, which
is in accordance with Theorem 2 and in turn verifies the validity
of our distributed control protocols (28).

Remark 4: In Example 2, with several oscillations, the third
dimension of each agent finally approaches zero. Thus, the
developed distributed control protocol (28) can deal with the
nonlinearity of high-order power integrator based merely on
output information. Furthermore, due to the high nonlinearity
of the third dimension in the multi-agent system, when bipartite
output consensus has been achieved, x;3 is still varying and will
vary for a period of time as shown in Figure 10.
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3i1=1,2, ..., 6, with input noises.

6. Conclusions

In this paper, we study bipartite output consensus in networked
multi-agent systems of high-order power integrators with input
noises and signed digraph. An adaptive disturbance compen-
sator and the technique of adding power integrator are intro-
duced to deal with the input noises and the nonlinearity of the
multi-agent systems, respectively. In addition, the distributed
controllers are divided into three parts: the output information
of each agent and its neighbours, the state feedback within its
internal system and the input adaptive noise compensator. By
using our designed distributed control protocol, bipartite out-
put consensus can be achieved, which is one of the ramifications
in consensus problems. Note that in physical implementations,
the communication intensity cannot maintain constant and the
capacity of signal channels is limited. Thus, our future work
will concentrate on switching topologies, time delays and packet
dropouts over the networked multi-agent systems of high-order
power integrators.
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Appendix 1. Frequently used important lemmas
We give three important lemmas frequently used throughout
this paper.

Lemma 1(cf. Qian & Lin, 2001): Assume x, y, m, n, o,  are all
positive real numbers. Then, the following inequality holds

n m+n\"" e w men
m+n< n ) o Byt
(A1)

axmyn S ,me+n +
If m, n are odd integers, x, y can be real numbers.

Lemma 2 (cf. Qian & Lin, 2001): Withx e R,y e Randp > 1
an integer, the following two inequalities hold

[x+y[" < 207 [xP 7], (A2)

(1 + )7 = 17+ 7 <27 (D) 49
Ifp = 1 is an odd integer, then
=" =277 | =y (A4)

Lemma 3 (cf. Qian & Lin, 2001): Suppose that « € R, B € R
are both nonnegative real numbers and p > 1, q = 1 are integers,
then

aP 1Y < o + B, (A5)

Appendix 2. Useful propositions
The following propositions are the foundation of the proofs for
the main results in this paper.
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Proposition 1: Denote S;,, =2 0(i=1,2, ..., N m=2,3, ..., n)
a scalar function, where

s
im

Xim
2=1/p1- o
Sim = / (rpl'”p'"*l —xh P’”") [probnat gy (B1)
X
Then, the partial derivatives of Sin, are

BSim _ ?,1/p1AA.p”,71
8xim i ’

OSim (2 1 ) dx P
0xiy Pr Pt 0xig

Xim
% / (rPrpnes _x:ﬁl---pmq)1*1/p1~~-pm4 dr.
X*

im

1Pt
Sim _ (2 B 1 ) ax;l
0xj1 P Pt dxj1

X
" TN S Y
X/ (rpl Pm—1 _x:"‘r‘zl P 1) /pr--p ldl’,
x

wherel=1,2, ..., m — 1, j € N;and py, pa, ...
integers.

s Pm—1 are odd

Proof: According to the definition of S;,,, when x,, > x , we
have r > x, . By virtue of Lemma 2,

im 2=1/pr-pm-
1=p1Ppm— * \ P Pm—1
/ [2 O N ] dr
X,

*
im

Sim

v

% 2Pl"'Pm—1
= c1 (Xim — x},,) >0,

Y
im’

where ¢; > 0. Likewise, when x,,, < x7,, we can infer that

Xim
g 2=/ p1 P
Sim :/ (X;ﬁl Pmot Pm—l) /PP 1d(—7’)
Xim
o 2—1/}71...}7mi1
> / [217}71-“}7”1—1 (x;km _ T)Pl pm_l] d(_r)
x*

= o (oG, — Xim)zplmpw1 >0,
where ¢, > 0. Thus, S;,,, = 0.

In the sequel, we will obtain the partial derivatives of S;,
Vi=12,..,Nm=2,3, ..., n Itisstraightforward to derive
that

BSim _ (xpl...p’w1 _x*pl'“mel)zil/Pl'“mel _ 2—1/p1pm—1
Ix: - Fim im - ¥im '

m

(B2)
Denote
Ny = (X1, Xj1s s X 1) k=1,2, 0, INVal,
Jk € N,

I -

Al{jﬂ*l = (xila s Xid—1, Xil + A? Xil41s -5 Xim—1, le) 5

Vi<l<m-—1

. xi,l*ls Xil xi,lJrlv ey xi,mflv x_/\f,l) )
Vi<l<m-—1

Xim—1 = (xils ..

PM=pP1 Pm-1.



Downloaded by [New Y ork University] at 06:33 15 April 2016

3130 H. MAET AL.

Then,
i ~
BS,»m li Sim(A,(J)n_ls xim) - Sim (xi,mfla xim)
— =11
axil A—0 A
Xim *P) 1 — Xim * it —
L (s O =i A D= [ (P e )PP
— hm im im—1
A—0 A
Xim LN () 2-1 Xim #pm o A (D) 2—1
ffﬁ ( 0) )(TPM_xim (Ai,m—l)) /pMdr_fxfm()?i_m_l)(rpM ~Xim (Ai,m—l)) /pmdy
— hm im i,m—1
A—0 A
im 1 — im * ~ _
| ) (PP =X (AL )PP dr—[3 e (P = () )PP
+ i im im S
A—0 A
X (Kim—1) /) *, [0) 2—1
fx.* (NG, )(rpw_x""’M (Ajo))*Pdr 1\ dx:Pm pim
= i i Bimn _ (2_ _> —_im (rPM—xpr)l’l/pM dr (B3)
A a i im °
A—0 pM Xil x5,

Then, we consider the limit shown in (B3). Note that

S = (AL )y

(Al )
A
My = !
X ) — XA, )
=
[A]
* * ) *PM wpre A (1) 1-1/pm
><‘x""’(xi‘"‘_l)_xim(Ai,m—l) Ki Kim—1) =X (A1) )
*Pm ) s [e%e) h f
and x,, " (A;, ) is C*. Therefore,
Xy (Kim—1) #pa o A () -1
S = (AL 02
lim m 1,m— _ O.
A—0 A
Thus,
3 , 1 ) gD P
8x,-1 pl - pm—l 8xil
X..
" 1=1/p1 Py
X / (rPI"'Pm—l _ x;’;ﬁl Pm—l) /p1-p. ldi’,
X
I=1,2,...,m—1. (B4)

Consequently, we follow similar steps to obtain

_BSlm _ — <2 - 1 ) 8x;‘:£l)l'npm_l
anl pl "'pm—l ale
xim -_—
X / (rpl"'Pm—l _x:‘rgl"‘[’m—l)l 1/pr=pm-1 dr, je N
o

im

(B5)

O

Proposition 2: If S;;, =2 0(i=1, ..., N, m =2, ..., n), we can
obtain

3Sim AP .
| <ol B[ e o
0Sim oy L P
‘_Bxiz < 4| | Z—|, 1=1,2,....m—1. (B7)

Proof: First, by using the basic properties of inequalities,

SN
P1- Pm—1 0xj1

Xim
X / (rpl“'Pm—l _x:‘yﬁl"'}’m—l)lfl/Pl"'mel dr
x*

im

1 g P
=< (2 - ) i |(pim|
P11 Pm—1 3Xj1

— x;‘ml | @i | /PPt

8Sim
8x]'1

X |x,'m

1 g
< <2 - ) L |(pim| |xim - x;km
P1- Pm—1 dxj1

PrPm—1-1 1
X 2 ProPm—1

Xim — x:km|
*P1e Pm—1
0x,,,

, jEN. B8
ale ] EN; (B8)

=< 4| @im|

Following similar steps,

8x*P1"'Pm—1

im

8x,~1

8Sim

< 4|;
oy | = |@im|

and this completes the proof. O
Proposition 3: The following inequalities hold:

dx;Prpmer , .
"ngﬂ < m(epl +lpph),  jeN, (BY)
il

¥P1oPm—1
0x;,

Xi| < V;qu(|(/)i1| + gl + -+ |Piml),

8x,»1
(B10)

whereninjZO,y,ill20,Vi,jeV,m=2,3,...,n.



Downloaded by [New Y ork University] at 06:33 15 April 2016

Proof: First, we demonstrate (B9) of Proposition 3. When
m=2,

8xf2p‘ ) 8x;k2p]
Xj1| = lojn — kigj|
anl a.le

= ki (I 4ij] + | A;iD |¢j2 — kg | < ’Iéj(‘%‘l’ + |ej2])-

Consequently, when 2 < m < n,

8x?‘£1“‘17m—1 . 3(_km—1(ﬂi mfl)
x|l =|—— > 7 o> — ki@
ale j1 ale |<P]2 1§0]1|

= kiky .. ket |1 A+ 1Al | |02 — kigji |
< n;j(}¢j1| + |ej2])-

Therefore, we can infer that

dx; P b .
”gx x| < myillenl +lepl),  jeN.
i1

In what follows, we restrict our attention to demonstrating
(B10) with induction.
Step 1 (Initial result): When m = 2,

*P1
9x;

Bxil

= |—ki (Crii + Cen)| | x5y

Xi1

= ki (Crii + Ceii) loin — kaonn| < vy (lpan| + l@ial),

which satisfies (B10).
Step 2 (Inductive assumption): Vm = 3, 4, ...
assume

)n_]-)

ax*Pl“'qu
i,m—1 . i
oxy Xit| < V1 Ueal + ol + -+ + [@im-1l),
1
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Step 3 (Validation): For m = n, we consider two cases, i.e. | =
1,2,...,m—2and | = m — 1, respectively. First, when [ = 1,
2, ...,m—2,

P P
axj, " 1,5] - MM
Bxil ! 8x,-1 !
P1Pm—2 *P1 Pm—2
k 0K 1 = Xyt )
= Km—1 Xil
0x;)

= km—lyyi,71,1(|(pil| + gl + -+ |@im-1).

Subsequently, when / = m — 1 and with the aid of Lemma 3,

8xim .
xi,m—l
0Xi m—1
PrPm—2 *P1ocPm—2

k a(’xi,mfl - xi,mfl ) .

= Am—1 Xi,m—1
a-xi,mfl

— prpm-a—l;
= Kkm—1P1° " Pm—2 |X; 1 xi.m—l‘
_ PrPm—2—1_pm-1
=km-1p1- Pm—2 |X; i im

i,m—1

< km-1p1-- 'Pm—z( B R P i ) (by Lemma 3)
< Vo1 (0] + |02l + -+ |@in).

In regard to the above discussions, for m = 2, 3, ..., n, the fol-
lowing inequalities

8x%P1"'}7m—1 )
ng», Xit| < VouUonl + @il + - 4 |@iml),
1
I=1,2, ,m—1
hold, and this completes the proof. 0
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