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Abstract—An effective representation model, which aims to
mine the most meaningful information in the data, plays an
important role in visual tracking. Some recent particle-filter-
based trackers achieve promising results by introducing the
low-rank assumption into the representation model. However,
their assumed low-rank structure of candidates limits the robust-
ness when facing severe challenges such as abrupt motion. To
avoid the above limitation, we propose a temporal restricted
reverse-low-rank learning algorithm for visual tracking with
the following advantages: 1) the reverse-low-rank model jointly
represents target and background templates via candidates,
which exploits the low-rank structure among consecutive tar-
get observations and enforces the temporal consistency of target
in a global level; 2) the appearance consistency may be bro-
ken when target suffers from sudden changes. To overcome
this issue, we propose a local constraint via �1,2 mixed-norm,
which can not only ensures the local consistency of target
appearance, but also tolerates the sudden changes between two
adjacent frames; and 3) to alleviate the inference of unreason-
able representation values due to outlier candidates, an adaptive
weighted scheme is designed to improve the robustness of the
tracker. By evaluating on 26 challenge video sequences, the
experiments show the effectiveness and favorable performance
of the proposed algorithm against 12 state-of-the-art visual
trackers.

Index Terms—Low-rank, sparse representation, temporal
restriction, visual tracking.

I. INTRODUCTION

V ISUAL tracking is one of the most important tasks
in computer vision, due to its numerous applications

including navigation, video surveillance, robotics, and human–
computer interaction [1], [2]. Although much progress has
been made by the researchers in the past years [3]–[8], [50],
object tracking is still a difficult problem, because target
objects may suffer from various of unpredictable challenges
such as occlusion, pose and shape variation, illumination, scale
changes, background cluttering, and motion blur. Therefore, it
is critical to learn an effective appearance model for tracking.
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To achieve this goal, numerous schemes have been proposed
for robust visual tracking in [5], [6], [22]–[24], and [45]. For
example, Ross et al. [5] represented each target candidate via a
low-dimensional subspace, and incrementally update the sub-
space to handle the observation changes. Mei and Ling [6]
introduced sparse representation into visual tracking, which
sparsely represent each candidate via positive templates and
trivial templates to deal with noise and occlusion. Moreover,
Wang et al. [22] integrated both subspace learning and sparse
representation to account for appearance changes, and utilize
a dictionary composed by the subspace of positive templates
and trivial templates to sparsely represent the candidates. Even
though these methods have achieved good performance for
visual tracking, they still have the following issues.

1) The above methods learn the representations of target
candidates independently, and do not exploit the rela-
tionship among the candidates or positive templates. To
overcome this issue, Zhang et al. [8] formulated the
tracking problem within a multitask learning framework,
and exploited the group sparse structure among the can-
didates. Furthermore, Hong et al. [43] and Mei et al. [44]
exploited the similarity between the candidate particles
from a multitask multiview perspective. Additionally,
Zhang et al. [12], [13] achieved promising tracking
results by enforcing low-rank constraint to the candi-
dates. A similar method can also be found in [27], which
divides the candidates into a low-rank component and
a sparse matrix via robust principal component anal-
ysis framework for tracking [33]. However, the above
similarity and low-rank assumption over the candidates
may be only well established when the candidates are
cropped in a small region in the image. Nevertheless, the
candidate particles are often drawn in a random region
according to motion model as introduced in Section III.
Therefore, the candidates cannot always be constrained
in a small region, especially when the target suffers from
abrupt motion challenge.

2) The appearance consistency of the target object
can be exploited to improve tracking performance.
Zhang et al. [12] utilized the similarity of the tar-
get object in two adjacent frames to prune irrele-
vant candidates, which reduce the computational cost.
Zhang et al. [9] exploited the consistency of local con-
texts around the target in consecutive frames to infer the
location of the object. Yang et al. [26] used the local
similarity in the target patches to improve the perfor-
mance of the tracker. The appearance consistency can
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Fig. 1. Illustration of the motivation of the proposed algorithm. (a) Target
observations in 42 successive frames (from left to right and from top to
bottom). (b) Six representative observations can be selected because of the
similarity among all the 42 observations, which reveal the underlying low-rank
structure in the consecutive target appearances. Therefore, it is reasonable to
make the target observations be low-rank, which can be viewed as a global
constraint on the target appearances. (c) Sudden changes break the simi-
larity between adjacent observations, which motivates us to design a local
temporal constraint on the adjacent frames. Overall, the global low-rank and
local temporal restriction can be jointly integrated to ensure the global and
local temporal consistency for tracking.

exists for most time. However, target observations can
still be suddenly changed between two adjacent frames
when facing severe challenges [see Fig. 1(c)]. In this
case, if visual tracker still assumes the temporal simi-
larity between the target appearances, it will prone to
drift.

3) After obtaining the representation model, the tracking
results can be decided based on the representation coef-
ficients which are considered to reflect the relationship
between the templates and corresponding candidates,
i.e., the bigger coefficients mean the stronger rela-
tionships. Liu and Sun [28] took sparse representation
coefficients as a similarity map to seek for the optimal
candidate. However, the decisions are sensitive to the
outliers because some bad candidates may get unreason-
able large representation values when occasion happens.
To alleviate this shortcoming, Zhang et al. [34] intro-
duced a weighted scheme into the representation map
to improve the robustness of the tracker. Nevertheless,
their adaptive weights are generated based on the pixel-
level holistic difference between the candidates and
templates, thus this weighted scheme may lose its func-
tion when the target suffers from partial changes (e.g.,
partial occlusion).

To address the above issues, in this paper, we propose a
novel tracking algorithm based on temporal restricted reverse-
low-rank sparse representation, and the tracking results are
decided via two adaptive weighted representation maps (tar-
get representation map and background representation map).
Compared with the existing visual tracking methods, the
proposed tracker has the following advantages.

1) Differ from the low-rank assumption on the candidate
particles as [12] and [27], we exploit the relation-
ship in the target observations by jointly represent the
positive and background templates via the candidates,
i.e., a reverse consideration to the traditional sparse-
based trackers which sparsely represent candidates via
the templates [6], [24], [36]. The motivations of the

proposed model can be illustrated in Fig. 1. Since most
successive target appearances in Fig. 1(a) are similar,
some representative observations can be selected to cap-
ture the principle features of all the target appearances.
Therefore, it is reasonable to assume that the successive
target observations may lie in a low-rank subspace. By
making the target representation matrix be low rank, the
proposed algorithm can not only capture the underlying
relationship of target observations, but also avoid the
shortcoming of the low-rank assumption on candidates
as [12], [13], and [27].

2) The proposed low-rank constraint enforces the similarity
of all the target observations, which can be considered as
a global level restriction for the appearance consistency.
However, as shown in Fig. 1(a) and (c), some signifi-
cant changes can happen in two adjacent frames, which
breaks the adjacent similarity in this case. To deal with
this local level changes, inspired by Tierney et al. [29],
we penalize the discrepancy between two adjacent target
representations via �1,2-norm, which can model the local
temporal consistency, as well as tolerating some severe
appearance changes between two adjacent frames.

3) After learning the candidate representations, the track-
ing results are decided according to the discriminative
representations of target and background templates. To
improve the robustness of representation against outliers
and target partial changes, we propose a new adaptive
weighted scheme based on max pooling feature, which
is considered to be more robust to the partial changes
(e.g., partial occlusion and pose variation), scale, and
rotation [35].

The contributions of this paper are threefold.
1) We propose a reverse-low-rank sparse learning algorithm

for visual tracking, which exploits the underlying struc-
ture in successive target observations in a different way
compared to other existing methods. To the best of our
knowledge, this is the first work to exploit the intrinsic
low-rank structure in successive target appearances for
visual tracking task.

2) We adopt the �1,2-norm to model the local temporal con-
sistency, as well as tolerating some sudden appearance
changes between two adjacent frames.

3) To localize the target effectively, a new adaptive weight-
ing scheme is introduced into the discriminative repre-
sentation coefficients to make the final state estimation.

This paper is organized as follows. In Section II, the
most related work are summarized. In Section III, we intro-
duce the general particle-filter-based tracking framework via
Bayesian inference. Section IV presents the details of the
proposed tracking algorithm, and the optimization is intro-
duced in Section V. The experimental results are shown
in Section VI. Finally, the conclusion and future work are
followed in Section VII.

II. RELATED WORK

The past years have witnessed plenty of representa-
tion schemes for object tracking, such as pixel-based
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tracker [10], [11], description models-based trackers (e.g.,
histogram [15] and subspace representation [5], [22]), dif-
ferent features-based trackers (e.g., texture [14], color [16],
histogram of oriented gradients [17]), multilevel quanti-
zation tracker [46], metric-based tracker [47], and sparse
representation-based trackers [6], [23], [36]. In this section,
we discuss the most relevant work to the proposed algorithm.

The proposed algorithm is motivated by the sparse
representation-based tracker [6], which sparsely represents the
candidates via a dictionary composed of positive templates and
trivial templates. The �1 optimization in this tracker is quite
time-consuming, and the computational cost grows linearly
with the number of candidate particles. On the other hand, the
�1 tracker only adopts the appearance model of target object
while ignores the information provided by the background as
in most generative trackers [5], [8], [22], [41]. To alleviate the
computational complexity of the �1 tracker, Bao et al. [23]
proposed an improved �1 minimization tracker, and opti-
mize the model by accelerated proximal gradient approach to
accelerate the speed of �1 minimization. Mei and Ling [24]
developed an approximate solution to reduce the number of
candidate particles to speed up the sparse-based tracker. In
this paper, we reversely represent the templates via candidates,
and the number of the templates is much smaller than the
number of sampled candidates. Thus the proposed tracker is
computationally attractive.

To make use of the background information, discrimina-
tive tracking models are proposed to distinguish the target and
background. Xie et al. [25] proposed a discriminative model,
which trains a classifier via the sparse codes of both target and
background, for sparse-based tracking. Yang et al. [26] and
Zhong et al. [36] showed sparse collaborative model which
takes a combination of both generative model and discrimina-
tive model. All these discriminative trackers achieve promising
results by adding the background information. In this paper, we
take both target and background templates into the represen-
tation model, which can obtain discriminative representations
to estimate the final state.

In addition, the proposed tracking algorithm is also inspired
by the work of low-rank structure exploiting, including low-
rank subspace clustering [19], [20], and various efficient
low-rank matrix minimization and completion [32], [37].
Additionally, [29] and [31], which aim to cluster the sub-
space of sequential data, also bring significant inspiration to
the design of the temporal penalty term in our algorithm.

III. BAYESIAN INFERENCE FRAMEWORK

In this paper, we present the tracking framework based on
the Bayesian inference in a Markov model with hidden state
variables. Suppose X1:t = {x1, x2, . . . , xt} denote the observa-
tions of the object up to time t, and H1:t = {h1,h2, . . . ,ht} are
the corresponding hidden states of the observations. When the
observation images X1:t and states H1:t−1 are given, the opti-
mal state of the target can be recursively estimated according
to the Bayesian rule as

p(ht|xt) ∝ p(xt|ht)

∫
p(ht|ht−1)p(ht−1|xt−1)dht−1 (1)

where p(ht|ht−1) is the motion model between two successive
states, and p(xt|ht) represents the observation model which
gives the likelihood of observing xt with state ht. In this paper,
giving the (t − 1)th state ĥt−1 and observation x̂t−1, the tar-
get state at time t is obtained by maximizing the posterior
estimation among the candidates as

ĥt = arg max
ht∈�t

p
(
ht|ci

t

)

= arg max
ht∈�t

p
(
ci

t|ht
)
p
(

ht|ĥt−1

)
p
(

ĥt−1|x̂t−1

)
(2)

where �t contains all states of the sampled candidates particles
cropped in the tth frame, and ci

t is the observation correspond-
ing to the ith candidate. Considering the Markov property of
the Bayesian inference framework, the above equation also
implies that the candidate particles are only drawn according
to the tracking result in the last frame.

In this paper, we construct the motion model with affine
transformation, and ht = {htx, hty, θt, sct, εt, ψt}, where
htx, hty, θt, sct, εt, and ψt are parameters for affine transfor-
mation, which denote x, y translation, rotation angle, scale,
aspect ratio, and skew direction at the tth frame, respectively.
The target motion between two successive states is formu-
lated by p(ht|ht−1) = N (ht; ht−1, �), where � is a diagonal
covariance matrix which can be tuned according to different
datasets.

Since the candidates are only updated around the estimation
in the last frame, p(ĥt−1|x̂t−1) in (2) is same to all the candi-
dates. Therefore, when the motion model p(ht|ĥt−1) is fixed,
we directly select the optimal candidate based on p(ci

t|ht).
In this paper, the observation model p(ci

t|ht) is set accord-
ing to the discriminative score which obtained by exploiting
the relationship between the target templates and candidates
(see Section IV-B).

IV. PROBLEM FORMULATION

In this section, we first present the temporal restricted
reverse-low-rank representation model, then introduce how to
construct the discriminative weighted representation maps to
estimate the final tracking results.

A. Reverse-Low-Rank Sparse Representation Mode
With Temporal Restriction

In this paper, we retain the tracking results in p consecutive
frames, and the corresponding vectorial gray-scale observa-
tions are arranged from left to right as a target observation
matrix Xpos ∈ R

d×p, where d denotes the dimension of the
templates. On the other hand, n background templates are
cropped in the last frame, which compose the negative obser-
vation matrix Xneg ∈ R

d×n. The combination of the positive
and negative observation matrixes Y = [Xpos,Xneg] can be
reversely represented via a candidate dictionary C ∈ R

d×m

as Y = CZ − E. Wherein, C retains m candidate particles
drawn in the current frame according to the motion model
in Section III. The columns in Z ∈ R

m×(p+n) denote the
representations corresponding to the template matrix Y. The
E ∈ R

m×(p+n) denotes the reconstructed error matrix, as well
as modeling noise and occlusion in the candidates.
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The proposed representation model is based on the follow-
ing considerations: 1) the low-rank structure in the successive
target observations leads to the assumption that the cor-
responding target representations are also expected to be
low-rank; 2) the target and background templates can be
sparsely reconstructed by a small number of good and bad
candidates, respectively, thus the representation matrix Z is
sparse; and 3) the appearance consistency can be broken when
the target suffers from suddenly challenge. Therefore, in the
representation model, we should take some large discrepancy
between two adjacent target observations into consideration.
Based on the above observations, our representation model is
formulated as

min
Z,E

||ZR1||∗ + λ1||Z||1,1 + λ2||E||1,1 + λ3||ZR2||1,2
s.t. Y = CZ − E

(3)

where ||.||∗ is the nuclear norm, and �p,q-norm is defined as

||M||p,q =
(∑

i

(||Mi||q
)p
) 1

p

(4)

where Mi is the ith column of matrix M. The sparse
regularization of the reconstructed error matrix ||E||1,1 makes
the proposed model more robust to Laplacian noise and gross
errors (e.g., occlusion) [20], [33], [48] (for more information
about robust norm and weighting method account for different
noises, one may refer to [51] and [52]).

R1 in (3) is introduced to separate the positive representation
from Z

R1 =
[

Ip×p

0n×p

]
∈ R

(p+n)×p (5)

where Ip×p and 0n×p are p × p identity matrix and n × p zero
matrix, respectively. Additionally, R2 is a matrix to connect
the target representations between two adjacent frames, and is
defined as

R2 =
[

R
0n×(p−1)

]
∈ R

(p+n)×(p−1) (6)

where

R =

⎡
⎢⎢⎢⎢⎢⎢⎣

−1
1 −1

1
. . .

. . . −1
1

⎤
⎥⎥⎥⎥⎥⎥⎦

∈ R
p×(p−1). (7)

1) Low-Rank Constraint of Target Observations ||ZR1||∗:
In our representation model (3), the Z contains the represen-
tations of both target and negative templates according to Y.
However, we only aim to exploit the low-rank structure in
the target observations. Therefore, ZR1 is introduced in (3) to
extract the target representations while wipe off the inference
brought by the negative representations. Since the rank mini-
mization is an NP-hard problem, and numerous of literatures
have shown that nuclear norm is a convex approximation of the
rank term function in same cases [33], [37], [49]. Therefore,
in this paper, ||ZR1||∗ is set to constrain the rank of the target
representations.

2) Sparse Constraint of Reverse Representation ||Z||1,1:
It is reasonable to reversely represent the target and nega-
tive templates via the candidate particles, because the positive
templates may be well represented by the good candidates,
while the background templates can be reconstructed by the
bad candidates including some background area. Moreover, the
sparse constraint �1,1-norm on the representations Z catches
the most relevant relationship between the templates and can-
didates, thus makes the representation model more robust to
noise [18].

3) Local Temporal Restriction ||ZR2||1,2: In the proposed
formulation (3), since the positive templates in Z are retained
in p successive frames, ZR2 = [z2−z1, z3 −z2, . . . , zp −zp−1]
retains the discrepancies between two adjacent target represen-
tations, wherein zi is the ith column in Z. The minimization
of �1,2-norm ||ZR2||1,2 = ∑p

i=2 ||zi − zi−1||2, leads the dis-
crepancies between most adjacent target representations will
be small while some can be large [29], [30]. This temporal
restricted term can be appropriately subject to the appear-
ance variation of the object during tracking process, because
||ZR2||1,2 not only penalizes the dissimilarity between most
adjacent representations, but also can model some severe
appearance changes between two consecutive frames by allow-
ing some columns in ZR2 to be large.

B. Tracking Via Adaptive Weighted Representation Maps

Each column in Z is the reverse-low-rank representation
of a certain template via all the candidates, and the value of
each entry in Z implies the relationship between the template
and the corresponding candidate, i.e., Zij reveals the relevance
between the ith candidate and the jth template, and the big-
ger coefficient leads to the stronger relationship between the
candidate and the corresponding template, vice verse [28].

In this section, we present how to exploit the discrimina-
tive information from the representation matrix Z for tracking.
First, we prune the positive templates and background tem-
plates for each candidate to increase the robustness of the
tracker, as well as reducing the computational complexity.
Meanwhile, the corresponding remained coefficients in Z can
be separated as positive refined map and negative refined map.
Second, adaptive weights are added into the refined maps
based on max pooling feature. Finally, a discriminative score
is given to each candidate based on the weighted maps to make
the final decision.

1) Pruning to Refine the Templates: To exploit the dis-
criminative information, we divide Z into positive part and
background part as Z = [Zpos,Zneg], where Zpos ∈ R

m×p

retains the representations of positive templates, and Zneg ∈
R

m×n contains the remaining n negative representations. For
each candidate, k largest entries are selected along the rows
of Zpos and Zneg, respectively. Two new relationship maps
are formed after these selections: 1) positive refined map
Z̃pos ∈ R

m×k and 2) negative refined map Z̃neg ∈ R
m×k.

Note that not all the positive templates collected in the previ-
ous frames are similar to the candidates, due to the unpredicted
challenges in the tracking process. Therefore, these dissimilar
positive templates (corresponding to the small values in the
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Fig. 2. Robustness of the weighted representation map. The first row shows
the comparison between the original representation and the weighted repre-
sentation of good candidate (red), and the second row shows the comparison
of the bad candidate (blue). The symbol � denotes Hadamard product.

representation matrix Zpos) may affect the robustness of the
tracker [34], thus our refined scheme is designed to prune these
bad positive templates for each candidate. Additionally, the
bad background templates are also discarded because of their
weak relationship with the candidates. Since we only tackle
with the selected templates for each candidate, the pruning
scheme can also reduce the computational complexity in the
following processing. To sum up, our pruning scheme is rea-
sonable and can reduce the computational cost, because the
refined maps catch the most principle relationship between
templates and candidates.

2) Constructing Adaptive Weighted Representation Maps:
In this section, we add the adaptive weights, which are cal-
culated into Z̃pos and Z̃neg based on max pooling feature
(details shown in Section VI-A1) to construct positive and
negative weighted representation maps. The weight w between
candidate and the selected template is defined as

w ∝ exp
(−||c∗ − t∗||1

)
(8)

where c∗ and t∗ denote the max pooling features of a candidate
and a template, respectively. Based on the above equation, we
calculate two weight matrixes as

Wpos =
[
w(p)

1
,w(p)

2
, . . . ,w(p)m

]T

Wneg =
[
w(n)

1
,w(n)2 , . . . ,w(n)m

]T
(9)

where each entry in w(p)i ∈ R
k and w(n)i ∈ R

k1 is calcu-
lated via (8) between the ith candidate and the corresponding
template in terms of Z̃pos and Z̃neg, respectively.

When the weight matrixes are obtained, our adaptive repre-
sentation maps can be constructed as

Mpos = Z̃pos � Wpos

Mneg = Z̃neg � Wneg (10)

where Mpos and Mneg are the positive and negative adaptive
representation maps, respectively, and � denotes Hadamard
product (element-wise product). By adding adaptive weights,
it is much more robust to deal with the unreasonable out-
liers in the representation matrix. A case study can be see in
Fig. 2, which presents robustness of the proposed weighted

1The superscripts “p” and “n” are the symbols for “positive” and “negative,”
respectively.

representation scheme. The first column in Fig. 2 shows the
bounding boxes of a good candidate (red) and a bad candidate
(blue). The second column presents the representation values
of the candidates from the refined maps Z̃pos and Z̃neg. The
corresponding weights in Wpos and Wneg are given in the third
column. The last column denotes the weighted representations
of the good and the bad candidates. As shown in the figure, the
final weighted representation can retain the relative relation-
ship between the good candidate and the templates (the first
row in Fig. 2). On the contrary, the unreasonable large rep-
resentation values between the bad candidate and the positive
templates are suppressed by the adaptive weights (the second
row in Fig. 2), which may led to more robust representations.

To make the final tracking estimation via the above adaptive
representation maps, a discriminative score is calculated for
each candidate as

sci = sci−pos − sci−neg (11)

where sci−pos and sci−neg are the scores generated for the ith
candidate based on the adaptive weighted maps, wherein

sci−pos =
k∑

j=1

Mi
pos
( j)

sci−neg =
k∑

j=1

Mi
neg( j) (12)

where Mi
pos(j) is the jth entry in the ith row of Mpos, and

Mi
neg(j) denotes the jth entry in the ith row of Mneg.
When the discriminative scores of all the candidates are

obtained, we can use them for tracking under the Bayesian
inference framework (Section III). The observation model,
which connects the candidate observation ci

t and the hidden
state ht, is set as

p
(
ci

t|ht
) ∝ sci. (13)

Then the candidate with the maximal discriminative score
in each frame will be selected to be the target according to
the Bayesian inference tracking framework. The workflow of
the tracking algorithm is shown in Fig. 3.

V. OPTIMIZATION

In this section, we present the details of how to optimize the
representation model (3). Our training set consists of p posi-
tive samples and n negative samples in Y (see Section VI-A2
for details). As the regularization terms in (3) are all con-
vex but nonsmooth (nuclear norm, �1,1-norm, and �1,2-norm),
it is difficult to directly solve the formulation. Inspired by
Zhang et al. [12], we introduce some equality constraints and
slack variables into (3) as

min
Z,Q1∼Q3,E

||Q1||∗ + λ1||Z||1,1 + λ2||E||1,1 + λ3||Q2||1,2

s.t.

⎧⎪⎪⎨
⎪⎪⎩

Q3 = Z
Q1 = Q3R1
Q2 = Q3R2
Y = CQ3 − E.

(14)
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Fig. 3. Workflow of the propose tracker. First, original representation matrix Z is learned by the proposed representation model (3). Then the positive
templates and background templates are pruned to form the refined representation maps Z̃pos and Z̃neg. Third, the adaptive weights are added to construct
weighted representation maps. Finally, a discriminative score is calculated for each candidate to make the final tracking estimation. When the tracking result
is given, the template matrix Y in (3) can be updated for the tracking of next frame.

Equation (14) is equal to (3), but can be solved by inexact
augmented Lagrange multiplier (IALM) [32]. The augmented
Lagrangian for (14) is

L(Z,Q1,Q2,Q3,E) =
||Q1||∗ + λ1||Z||1,1 + λ2||E||1,1 + λ3||Q2||1,2
+ < L1,Z − Q3 > +μ1

2 ||Z − Q3||2F
+ < L2,Q1 − Q3R1 > +μ2

2 ||Q1 − Q3R1||2F
+ < L3,Q2 − Q3R2 > +μ3

2 ||Q2 − Q3R2||2F
+ < L4,E + Y − CQ3 > +μ4

2 ||E + Y − CQ3||2F

(15)

where {L1, . . . ,L4} are Lagrange multipliers, and
{μ1, . . . , μ4} are penalty parameters. In alternative
manner, (15) can be solved by the following steps.

Step 1: Fixing Q1,Q2,S3, and E, updating Z by

Z∗ = arg min
Z

λ1

μ1
||Z||1,1 + 1

2
||Z − W1||2F (16)

where W1 = Q3 − L1/μ1 and Z∗ = Sλ1/μ1(W1), wherein
Sε(x) is a soft shrinkage operator

Sε(x) =
⎧⎨
⎩

x − ε, if x > ε

x + ε, if x < −ε
0 , otherwise.

(17)

Sλ1/μ1(W1) an element-wise extension of soft shrinkage oper-
ator to matrix W1.

Step 2: Fixing Z,Q1,Q2, and Q3, updating E by

E∗ = arg min
E

λ2

μ4
||E||1,1 + 1

2
||E − W2||2F (18)

where W2 = CQ3 − Y − L4/μ4 and E∗ = Sλ2/μ4(W2).
Step 3: Fixing Z,E,Q2, and Q3, updating Q1 by

Q∗
1 = arg min

Q1

1

μ2
||Q1||∗ + 1

2
||Q1 − W3||2F (19)

where Q∗
1 = US1/μ2(�)V

T and U�VT is the singular value
decomposition (SVD) of W3 = Q3R1 − L2/μ2.

Step 4: Fixing Z,E,Q1, and Q3, updating Q2 by

Q∗
2 = arg min

Q2

λ3

μ3
||Q2||1,2 + 1

2
||Q2 − W4||2F (20)

where W4 = Q3R2 − L3/μ3. The closed-form solution of the
above model can be calculated as

Q∗
2(:, i) =

{ ||W4(:,i)||2− λ3
μ3||W4(:,i)||2 W4(:, i), if ||W4(:, i)||2 > λ3

μ3

0, otherwise
(21)

where Q∗
2(:, i) and W4(:, i) denote the ith columns of Q∗

2
and W4, respectively.

Step 5: Fixing Z,E,Q1, and Q2, updating Q3 by

min
Q3

μ1

2
||Q3 − M1||2F + μ2

2
||Q3R1 − M2||2F

+ μ3

2
||Q3R2 − M3||2F + μ4

2
||CQ3 − M4||2F

(22)

where

M1 = Z + L1

μ1

M2 = Q1 + L2

μ2

M3 = Q2 + L3

μ3

M4 = E + Y + L4

μ4
. (23)

Setting derivative of (22) with respect to Q3 to zero gives

(
μ1I + μ4CTC

)
Q3 + Q3

(
μ2R1RT

1 + μ3R2RT
2

)
= μ1M1 + μ2M2RT

1 + μ3M3RT
2 + μ4CTM4 (24)

where I is the identity matrix. The above equation is a
Lyapunov function, and it is difficult to directly optimize it
due to the left and right multiplication of Q3. However, by
taking vectorization, Q3 can be separated and updated as
{

I ⊗
(
μ1I + μ4CTC

)
+ (
μ2R1RT

1 + μ3R2RT
2

)⊗ I
}

vec(Q3)

= vec
(
μ1M1 + μ2M2RT

1 + μ3M3RT
2 + μ4CTM4

)
(25)

where vec is an operator to vectorize matrix to vector, ⊗
denotes Kronecker product.
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Algorithm 1 Learning Algorithm for Temporal Restricted
Reverse-Low-Rank Sparse Representation
Input: Template matrix Y, dictionary C, template extraction

matrix R1, connection matrix R2, regularization coeffi-
cients λ1, λ2, λ3, and ρ = 1.5.

Output: Z.
1: Initiate Lagrange multipliers and parameters: L1 =

0,L2 = 0,L3 = 0,L4 = 0, μ1, μ2, μ3, μ4 > 0.
2: while not converged do
3: Fixing other variables to update Z; (Eq. (16))
4: Fixing other variables to update E; (Eq. (18))
5: Fixing other variables to update Q1; (Eq. (19))
6: Fixing other variables to update Q2; (Eq. (20))
7: Fixing other variables to update Q3; (Eq. (25))
8: Updating multipliers and parameters; (Eq. (26))
9: end while

Step 6: Updating multipliers as follows:

L1 = L1 + μ1(Z − Q3)

L2 = L2 + μ2(Q1 − Q3R1)

L3 = L3 + μ3(Q2 − Q3R2)

L4 = L4 + μ4(E + Y − CQ3)

μ1 = ρμ1, μ2 = ρμ2, μ3 = ρμ3, μ4 = ρμ4, (ρ > 1). (26)

The details of the learning process are shown in
Algorithm 1. The computational bottlenecks of the learning
algorithm lie in the SVD process in step 3 and the opti-
mization of Lyapunov function in step 5. The computational
cost of solving one SVD in step 3 is O(m2p), where m
is the number of candidate particles, and p is the number
of positive templates (m > p). The time complexity for
step 5 is mainly dominated by the reverse operation of the
Kronecker product in (25). Since C, R1, and R1 in (25) are
fixed during the iterations, the inversions can be calculated
once with complexity O(m3(p + n)3). Therefore, the main
operations of (25) for iterations are reduced to simple matrix
multiplications with O(m(p + n)). As a result, the total com-
putation cost of Algorithm 1 is O(m3(p + n)3 + m2pε−0.5),
where ε−0.5 is the number of IALM iterations. The com-
putational complexity is on par with some related trackers
multi-task tracker (MTT) [8] and consistent low rank sparse
tracker (CLRST) [12]. Wherein, the complexity of MTT is
O(mpdε−0.5), and CLRST is O(m3 + m2(p + n)ε−0.5). Since
the candidates number m is much smaller than the template
dimension d in this paper (see Section VI-A4), our average
run-time is short than MTT in practice.

VI. EXPERIMENTS

In this section, we evaluate the proposed algorithm on 18
challenging image sequences with 12 state-of-the-art trackers
including: 1) online adaboost tracker [39]; 2) FragTrack [41];
3) incremental visual tracking [5]; 4) L1T [6]; 5) near-
est neighbor tracker [42]; 6) multiple instances learning [7];
7) online discriminative tracking via local sparse learning [38];

Fig. 4. Case study for the robustness of the max pooling feature. Given the
tracking result in #29 as xt−1 (t is a symbol for the tth frame, in this case study
t = 30), we calculate the similarity between xt−1 and the inferior candidate ct

i ,
as well as between xt−1 and the ideal candidate ct

j , via both pixel-level holistic
feature and max pooling feature. (a) Comparison between the ideal candidate
and inferior candidate via pixel-level holistic feature. (b) Comparison based
on max pooling feature. The similarities are calculated via (8) between two
images.

8) MTT [8]; 9) compressive tracker [40]; 10) sparse collabo-
rative tracker (SCM) [36]; 11) discriminative sparse similarity
tracker (DSST) [34]; and 12) CLRST [12]. We use the publicly
available source codes and adopt the original implementations
provided by the authors.

A. Implementation Details

In this section, we present the implementation schemes,
including the definition of max pooling feature, the initia-
tion and update scheme of the discriminative templates, the
evaluation criteria, and the details of parameter setting.

1) Max Pooling Feature for Weighted Scheme: In this paper,
we extract max pooling feature, instead of using the raw
pixel-level holistic features, for both templates and candidates
with the adaptive weighting scheme (Section IV-B2). Many
literatures have proved that pooling can achieve invariance
to image transformations, more compact representations and
better robustness to noise [35]. We use overlapped sliding win-
dows over a normalized image, and concatenate the maximum
pixel value in each window to form the max pooling feature of
the image. Moreover, since the max pooling feature retains the
local information from the image patches divided by sliding
windows, it is also robust to the partial change of the target,
such as partial occlusion and pose variation.

The superior of max pooling feature can be illustrated as
shown in Fig. 4. The target is suffered from partial pose vari-
ation between #29 and #30. As seen in the last column of
Fig. 4(a), the inferior candidate ct

i is more similar with the
previous result xt−1 via pixel-level holistic feature, thus the
tracker is prone to drift under this feature scheme. However,
regardless of the severe pose variation, the target is partly
changed. Since the max pooling feature retains the local infor-
mation from the image patches, it can make the better use
of the unchanged parts to give a robust result. This can be
seen in Fig. 4(b), the third column represents the element-
wise discrepancy between the candidates and tracking result
in frame #29. We can see that many entries are small, which
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means that some parts in the candidates are similar with the
same position in xt−1. Therefore, it reveals that max pooling
feature captures the local similarity of the image. Moreover,
the similarities calculated in the last column of Fig. 4(b)
present that the good candidate ct

j is more relevant to the
previous result xt−1, which proves the robustness of the max
pooling feature. Additionally, the dimension of max pooling
feature is smaller than the pixel-level holistic feature, which
is computationally attractive.

Despite the above advantages of the max pooling feature,
it loses much details of the image. Therefore, in the proposed
representation model (3), we do not utilize the max pool-
ing feature, because more accurate representations need more
image details. However, since the weighted scheme merely
aims to add the similarity to the original representations, it is
reasonable to utilize the max pooling feature, which can keep
the partial similarity between the candidates and templates.

2) Initiation and Update Scheme of the Discriminative
Templates: In this paper, matrix Y contains p positive tem-
plates and n negative templates. The positive templates are
selected from the previous tracking results in consecutive
frames. Meanwhile, given an image frame, the n background
templates are randomly drawn from an annular area, which sat-
isfy Cinner ≤ ||Ln(t, i)−L(t)|| ≤ Couter, where Ln(t, i) and L(t)
are the centers of the ith selected negative template and the
tracking result in the tth frame, respectively, and Cinner and
Couter are the inner and outer thresholds of the annular area,
which are set as 3 and 20, respectively.

To make the model adaptive to the unpredictable challenges
during the tracking process, the templates must update on-the-
fly to account for the change of both target and background.
The positive templates are accumulated until the pth frame,
and they are arranged from left to right in positive template
matrix Xpos according to the time sequence. After the pth
frame, the newcome positive template is added in the right
of Xpos, accordingly, an earlier acquired template will be dis-
carded in the Xpos. In this paper, we keep the first positive
template all the time to alleviate drifting since the target in
the first frame is always the groundtruth, thus we delete the
second leftmost template of Xpos in the following frames. We
must clarify that this updating scheme may make the �2-norm
between the first column and the second column of Zpos larger
than in the case of successive frames. However, it may not
break up the temporal restriction ||ZR2||1,2 in (3) since some
large columns in ZR2 are tolerable by �1,2-norm regulariza-
tion. As to the negative templates in Xneg, they are all cropped
in the last frame and updated every frame.

3) Evaluation Criteria: Two metrics are used for evalu-
ation. One is central-pixel error (CPE), which records the
Euclidean distance (in pixel) between the center of the pre-
dicted bounding box BBP and its groundtruth BBG. The other
metric is success rate (SR), which is calculated according to
the number of successfully tracked frames. A frame is deemed
to be successfully tracked when the overlapped percentage
of the predicted bounding box and the groundtruth bound-
ing box is area(BBP ∩ BBG)/area(BBP ∪ BBG) > 50%, then
SR = Ns/Nw × 100%, where Ns and Nw denote the number

Fig. 5. Sensitivity analysis of λ1, λ2, and λ3. Based on the analysis, we set
(a) λ1 = 0.2, (b) λ2 = 0.05, and (c) λ3 = 0.1 in this paper.

of successfully tracked frames and total video frames, respec-
tively. By using SR for evaluation, a good tracker should not
only give the estimations with the appropriate position, but
also make the predicted bounding boxes cover more body of
the target while containing less background.

4) Parameter Setting: In this paper, both templates and can-
didates are resized to 32 × 32, and the size of sliding window
for the max pooling feature is 8 × 8. The number of positive
templates is set as p = 20, and negative templates n = 20,
while k = 10 most relevant templates are retained to refine the
representation maps. The number of candidates for each frame
is set as m = 600. Implemented with MATLAB on a standard
i5 3.2 GHz computer, our algorithm runs at 0.6 frames/s.

Inspired by Zhang et al. [12], the regularization coefficients
λ1, λ2, and λ3 are set according to sensitivity analysis. We use
a discrete set � = {0.005, 0.01, 0.05, 0.1, 0.2, 0.5, 1.0, 5.0}
to parameterize the coefficients, and three videos with 1941
frames are utilized to select the optimal combination of
λi, i = 1, 2, 3. Our sensitivity analysis is implemented as
follows: first, fixing one coefficient2 (e.g., λ1), the other
two parameters λ2 and λ3 are traversed the �, respectively.
Therefore, we obtain 8 × 8 combinations for one dataset.
Second, for each combination, we evaluate the proposed algo-
rithm on the selected three videos, and overall 8 × 8 × 3 SR
scores are obtained for fixing one of the three coefficients.
Third, we average the 8 × 8 × 3 scores, and draw the per-
formance toward the fixed coefficient as shown in Fig. 5.
We can see that the performance is relatively stable (range
between 88% and 91%) with different combinations of coef-
ficients, which means that the proposed algorithm is robust to
different reasonable settings. Overall, Fig. 5(a) shows that fix-
ing λ1 = 0.2 can give relatively best average performance in
the selected 1941 validated frames, so as the same case when
λ2 = 0.05 [Fig. 5(b)] and λ3 = 0.1 [Fig. 5(c)]. From the above
analysis, we set λ1 = 0.2, λ2 = 0.05, and λ3 = 0.1 for the
temporal restricted reverse-low-rank representation model (3).

B. Key Component Validation

In this section, we aim to experimentally prove the impor-
tance of some key components in the proposed model.

1) The negative templates, which provide the background
information to construct a discriminative model.

2If we jointly set the parameters on the validation data, they may be too
specific to the selected sequences. However, it is time consuming to use all
the 26 sequences (see Table I) to tune the parameters. Therefore, to take the
generalization and efficiency into account, we select λi separately.
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TABLE I
AVERAGE CPE OF THE TRACKERS

Fig. 6. Effectiveness of the local temporal restriction to penalize the
discrepancy of adjacent observations and tolerate sudden appearance changes.

2) The local temporal restriction, which penalizes the dis-
crepancy between the adjacent observations to tolerate
some sudden appearance changes.

3) The low-rank assumption for exploiting the relationship
among the positive templates.

4) The weighted representation maps scheme for improving
the robustness of the tracking estimation.

First, we present a case study to prove the effectiveness of
the local restricted term ||ZR2||1,2 as shown in Fig. 6. The
customized �1,2-norm enforces that most discrepancy in ZR2
will be small, while some large values can be tolerated. The
first row in Fig. 6 gives the sequential tracking results via
the proposed tracker. The second row shows the �1,2-norm
of representation discrepancy between the adjacent tracking
results corresponding to the first row. The target appearance
suddenly changes between #0 and #21 (the groundtruth in
the first frame is always retained in the positive template
matrix, see Section VI-A2), and the severe pose variations
also bring big appearance changes between #29 and #30, and
#33 and #34. As seen in the second row of Fig. 6, the �2-norm
of most columns in ZR2 are small. However, the discrepan-
cies are large when the appearance severely changes between
#0 and #21, #29 and #30, and #33 and #34. Therefore, the

case study reveals that the proposed temporal restriction can
well model the observation changes between adjacent frames.

To quantitatively analyze the effectiveness of the back-
ground information, temporal restriction and low-rank
assumption, respectively, we remove the negative templates
from (3) to construct the generative model as proposed
algorithm without background templates (PWB). The local
temporal restricted term ||ZR2||1,2 and low-rank constraint
||ZR1||∗ in (3) are, respectively, removed to form proposed
algorithm without temporal restricted term (PWT) and pro-
posed algorithm without low-rank constraint (PWL). The com-
parisons on average CPE and SR are shown in Tables I and II,
and all the experiments are implemented under the same
parameters setting and computer. From the comparisons, we
can see that PWB, PWT, and PWL perform relatively good as
well. However, the proposed tracker outperforms all of them,
which experimentally demonstrate the importance of the key
components.

Additionally, to justify the proposed tracking decision
scheme based on weighted presentation maps, we also give
the quantitative comparison between the proposed algo-
rithm and proposed algorithm without weighted representation
maps (PWW). PWW gives the discriminative score based on
the original representation matrix Z = [Zpos,Zneg], i.e., (12)
in PWW is turned into

sci−pos =
k∑

j=1

Zi
pos
(j)

sci−neg =
k∑

j=1

Zi
neg(j) (27)

where Zi
pos
(j) and Zi

neg
(j) are the jth entry in the ith row of

Zpos and Zneg, respectively. k implies that we use the k largest
coefficients in Zpos and Zneg for score calculation as the pro-
posed tracker. The performance of PWW is listed in the last
column in Tables I and II. Although PWW achieve promising
results with our reverse-low-rank constraint and local temporal
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TABLE II
SR OF THE TRACKERS (IN PERCENT)

Fig. 7. Comparisons of trackers over challenging image sequences with occlusion and pose variation at some key frames. (a) Coke11. (b) Dudek. (c) Faceocc.
(d) Faceocc2. (e) Mhyang. (f) Tiger1. (g) Davidin. (h) Dog.

restriction, the performance is further improved by the addition
of our weighted representation map scheme.

C. Quantitative Comparison

We list the average CPE (in pixel) and SR (in percent) of
all the algorithms in Tables I and II, respectively. In addi-
tion, the results of PWB, PWT, PWL, and PWW are also
recorded for self-comparison. The last rows of Tables I and II
present the average performance of the trackers in all selected
video frames. The best two results are shown in red and
blue, respectively. The proposed algorithm achieves outstand-
ing results in almost all challenge sequences. Among the

alternative trackers, DSST and CLRST are two most rele-
vant algorithms with us. On the one hand, the better results
of the proposed tracker over CLRST indicates the advantage
of the reverse-low-rank model over the low-rank assumption
enforced on the candidates. On the other hand, the superior
performance of our algorithm over DSST reveals the advantage
of exploiting low-rank structure and the temporal consistency
in the target observations.

D. Qualitative Comparison

Figs. 7–9 present the tracking bounding boxes of the 14
trackers in some key frames. The challenges happen in these
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Fig. 8. Comparison over the sequences with illumination change, scale, and background cluttering at some key frames. (a) Trellis70. (b) Walking. (c) Car4.
(d) Singer1. (e) Cliffbar. (f) Pedestrian1. (g) Fish. (h) Football1. (i) Skating1. (j) Soccer.

Fig. 9. Comparison over the sequences with abrupt motion and out-of-plane rotation at some key frames. (a) Deer. (b) Jumping. (c) Shaking. (d) Girl.
(e) Lemming. (f) Sylv. (g) Basketball. (h) Panda.

frames dramatically. Therefore, it is much difficult to locate
the target in these key frames, thus the qualitative analysis in
these frames is meaningful to evaluate the performance of the
tracking algorithms.

1) Occlusion and Pose Variation: Occlusion is one of the
biggest challenges in tracking task, especially severe and
long-time occlusion. As shown in Fig. 7, severe occlusion
exists around #38, #78, and #253 in Coke11 sequences,
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#104 in Fig. 7(b) and most fames in Faceocc and Faceocc2.
Moveover, Tiger1 not only exists severe occlusion, but also
suffers from long-time occlusion before #111. Additionally,
long-time occlusion also exists between #330 and #374 in
Fig. 9(e). In our representation model (3), we design E to
tackle with occlusion, and the utilizing of max pooling fea-
ture can also alleviate occlusion challenge. The results show
the robust performance of the proposed tracker in dealing with
occlusion. Beside occlusion, Fig. 7(a), (b), (d), and (f) also
suffers from pose variation, and Fig. 7(e) contains both pose
variation and slightly illumination change. The tracking results
show the effectiveness of the proposed tracker in dealing with
the challenges in the aforementioned video sequences.

2) Illumination, Scale Change, and Background Cluttering:
Severe illumination change is one of the main challenges
in Trellis70, and many trackers drift because of illumination
before #205 in Fig. 8(a). Fig. 8(b) suffers from scale change,
the proposed tracker can effectively account for scale challenge
because our candidates are obtained by multiscale sampling
scheme according to motion model in Section III. Moreover,
Fig. 8(c) and (d) suffers from both severe illumination and
scale change. However, regardless of the challenging combi-
nation, the proposed tracker gives the bounding boxes which
catch the targets precisely in most frames.

Fig. 8(e) and (f) exists both severe scale change and back-
ground cluttering. In these two sequences, people feel difficult
to distinguish the boundary of the target and the background
even with their own eyes. Most trackers cannot detect the
rotation of the target around #153 in Cliffbar because the fore-
ground and background are nearly fused together. The similar
case also exists around #13 in Pedestrian1, where the target
and the car in the background are almost blended in the same
color. Additionally, the similar shape also makes it difficult
to track when the target and the pedestrian in the background
are segregated around #121 in Fig. 8(f). The better results in
these sequences demonstrate the effectiveness of the proposed
tracking algorithm.

3) Abrupt Motion and Out-of-Plane Rotation: Abrupt
motion is an extreme case of motion problem, which causes
a big challenge to design the search mechanism for a visual
tracker. In this paper, we conquer the motion problem by tun-
ing the affine parameters of motion model in Section III. For
example, the bigger six and siy lead to the larger scope for can-
didate particles sampling. As seen in Fig. 9(a), the proposed
tracker can effectively deal with the abrupt motion problem,
as well as some trackers with the same search mechanism.
However, not all of these trackers get promising results when
facing the abrupt motion as shown in Fig. 9(b). The reason
may lie in that they cannot address the image blur induced
by the motion challenge, as the same case around #221 in
Fig. 8(e). The experimental results prove that our algorithm
can also perform well with motion blur.

Compared to Fig. 9(a) and (b), the sequences in
Fig. 9(c) and (d) suffer from much complex challenges. The
Shaking involves abrupt motion, severe illumination change
around #59, and out-of-plane rotation, and the Girl has occlu-
sion around #457, abrupt motion and severe out-of-plane
rotation. Wherein, out-of-plane rotation is a special case of

pose variation, and this challenge may bring thorough differ-
ent appearances to the target. For example, the observation
of #187 in the Girl sequence is totally different from the
appearance in the earlier frame #45. Beside the Shaking and
Girl sequences, Fig. 9(e) and (f) also involves severe out-of-
plane rotation. However, since the out-of-plane challenge is
gradually happening for most of the time, the proposed tem-
poral restriction can deal with this challenge, and lead to the
superior performance over most existing trackers.

E. Discussion

From the quantitative and qualitative comparisons, we have
shown the outperformance of the proposed algorithm com-
pared to the alternative trackers. Moreover, the key component
validations in Section VI-B, respectively, demonstrated the
importance of the integration of background information, local
temporal restriction, low-rank assumption, and weighted rep-
resentation maps. Additionally, the inherent advantages of the
low-rank assumption in the proposed algorithm against the
low-rank constraint on the candidate particles can be indicated
by the quantitative comparison between the proposed tracker
and CLRST in Tables I and II. CLRST assumes the low-rank
property among the candidates, which demands the similarity
between the candidates. Therefore, CLRST requires the can-
didates to be drawn in a small space, which results in the
unsatisfactory performance when facing abrupt motion chal-
lenge (see Deer and Jummping sequences in Tables I and II).
On the contrary, instead of imposing the constraint on candi-
dates, the proposed presentation model aims to exploit the
underlying low-rank structure in the target representations,
which is more reasonable because the target often exists
appearance consistency in consecutive frames.

Despite the advantages of the proposed tracker, the pro-
posed algorithm prone to drift when the targets go back to the
normal appearance from long time or frequently challenges,
such as long time occlusion, frequently pose, and illumination
change. The reason behind may be that the aforementioned
challenges break up the low-rank structure in the target obser-
vations. For example, when the target suffers from occlusion,
the screens for occlusion are often selected as positive tem-
plates. When the occlusion continues for a long time, nearly
all the positive templates are consist of screens. In this case,
when the screens are gradually removed, the proposed tracker
still trends to select the screens as the estimation for ensur-
ing the low-rank property among the positive templates. The
proposed algorithm is drifting in Tiger1 and Soccer sequences
for such challenge. The frequently pose variation in Basketball
and Dog sequences influence the low-rank structure in posi-
tive templates, which also suppress the performance of the
proposed tracker. Nevertheless, regardless of the limitations
listed above, the merits of the proposed algorithm overwhelm
the drawbacks as shown in the experiments.

VII. CONCLUSION

In this paper, we presented a temporal restricted reverse-
low-rank sparse learning algorithm for visual tracking. In
the proposed method, the underlying low-rank property of
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the successive target observations was exploited by reversely
representing the positive and background samples via candi-
dates. Moreover, a local temporal consistency was modeled via
�1,2 mixed-norm to consider the sudden appearance changes
between adjacent frames. To robustly decide the final track-
ing state, an adaptive weighting scheme based on the max
pooling feature was introduced into the representation model.
The effectiveness of the above key components are experimen-
tally demonstrated by extensive self-comparisons. Moreover,
experiments on 26 image sequences demonstrated that the pro-
posed algorithm was effective and performs favorably against
the 12 state-of-the-art trackers. In the future, we would like to
construct a collaborative model which can integrate the under-
lying structure of both target and candidates for robust visual
tracking. Moreover, extending the reverse-low-rank representa-
tion scheme to other computer vision problems, such as object
recognition and image de-noising, are also open issues that can
be studied.
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