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Abstract

Image stitching has long been studied in computer vision and has been applied

to many fields. However, when the input images contain moving objects and

meanwhile are noisy or partially contaminated, it remains a challenge to get

a satisfactory clean panorama. In this paper, we propose to tackle both the

challenges, i.e., denoising and stitching, by proposing a new energy function in

a unified way. Such an energy model is however non-submodule, making the

widely used optimization algorithms, such as graph cuts, hard to be used di-

rectly. We then generalize the recently proposed Graduated Non-Convexity and

Concavity Procedure(GNCCP) to approximately minimize the energy. Compar-

ative experiments validate the efficacy of the proposed energy function on both

image denoising and stitching. Besides, the results also show the validity of the

generalized-GNCCP on minimizing non-submodule function.

Keywords: image stitching, denoising, energy minimization, GNCCP

1. Introduction

Image stitching is the technique to combine two or more images into a high

resolution and wide viewing composite. It has been successfully applied in many

fields, such as in ocean exploration [1] and street map [2]. Many conventional

stitching algorithms [3, 4] are capable of taking overlapping images of the same5
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scene and stitching them to form a panorama. These algorithms generally have

quite a few prerequisites to produce satisfactory results: limited camera trans-

lation and limited moving objects in the scene. When the input images suffer

a large structural deformation and contain moving objects, unfortunately, most

algorithms tend to get a panorama which contains heavy blurring or ghosting10

area. Especially, when the input images are noisy or partially contaminated,

current stitching algorithms are not capable of denoising and recovering the

contaminated area to get a clean panorama. Though we can first de-noise the

images and then stich them, it suffers at least the following two shortcomings.

First, it is time-costing since we have to sequentially implement the two tasks15

one by one, and second, it neglects the inherent interaction between them since

such a two-step method tackles the two tasks separately. Actually, a intuitively

more reasonable way is to consistently and simultaneously handle the both tasks

in a same framework, which is the main motivation of our work.

Generally speaking, image stitching includes two sub-procedures, i.e., image20

registration and image blending. Image registration involves transforming im-

ages from different views into the same coordinate system, while image blending

takes the registered images as input to create a wide viewing panorama. Each

registered image only contain part of the whole scene, so in the blending process

a proper strategy should be taken to choose the right part of each registered25

image to form a seamless panorama. Traditional blending technique, such as

weighted average[3], can get a satisfactory result only when there are no mov-

ing objects and noise or contaminated area. Some other researchers used the

optimal seam method [4] to deal with the moving objects. By introducing the

Dijkstra’s algorithm [5], the method can find a path avoiding cutting through30

the moving objects, which, therefore, makes the moving objects all in or al-

l out of the panorama. However, it cannot denoise the image or recover the

contaminated area.

In this paper, we propose a new energy function which can simultaneously

handle image denoising and seamless stitching in a consistent way. We assume35

that the registered images contain all the information necessary to create a
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whole scene, though each image only contains part of the scene or is partially

contaminated. So theoretically it’s possible to create a seamless panorama using

the input images. Image stitching can be typically formulated as a pixel-labeling

problem in computer vision, which selects one particular image (by assigning40

each image one label) at each pixel to form a seamless panorama. In this paper

we propose a new energy function for such a pixel labelling problem, which

considers both moving objects and partially contaminated images. Such an

energy function is however non-submodule, making the frequently used graph-

cuts[6, 7] algorithm cannot be used directly, or can only be used by discarding45

the non-submodule terms in the energy function.

In view of this, in our paper we generalized the recently proposed graduat-

ed nonconvexity and concavity procedure (GNCCP)[8] to minimize the energy

function, which was firstly proposed to approximate the optimization over par-

tial permutation matrices. The proposed GNCCP based algorithm can be used50

on any types of energies. Extensive experiment results witness that the pro-

posed method can stitch images containing moving objects and contaminated

area.

Section 2 give a brief review of related works in literature, and Section 3 is

devoted to the proposed techniques. After giving comparative experiments in55

Section 4, Section 5 concludes the article.

2. Related works

Stitching two or more images together to create a seamless panorama typical-

ly involves image registration and blending techniques. For image registration,

we need to estimate a transformation matrix relating different images. For im-60

age blending, to get a seamless panorama, proper strategies should be adopted

to deal with the moving objects in the overlapping area, as well as the image

noise and contaminated area. Below we give a brief description of the algorithms

proposed in literature.
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2.1. Image registration65

In general, the image registration techniques can be classified into area-

based methods and feature-based methods [9]. In the last two decades, together

with the emergence of a bunch of splendid local feature descriptors [10, 11], the

feature-based methods become more popular in image registration. The success

of feature-based methods can be attributed to the rotation and scale invariance70

of the features, thus they can be used to register images with significant de-

formations, while the area-based methods are applicable on images with only

translational and rotational transformations.

2.2. Image blending

Early in the image mosaic research, researchers [12] tried to eliminate the75

blurring and visible seams by a weighted average method, which is called feath-

ering. However, when the mis-registration is significant and moving objects

exist, the feathering usually results in visual artefacts and ghosting in the com-

posite. Some other researchers used the optimal seam method [4] to deal with

the moving objects. By introducing the Dijkstra’s algorithm [5], the method80

can find a path avoiding cutting through the moving objects, which, therefore,

makes the moving objects all in or all out of the composite. Unfortunately, this

method may fail when the light exposure difference is significant, because it

may treat the areas with different light exposures as areas with moving objects.

[13] proposed to use the region of difference (ROD) to find the regions where85

the moving objects lie and then choose the right region to keep, which to some

extent improved the the optimal seam method. However, none of the above

algorithms have taken the contaminated area into consideration.

The most relevant works in literature were [14, 15], which use an energy mini-

mization method to solve the blending problem. By building an energy function,90

it encourages to put a seam where images have strong edges to form a panorama.

This method works well on images with moving objects and mis-registration.

However, the energy function built in [14, 15] prefers short seams, which cannot
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recover the contaminated area. By contrast, our proposed energy function en-

courages to select pixels to minimize the inconsistency between neighbors, which95

can thus remove moving objects and recover the contaminated area at the same

time. Such an energy function becomes however non-submodular, making the

frequently used graph-cuts hard to be directly used. To tackle the problem, we

generalize the recently proposed Graduated NonConvexity and Concavity Pro-

cedure (GNCCP) to approximately solve the problem, which has no constrain100

on the format of energy function and was also shown to have a tight error bound

on the pixel labelling problem [16].

3. Proposed Algorithm

An overview of our algorithmic framework is shown in Fig. 1, where a

typical example is given to illustrate the proposed method. First the input105

images are projected to the same coordination by a Speeded Up Robust Fea-

tures (SURF)[10] feature based image registration method, followed by a pixel-

labeling computation procedure and finally a gradient domain blending of the

images to produce a final result. In the pixel-labeling procedure, the label of

each pixel is computed by an energy minimization method.110

3.1. Image registration

Image registration is to geometrically align the images in the same coordi-

nation system, and typically consists of two steps, feature correspondence and

image transformation. For each successive pair images In and In−1 in the image

set, we adopt the SURF [10] feature based algorithm to estimate the geometric115

transformation matrix T (n) of the two images, as described below.

Feature extraction and correspondence. Salient and distinctive points of the

input images I1,I2 are automatically detected by SURF. For each feature point,

it has a 64-dimensional descriptor gathering the information of the surrounding

area. In this paper, we denote the descriptors of image I1 and I2 as D1 and D2,120
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Source images

Pixel labelling

Image registration

Denoising and stitching

Composite

Registeredimages

Figure 1: Framework of the proposed algorithm
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(a) (b)

Figure 2: Feature correspondence

The correspondence result of input image set in Fig.1.

where D1 ∈ <M×64,D2 ∈ <N×64, and M , N are the number of feature points

of I1, I2 respectively.

The features are matched by descriptor between images using an fast ap-

proximate nearest neighbor algorithm [17]. Given any query descriptor q, the

nearest or approximate nearest descriptor of p to q can be fetched efficiently.125

The correspondence result of the typical input image set in Fig.1 is given in

Fig.2.

Image transformation. After the feature correspondence has been established,

the RANSAC [18] is employed to get a robust estimation of the projective matrix

T (n), which is the transformation between image In−1 and In by utilizing the130

correspondence points. Then we can compute the transformation that maps

In into the image I1 as M(n) = T (1) ∗ ... ∗ T (n − 1) ∗ T (n), taking the first

image I1 as the basic one. However, using the first image as the basic of the

panorama tends to distort those images far from the first one, e.g., the last one.

In practice, a nicer panorama can be created by modifying the transformations135

such that the center of the scene is the least distorted. This is accomplished by

inverting the transform for the center image and applying that transform to all

the others. This is done by the following steps.

First, we denote the center of each registered image as oi and the center

of the whole panorama is denoted as O. The registered image which center oi140
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is the closest to O is set to be the center image Icen Next, the input images

are re-transformed into image Icen using the center image’s inverse transform as

M ′(n) = M−1cen∗M(n). The typical multi-image registration results is illustrated

by the second image in Fig.1.

3.2. New energy function for Image stitching145

We adopt the pixel labeling technique to tackle the moving objects and noise

problems encountered in panorama. Specifically, we propose an energy function

which can choose those pixels that cause least discontinuity to achieve the goal,

as detailed below.

Given a registered source image set I = {I1, I2, ..., Ik}, indexed by a label150

sets L = {l1, l2, ..., lk}, where k denotes the number of source images. The image

stitching problem is equivalent to assigning every pixel p in the final composite

a label from the label set P = {p1, p2, ..., pn}, where n is the number of pixels

in the composite. Then the image stitching problem is formulated as a pixel

labeling task, i.e. finding a mapping function F between sets P and L.155

F : P → L; F = {f1, f2, ..., fn}, (1)

where fi denotes the label of pixel pi.

To form a clean composite, the panorama should have low discontinuity. The

discontinuity with respect to the label set F can be formulated as an energy

function E(F ) defined by

E(F ) =
∑
p

S(p, fp) +
∑
p

∑
q∈Np

Vpq(fp, fq), (2)

where S(p, fp) is called data energy, which penalizes assigning the label fp to160

pixel p, the smooth energy Vpq(fp, fq) penalizes the inconsistency between neigh-

boring pixels, and Np is the neighboring four pixels of the pixel p. Minimizing

the energy function E(F ) with respect to F will get the optimal label set which

enjoys the least inconsistency.
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The data energy S(p, fp) for selecting image fp as the label at pixel p is165

designed as

S(p, fp) =

 0, if Ifp(p) is valid

+∞, otherwise
, (3)

where a valid pixel is a pixel in the original image but not a padding from the

image transformation. If all the registered images is valid at pixel p, the data

energy is all set to zero, which is reasonable when no prior is given about which

image is better.170

The smooth energy penalizes the inconsistency between neighboring pixels.

To handle the image denoising and stitching at the same time, we design the

following smooth energy,

Vpq(fp, fq) =


∥∥Ifp(p)− Ifq (q)

∥∥+
∥∥Ifq (p)− Ifp(q)

∥∥, if {p, q} ∈ N

0, otherwise
, (4)

Below we give some discussions on why the energy model can handle image

denoising and stitching at the same time. From the smooth energy Eqn. 4, we

can notice if neighboring pixels p and q choose the input image fp, fq respective-

ly, the penalty term is the inconsistency between pixels p and q in the chosen

image Ifp , Ifq . Minimizing Eqn. 4 will thus encourage the panorama to select

input images which suffer least inconsistency. A widely used energy model in

literature [15] is given as follows,

V ∗pq(fp, fq) =


∥∥Ifp(p)− Ifq (p)

∥∥+
∥∥Ifp(q)− Ifq (q)

∥∥, if {p, q} ∈ N

0, otherwise
,

which is always 0 as long as the neighboring pixels come from a same input im-

age, so it encourages to choose the same input image for neighboring pixels no175

matter the image is noisy or not. For the proposed Eqn. 4, however, if neighbor-

ing pixels come from the same image, the penalty is the inconsistency between

neighboring pixels in the chosen image, which generally will select images with

less inconsistency instead of just choosing the same image at neighboring pixels.

Thus, the proposed energy model is more suitable for stitching noisy images.180
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Besides, our energy model is also capable of dealing with moving objects. Since

moving objects often generate strong edges, which will get a higher penalty term

in our model, the panorama will select images without moving objects instead.

Solving the pixel-labeling problem, which is equivalent to minimizing the

energy function, is a typical combinational optimization problem, proved to be185

NP-hard problem with factorial complexity. Such a problem is typically solved

by the graph cuts [15], however, graph cuts is only applicable to sub-modular

energy model. That is, for all label α, β, γ, the sub-modular condition requires

Vpq(α, α) + Vpq(β, γ) ≤ Vpq(α, β) + Vpq(α, β).

Unfortunately, to achieve image denoising and stitching at the same time, the

proposed energy model Eqn. 4 is no longer sub-modular.190

3.3. Generalized GNCCP algorithm

Since the energy in Eqn. 4 is no longer sub-modular, which make graph-

cuts hard to be used directly, we generalize the recently proposed GNCCP

algorithm [8] to approximately solve the pixel-labeling problem. GNCCP was

originally proposed to approximately solve the assignment problem under one-195

to-one constraint. To facilitate the mathematical expression, we replace the

mapping function F with an assignment vector x ∈ {0, 1}nk, which satisfies

x(ik + a) = 1 when label a is assigned to pixel i, i.e. fi = a. The constraint of

vector x is given as below,

Π :=

k∑
j=1

x(ik + j) = 1, x(ik + j) ∈ {0, 1},

∀i ∈ {1, 2, ..., n}, j ∈ {1, 2, ..., k}.

(5)

Then the energy function in Eqn. 2 can be reformatted as a matrix format200

as below

E(x) =
1

2
xTQx+Ax, x ∈ {0, 1}nk, (6)

where Q ∈ Rnk×nk is the matrix format of smooth energy , A ∈ Rnk is a

column vector recording the data energy, n, k is the number of pixels and labels
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respectively, and Q,A satisfy the following conditions

Q(ia, jb) = Vab(i, j)

A(ia) = S(a, i)
. (7)

Then, the assignment vector x is relaxed to its convex hull using a relaxation205

technique as follows,

Ω :=

k∑
j=1

X(ik + j) = 1,X(ik + j) ∈ [0, 1],

∀i ∈ {1, 2, ..., n}, j ∈ {1, 2, ..., k}

(8)

GNCCP then approximately solve problem in Eqn. 8 as

Eς(x) =

 (1− ς)E(x) + ςxTx, if 1 ≥ ς ≥ 0

(1 + ς)E(x) + ςxTx, if 0 ≥ ς ≥ −1
. (9)

In Eqn. 9, when ς decreases gradually from 1 to -1, the objective function Eς(x)

becomes gradually from xTx to E(x) and finally to −xTx. It is the graduated

nonConvexity and concavity procedure. The Frank-Wolfe algorithm is used to210

find the minimum of each Eς(x). The solution of problem 8 is found when

Eς(x) becomes concave, because the Eς(x) and E(x) has the same local minima

in Π. The detailed generalized GNCCP energy minimization algorithm is given

in Algorithm 1.

In the algorithm, by relaxing the integer constrain Π to its convex hull Ω,215

GNCCP is proved to realize the Convex-Concave Relaxation Procedure(CCRP),

which has an ideal convergence to the global minimum, detailed proof of GNCCP

is given in [8]. The final label set F is finally obtained by utilizing assignment

vector x.

3.4. Pre- and Post-processing220

Pre-processing: exposure compensation. The pre-processing step, exposure com-

pensation, is of quite importance to guarantee a high quality panorama in prac-

tice, because most of the nature images can barely have the same exposure. To

adjust the exposure, we assume the reflective properties of the scene remain
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Algorithm 1 Generalized GNCCP based energy minimization algorithm

Input: Energy matrix Q corresponding to the pairwise smooth energy and

A corresponding to the data energy

Initialization: x = 1
nk , ς = 1

repeat

repeat

y = arg miny∇Eς(x)T y, s.t.y ∈ Ω

α = arg minαEς(x+ α(y − x))T , s.t.0 ≤ α ≤ 1

x← x+ α(y − x)

until converged

ς = ς − dς

until ς < −1 ∨ x ∈ Π

Output: An assignment vector x

stable. This allows us to use a linear approximation to make the adjustment225

in intensity. Given two images I1,I2 with the intensity denoted by e1,e2, the

exposure compensation is achieved by a linear approximation as follows,

e2 = αe1 + β. (10)

where the gain α and bias β are found by applying a least mean square error

(LMSE) linear regression on the intensity of the correspondence feature points.

Then, α and β are used to adjust the intensity of every pixel of I2.230

Post-processing: gradient reconstruction. Once the label of each pixel has been

computed, the final composite image can be directly achieved based on the label

of each pixel. In practice, we may introduce the gradient domain reconstruction

technique as a post-process to further improve the consistency. Rather than

directly using the pixel intensity, the gradient domain reconstruction adopts235

the gradients of the registered images according to the labeling result. The final

pixel values of the composite image C are then computed by solving a Poisson

equation that best matches the gradients and satisfies the boundary condition
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Ω given by the labelling result above.

min
C(p)
||∇C (p)−∇Ifp (p) ||s.t.C (p) = Ifp (p) , for p ∈ Ω, (11)

where ∇X denotes the gradient of X and Ω is the boundary of the composite.240

4. Experimental demonstration

To extensively evaluate the effectiveness of the proposed energy function and

our optimization method- the generalized GNCCP, we conduct the comparative

experiments in two aspects: one is between our energy function and the energy

function defined in [15]. Another one is between generalized GNCCP and other245

optimization algorithms including ICM [19], belief propagation [20] and graph

cuts[6]. The images used in the experiments contain moving objects or are noisy

(partially contaminated in some area).

Firstly, experiments conducted on the images in Fig.1 using our energy mod-

el is given in Fig.3. From the experiments we can see our energy function op-250

timized by GNCCP and graph cuts get a clean panorama without noise and

contaminated area, while ICM and belief propagation fails to remove the noise

and contaminated area due to its poor convergence to the global minimum.

Panorama produced by the energy function in [15] is given in Fig.4. The

experiment results shows all the optimization algorithms fails to get a satisfac-255

tory panorama. This is because energy function in [15] encourage short seams

between images, which will ignore the noise in one same image.

From the view of energy, as given in Fig.5, both on submodular energy func-

tion in [15] and our non-submodular energy function, GNCCP and graph cuts

get better results than ICM and belief propagation. This shows the generalized260

GNCCP is applicable in solving the energy minimization problem in Markov

random fields and shows better convergence to global optimum than ICM and

belief propagation. On the submodular the generalized GNCCP gets compara-

ble results to graph cuts as shown in Fig.5(a), while on non-submodular energy

function, GNCCP gets much better result than graph cuts as shown in Fig.5(b).265
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(a) GNCCP (b) graph cuts

(c) belief propagation (d) ICM

Figure 3: Comparative experiments using our energy function between different optimization

algorithms

(a) GNCCP (b) graph cuts

(c) belief propagation (d) ICM

Figure 4: Comparative experiments using the energy function defined in [15] between different

optimization algorithms
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Figure 5: Energy decreasing using different optimization algorithms on the images in Fig. 1

The reason is because to make the graph cuts applicable on non-submodular

enery, the non-submodular terms should be truncated, and on the other hand,

the generalized GNCCP has no constraint the energy function. For instance, in

this experiment, the truncated terms account for 0.09% of the total energy. It

is expected that the generalized GNCCP can achieve much better results than270

graph cuts when the ratio of the non-submodular terms gets larger. To illus-

trate this point, a comparative experiment conducted on different truncating

rates of energy function is given in Fig. 6, which shows that when the truncat-

ing rate increases from 0.09% to 8.1%, the ratio between the energy obtained

by generalized GNCCP and that obtained by graph cuts decreases from 94.2%275

to 82.5%.

Another comparative experiments conducted on the noisy image set 2 in

Fig.7 is given in Fig.8910. The experiment shows the similar results with the

experiments on images in Fig.1.

5. Conclusion280

In this paper, we propose a new energy function which can handle image

denoising and seamless stitching at the same time. The energy function is not

submodular, which can not be well minimized by the widely used algorithms

such as graph cuts. In this paper we propose to minimize the energy function

by the generalized GNCCP, which has no constrains on energy model. Some285
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Figure 7: Image set 2

(a) GNCCP (b) graph cuts

(c) belief propagation (d) ICM

Figure 8: Comparative experiments using our energy function on the image set 2
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(a) GNCCP (b) graph cuts

(c) belief propagation (d) ICM

Figure 9: Comparative experiments using the energy function defined in [15] on image set 2
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Figure 10: Energy decreasing on image set 2
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experimental demonstrations validate the efficacy of the proposed stitching con-

taminated images algorithm. Comparing with graph cuts, the generated GNC-

CP has no constrains in energy function, which makes GNCCP can be applied

to more energy minimization problems in Markov random fields.
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