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 Abstract –This paper proposes a robust attitude control 
strategy for hypersonic reentry vehicles which combines novel 
time-varying spectrum based active disturbance rejection control 
techniques with a basic stabilizing controller. These techniques 
include time-varying tracking differentiator (TTD) and time-
varying extended state observer (TESO). By adopting time-
varying bandwidth, TTD can adaptively arrange transient 
processes for either abrupt or smooth reference commands. Also 
by designing time-varying bandwidth logic, TESO can not only 
estimate total disturbance well, but also suppress peaking 
phenomenon resulting from initial reentry condition dispersion. 
Several simulations are conducted which demonstrate that the 
proposed control strategy exhibits both good attitude tracking 
ability and great design flexibility. 
 
 Index Terms – Hypersonic Vehicle, Reentry, Active 
Disturbance Rejection Control, Time-varying Spectrum 
 

I.  INTRODUCTION 

 With rapid development of next generation of reusable 
launch vehicles, design of robust reentry attitude control 
systems that meet safety, reliability, and low-cost requirements 
has drawn more and more attention in these decades [1][2]. 
Reentry flight has to operate over a large flight envelope within 
which diverse uncertainties exist inevitably. Particularly, 
transition from cruise to entry flight may undergo large initial 
transition condition dispersion. In addition, entry flight usually 
involves super maneuvers with diverse command shapes but 
constrained actuator torques. All these factors make hypersonic 
reentry attitude control a difficult and challenging task. 

A conventional approach to entry control is gain scheduling 
(GS) [3]. However, due to large flight envelope and fast time-
varying feature, GS control design is time-consuming and 
requires solid engineering experience. Hence, advanced 
nonlinear control methods have been developed for the last few 
decades. Feedback linearization has been widely applied as a 
basic tool. In [2], it was combined with a model predictive 
method to solve the constrained input and state problem. An 
adaptive control strategy was developed in [4] where back-
stepping approach was applied to decompose the whole system 
into several subsystems. Trajectory linearization control system 
was designed in [5] where the plant was linearized near 
nominal trajectories and control system was developed using 
LTV spectrum theories. Similar idea was presented in [6], but 
dynamic inversion rather than LTV spectrum method was then 
integrated to stabilize the closed-loop system. 

As an alternative, active disturbance rejection control 
(ADRC) [7][8][9][10] has been well developed with simple 

structure and satisfactory disturbance rejection performance. 
ADRC lumps both internal and external disturbances together 
as an extended state and estimates this state by using a unique 
extended state observer (ESO). ADRC also arranges proper 
transient process for a given reference command according to 
system control ability by using a tracking differentiator (TD), 
which helps to solve the conflict between fast response and 
overshoot.   

Conventional ADRC chooses either linear (time-invariant) 
or nonlinear structures to design ESO. However, both have 
inherent drawbacks: linear approach has less design flexibility 
and performs worse especially in complex systems; nonlinear 
structures make theoretical derivation for ADRC much more 
difficult. For these problems, in our previous work [9], a novel 
adaptive ESO was proposed where the observer gains were 
designed in a linear time-varying form and time-varying PD 
spectrum theories were adopted to analyze convergence and 
observation error bound of the observer. In this paper, this 
time-varying spectrum idea is adopted and expanded to design 
both time-varying ESO (TESO) and time-varying TD (TTD) 
for hypersonic attitude system. Our purpose is to solve the 
following three issues. Particularly, the last two issues have 
received far insufficient attention in current researches. 

• Disturbance rejection. For both internal and external 
disturbances, TESO is designed for robust disturbance 
estimation and compensation. 

• Initial transition condition dispersion. Large observer 
gains can improve the performance of ESO. But high 
gains may also cause peaking phenomenon due to 
initial condition dispersion during the transition from 
cruise to entry flight. A specific time-varying discipline 
for the TESO is designed to solve this conflict. 

• Adaptive reference command shaping. As discussed 
before, entry flight often involves large maneuvers with 
diverse command forms (sine, square, etc.). Due to 
constrained control torques, the vehicle exhibits quite 
different tracking abilities for different reference 
commands. TTD is designed as an adaptive  command 
shaping filter to solve this problem. 

II.  MODEL DESCRIPTION 

In this paper, a winged-cone configuration generic 
hypersonic vehicle (GHV) [11] is researched. During its entry 
flight, the engine is shut down and the configured canards are 
disabled. Since it is equipped with no reaction-control system, 
GHV will be controlled only by the aerodynamic-control 
surfaces: two trailing edge elevons (deflection angles aδ  
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and eδ , positive up) and a full span rudder (deflection angle rδ , 
positive left) . The attitude dynamics of this unpowered vehicle 
with disturbances can be described as [12]: 

 1
cos costan ( cos sin ) +
cos

L mg
q p r

mV
γ μα β α α
β

− += − + + Δ  (1) 

 2
cos cos sinsin cos +Y mg

p r
mV

β γ μβ α α += − + Δ  (2) 

 

3

cos sin 1 ( tan sin tan
cos

tan cos cos cos cos tan )+

p r
L L

mV
Y mg

α αμ γ μ β
β

γ μ β γ μ β

+= + +

+ − Δ
 (3) 

 4( ) +y z xL I I qrp I+ −= Δ  (4) 

 5+( ) yz xq IM I I pr= Δ+ −  (5) 

 6( ) +x y zN I I pqr I+ −= Δ  (6) 

, 1 ~ 6,j jΔ = represents total disturbance in each channel, 
including internal structural and parametric uncertainties, and 
external disturbances. Equations (1)-(3) govern the attitude 
angles where α , β , and μ are the angle of attack, sideslip 
angle, and bank angle. Equations (4)-(6) govern the body-axis 
rates where p , q , and r  are the roll, pitch, and yaw rates 
respectively. m , g , V  are the vehicle mass, gravity constant, 
and velocity. xI , yI , zI  are moments of inertia. The lift L , 

side force Y , and body torques L , M , N are expressed as: 
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where 20.5q Vρ=  is the dynamic pressure with ρ as air 

density. refS , b , c are the reference area, lateral reference 

length, and mean aerodynamic chord, respectively, and Ma is 
the Mach number. To describe a high-fidelity aerodynamic 
model covering whole entry flight envelope, the aerodynamic 
coefficients are fitted as high-order polynomials with respect 
to relevant flight states and deflection angles [11]. This high-
fidelity model presents sever nonlinear, fast time-varying, and 
significant couplings characteristics, which pose huge 
challenges to robust control design.  

For control design purpose, simplification is made to the 
aerodynamic model (7)-(8). First, it is verified that the 
aerodynamic forces generated by deflections are negligible, 
thus (7) is simplified as 
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where the neglected items can be lumped into 1 3~Δ Δ . 
Second, first-order Taylor expansion is applied to the torques 

for producing their approximate linear forms with respect to 
the deflections [12]: 
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where 0L , 0M , 0N  are independent of the deflections. High-

order approximation errors can be lumped into the total 
disturbances 4 6~Δ Δ . 

In addition, the control surfaces are modelled as first-order 
low-pass filters with certain gains. Limits on deflection and 
rate are separately set as: 
 30 , , 30a e rδ δ δ− ≤ ≤  (11) 
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The subscripts s  and f denote slow-state loop (attitude) and 
fast-state loop (angular rate) respectively. The hypersonic 
model (1)-(6), (9) -(10) can be written in a concise form as 
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III.  ROBUST ATTITUDE CONTROL DESIGN 

In this section, we will design a robust control scheme for 
the hypersonic attitude system (13)-(14). This scheme combines 
a basic dynamic inversion strategy and two time-varying 
spectrum based ADRC techniques, i.e., TESO and TTD. The 
dynamic inversion builds a basic stabilizing control law, while 
TESO and TTD are integrated to improve system robustness in 
the presence of multi-sources disturbances, large initial 
transition condition dispersion, and diverse reference 
commands. As (13)-(14) construct a cascade system where both 
attitude and angular rate subsystems have similar internal 
structures, the control scheme mentioned above is similarly 
adopted in these two subsystems. The overall control scheme is 
illustrated as Fig. 1. 
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Fig.1 Overall control scheme.

Next we separately address the design of basic dynamic 
inversion control law, TESO, and TTD. 

A. Basic dynamic inversion control design 
In basic control law design, disturbances are neglected. For 

undisturbed system (13), assume 1 1( )G X is nonsingular, which 
is verified to be admissible in the whole flight envelope. Then 
selecting a control law 
 1

2 1 1 1 1 1( )[ ( )]X G X U F X−= −  (15) 
leaves the slow-state loop in the integrator-decoupled form 
 1 1X U=  (16) 
where 1U  is a virtual control variable. Denote the reference 
attitude angle and its derivative as 1cX  and 1cX  which are 
generated by original attitude command 1cX ′  using TTD 
(addressed later). Define attitude tracking error as 

1 1 1cE X X= − , then 
 1 1 1cE U X= −  (17) 
Selecting the virtual control 1 1 1 1cU K E X= − +  yields 
 1 1 1E K E= −  (18) 
where 1K  is the control gain to be tuned. Choosing 1 0K > can 
guaranteed the closed-loop stability. Take 1U  back into (15), 
and denote the control variable 2X  as 2cX ′ , which means it is 
the reference command for subsequent angular rate subsystem. 
The basic dynamic inversion control law for the slow-state 
loop is 
 1

2 1 1 1 1 1 1 1( )[ ( )]c cX G X K E X F X−′ = − + −  (19) 

B. Time-varying extended state observer design 
The basic control law (19) is designed for the undisturbed 

vehicle dynamics. When diverse uncertainties and disturbances 
are considered, the control performance may be significantly 
degraded. For this issue, a TESO is constructed for uncertainty 
estimation and compensation. Consider the disturbed slow-
state dynamics (13), where sΔ  contains total disturbance. 
Define s sHΔ =  , [ ]T

sH h h hα β μ= , with the assumption that 

sH  is unknown but bounded. Redefine 1 1sX X= , 2s sX = Δ , 
where the total disturbance is taken as an extended state. Then 
(13) can be written into an extended system: 

 1 1 1 1 1 2 2

2
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X H
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=
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For this system, following our previous work [9], a TESO 
is designed as 

 1 1 1 1 1 2 2 1 1
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Here 1Z  and 2Z  are the estimated values of the state 1sX  and 
the total disturbance 2sX , and 1 1 1sE Z X= −  is the estimation 
error of 1sX . Compared with conventional linear or nonlinear 
ESO, the novelty of TESO lies in that it utilizes linear time-
varying gains 1( )L t  and 2 ( )L t , rather than LTI or nonlinear 
structures, to construct the observer. This time-varying 
mechanism offers better flexibility for performance 
enhancement (compared with linear ESO) and much simpler 
structure for theoretical derivation (compared with nonlinear 
ESO).  

Equation  (21) minus (20) produces estimation error 
dynamics for the three attitude angles as follow: 
 ( ) ( )i i i i ie A t e b h= + −  (22) 
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and 1 2,i ie e  are estimation errors of corresponding attitude 
angle and total disturbance. For this LTV system (22), TESO 
utilizes differential algebraic spectral theory for assigning 
proper time-varying PD-spectrum to guarantee convergence of 
the observer. For this second-order TESO, assign its PD-
spectrum as [9] 
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where iζ  is a constant damping ratio, ( )ni tω  is the assigned 
time-varying observer bandwidth. Similar to the pole 
assignment method for LTI system, the observer gains 1 ( )il t , 

2 ( )il t  can be expressed through the PD-spectrum as 

 1
2 2 2

2

( ) 2 ( ) ( ) / ( )

( ) ( ) ( ) / ( ) 2 ( ) ( ) / ( )
i i ni ni ni

i ni ni ni i ni ni ni

l t t t t

l t t t t t t t
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Usually iζ  is chosen as 1iζ =  for simplification, then the 
only parameter to be designed is the observer bandwidth ( )ni tω . 
This is quite similar to the parameterization method in linear 
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ESO [8], while the difference lies in that the bandwidth here is 
time-varying. This time-varying mechanism offers a vast 
opportunity to flexibly design an observer according to specific 
characteristics of the observed system. Particularly, for 
hypersonic vehicle, during the transition from cruise to entry 
flight, the initial transition condition may undergo large 
dispersion, which means the estimated attitude values may be 
significantly unmatched with the true angles. In this case, if the 
observer gains are chosen too large, peaking phenomenon may 
occur and it may result in observer chattering and large power 
consumption. However, if the observer gains are fixed small, 
estimation performance may be degraded at latter stage. For 
this problem, we design the observer bandwidth as 
 0( ) ( )ni i it tω ω ω=  (25) 
where 0iω  is a constant “nominal” bandwidth, and ( )i tω  is a 
time-varying multiplier. Here we design a time profile as 

 
, 0 1,

( )
1,

i i i
ic

i

a a t T
t

t T
ω

< < ≤
=

>
 (26) 

with adequate parameters ia  and iT . Then ( )i tω  and its 
derivatives are generated by a Butterworth filter with ( )ic tω  as 
the filter input: 
 2 3 3( ) 2 ( ) 2 ( ) ( ) ( )i Bi i Bi i Bi i Bi ict t t t tω ω ω ω ω ω ω ω ω+ + + =  (27) 
with Biω  as a constant parameter for this filter. The time-
varying logic (25)-(27) tells that the observer bandwidth ( )ni tω  
grows from 0i ia ω  to 0iω . Therefore, it can suppress peaking 
with a small bandwidth at the beginning and perform good 
estimation ability with a large bandwidth at latter stage. 

Once the total disturbance sΔ  is well estimated as 2Z  
(denoted as ˆ

sΔ  for better understanding) by the TESO (21) 
with time-varying gains (24) under the logic (25)-(27), a 
compensation law is integrated into the basic law (19) as 

  1
2 1 1 1 1 1 1 1

ˆ( )[ ( ) ]c c sX G X K E X F X−′ = − + − − Δ  (28) 
At last, TESO for the fast-state loop is similarly designed. It 

is omitted here for page limitation. 

C. Time-varying tracking differentiator design 
Hypersonic entry flight features super maneuvers with 

diverse command shapes. In order to reduce vehicle velocity 
rapidly, reference command of angle of attack is often set large. 
Simultaneously, the vehicle descends by controlling  bank 
angle, thus reference command of the bank angle often varies 
with different variation speed. However, due to constrained 
actuator torques, the vehicle performs quite different tracking 
abilities with respect to different forms of commands. For 
example, the vehicle may track a smooth command (such as 
sine-wave command) well but may fail for an abrupt command 
(such as step or square-wave command). Thus inappropriate 
command may result in tracking oscillation and actuator 
saturation. Moreover, significant coupling exists among 
aerodynamics, propulsion, and control. Thus degraded tracking 
in one channel may significantly affect control performance of 
the overall system. 

This problem can be well solved by TD. By arranging a 
proper transient process for a given reference command 
according to system tracking ability, TD solves the conflict 

between fast response and tracking overshoot. Conventional 
TD adopts a nonlinear function with a parameter called “speed 
factor” to determine the arranged transient time. Although it 
performs quite well, this nonlinear TD has two drawbacks. For 
one thing, similarly to nonlinear ESO, theoretical derivation is 
difficult to be carried out for nonlinear TD. For another, as the 
speed factor is a pre-designed constant, the transient time 
cannot be flexibly adjusted according to command forms or 
shapes. In this paper, we propose the following linear time-
varying TD as a command shaping filter for the slow-state loop: 

 1 2

2 1 1 2 2

, , ,
( )( ) ( )

i i

i i i ic i i

i
a t a t

η η
α β μ

η η η η
=

=
= − − −

 (29) 

where icη , 1iη , 2iη  are the original command, the filtered 
command and its derivative, i.e., 1[ , , ]T

c c c cXα β μη η η ′= , 

1 1 1 1[ , , ]T
cXα β μη η η = , 2 2 2 1[ , , ]T

cXα β μη η η = . The time-varying 
gains 1 ( )ia t  and 2 ( )ia t  are set as 

 
2
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i i

i i i i i

a t t

a t t t t
η

η η η η

ω
ζ ω ω ω

=
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 (30) 

where ( )i tηω is time-varying bandwidth and iηζ is constant 
damping ratio for this shaping filter. Choose 1iηζ =  for 
simplification, then ( )i tηω  is the only parameter to be tuned. 
Note that if ( )i tηω  is also chosen constant, (29)-(30) coincide 
with commonly used second-order linear filter. To adaptively 
adjust the filter feature, we design a time-varying logic for the 
filter bandwidth as 
 ( )_ min 2( ) satic i i i it m nη ηω ω η= + −  (31) 

where ( )ic tηω  is the bandwidth command, thus ( )i tηω  and 
( )i tηω  are generated by passing ( )ic tηω  through a second-

order Butterworth filter. _ miniηω  is the minimal value of ( )ic tηω . 
By properly selecting constant parameters im , in , the time-
varying logic (31) tells that the shaping filter bandwidth can be 
adaptively adjusted according to the speed of the arranged 
transient process: it will decrease if the process is too fast and 
increase if the process is too slow. Thus either abrupt or 
smooth commands can be well arranged and tracked. 

TTD for the fast-state loop can be similarly designed and it 
is omitted also because of page limitation. 

IV.  SIMULATION RESULTS 

In this section, two cases are simulated. In the first case, 
uncertainties are not involved, while a square wave and a sine 
wave reference command for the bank angle with the same 
period and amplitude are compared, which exhibits great 
advantage of TTD over conventional command filter with a 
constant bandwidth. In the second case, besides the TTD, 
uncertainties and initial condition dispersion are considered, 
which exhibits the effectiveness of TESO in disturbance 
rejection and peaking suppression. 

The initial GHV trimmed condition is 1.7533degα =  , 
0β μ= = , 0p q r= = = . In the first simulation, the reference 

angle of attack command is given as 8degcαη = , indicating a 
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large angle of attack for fast velocity reduction. The 
commanded sideslip angle cβη  is always zero. For comparison, 
the commanded bank angle is separately set as a square wave 

50sign(sin(0.05 )) degc tμη π=  and a sine wave 
50sin(0.05 ) degc tμη π=  with the same period 40 sec and the 

same amplitude 50 deg. These commands simulate the bank 
reversal maneuver during fast reentry flight. We design a 
conventional bank angle command filter for comparison, i.e., 
the filter bandwidth ( )i tηω  in (30) is constant (denoted as iηω ). 
Set 2ηαω = , 1ηβω = . For the square command, the control 
system works well with 0.5ημω = , but actuator saturation 
occurs and the coupled angle of attack cannot track its 
reference command when ημω  is increased to 2 (see Fig. 2). 
The actuators experience no saturation at latter flight stage 
because as the vehicle descends the vehicle control ability 
increases as dynamic pressure increases. Continuously increase 

ημω  to 5ημω = , the overall system crashes. On the contrary, 
for the sine command, the system performs well for both 

2ημω =  and 5ημω = , with fast tracking and no actuator 
saturation. However, 0.5ημω =  makes the filtered command 
undesired distortion with about 40 deg phase lag and 5 deg 
amplitude attenuation (see Fig. 3). This comparison indicates 
an obvious result that GHV can track a smooth command much 
better than an abrupt command. 

For improvement, we design a TTD for the bank command 
with its minimum bandwidth _ min( ) 0.5tημ ημω ω= =  and 
maximum ( ) 5tημω = .  For both square and sine commands, 
the control system works well with fast tracking but no actuator 
saturation for square command or command distortion for sine 
command (Fig. 4). The time-varying bandwidth is depicted in 
Fig. 5. Particularly note that, in the square response, although 
at most time ( ) 2tημω > , it is verified that energy consumption 
is reduced to 44% of that with constant bandwidth 2ημω = . 

In the second simulation, the TTD designed above is 
adopted. To verify the disturbance rejection and peaking 
suppression ability of TESO, a constant disturbance 

2
4 12deg/ secΔ =  is considered for demonstration. In addition, 

an initial reentry dispersion exists in the roll rate, i.e., 
ˆ(0) 0 (0) 5deg/ secp p= ≠ = , where (0)p  and ˆ (0)p  are the 

true and estimated values of the initial roll rate. Parameters for 
the time-varying TESO bandwidth logic (25)-(27) are selected 
as 0 6pω = , 1 / 3pa = , 0.5pT = , 5Bpω = . That means the 
TESO bandwidth is set as small as 0( ) 2np p pt aω ω= =  before 
0.5 sec, and then increased to 0( ) 6np ptω ω= = . Still set 
original reference attitude angle commands as 8degcαη = , 

0cβη = , 50sign(sin(0.05 )) degc tμη π= . Bank angle tracking 
with and without TESO is depicted in Fig. 6. There exists 
about 2 deg steady tracking error if no TESO added due to 
disturbance 4Δ .  However, it performs very well if TESO 
added, where the estimated value is also plotted in Fig. 6. 
Finally, this TESO is compared with ESO using fixed 

bandwidth (denoted as npω ). Two fixed bandwidths are 
considered: a large 6npω =  and a small 2npω = . In Fig. 7, it is 
seen that a large fixed bandwidth causes large peaking of 
disturbance estimation, while a small fixed bandwidth yields 
slow estimation. TESO with time-varying bandwidth can solve 
both problems. Its bandwidth is shown in Fig. 8. 
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Fig.2 Square bank angle response ( 2ημω = ). 
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Fig.3 Sine bank angle response ( 0.5ημω = ). 
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Fig.4 Square and sine bank angle responses (TTD). 
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Fig.5 Time-varying bandwidth of TTD in square and sine responses. 
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Fig.6 Bank angle tracking with and without TESO. 
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Fig.7 Estimation with time-varying and fixed bandwidths. 

V.  CONCLUSIONS 

In this paper, an attitude control strategy for hypersonic 
reentry vehicle is proposed. It combines a basic dynamic 
inversion controller with enhanced ADRC using time-varying 
spectrum theory. TTD can adjust its bandwidth according to 
change rate of the arranged command process, thus either 
smooth or abrupt command can be well tracked with 
constrained control torques. TESO observer can also adjust its 
bandwidth to flexibly improve the estimation performance and, 
particularly, suppress peaking resulting from initial entry 
condition dispersion. It is seen that design of either TTD or 

TESO is finally simplified to design a proper time-varying 
logic for corresponding bandwidth. This parameterization 
approach leads a simple tuning method. As exemplified by the 
two simulations, the proposed strategy shows good attitude 
tracking and great design flexibility properties. 
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Fig.8 Time-varying bandwidth of TESO. 
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