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ABSTRACT
This paper proposes an image fusion algorithm based on a
sparse linear equation system, which uses local extreme of
high resolution image and intensity of multi-spectral image to
construct the system. Based on this sparse system, the multiscale image decomposition algorithm can be implemented.
This algorithm extracts the details of the high-resolution image and integrates with the multi-spectral information to derive the fused image.
Index Terms— Image Fusion, Image Decomposition,
Multi-spectral Image, Mutual Information, Similar Scale
1. INTRODUCTION
With the availability of multi-source images in many application areas, image fusion has been an attractive and important technique. The application areas of image fusion include
remote sensing [1], medical imaging [2], quality and defect
detection [3] and biometric [4]. Specially in remote sensing,
there is a desire to combine the high spatial and the high spectral resolutions to obtain a better description and interpretation about the sensed scene. Due to physical or observational
constraints, it is hard to obtain both high spatial resolution and
high spectral resolution in one single image at the same time.
During the process of multi-resolution analysis based on
image fusion, image features are represented with respect to
resolution at different scales while the spatial information
is retained. Nunez et al. [5] fused a high spatial resolution SPOT panchromatic image with a low spatial resolution
multi-spectral TM image by using an additive wavelet algorithm. In this method, the atrous wavelet approximation of
SPOT panchromatic image was substituted by the bands of
TM image. Li et al. [6] proposed an area-based maximum
selection rule based on the wavelet transform. However,
there are two issues with the wavelet-based fusion: one is
that only predefined basis can be applied; the other is the
uncertainty with the determination of decomposition level.
This paper proposes a new image decomposition framework
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to extract the detailed information without any assumption or
prior knowledge. Such decomposition algorithm is driven by
the image data. The fusion algorithm decomposes the high
resolution image into structured and detailed parts and the
structured part has the same scale as the multi-spectral image.
The detailed information of the high resolution image is first
obtained and then integrated with the multi-spectral image
into the fused image.
2. IMAGE DECOMPOSITION ALGORITHM BASED
ON A SPARSE LINEAR SYSTEM
The proposed decomposition algorithm is inspired by empirical mode decomposition [7] and edge-preserving image decomposition (EPID) algorithm [8], which use an envelope as
a key transfer point [9]. Therefore, the image decomposition
is based on the constructed envelope and the upper (down)
envelope E can be obtained as described below.
Given a high resolution image H and the intensity component IC of the multi-spectral image M , the upper (down)
envelope is extracted by minimizing the following function

(
)2 
∑
∑
J (E) = min 
E (r) −
wrs E (s)  ,
(1)
¯
s
r ∈Q
s.t.E (r) = H (r) , r ∈ Q
where J(·) is the energy function, E is the upper envelope, Q
is a vector corresponding to local maximal (minimal) set of H
image and the position is supposed as a maximal (minimal)
location if it is the largest (or smallest) elements in any 3×3
neighborhoods, and r is a position of image H such as (x, y),
s ∈ N (r), N (r) is the neighbor of r, and wrs is regarded
as affinity functions which is based on the squared difference
between the two intensities:
wrs ∝ e−(IC(r)−IC(s))
∑
wrs = 1, ∀r

2

/2σr2

s

σr is the variance of the adjacent intensities around r, IC is
the intensity component of the multi-spectral image. There
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are many algorithms to solve the Eq. (1), such as in [10, 11].
In this paper, we construct a solver for one sparse linear equation which is equivalent to the solver of the Eq. (1).
Theorem 1. If Q ̸= ∅, then an upper (down) envelope can be
solved by a linear equation system as follow:

1, r ∈ Q, s = r

⊗
0, r ∈ Q, s ̸= r
L·E = C
H, L (r, s) =
(2)

¯Q
−wrs , s ∈ N (r), r∈
{

1 r∈Q ⊗
follows the vector opera¯Q ,
0 r∈
⊗
tion as (a1 , a2 )T (b1 , b2 )T = (a1 · b1 , a2 · b2 )T .
Eq. (2) is a linear equation, and the solver of the equation
(2) is the upper (down) envelope. From the Eq. (2), the upper
(down) envelope value must equal to the value of H image at
the maximal (minimal) point. If the selected neighbourhood
is 3×3, C is a sparse matrix. As a result, the system is a sparse
system. The envelope image can be obtained from the upper
envelope E and down envelope F as:
where C (r) =

H S = (E + F )/2,

Fig. 1. Top: input multi-spectral image (left), input detail
of IKONOS (middle) and the extrema point of the detail of
IKONOS(right) [green (red) point presents local maximum
(minimum) point]; Bottom: intensity part of IHS of multispectral image (left), structured part (middle) and the detail
part (right)

(3)

where the mean envelope H S is the structured part.
Remark: The size of the image is m × n and the image is
processed as a vector in the computation and proof process,
whose size is k = m × n.
Alogrithm 1.
Input: a high resolution image H, intensity part I of a multispectral image,
Step 1 Compute the local extreme point of H

One detailed image can be decomposed into one structured image and many detailed images. As long as the structured image has the similar scale as the multi-spectral image,
the decomposed process is stopped. The Additive Wavelet
(AW) [5] algorithm decomposes the image into fixed levels.
But it is based on empirical prior knowledge. In this paper,
we use mutual information [12] to measure the similarity between the structured part H S and the intensity part of multispectral image IC, which is shown as follows:

Step 2 Construct upper (down) envelope based on Eq. (2)
I(H S , IC) =
Step 3 Compute structured part H S based on Eq. (3)

∑
f,a

Step 4 Obtain the detail of the image as H T = H − H S .
Based on the above algorithm, the detailed information
which has no intersection with the multi-spectral image is obtained. Fig. 1 represents the decomposition result. Fusion
algorithm is based on the jointed image decomposition algorithm.

pHS ,IC (f, a) · log

pHS ,IC (f, a)
,
pHS (f) pIC (a)

(5)

f and a are corresponding pixel values of random variables
H S and IC in the two images. pH S (f ) and pIC (a) are distribution of H S and IC correspondingly. pH S ,IC (f, a) is the
joint distribution of images H S and IC. The mutual information indicates that the proposed measure reflects the amount
of information that image H S contains IC. The mutual information indicates that the structured image has the similar
scale information as the multi-spectral image.

3. SIMILAR SCALE SELECTION
From algorithm 1, we obtain the structured and detailed
part. But the obtained structured part should still be decomposed into another structured and detailed parts based
on the loop iteration. After n iterative steps of algorithm
1, the image has been decomposed into the detailed parts
H T 1 , H T 2 , · · · , H T n and a structured part H S n as follows:
H=

n
∑

H T i + H Sn .

(4)

i=1
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4. FUSION ALGORITHM
This paper proposes a fusion system based on the new image
decomposition algorithm as mentioned above and the additive
method of wavelet image fusion [5]. The decomposition tool
is not predefined basis such as wavelet, which is driven by
the data of the image. The implementation of the proposed
algorithm is demonstrated in algorithm 2 as follows.
Algorithm 2.
Input: the multi-spectral image M , high-resolution image H

Step 1 Transform the image M into the IHS image. IC, HC
and SC are the corresponding IHS components of the
image M

(a)

(b)

Step 2 Use algorithm 1 to decompose H into the structured image and the detailed image. In each level
of the decomposition, the mutual information entropy
I(HSi , IC) between the image IC and HSi (HSi is
the structured part of the ith iterative decomposition) is
calculated. When I(HSd , IC) > I(HSd+1 , IC), stop
∑d
decomposition and obtain the H = i=1 HTi + HSd
Step 3 Integrate the detailed information into intensity of the
multi-spectral image
IR = IC +

d
∑

HT i

(6)

i=1

Step 4 Transform IR, HC abd SC into RGB image and obtain the result.
Remark: IHS Transform converts an RGB (Red, Green,
Blue) image to IHS (Intensity, Hue, Saturation) color space.
Both AW [5] and Choose-Max Wavelet fusion algorithm (CMW) [6] algorithm require input wavelet function and
decomposition levels. Algorithm 2 only requires two images
without any other parameter. It is self-data-driving and has no
requirement of the prior information.
5. EXPERIMENTAL RESULTS
Experiments are carried out with IKONOS images to validate
the proposed approach. The additive wavelet and orthonormal
wavelet-based methods are used as comparison in the experiments [5, 6]. We adopt three quantitative fusion performance
metrics as to assess the performance of these algorithms.
1. Mutual information MFAB [12]. A larger MFAB value
indicates that the fused image inherits more information from the input images. In this experiment, mutual
information is applied to the images of IC, H and IR.
2. Average gradient measure AG [13]. A larger AG value
represents better clarity of the fused result.
3. QAB/F measure [14]. A larger QAB/F value indicates
that the fused result inherits more details from the input
images.
In the implementation, the extreme location uses 3×3 neighborhood. The wavelet decomposition level is set as four.
From the experimental result of Fig. 2(a), the proposed
method obtains the result through 8 loop iteration steps. And
the result of Fig. 2(b) is obtained through 4 loop iteration
steps. They are also selected adaptively by algorithm 2.

1264

Fig. 2. Top: input multi-spectral image (left), input detail of
the IKONOS image (right); Bottom: fused image using AW
algorithm (left), CMW (middle) and the proposed algorithm
(right)

Table 1. Quantitative comparison of Fig. 2 (a)
Average
Mutual
Method
Information gradient
AW method (Fig2. a)
1.5198
11.7154
CMW method (Fig2. a)
1.1754
12.5458
Our method (Fig2. a)
1.5643
14.7806

QAB/F
0.3538
0.2864
0.4291

The bottom of Fig. 2 shows the fused images which are
obtained by AW, CMW and our proposed algorithm. Table
1 and 2 give the quantitative performance assessment results.
The proposed method achieves better results in terms of the
selected fusion metrics.

6. CONCLUSION
In this paper, a novel image fusion algorithm based on a sparse linear system is proposed to implement the decomposition of one image into the structured and detailed components
without any priori knowledge. The new algorithm improves
the classical AW method based on the image adaptively decomposition and similar scale selection. The experimental
results demonstrate the effectiveness and better performances
of the new method in terms of the selected metrics.

7. APPENDIX
Lemma 1. Set W = [Wi,j ] as a k × k matrix and under the
following assumption:
∑
(1)Wi,i = 1; (2) j̸=i Wi,j = −1; (3)Wi,j < 1, if i ̸= j.
Then rank(W ) = k − 1.

Table 2. Quantitative comparison of Fig. 2 (b)
Average
Mutual
Method
Information gradient
AW method (Fig2. b)
1.5829
5.7065
CMW method (Fig2. b)
1.5452
5.7733
Our method (Fig2. b)
1.6301
6.4502

Theorem 1. If Q ̸= ∅, then an upper (down) envelope could
be solved by a linear equation system as follow:
QAB/F
0.4108
0.3491
0.4667

L·E=C

⊗



H, L (r, s) =

{

1, r ∈ Q, s = r
0, r ∈ Q, s ̸= r

¯Q
−wrs , s ∈ N (r), r∈

1, r ∈ Q
¯Q .
0, r∈
Proof : If an image has a minimal value at the position p, then
L can be presented as

1, i = j

0, i ̸= j, i = p
L(i, j) =


−wij , j ∈ N eighbor of i, i ̸= p
From the definition of wi,j and L, the matrix L is a special

case of W . So we repeat the same elementary operator of the
Lemma 1, and obtain:
where C (r) =

Proof :



1
W1,2
 W2,1
1
rank(W ) = rank 
 ·
·
W
·
k,1

1
W1,2
 0
1 − W1,2 W2,1
= rank 
 ·
·
0 Wk,2 − W1,2 Wk,1


· · · W1,k
· · · W2,k 

···
· 
· · · Wk,k
···
W1,k
· · · W2,k − W1,k W2,1
···
·
···
1 − W1,k Wk,1

Since W2,1 ∗ W1,2 ̸= 1, we transform the above equation as
follows:


1
W1,2
···
W1,k
W2,k −W1,k W2,1 
 0
1
···
1−W1,2 W2,1

rank 
 ·

·
···
·
0 Wk,2 − W1,2 Wk,1 · · · 1 − W1,k Wk,1 

1
W1,2
···
W1,k
′
 0

1
·
·
·
W2,k

= rank 
 ·

·
···
·
0 Wk,2 − W1,2 Wk,1 · · · 1 − W1,k Wk,1
∑
Since j̸=i Wi,j = −1, we obtain:
′

′

1 + W2,3 + · · · + W2,k
(W2,3 −W1,3 W2,1 )
= 1 + 1−W
+ ··· +
1,2 W2,1
=
=

(W2,k −W1,k W2,1 )
1−W1,2 W2,1
(1+W2,3 +···+W2,k )−W2,1 (W1,2 +···+W1,k )
1−W1,2 W2,1
(1+W2,3 +···+W2,k )+W2,1
=0
1−W1,2 W2,1
′

(W

−W

W

)

2,j
1,j
2,1
where W2,j =
, 1 ≤ j ≤ k. Accordingly,
1−W1,2 W2,1
repeating the above procedure, we can obtain:





1
W12
···
W1k
′
 0

1
·
·
·
W
2,k

rank 
 ·

·
···
·
0 Wk,2 − W1,2 Wk,1 · ·
· 1 − W1,k Wk,1

1 ·
·
···
·
 0 1
·
···
· 


 = k − 1.
·
·
·
·
·
·
·
= rank 


 0 0 ···
1 −1 
0 0 · · · −1 1
Lemma 2. If image H is a constant image, then Q = ∅.
Proof : From the definition of local maximal (minimal) set, it
is trivial to obtain the Lemma 2.
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rank(L)

1 ·
0 1
· ·
0 ·

·
·
·
0

·
·
·

0
·
·






= rank 


 0

 ·
·

·
·
·
1
(p,p)
′

ap+1,p
·
′
ak,p

ap,p+1 = 0

···
···
···
···

1
·
·

···
···
···

′

·
·
·

·
·
·







′
ap,k = 0 


′

ap+1,k 

·

1

′

where ai,j is a matrix element from the elementary operators
of wij . So we process the elementary operators of the Lemma
1. on the matrix:


1
0 ···
0
′
′
 ap+1,p 1 · · · ap+1,k 

rank 


·
· ···
·
′
a
· ···
1
 k,p

1 · ···
·
′
 0 1 ··· b

p+1,k 
= rank 
 0 0

0 0 0
1
′

where bi,j is a matrix element which is from the elementary
operators of ai,j . Based on the the proof process, we can
obtain: rank(L) = k.
If |Q| > 1 (which means the local minimal (maximal)
points is larger than one), it is easy to extend the one minimal
(maximal) case to this case.
Then the equation has only one solution. According to the
equation, we can obtain:

(
)2

∑
 ∑
E (r) − wrs E (s) = 0
.
¯Q
s
r∈


E (r) = H (r) , r ∈ Q
This means J(E) = 0, if E(r) is the solver of the linear
equation system (3).
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