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Data-Driven H∞ Control for Nonlinear
Distributed Parameter Systems

Biao Luo, Tingwen Huang, Huai-Ning Wu, and Xiong Yang

Abstract— The data-driven H∞ control problem of nonlinear
distributed parameter systems is considered in this paper.
An off-policy learning method is developed to learn the H∞
control policy from real system data rather than the mathe-
matical model. First, Karhunen–Loève decomposition is used to
compute the empirical eigenfunctions, which are then employed
to derive a reduced-order model (ROM) of slow subsystem based
on the singular perturbation theory. The H∞ control problem is
reformulated based on the ROM, which can be transformed to
solve the Hamilton–Jacobi–Isaacs (HJI) equation, theoretically.
To learn the solution of the HJI equation from real system data,
a data-driven off-policy learning approach is proposed based on
the simultaneous policy update algorithm and its convergence
is proved. For implementation purpose, a neural network (NN)-
based action-critic structure is developed, where a critic NN
and two action NNs are employed to approximate the value
function, control, and disturbance policies, respectively. Subse-
quently, a least-square NN weight-tuning rule is derived with the
method of weighted residuals. Finally, the developed data-driven
off-policy learning approach is applied to a nonlinear diffusion-
reaction process, and the obtained results demonstrate its
effectiveness.

Index Terms— Data driven, distributed parameter
systems (DSPs), Hamilton–Jacobi–Isaacs (HJI) equation,
H∞ control, neural network (NN), off-policy learning, partial
differential equation (PDE).

I. INTRODUCTION

OVER the past few decades, the research on
distributed parameter systems (DPSs) [1]–[7] has

received an extensive attention. Many industrial processes
are essentially DPS due to the spatial variations of
the underlying physical phenomena, such as diffusion,
convection, phase-dispersion, vibration, flow. Typical
examples of industrial DPS include the catalytic packed-bed
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reactors [3], [8] used to convert methanol to formaldehyde,
the Czochralski crystallization [9] of high-purity crystals,
the chemical vapor deposition [2], [10] of thin films for
microelectronics manufacturing, the aerosol-based production
of nanoparticles [11] used in the medical applications,
tokamak device [12] for nuclear fusion, an intangible
doughnut-shaped bottle created by magnetic lines, is used to
confine the high-temperature plasma, as well as air traffic
flow in the National Airspace System [13], and so on. These
DPSs are usually described by a set of nonlinear partial
differential equations (PDEs) with homogeneous or mixed
boundary conditions.

The DPSs are naturally infinite-dimensional systems, where
their system state is a spatiotemporal function. So far, many
results [1]–[3], [14]–[17] have been reported to investigate
the control problem of DPSs. For most of the real PDE
systems, the existence of external disturbances is usually
unavoidable. To reduce the effect of the disturbance, a robust
controller is required for disturbance attention. Some con-
trol design approaches [18]–[23] have been developed for
dealing with disturbances and uncertainties, such as infinite-
dimensional H∞ control method [19], [21], H∞ fuzzy control
methods [18], [20], [22], neural network (NN)-based L∞-gain
control method [23], and H∞ control methods for parabolic
and hyperbolic PDE systems based on linear matrix
inequality [19]. It is observed that most of these existing
methods are model-based, where the full system model is
required.

However, for most of the practical DPSs, the modeling
and identification are often costly or impossible to con-
duct. Thus, it is desirable to design control system from
data rather than accurate system model. In recent years,
some researchers have introduced the thoughts of rein-
forcement learning (RL) to solve the optimal and the H∞
control problems for ordinary differential equation (ODE)
systems [24]–[40]. RL is a kind of machine learning tech-
nique that has been widely studied from the computational
intelligence and the machine learning scope in the artificial
intelligence community [41]–[44]. The RL technique refers to
an actor or agent that interacts with its environment and aims
to learn the optimal actions, or control policies, by observing
their responses from the environment. For discrete-time ODE
systems, approximate dynamic programming methods were
employed for the optimal control [24], [26], [35] and the
H∞ control [27] design. RL is considerably more difficult for
continuous-time systems than discrete-time systems, and fewer
results are available. In [28], a novel policy iteration algorithm
was proposed to solve the nonlinear optimal control problem,
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and it was extended to handle input constraints in [29].
Data-based policy iteration [30] and Q-learning [31]
algorithms were developed for the linear quadratic regulator
problem. In [32] and [33], a prior model identification proce-
dure was conducted for nonlinear systems, and then model-
based adaptive methods were used for the optimal control
design. For continuous-time H∞ control problem, partially
model-free RL methods were proposed for linear systems [36]
and nonlinear systems [34], and a model-free integral
RL approach was used to solve the linear zero-sum game
problem in [37]. However, these approaches were developed
for finite-dimensional ODE systems. From our currently com-
prehensive literature survey, it is found that the data-driven
H∞ control problem of nonlinear DPSs with completely
unknown model is rarely addressed, which motivates the
current work.

The contributions of this paper can be briefly summarized
as follows.

1) To the best of our knowledge, this paper is the first
work for solving the data-driven H∞ control problem
of nonlinear DPSs with completely unknown model via
the RL method, and a general data-based control design
framework is developed.

2) Using the real system data rather the mathematical
model of the nonlinear DPS, a data-driven off-policy
RL approach based on the simultaneous policy update
algorithm is proposed to learn the H∞ control policy,
and its convergence is proved.

3) For implementation part, the proposed data-driven
off-policy RL method uses three NNs to approximate
the value function, control, and disturbance policies,
respectively. Furthermore, a least-square NN weight-
tuning rule is derived with the method of weighted
residuals.

4) The computational complexity of the developed
data-driven off-policy RL method is analyzed.

The rest of this paper is organized as follows. Section II
gives the problem description. Section III presents the
procedure of the data-driven model reduction. The data-driven
off-policy RL method is developed in Section IV and its
effectiveness is tested in Section V. Finally, a brief conclusion
is drawn in Section VI.

II. PROBLEM DESCRIPTION

Let us consider a general class of DPSs, which are
described by nonlinear PDEs with the following state-space
representation:

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

∂y(z, t)

∂ t
= L

(

y,
∂y

∂z
,
∂2y

∂z2 , . . . ,
∂n0 y

∂zn0

)

+ B1(z)w(t)

+ B2(z)u(t)

yh(t) =
∫ z2

z1

H (z)y(z, t)dz

(1)

subjected to the mixed-type boundary conditions

q

(

y,
∂y

∂z
,
∂2 y

∂z2 , . . . ,
∂n0−1 y

∂zn0−1

) ∣
∣
∣
∣
z=z1orz=z2

= 0 (2)

and the initial condition

y(z, 0) = y0(z) (3)

where z ∈ [z1, z2] ⊂ R is the spatial coordinate, t ∈ [0,∞) is
the temporal coordinate, y(z, t) = [y1(z, t) . . . yn(z, t)]T ∈ R

n

is the state, u(t) ∈ R
p is the manipulated input, and

yh(z, t) = [yh,1(z, t) . . . yh,m(z, t)]T ∈ R
m is the objective

output. The exogenous disturbance w(t) ∈ L2([0,∞),Rq),
which is the square-integrable function space. L ∈ R

n is a
sufficiently smooth nonlinear vector function that involves a
highly dissipative, possibly nonlinear, spatial differential oper-
ator of order n0 (an even number), q is a sufficiently smooth
nonlinear vector function, B1(z) and B2(z) are sufficiently
smooth matrix functions of appropriate dimensions which
describe how disturbance and control actions are distributed
in spatial domains, respectively, H (z) is a selected sufficiently
smooth matrix function of appropriate dimension, and y0(z)
is a smooth vector function representing the initial state
profile.

In this paper, the data-driven H∞ control problem of the
PDE system (1)–(3) is considered, i.e., the mathematical
models of L, B1(z) and B2(z) are unknown. The goal is to
learn an H∞ feedback control law from the real system data,
such that the closed-loop system (1)–(3) has L2-gain less than
or equal to γ, that is

∫ ∞

0

(‖yh(z, t)‖2 + ‖u(t)‖2
R

)
dt ≤ γ 2

∫ ∞

0
‖w(t)‖2dt (4)

for all w(t) ∈ L2([0,∞),Rq), ‖u‖2
R � uT Ru for the positive

definite matrix R > 0, and γ > 0 is some prescribed level of
disturbance attenuation.

III. DATA-DRIVEN MODEL REDUCTION

Due to the high dissipative nature of system (1)–(3),
its dominant dynamics can be accurately represented with a
finite-dimensional reduced-order model (ROM). Considering
the mathematical model of the system (1)–(3) is
completely unknown, the data-driven model reduction
method is developed to obtain the ROM. Karhunen–Loève
decomposition (KLD) is first used to compute the empirical
eigenfunctions (EEFs), which is then applied to derive the
ROM based on a singular perturbation theory.

A. Computing Empirical Eigenfunctions
With Data-Driven KLD

KLD has already been applied to compute orthogonal EEFs
for PDE systems [8], [17], [45], [46]. Here, we omit its
derivation and give the implementation procedure simply in
Algorithm 1.

An EEF denotes the structure that captures the coherence of
the ensemble, and its eigenvalue is the corresponding energy
captured. It is observed that through collecting snapshots
{yi(z)} of the real system data, the computation of EEFs with
KLD does not require the mathematical model of the PDE
system (1)–(3).
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Algorithm 1 KLD Procedure
� Step 1: With different initial states and input signals,

collect an ensemble of states and denoted as {yi(z)},
i = 1, . . . ,M;

� Step 2: Compute matrix C = (ckj )M×M , with

ckj = 1
M

∫ z2
z1

yT
k (ξ)y j (ξ)dξ ;

� Step 3: Solve the eigenvalue problem Cαi = λiαi , and
assume λ1 � λ2 � . . . � λM ;

� Step 4: Normalize the eigenvector αi to satisfy
〈αi , αi 〉Rn = λi/M . Then, EEFs can be computed with
φi (z) = Y (z)αi , where Y (z) = [y1(z) . . . yM (z)]. �

B. Model Reduction Based on Singularity Perturbation

For description convenience, denote y(·, t) � y(z, t)
and M(·) � M, z ∈ [z1, z2] for some space-varying matrix
function M(z). Let R

∞ be the vector space of infinite
sequences a = [a1 . . . a∞]T of real numbers equipped with
the norm ‖a‖R∞ � (

∑∞
i=1 a2

i )
1/2, which is a natural gener-

alization of space R
n . To simplify the notation, we consider

the PDE system (1)–(3) with n = 1 without loss of generality.
Assume that the PDE state y(z, t) can be represented as an
infinite weighted sum of a complete set of orthogonal basis
functions {φi (z)}∞i=1

y(z, t) =
∞∑

i=1

xi (t)φi (z) (5)

where xi (t) is a time-varying coefficient named the mode
of the PDE system. By taking inner product with φi (z) on
both sides of PDE system (1)–(3), we obtain the following
infinite-dimensional ODE system:

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ẋ(t) = fs(x(t), x f (t))+ B1w(t) + B2u(t)

ẋ f (t) = L f (x(t), x f (t))+ B1 fw(t) + B2 f u(t)

yh(t) = Hsx(t)+ H f x f (t)

x(0) = x0, x f (0) = x f 0

(6)

where

x(t) = 〈y(·, t), φs (·)〉 � [x1(t) . . . xN (t)]T (7)

and x f (t) = 〈y(·, t), φ f (·)〉 � [xN+1(t) . . . x∞(t)]T ∈ R
∞,

fs(x, x f ) � 〈L, φs(·)〉, L f (x, x f ) � 〈L, φ f (·)〉, B1 �
〈B1(·), φs(·)〉, B1 f � 〈B1(·), φ f (·)〉, B2 � 〈B2(·), φs(·)〉,
B2 f � 〈B2(·), φ f (·)〉, Hs �

∫ z2
z1

H (z)φT
s (z)dz, H f �

∫ z2
z1

H (z)φT
f (z)dz, x0 � 〈y0(·), φs(·)〉, x f 0 � 〈y0(·), φ f (·)〉

with φs(z) � [φ1(z) . . . φN (z)]T , and φ f (z) �
[φN+1(z) . . . φ∞(z)]T .

By using the expression (5), the L2 disturbance attenuation
criterion (4) is rewritten as
∫ ∞

0

(‖x(t)‖2
Qs

+ ‖u(t)‖2
R

)
dt + R(x, x f )

� γ 2
∫ ∞

0
‖w(t)‖2dt (8)

where R(x, x f ) �
∫ ∞

0 (2x T (t)Qsf x f (t) + ‖x f (t)‖2
Q f
)dt ,

Qs � H T
s Hs , Qsf � H T

s H f , and Q f � H T
f H f .

Assumption 1: There exist constants α1, γ f > 0 such that
the following inequality holds:

R(x, x f ) � α1

∫ ∞

0

(‖x(t)‖2
Qs

+ ‖u(t)‖2
R

)
dt

+ γ 2
f

∫ ∞

0
‖w(t)‖2dt . (9)

�
According to the highly dissipative nature of the PDE

system (1)–(3), it is reasonable to assume that

L f (x, x f ) = 1

ε
A f εx f + f f (x, x f ) (10)

where ε is a small positive parameter quantifying the
separation between the slow (dominant) and the fast
(negligible) modes, A f ε is a matrix that is stable (in the sense
that the state of the system ẋ f = A f εx f tends exponentially
to zero), and f f (x, x f ) satisfies

‖ f f (x, x f )‖ � k1‖x‖ + k2‖x f ‖ (11)

for ‖x‖ � β1 and ‖x f ‖ � β2, where k1, k2 > 0. Then,
the system (6) can be rewritten as the following standard
singularly perturbed form:
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

ẋ(t) = fs(x(t), x f (t))+ B1w(t) + B2u(t)

εẋ f (t) = A f εx f + ε f f (x, x f )+ εB1 fw(t)+εB2 f u(t)

yh(t) = Hsx(t)+ H f x f (t)

x(0) = x0, x f (0) = x f 0.

(12)

Introducing the fast time-scale τ = t/ε and setting ε = 0,
we obtain the following infinite-dimensional fast subsystem
from (12):

dx f

dτ
= A f εx f (13)

which is exponentially stable [47], [48]. Then, with x f = 0,
the following ROM of slow subsystem is obtained:

{
ẋ(t) = f (x(t))+ B1w(t)+ B2u(t)
yhs(t) = Hsx(t)

(14)

where f (x) = fs(x, 0).
The basis function φi (z) used in this paper is the EEF

computed with KLD, and the dimension of φs (i.e., N) is
chosen such that it satisfies

N∑

i=1

λi

/ M∑

i=1

λi � 1 − ζ (15)

for a small positive real number ζ .

IV. DATA-DRIVEN OFF-POLICY REINFORCEMENT

LEARNING FOR H∞ CONTROL DESIGN

In this section, the slow subsystem (14) is used as the
basis for H∞ control design of the PDE system (1)–(3). Due
to the system model is completely unknown, a data-driven
off-policy RL method based on simultaneous policy update
algorithm (SPUA) is developed for learning the H∞ control
policy from the real system data rather than the mathematical
model.
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A. Hamilton–Jacobi–Isaacs Approach

Let C1(X ) be a function space on X with first derivatives
are continuous, and 	 � ∂/∂x denotes a gradient oper-
ator notation. To design the H∞ controller for the PDE
system (1)–(3), the problem is transformed to design a feed-
back control law based on the slow subsystem (14) such
that the following L2 disturbance attenuation criterion can be
satisfied:

∫ ∞

0

(‖x(t)‖2
Qs

+ ‖u(t)‖2
R

)
dt � γ 2

s

∫ ∞

0
‖w(t)‖2dt (16)

where γs is a given positive constant satisfying 0 < γs < γ .
From [49], this problem can be theoretically converted to solve
the so-called HJI equation, which is summarized in Lemma 1.

Lemma 1: Consider the system (14) and the L2 disturbance
attenuation criterion (16). Assume the system is zero-state
observable. Suppose there exists a solution V ∗(x) to the
HJI equation

[∇V ∗(x)]T f (x)+ ‖x‖2
Qs

− 1

4
[∇V ∗(x)]T B2 R−1 BT

2 ∇V ∗(x)

+ 1

4γ 2
s

[∇V ∗(x)]T B1 BT
1 ∇V ∗(x) = 0 (17)

where V ∗(x) ∈ C1(X ), V ∗(x) ≥ 0, and V ∗(0) = 0.
Then, the closed-loop system with the state feedback control

u(t) = u∗(x(t)) = 1

2
R−1 BT

2 ∇V ∗(x) (18)

has L2-gain less than or equal to γs [i.e., (16) holds], and is
locally asymptotically stable [when w(t) ≡ 0]. �

Note that the control law (18) is designed based on the
slow subsystem (14) and the L2 disturbance attenuation
criterion (16). Thus, it is necessary to show (18) is also the
H∞ control policy of the original PDE system (1)–(3) with the
L2 disturbance attenuation criterion (4), which is summarized
in Theorem 1.

Theorem 1: Consider the PDE system (1)–(3) and the
L2 disturbance attenuation criterion (4), for which
Assumption 1 holds with constants α1, γ f > 0, the conditions
of Lemma 1 hold, and give a constant γs . Then, with the
modal feedback control policy (18), there exist positive real
constants γ, δ1, δ2 and ε∗, such that if ‖x0‖ � δ1, ‖x f 0‖ � δ2,
and ε ∈ (0, ε∗).

1) The closed-loop PDE system (1)–(3) has L2-gain less
than or equal to γ [i.e., (4) holds] for all w(t) ∈
L2([0,∞),Rq), where γ � ((1 + α1)γ

2
s + γ 2

f )
1/2.

2) The disturbance-free closed-loop PDE system (1)–(3)
[i.e., w(t) ≡ 0] is locally asymptotically stable in
L2-norm.

Proof: See [7]. �

B. Off-Policy Reinforcement Learning Based on SPUA

For description simplicity, define some notations as
follows. Let X ,U , and W be compact sets, and denote
D � {(x, u, w)|x ∈ X , u ∈ U, w ∈ W}. For column
vector functions s1(x, u, w) and s2(x, u, w), where
(x, u, w) ∈ D, define inner product 〈s1(x, u, w),
s2(x, u, w)〉D �

∫

D sT
1 (x, u, w)s2(x, u, w)d(x, u, w) and

norm ‖s1(x, u, w)‖D � 〈s1(x, u, w), s1(x, u, w)〉1/2
D .

Algorithm 2 Model-Based SPUA

� Step 1: Give an initial function V (0) ∈ V0 (V0 ⊂ V is
determined by Lemma 5 in [50]. Let i = 0;

� Step 2: Update the control and disturbance policies with

u(i) � −1

2
R−1 BT

2 ∇V (i) (19)

w(i) � 1

2
γ−2

s BT
1 ∇V (i) (20)

� Step 3: Solve the following linear PDE for V (i+1)(x):
[∇V (i+1)]T ( f + B2u(i) + B1w

(i))+ ‖x‖2
Qs

+‖u(i)‖2
R − γ 2

s ‖w(i)‖2 = 0; (21)

where V (i+1)(x) ∈ C1(X ), V (i+1)(x) ≥ 0 and
V (i+1)(0) = 0.

� Step 4: Let i = i + 1, go back to Step 2 and continue. �

From Lemma 1 and Theorem 1, the H∞ modal feedback
control policy (18) relies on the solution of the HJI equa-
tion (17). However, the HJI equation (17) is a nonlinear PDE
that is difficult to be solved analytically. In [50], a model-based
SPUA was proposed to compute the approximate solution of
the HJI equation. The procedure of the model-based SPUA is
given in Algorithm 2.

Remark 1: Through the construction of a fixed point equa-
tion, the convergence of Algorithm 2 is established in [50]
by proving that it is essentially a Newtons iteration method
for finding the fixed point. With the increase of index i , the
sequence V (i) obtained by the SPUA with iterative equa-
tions (19)–(21) can converge to the solution of the HJI
equation (17), i.e., limi→∞ V (i) = V ∗. To solve the linear
PDE (21), a computationally efficient method was suggested
based on Galerkin approximation. �

Note that Algorithm 2 is model based, which requires the
full system mathematical model. However, the system model
of the PDE system (1)–(3) is completely unknown, and thus
the explicit expression of the HJI (17) is unavailable. To over-
come this difficulty, a data-driven off-policy RL method is
derived based on SPUA (i.e., Algorithm 2) to learn the solution
of HJI equation (17) from the real system data. The slow
subsystem (14) can be rewritten as

ẋ = f + B2u(i) + B1w
(i) + B2[u − u(i)] + B1[w −w(i)]

(22)

for ∀u ∈ U, w ∈ W . Let V (i+1)(x) be the solution of the
linear PDE (21). Then, with the expressions (19) and (20)
in Algorithm 2, taking derivative along the state of the
system (22) yields

dV (i+1)(x)

dt
= [∇V (i+1)]T ( f + B2u(i) + B1w

(i))

+[∇V (i+1)]T B2[u − u(i)] + [∇V (i+1)]T B1[w −w(i)]
= [∇V (i+1)]T ( f + B2u(i) + B1w

(i))

−2[u(i+1)]T R[u − u(i)] + 2γ 2
s [w(i+1)]T [w −w(i)]. (23)
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With the linear PDE (21), conducting integral on both sides
of (23) in time interval [t, t + t] and rearranging terms,
we get

V (i+1)(x(t))− V (i+1)(x(t +t))

−2
∫ t+t

t
[u(i+1)(x(τ ))]T R[u(τ )− u(i)(x(τ ))]dτ

+2γ 2
s

∫ t+t

t
[w(i+1)(x(τ ))]T [w(τ)−w(i)(x(τ ))]dτ

=
∫ t+t

t

(‖x(τ )‖2
Qs

+ ‖u(i)(x(τ ))‖2
R

− γ 2
s ‖w(i)(x(τ ))‖2)dτ (24)

where V (i+1)(x), u(i+1)(x), and w(i+1)(x) are unknown
function and vector functions to be solved. Replacing the itera-
tive equations (19)–(21) in Algorithm 2 with (24) results in the
data-driven off-policy RL method. From the above derivation
for (24), it is noted that (24) holds with arbitrary
signals u and w on domains U and W , while not required to
be optimal policies u∗ and w∗, which is the essential merit of
off-policy RL. To show its convergence, Theorem 2 establishes
the equivalence between the iterative equations (19)–(21) and
the expression (24).

Theorem 2: Let V (i+1)(x) ∈ C1(X ), V (i+1)(x) ≥ 0
and V (i+1)(0) = 0. For ∀x ∈ X , u(i+1)(x) ∈ U and
w(i+1)(x) ∈ W . Then, (V (i+1), u(i+1), w(i+1)) is the solution
of (24) if and only if it is the solution of the iterative equations
(19)–(21), i.e., equation (24) is equivalent to the iterative
equations (19)–(21).

Proof: From the derivation of (24), it is concluded
that if (V (i+1), u(i+1), w(i+1)) is the solution of the
iterative equations (19)–(21), it also satisfies (24). To complete
the proof, we have to show that (V (i+1), u(i+1), w(i+1)) is the
unique solution of (24). The proof is by contradiction.

Before starting the contradiction proof, we derive a simply
fact. Consider

lim
t→0

1

t

∫ t+t

t
h̄(τ )dτ

= lim
t→0

1

t

(∫ t+t

0
h̄(τ )dτ −

∫ t

0
h̄(τ )dτ

)

= d

dt

∫ t

0
h̄(τ )dτ

= h̄(t). (25)

Let (V (i+1), u(i+1), w(i+1)) be the solution of (24). Consider

dV (i+1)(x)

dt
= lim
t→0

1

t

(
V (i+1)(x(t +t))− V (i+1)(x(t))

)
.

By using (24), we have
dV (i+1)(x)

dt

= 2γ 2
s lim
t→0

1

t

∫ t+t

t
[w(i+1)(x(τ ))]T [w(τ)−w(i)(x(τ ))]dτ

−2 lim
t→0

1

t

∫ t+t

t
[u(i+1)(x(τ ))]T R[u(τ )− u(i)(x(τ ))]dτ

− lim
t→0

1

t

∫ t+t

t

(‖x(τ )‖2
Qs

+ ‖u(i)(x(τ ))‖2
R

− γ 2
s ‖w(i)(x(τ ))‖2)dτ. (26)

With the fact (25), (26) is rewritten as

dV (i+1)(x)

dt
= 2γ 2

s [w(i+1)(x(t))]T [w(t)−w(i)(x(t))]
−2[u(i+1)(x(t))]T R[u(t)− u(i)(x(t))]
−(‖x(t)‖2

Qs
+ ‖u(i)(x(t))‖2

R

− γ 2
s ‖w(i)(x(t))‖2) (27)

which means that the solution (V (i+1), u(i+1), w(i+1)) of
the (24) also satisfies (27). Suppose that (W (x), vu(x), vw(x))
is another solution of (24). Thus, (W, vu , vw) also
satisfies (27)

dW (x)

dt
= 2γ 2

s v
T
w(x(t))[w(t)− w(i)(x(t))]

−2vT
u (x(t))R[u(t)− u(i)(x(t))]

− (‖x(t)‖2
Qs

+ ‖u(i)(x(t))‖2
R

− γ 2
s ‖w(i)(x(t))‖2). (28)

Subtracting (28) from (27) yields

d

dt

(
V (i+1)(x)− W (x)

)

= 2γ 2
s [w(i+1)(x)]T [w − w(i)(x)]

− 2[u(i+1)(x)]T R[u − u(i)(x)]
− (‖x‖2

Qs
+ ‖u(i)(x)‖2

R − γ 2
s ‖w(i)(x)‖2)

− 2γ 2
s [vw(x)]T [w −w(i)(x)]

+ 2[vu(x)]T R[u − u(i)(x)]
+ (‖x‖2

Qs
+ ‖u(i)(x)‖2

R − γ 2
s ‖w(i)(x)‖2)

= 2γ 2
s [w(i+1)(x)− vw(x)]T [w − w(i)(x)]

− [u(i+1)(x)− vu(x)]T R[u − u(i)(x)]. (29)

This means that (29) holds for ∀u ∈ U, w ∈ W . Thus, letting
u = u(i), w = w(i), we have

d

dt

(
V (i+1)(x)− W (x)

) = 0. (30)

Then, V (i+1)(x) − W (x) = c for ∀x ∈ X , where c is
a real constant, and c = V (i+1)(0) − W (0) = 0. Thus,
V (i+1)(x)− W (x) = 0, i.e., W (x) = V (i+1)(x) for ∀x ∈ X .

Then, it follows from (29) that

2γ 2
s [w(i+1)(x)− vw(x)]T [w −w(i)(x)]

−2[u(i+1)(x)− vu(x)]T R[u − u(i)(x)] = 0

holds for ∀u ∈ U and w ∈ W . Letting w = w(i), we have

[u(i+1)(x)− vu(x)]T R[u − u(i)(x)] = 0

for ∀u ∈ U , which implies that vu(x) = u(i+1)(x) for ∀x ∈ X .
Similarly

2γ 2
s [w(i+1)(x)− vw(x)]T [w − w(i)(x)] = 0

for ∀w ∈ W , which means that vw(x) = w(i+1)(x) for
∀x ∈ X . Thus, (W, vu , vw) = (V (i+1), u(i+1), w(i+1)),
i.e., (V (i+1), u(i+1), w(i+1)) is the unique solution of (24). The
proof is completed. �

Remark 2: In the data-driven off-policy RL method,
the solution (V (i+1), u(i+1), w(i+1)) of (24) can be learned
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using system data generated with arbitrary input signals
u and w. Off-policy learning [51], the ability for an
agent to learn about a policy other than the one it is
following, is a key element of RL. The obvious advan-
tage of the off-policy learning is that it can learn the
value function and the control policy from states and
actions that are selected according to a more exploratory
or even random policy. Theorem 2 shows that the solution
of (24) is equivalent to the iterative equations (19)–(21).
Then, according to Remark 1, the convergence of the data-
driven off-policy RL is guaranteed, i.e., the solution of the
iterative equation (24) will converge to the solution of an
HJI equation and the H∞ control policy as iteration step i
increases. Different from the iterative equations (19)–(21) in
the model-based SPUA (i.e., Algorithm 2), the data-driven off-
policy RL with (24) uses system data instead of the system
mathematical model. Hence, the data-driven off-policy RL can
be regarded as a direct H∞ control design method, which
avoids the identification of the system model. In fact, the
information of system model is embedded in the measurements
of real system data. That is to say, the lack of knowledge
about the model does not have any impact on the off-policy
RL method to obtain the solution of HJI equation and the H∞
control policy. �

C. Implementation Based on Neural Network

To solve the iterative equation (24) for its solution
(V (i+1), u(i+1), w(i+1)) based on system data, we develop an
NN-based actor-critic structure. One critic NN is used for
approximating the value function V (i)(x), and two action NNs
are employed for approximating the control policy u(i)(x)
and the disturbance policy w(i)(x), respectively. Let �(x) �
[ψ1(x) . . .ψLV (x)]T be the activation function vector of the
critic NN, where LV is the number of the critic NN hide
layer neurons. Note that u(i)(x) is vector with dimension of m,
which means that the control action NN contains m sub-NNs.
Let �l(x) � [φl

1(x) . . . φ
l
Lu
(x)]T be the activation function

vector of the lth control action sub-NN, where l = 1, . . . ,m
and Lu is the number of hide layer neurons. Similarly, w(i)(x)
is vector with dimension of q , and thus the disturbance action
NN contains q sub-NNs. Let �k(x) � [π1(x) . . . πLw(x)]T be
the activation function vector of the kth control action sub-
NN, where k = 1, . . . , q and Lw is the number of hide layer
neurons. Then, the outputs of the critic NN, the lth control
action sub-NN, and the kth disturbance action sub-NN are,
respectively, given by

V̂ (i)(x) =
LV∑

j=1

θ
(i)
V , jψ j (x) = �T (x)θ(i)V (31)

û(i)l (x) =
Lu∑

j=1

θ
(i)
ul , jφ

l
j (x) = (�l(x))T θ(i)ul

(32)

ŵ
(i)
k (x) =

Lw∑

j=1

θ
(i)
wk , jπ

k
j (x) = (�k(x))T θ(i)wk

(33)

for ∀i = 0, 1, 2, . . . , where θ(i)V � [θ(i)V ,1 . . . θ
(i)
V ,LV

]T , θ(i)ul �
[θ(i)ul ,1

. . . θ
(i)
ul ,Lu

]T , and θ
(i)
wk � [θ(i)wk ,1

. . . θ
(i)
wk ,Lw

]T are the

weight vectors of critic NN, the lth control action sub-NN,
and the kth disturbance action sub-NN, respectively. Rewrite
expressions (32) and (33) with compact forms

û(i) = [
û(i)1 · · · û(i)m

]T = [
(�1)T θ(i)u1

· · · (�m)T θ(i)um

]T (34)

ŵ(i) = [
ŵ
(i)
1 · · · ŵ(i)q

]T = [
(�1)T θ(i)w1

· · · (�m)T θ(i)wq

]T
. (35)

For R = [rl1,l2 ]m×m , expressions ‖û‖2
R and ‖ŵ‖2 can be,

respectively, written as

‖û‖2
R =

m∑

l1=1

m∑

l2=1

rl1,l2 ûl1 ûl2 (36)

‖ŵ‖2 =
q∑

k1=1

ŵ2
k1
. (37)

Due to estimation errors of the critic and actor
NNs (31)–(33), the replacement of V (i+1), u(i+1), w(i+1),
u(i), and w(i) in the iterative equation (24) with V̂ (i+1),
û(i+1), ŵ(i+1), û(i), and ŵ(i), respectively, yields the following
residual error:
σ (i)(x(t), u(t),w(t))

� V̂ (i+1)(x(t))− V̂ (i+1)(x(t +t))

− 2
∫ t+t

t
[û(i+1)(x(τ ))]T R[u(τ )− û(i)(x(τ ))]dτ

+ 2γ 2
s

∫ t+t

t
[ŵ(i+1)(x(τ ))]T [w(τ)− ŵ(i)(x(τ ))]dτ

−
∫ t+t

t

(‖x(τ )‖2
Qs

+‖û(i)(x(τ ))‖2
R −γ 2

s ‖ŵ(i)(x(τ ))‖2)dτ

= [�(x(t))−�(x(t +t))]T θ
(i+1)
V

− 2
m∑

l1=1

m∑

l2=1

rl1,l2

∫ t+t

t
ul1(τ )[�l2(x(τ ))]T θ(i+1)

ul2
dτ

+ 2
m∑

l1=1

m∑

l2=1

rl1,l2

∫ t+t

t

(
θ(i)ul1

)T
�l1(x(τ ))[�l2(x(τ ))]T

θ(i+1)
ul2

dτ + 2γ 2
s

q∑

k1=1

∫ t+t

t
wk1(τ )[�k1(x(τ ))]T θ(i+1)

wk1
dτ

− 2γ 2
s

q∑

k1=1

∫ t+t

t

(
θ(i)wk1

)T
�k1 (x(τ ))[�k1(x(τ ))]T θ(i+1)

wk1
dτ

−
∫ t+t

t
‖x(τ )‖2

Qs
dτ

−
m∑

l1=1

m∑

l2=1

rl1,l2

∫ t+t

t

(
θ(i)ul1

)T
�l1(x(τ ))[�l2(x(τ ))]T θ(i)ul2

dτ

+ γ 2
s

q∑

k1=1

∫ t+t

t

(
θ(i)wk1

)T
�k1 (x(τ ))[�k1(x(τ ))]T θ(i)wk1

dτ.

(38)
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For notation simplicity, define

ρ�(x(t)) � [�(x(t))− �(x(t +t))]T

ρQ(x(t)) �
∫ t+t

t
‖x(τ )‖2

Qs
dτ

ρl1,l2
u� (x(t), u(t)) �

∫ t+t

t
ul1(τ )[�l2(x(τ ))]T dτ

ρ
l1,l2
� (x(t)) �

∫ t+t

t
�l1(x(τ ))[�l2(x(τ ))]T dτ

ρ
k1
w�(x(t),w(t)) �

∫ t+t

t
wk1 (τ )[�k1(x(τ ))]T dτ

ρk1
� (x(t)) �

∫ t+t

t
�k1 (x(τ ))[�k1(x(τ ))]T dτ

then, the expression (38) is rewritten as

σ (i)(x(t), u(t),w(t)) = ρT
�(x(t))θ

(i+1)
V

− 2
m∑

l1=1

m∑

l2=1

rl1,l2ρ
l1,l2
u� (x(t), u(t))θ(i+1)

ul2

+ 2
m∑

l1=1

m∑

l2=1

rl1,l2

(
θ(i)ul1

)T
ρl1,l2
� (x(t))θ(i+1)

ul2

+ 2γ 2
s

q∑

k1=1

ρ
k1
w�(x(t),w(t))θ

(i+1)
wk1

− 2γ 2
s

q∑

k1=1

(
θ(i)wk1

)T
ρ

k1
� (x(t))θ

(i+1)
wk1

− ρQ(x(t))

−
m∑

l1=1

m∑

l2=1

rl1,l2

(
θ(i)ul1

)T
ρl1,l2
� (x(t))θ(i)ul2

+ γ 2
s

q∑

k1=1

(
θ(i)wk1

)T
ρk1
� (x(t))θ

(i)
wk1
. (39)

The expression (39) can be represented as a compact form

σ (i)(x(t), u(t),w(t)) = ρ(i)(x(t), u(t),w(t))θ(i+1)

−ς(i)(x(t)) (40)

where

θ(i+1) �
[(
θ
(i+1)
V

)T (
θ(i+1)

u1

)T
. . .

(
θ(i+1)

um

)T (
θ(i+1)
w1

)T

. . .
(
θ(i+1)
wq

)T ]T

ς(i)(x(t)) � ρQ(x(t))+
m∑

l1=1

m∑

l2=1

rl1,l2

(
θ(i)ul1

)T
ρl1,l2
� (x(t))θ(i)ul2

− γ 2
s

q∑

k1=1

(
θ(i)wk1

)T
ρ

k1
� (x(t))θ

(i)
wk1

ρ (i)(x(t), u(t),w(t))

�
[
ρT
�(x(t)) 2ρ(i)1u� (x(t), u(t)) . . . 2ρ(i)mu� (x(t), u(t))

2γ 2
s ρ

(i)1
w� (x(t),w(t)) . . . 2γ

2
s ρ

(i)q
w� (x(t),w(t))

]

ρ
(i)l2
u� (x(t), u(t))

�
m∑

l1=1

rl1,l2

[(
θ(i)ul1

)T
ρ

l1,l2
� (x(t))− ρ

l1,l2
u� (x(t), u(t))

]

ρ
(i)k1
w� (x(t),w(t)) � ρk1

w�(x(t),w(t))− (θ(i)wk1
)T ρk1

� (x(t)).

For description simplicity, denote ρ(i) = [ρ(i)1 . . . ρ
(i)
L ],

where L � LV + Lu + Lw is the size of the unknown
NN weight vector θ(i+1). Based on the method of weighted
residuals [52], θ(i+1) can be computed in such a way that the
residual error σ (i)(x, u, w) (for ∀t ≥ 0) of (40) is forced to
be zero in some average sense. Thus, projecting the residual
error σ (i)(x, u, w) onto dσ (i)/dθ(i+1) and setting the result to
zero on domain D using the inner product, 〈·, ·〉D

〈σ (i)/dθ(i+1), σ (i)(x, u, w)〉D = 0. (41)

Then, the substitution of (40) into (41) yields

〈ρ(i)(x, u, w), ρ(i)(x, u, w)〉Dθ(i+1)

−〈ρ(i)(x, u, w), ς(i)(x)〉D = 0

where the notations 〈ρ(i), ρ(i)〉D and 〈ρ(i), π(i)〉D are given by

〈
ρ(i), ρ(i)

〉

D �

⎡

⎢
⎢
⎣

〈
ρ
(i)
1 , ρ

(i)
1

〉

D · · · 〈
ρ
(i)
1 , ρ

(i)
L

〉

D
... · · · ...

〈
ρ
(i)
L , ρ

(i)
1

〉

D · · · 〈
ρ
(i)
L , ρ

(i)
L

〉

D

⎤

⎥
⎥
⎦

and
〈
ρ(i), ς(i)

〉

D �
[ 〈
ρ
(i)
1 , ς

(i)
〉

D · · · 〈
ρ
(i)
L , ς

(i)
〉

D
]T
.

Thus, θ(i+1) can be obtained with

θ(i+1) = 〈
ρ(i)(x, u, w), ρ(i)(x, u, w)

〉−1
D

× 〈
ρ(i)(x, u, w), ς(i)(x)

〉

D. (42)

The computation of 〈ρ(i)(x, u, w), ρ(i)(x, u, w)〉D and
〈ρ(i)(x, u, w), ς(i)(x)〉D involves many numerical integrals
on domain D, which are computationally expensive. Thus,
the Monte Carlo integration method [53] is introduced,
which is especially competitive on multidimensional domain.
We now illustrate the Monte Carlo integration for computing
〈ρ(i)(x, u, w), ρ(i)(x, u, w)〉D . Let ID �

∫

D d(x, u, w), and
SM � {(xk, uk, wk)|(xk, uk, wk) ∈ D, k = 1, 2, . . . ,M} be the
set that sampled on domain D, where M is the size of sample
set SM . Then, 〈ρ(i)(x, u, w), ρ(i)(x, u, w)〉D is approximately
computed with

〈ρ(i)(x, u, w), ρ(i)(x, u, w)〉D
=

∫

D
(ρ(i)(x, u, w))T ρ(i)(x, u, w)d(x, u, w)

= ID
M

M∑

k=1

(ρ(i)(xk, uk , wk))
T ρ(i)(xk, uk, wk)

= ID
M
(Z (i))T Z (i) (43)

where Z (i) � [(ρ(i)(x1, u1, w1))
T . . . (ρ(i)(xM , uM , wM ))

T ]T .
Similarly

〈ρ(i)(x, u, w), ς(i)(x)〉D
= ID

M

M∑

k=1

(ρ(i)(xk, uk, wk))
T ς(i)(xk)

= ID
M
(Z (i))T η(i) (44)
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Fig. 1. Flowchart of the data-driven off-policy RL for H∞ control design.

Algorithm 3 Data-Driven Off-Policy RL for H∞ Control
Design
� Step 1: With different initial states and input signals, col-

lect real PDE system data {yk(z)}, control and disturbance
signals {uk} and {wk}, k = 1, . . . ,M;

� Step 2: Using the PDE system data {yk(z)}, KLD (i.e.,
Algorithm 1) is employed for computing EEFs. The
dimension N of the slow subsystem (14) is determined
by the condition (15);

� Step 3: Obtain the sample set SM with xk computed by
using (7). Then, compute ρ�(x), ρQ(x), ρ

l1,l2
u� (x, u),

ρ
l1,l2
� (x), ρk1

w�(x, w) and ρk1
� (x);

� Step 4: Select initial NN weight vector θ(0) such that
V̂ (0) ∈ V0. Let i = 0;

� Step 5: Compute Z (i) and η(i), and update θ(i+1) with
(45);

� Step 6: If ‖θ(i+1) − θ(i)‖ ≤ ξ (ξ is a small positive
number), stop iteration and θ(i+1)

u is employed to obtain
the H∞ control policy with (34), else let i = i + 1 and
go back to Step 5 and continue. �

where η(i) � [ς(i)(x1) . . . ς
(i)(xM )]T . Then, the substitution

of (43) and (44) into (42) yields

θ(i+1) = [(Z (i))T Z (i)]−1(Z (i))T η(i). (45)

It is noted that the NN weight update rule (45) is a least-
square scheme. Based on the update rule (45), a complete
implementation procedure of the data-driven off-policy
RL method for the H∞ control design of nonlinear
PDE system is presented in Algorithm 3. To be more clearly,
Fig. 1 gives a detailed flowchart for Algorithm 3.

Remark 3: It is noted from Algorithm 3 and Fig. 1
that the developed data-driven off-policy RL is an offline
H∞ control design method. After Algorithm 3 achieves
the desired convergence criterion, the convergent H∞
control policy is employed for the real-time control of
nonlinear DPSs. Recently, some online H∞ control design
approaches [54], [55] have been proposed for finite-
dimensional ODE systems. It is observed that the obvious
difference between them is that the proposed method is
for nonlinear DPSs, while these online approaches are for
finite-dimensional ODE systems. Furthermore, there are three
advantages of the proposed method compared with the online
control design approaches.

1) These online approaches are on-policy methods, where
system data are generated along the neighborhood of a
single-state trajectory, which will result in the inadequate
exploration problem [56]. The proposed data-driven
off-policy control design method uses arbitrary control
and disturbance signal for generating data, which means
that the system data can be collected from possibly
sufficient state trajectories, and thus the inadequate
exploration problem is overcome.

2) In these online approaches, the disturbance signal w is
required to be adjustable, which is usually impractical
for most of the real systems. For the proposed method,
note that the disturbance signal w is arbitrary, and thus
the adjustable limitation of the online approaches is
removed.

3) The learning process is usually time-consuming, and
thus online control design approaches are hard for the
real-time control.

Furthermore, online control design approaches just use current
data while discard past data, which implies that the measured
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system data are used only once and thus results in low
utilization efficiency. Note that these problems are over-
come in the proposed method, where the learning process
is implemented offline and system data are unitized
repeatedly.

Remark 4: For the H∞ control problem and two-players
zero-sum game problem, some meaningful and important
results have been reported by Lewis’s group [27], [54], [55],
[57], [58] and Liu’s group [37], [59], [60]. Among them, some
works [54], [55], [57], [59], [60] are for nonlinear systems.
Compared with these existing works, there are several main
differences for the proposed data-driven off-policy RL H∞
control design method.

1) The proposed method is for general nonlinear DPSs,
while these existing works [54], [55], [57], [59], [60]
are for finite-dimensional ODE systems.

2) For these existing works [54], [55], [57], [59], [60],
the mathematical system model is required, while the
proposed method is a data-driven control design
approach without requiring any system model.

3) The proposed data-driven off-policy RL is an offline
control design approach, while some of these existing
works [54], [55] are online control design methods.
Compared with the online methods [54], [55], the
proposed method has several advantages, which are
analyzed in Remark 3.

Remark 5: The proposed data-driven off-policy RL H∞ con-
trol design method is inspired by the works [30], [34], [61] to
some extent. Jiang and Jiang [30], [61] proposed a novel policy
iteration algorithm for optimal control problem. Luo et al. [34]
developed a partially model-based off-policy RL method for
addressing the H∞ control problem of nonlinear systems
with partially known system model. Compared with these
works [30], [34], [61], three key differences can be found in
the developed data-driven H∞ control design method.

1) The methods in [30] and [61] are developed for
the optimal control problem of finite-dimensional
ODE systems, while the proposed method is for the
H∞ control problem of general nonlinear DPSs. That
is to say, the system type and control problem type are
completely different.

2) The methods in [30] and [61] are online control design
approaches, which have the problems of real-time
control difficulty, low data utilization efficiency, and
inadequate exploration. As discussed in Remark 3, these
problems can be overcome by the proposed data-driven
off-policy RL method.

3) For the work [34], the control design method is for
finite-dimensional ODE systems with partially known
model. For the proposed method, it is developed for gen-
eral nonlinear DPSs with completely unknown model,
and thus its analysis and techniques are much more
complicated.

4) The computational complexity of the proposed method
is analyzed, which is not discussed in the existing
works [30], [34], [61].

To the best of our knowledge, this paper is
the first work for addressing the data-driven H∞

control problem of nonlinear DPSs with completely
unknown model via RL method, and a general
data-based control design framework is developed. This
is the main contribution of this paper, which is important and
promising for real DPSs in practice.

D. Computational Complexity Analysis

It is necessary to have a discussion for the computational
complexity of Algorithm 3. Computational complexity [62] of
an algorithm is a measure of how many steps the algorithm
will require in the worst case for an instance or input of
a given size. It is denoted by the notation O(·), which is
determined by the most computationally expensive part in the
algorithm. Note from Fig. 1 that Algorithm 3 contains two
parts: 1) data processing (i.e., Step 2) and 2) off-policy RL
(i.e., Steps 3–6). Thus, using the collected system data sets
{yk(z)}, {uk}, and {wk}, the computational complexity of
two parts are analyzed, respectively.

1) For the data processing part, KLD procedure
(i.e., Algorithm 1) is implemented. The most
computationally expensive parts in Algorithm 1 is
Steps 2 and 3. For Step 2, two iterative loops are
required for computing matrix C = (ckj )M×M , thus its
computational complexity is O(M2). For Step 3, it is
to solve an eigenvalue problem Cαi = λiαi , which has
a computational complexity of O(M3) using Jacobi
method [63]. Therefore, the computational complexity
of the KLD procedure is determined by Step 3, which
is O(M3).

2) For the off-policy RL part, i.e., Steps 3–6 of
Algorithm 3, note that Step 3 is computed once for
all and its computation time is fixed. Step 5 in the
iterative loop (i.e., Steps 4–6) is the most computation-
ally expensive part. In Step 5, Z (i) is a M × L matrix
and η(i) is a L × 1 vector. Then, the computational
complexity for computing matrix Z (i) and vector η(i)

is O(M L) and O(L), respectively. It is observed
that the update of θ(i+1) with (45) is a least-square
scheme. From [63], the computational complexity of the
least-square scheme (45) is O((M L2/2) + (L3/3)) by
employing Householder reduction. This means that for
one iteration in the iterative loop (Steps 4–6), its compu-
tational complexity is O((M L2/2)+ (L3/3)). Consider
the iterative loop terminates after N iterations, which
involves a computational complexity of O(N ). There-
fore, the total computational complexity of the data-
driven off-policy RL part is O((N M L2/2)+(N L3/3)).

V. SIMULATION STUDIES

To test the effectiveness of the developed data-driven
off-policy RL method, we consider the H∞ control problem
of the following nonlinear diffusion-reaction process:
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∂y(z, t)

∂ t
= ∂

∂z

(

k(y)
∂y(z, t)

∂z

)

+βT (z)(e
−γ /(1+y)−e−γ )

+ βU (z)(b2(z)u(t)− y)+ b1(z)w(t)

yh(t) =
∫ π

0
y(z, t)dz

(46)
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Fig. 2. State profile of the open-loop PDE system.

Fig. 3. First two EEFs.

subjected to the Dirichlet boundary conditions

y(0, t) = y(π, t) = 0 (47)

and the initial condition

y0(z) = 0.3 sin(3z) (48)

where y(z, t) is the PDE state, z ∈ [0, π], k(y) is the
diffusion coefficient that may be constant or dependent on
the state, βT (z) is the heat of reaction which is spatially
varying, and βU is the heat transfer coefficient, γ is acti-
vation energy, b1(z) and b2(z) are disturbance and actuator
distribution function, respectively. These parameters are given
as: k(y) = 0.5 + 0.7/(y + 1), βT (z) = 16(cos(z) + 1),
βU = 1, γ = 2, b1(z) = [H (z − 0.4π) − H (z − 0.7π)] and
b2(z) = 5[H (z − 0.4π) − H (z − 0.7π)], where H (·) is the
standard Heaviside function. For these values, Fig. 2 shows
the state profile of the open-loop PDE system, from which it
is observed that the system converges to a stable non-uniform
steady state while the operating steady-state y(z, t) = 0 is an
unstable one. The weighting matrix R in (4) is given as R = 1.
The parameter γs in (16) is given as γs = 5, then γ > 5 for
the L2-gain performance (4).

To compute EEFs with KLD of Algorithm 1, an ensemble
of size M = 2000 is collected from 20 simulations with the
different initial conditions, input and disturbance signals. It is
found that the first two EEFs account for more than 99%
energy contained in the ensemble of snapshots [i.e., ζ = 0.01
in (15)], and the first two EEFs are given in Fig. 3. This means
that the PDE system (46)–(48) can be accurately represented
by the second-order model of ODE (i.e., N = 2). That is, the

Fig. 4. Norm of the critic NN weight vector θ(i)V at each iteration.

Fig. 5. Norm of the control action NN weight vector θ(i)u at each iteration.

first two EEFs are employed to compute the mode x of the
slow subsystem (15) with (7).

Then, the data-driven off-policy RL method
(i.e., Algorithm 3) is used for H∞ control design of
the PDE system (46)–(48). Select the critic NN activation
function vector as

�(x) = [
x2

1 x1x2 x2
2 x2

1 x2
2 x1x3

2 x3
1 x2

]T

with the size of LV = 6, control and disturbance action
NN activation function vectors as

�(x) = �(x) = [
x1 x2 x2

1 x1x2 x2
2

]T

with the size of Lu = Lw = 5. Choose the initial
critic NN weight vector as θ(0)V = 0, the initial disturbance

action NN weight vector as θ(0)w = 0, and the initial control

action NN weight vector as θ(0)u,1 = θ
(0)
u,2 = −10, θ(0)u,3∼5 = 0.

Setting the iterative stop criterion ξ = 10−7, Algorithm 3
is applied to learn the H∞ control policy. It is found that
the algorithm achieves the convergence at the 15th iteration,
where the critic NN weight vector converges to θ

(15)
V =

[0.0278 − 0.1288 0.0038 − 0.0001 − 0.0001 0.0000]T the
control action NN weight vector converges to θ

(15)
u =

[−1.0137 − 0.1115 0.0003 − 0.0019 − 0.0196]T and the
disturbance action NN weight vector converges to θ

(15)
w =

[0.0091 0.0041 − 0.0000 0.0001 − 0.0106]T . Figs. 4–6
demonstrate the norms of the critic NN vector, control and
disturbance action NN vectors at each iteration, respectively.

To demonstrate the effectiveness of the data-driven
off-policy RL method, the convergent H∞ control policy is
used for real-time control of the DPS (46)–(48). With the con-

vergent control action NN weight vector θ(15)
u , the H∞ control
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Fig. 6. Norm of the disturbance action NN weight vector θ(i)w at each
iteration.

Fig. 7. External disturbance signal w(t).

Fig. 8. Actual control action u(t).

Fig. 9. Actual state trajectories of closed-loop slow subsystem.

policy can be computed with (34). Under the external
disturbance signal w(t) = 0.2r1(t)e−0.5t cos(r2(t)t), (r1(t),
r2(t) ∈ [0, 1] are random numbers) shown in Fig. 7,
the real-time closed-loop simulation is conducted with the
H∞ control policy. Figs. 8–10 give the actual control action,

Fig. 10. State profile of the closed-loop PDE system.

Fig. 11. Curve of rd (t).

the state trajectories of slow subsystem and the state profile of
the closed-loop PDE system. To show the relationship between
L2-gain and time, define the following ratio of disturbance
attenuation as:

rd (t) =
(∫ t

0

(‖yh(τ )‖2 + ‖u(τ )‖2
R

)
dτ

∫ t
0 ‖w(τ)‖2dτ

) 1
2

.

Fig. 11 shows the curve of rd(t), where it converges to
4.2740 (<5) as time increases. This implies that the designed
H∞ control law achieves the desired L2-gain performance
level γ.

VI. CONCLUSION

A data-driven off-policy RL method has been developed
for H∞ control design of nonlinear DPSs with completely
unknown system model. Data-driven model reduction is first
applied to derive the ROM based on the EEFs and the
singular perturbation theory. Then, the H∞ control problem
of PDE system is reformulated based on the ROM, which is
transformed to solve the HJI equation, theoretically. To learn
the solution of the HJI equation and the H∞ control policy
from data rather than system model, a NN-based data-driven
off-policy RL method is proposed, and its effectiveness is
tested on a nonlinear diffusion-reaction process.
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