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MSDLSR: Margin Scalable Discriminative Least Squares
Regression for Multicategory Classification

Lingfeng Wang, Xu-Yao Zhang, and Chunhong Pan

Abstract— In this brief, we propose a new margin scalable
discriminative least squares regression (MSDLSR) model for multicat-
egory classification. The main motivation behind the MSDLSR is to
explicitly control the margin of DLSR model. We first prove that the
DLSR is a relaxation of the traditional L2-support vector machine. Based
on this fact, we further provide a theorem on the margin of DLSR.
With this theorem, we add an explicit constraint on DLSR to restrict
the number of zeros of dragging values, so as to control the margin
of DLSR. The new model is called MSDLSR. Theoretically, we analyze the
determination of the margin and support vectors of MSDLSR. Extensive
experiments illustrate that our method outperforms the current state-of-
the-art approaches on various machine leaning and real-world data sets.

Index Terms— Discriminative least squares regression (DLSR),
least squares regression (LSR), multicategory classification.

I. INTRODUCTION

Least squares regression (LSR) is an important technique in pattern
recognition and machine learning area. Due to its simple yet effec-
tive formulation as well as efficient closed-form solution, LSR has
been widely adopted to many machine learning problems, such
as semisupervised or supervised learning, discriminative learning,
manifold learning, multilabel learning, and multitask learning. There
are many variants of LSR, such as weighted LSR [1], kernel ridge
regression [2], [3], and LASSO [4].

A. LSR and Its Variants

In the past decades, many studies have attempted to use LSR to
deal with the classification and recognition tasks. Unfortunately, as
discussed in [5] and [6], the least squares loss between soft regression
results and hard +1/−1 labels makes LSR unsuitable for classifi-
cation task. Moreover, the least squares loss is nonmonotonic and
boundless, theoretically. From the perspective of statistical learning
theory [7], [8], these undesirable properties further result in
that LSR is less appropriate for classification task.

To solve this problem, many models, such as support vector
machine (SVM) [9]–[12]1 and logistic regression [13], have been
proposed by introducing new surrogate loss functions [14]. For
example, the SVM utilizes hinge loss [9] or squared hinge loss [10],
and logistic regression adopts negative log-exponential loss. With
these new loss functions, the above problems can be tackled to some
extent.

Another strategy is to learn new (soft) labels to replace hard
+1/−1 labels. The core idea behind these approaches is to preserve
the least squares loss but with new learned soft labels. For example,
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Yang and Hu [6] proposed a stagewise least squares model, in
which the labels are stagewisely updated according to regression
errors. Xiang et al. [5] proposed a discriminative LSR (DLSR) model
for multicategory classification task. The main idea is to force the
regression targets of different classes to move along the opposite
directions by introducing a technique called ε-dragging. In this
way, the distance between different classes is enlarged. As reported
in [5], the classification accuracy of DLSR model is higher than the
state-of-the-art approaches on the benchmark data sets. Unfortunately,
they did not provide enough theoretical analyses making it difficult
to understand the DLSR model comprehensively. Motivated by the
work in [5], Zhang et al. [15] proposed retargeted LSR, which learns
the regression targets from data.

B. MSDLSR Model

In this brief, we propose the margin scalable DLSR (MSDLSR)
model. The main motivation of MSDLSR is to control the number of
support vectors by enlarging or shrinking the margin (refer to Fig. 1).
As shown in Fig. 1(b), when the margin shrinks, the number of
support vectors decreases. In this model, the margin is explicitly
controlled by the parameter β. Specifically, the contributions and
details are highlighted as follows.

1) Theoretically, we prove that the DLSR is a relaxation
of L2-SVM (see Theorem 1). Based on this theorem, we
further present that the support vector set of DLSR is deter-
mined by the data with dragging values as 0, and margin is
(2/(‖w�‖2

2)), where w� is the linear regression coefficient (refer
to Theorems 2 and 3).

2) We propose a regularization to control the number of zeros
in the dragging values of DLSR making the margin of DLSR
scalable. Integrating this regularization into DLSR results in a
new model called MSDLSR. Theoretically, when MSDLSR is
convex and the iteration process is convergence, the margin
of MSDLSR is ((2 − β)/(‖w�‖2

2)), where β is the margin
scalable parameter (see Theorem 5). Practically, we evaluate
the MSDLSR model in many classification and recognition
tasks. The experimental results demonstrate that the proposed
MSDLSR model with a positive margin scalable parameter β
outperforms the state-of-the-art approaches in many cases.

The remainder of this brief is organized as follows. LSR and
DLSR models are first briefly introduced in Section II. The proposed
MSDLSR model is presented in Section III, and its multicategory
version is presented in Section IV. The experimental results are
provided in Section V. Finally, the conclusion is drawn in Section VI.

II. BACKGROUND
A. LSR

Given n training samples {xi , yi }n
i=1, where xi ∈ R

d×1 is a data
point and yi ∈ {1,−1} is the corresponding label of xi , the objective
function of LSR is defined as

min
w,b

n∑

i=1

(
xT

i w + b − yi
)2 + λ‖w‖2

2 (1)
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Fig. 1. (a) DLSR. (b) MSDLSR. Circles and squares: samples from two classes. Green and red lines: margin planes of DLSR and MSDLSR, respectively.
Solid circles and solid squares: support vectors. We expect to explicitly control the number of support vectors by enlarging or shrinking the margin.

where w ∈ R
d×1 and b are the regression and offset coefficients, and

λ is a regularization parameter. Equation (1) can be reformulated as
the following compact form:

min
w,b

‖Xw + enb − y‖2
2 + λ‖w‖2

2 (2)

where X = [x1, x2, . . . , xn]T ∈ R
n×d is the data matrix,

y = [y1, y2, . . . , yn]T ∈ R
n×1 is the label vector, and

en = [1, 1, . . . , 1]T ∈ R
n×1 is a vector with all 1s.

B. DLSR

The objective function of LSR is convex, thus can be efficiently
minimized by solving a system of linear equations. However, one
major limitation of LSR is that the regression results have to be
an exactly 1 or −1, which is inappropriate for the classification task.
To solve this problem, Xiang et al. [5] proposed a new DLSR model.
The objective function of DLSR is

min
w,b,u

‖Xw + enb − y − y � u‖2
2 + λ‖w‖2

2

s.t. u � 0 (3)

where � is a Hadamard product operation (or elementwise product),
u = [u1, u2, . . . , un]T ∈ R

n×1 is the dragging vector (i.e., ui is the
dragging value for the i th data point). The constraint u � 0 indicates
that ui (i = 1, 2, . . . , n) should be nonnegative. The core idea behind
DLSR is to enlarge the distances between different classes by utilizing
a technique called ε-dragging (refer to [5]).

The objective function of DLSR is joint convex with respect to all
variables. Therefore, an alternating optimization method is adopted
to solve (3) with the following two steps.

Step 1: Given u, the optimal w and b are calculated by the
following two equations:

w = (XTHX + λId )−1XTHt (4)

and

b = yTen − wTXTen

n
(5)

where t = y + y � u is the newly estimated label vector, Id ∈ R
d×d

is an identity matrix, and H = In − (1/n)eneT
n .

Step 2: Given w and b, the optimal u is calculated by

u = max(y � r, 0) (6)

where r = Xw + enb − y is the regression error vector,
0 = [0, 0, . . . , 0]T ∈ R

n×1 is a vector with all zeros, and max(·)
is the elementwise maximum operation.

III. PROPOSED MSDLSR MODEL

Before introducing MSDLSR model, we first analyze DLSR model
from the following two aspects: 1) the relationship between DLSR
and L2-SVM and 2) the support vector set and margin. Based on
these analyses, we propose an MSDLSR model, which can explicitly
control the margin of DLSR.

A. Analysis of DLSR Model

From (3), the loss function of DLSR2 is

‖Xw + enb − y − y � u‖2
2, s.t. u. � 0. (7)

As presented in [10], the loss function of L2-SVM is the squared
version of hinge loss function3

n∑

i=1

max
(
1−yi

(
xT

i w + b
)
, 0

)2 =‖ max(en − y � (Xw + enb), 0)‖2
2.

(8)

In the following, we conclude that the DLSR is a relaxation of
L2-SVM, which is proved in Theorem 1.

Theorem 1: DLSR is a relaxation of L2-SVM.
Proof: Let r = Xw + enb − y be the regression error vector,

where ri = xT
i w+b− yi . According to the loss function of L2-SVM

in (8), the i th element is reformulated as

max
(
1 − yi

(
xT

i w + b
)
, 0

)2 = max(−yiri , 0)2

=
{

r2
i , yiri � 0

0, yiri > 0
=

(
ri − yi

( |yiri |
2

+ yiri

2

))2
. (9)

Let vi = ((|yiri |/2) + (yiri/2)) and v = [v1, v2, . . . , vn]T ∈ R
n×1.

Combining (8) and (9), the L2-SVM loss function can be further
reformulated as

‖Xw + enb − y − y � v‖2
2, s.t. vi =

( |yiri |
2

+ yiri

2

)
. (10)

From (7) and (10), the objective function remains unchanged, while
the constraints satisfy that

vi =
( |yiri |

2
+ yiri

2

)
�⇒ vi � 0. (11)

This completes the proof.
Since the DLSR is a relaxation of L2-SVM (proved in Theorem 1),

it is necessary to analyze the margin and support vector set of DLSR.

2Note that in the original DLSR proposed in [5], yi = 0 if data point xi
belongs to the negative class. But, here, yi = −1 for xi belonging to the
negative class.

3The loss function of L2-SVM is the squared version of hinge loss function,
which is the loss function of L1-SVM.
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Let w�, b�, and u� be the optimal solution. The determination
of the support vector set and margin are presented in Theorem 2
and Theorem 3, respectively.

From these two theorems, we conclude that the support vectors
of DLSR are controlled by two lines [see Fig. 1(a)]. Therefore, to
control the number of support vectors, we only need to control these
two lines [see Fig. 1(b)], which is the main motivation of our margin
scalable DLSR.

Theorem 2: The support vector set of DLSR V is determined by
the data with dragging values as 0, that is, the support vector set of
DLSR V = {i |u�

i = 0}.
Proof: From (6), we get the optimal u� by

u� = max(y � (Xw� + enb� − y), 0) (12)

where u�
i = max(yi (xT

i w� + b� − yi ), 0)) = max(yir
�
i , 0).

Substituting (12) into (3), the optimal w� and b� can be obtained
by solving the following equation:

min
w,b

n∑

i=1

(
xT

i w + b − yi − yi max
(
yir

�
i , 0

))2 + λ‖w‖2
2. (13)

Let I = {i |1, 2, . . . , n} and V = {i |u�
i = 0}, (13) can be

reformulated as

min
w,b

∑

i∈V

(
xT

i w + b − yi
)2 +

∑

i∈I\V

(
xT

i w + b − yi − r�
i
)2 + λ‖w‖2

2.

(14)

As r�
i = xT

i w� + b� − yi , we can determine that the second term
of (14) is equal to zero. Therefore, the optimal w� and b� can be
finally obtained by

min
w,b

∑

i∈V

(
xT

i w + b − yi
)2 + λ‖w‖2

2. (15)

This completes the proof.
Theorem 3: The margin of DLSR is (2/(‖w�‖2

2)).
Proof: Based on Theorem 2, the support vector set of DLSR is

V = {i |u�
i = 0} = {i |yi (xT

i w� + b� − yi ) � 0}. All support vectors
are located with two hyperplanes

xTw� + b� = −1, and xTw� + b� = 1.

Therefore, we draw that the margin of DLSR is (2/(‖w�‖2
2)).

B. Margin Scalable DLSR

As presented in Theorem 2, the number of support vectors is
determined by the number of zero elements in the dragging vector,
that is

|V| = n − ‖u�‖0 (16)

where ‖ · ‖0 is L0 norm, which calculates the number of nonzero
elements in a vector. In order to control the number of support
vectors, we improve the DLSR model by adding a new constraint,
i.e., n − ‖u‖0 � t to (3), yielding

min
w,b,u

‖Xw + enb − y − y � u‖2
2 + λ‖w‖2

2

s.t. u � 0, and n − ‖u‖0 � t (17)

where t is a positive constant. Motivated by the relaxation technique
used in sparse representation, L0 norm is relaxed by L1 norm.
In this way, (17) is elegantly reformulated as

min
w,b,u

‖Xw + enb − y − y � u‖2
2 + λ‖w‖2

2 − β‖u‖1

s.t. u � 0 (18)

where β is a weighting constant.

Similar to DLSR, an alternating optimization method is adopted
to solve (18) with the following two steps.

Step 1: Given u, the optimal w and b are calculated by (4) and (5),
respectively.

Step 2: Given w and b, the optimal u is calculated by

u = max

(
y � r + β

2
, 0

)
. (19)

Equation (19) is derived in Lemma 1.
Lemma 1: In MSDLSR, given w and b, the optimal u is calculated

by u = max(y � r + (β/2), 0).
Proof: Given w and b, the optimal u is obtained from

min
u

‖u − y � r‖2
2 − β‖u‖1, s.t. u � 0. (20)

Based on the fact that L2 norm and L1 norm can be decoupled
element by element, i.e., ‖u − y � r‖2

2 = ∑n
i=1 (ui − yiri )

2 and
‖u‖1 = ∑n

i=1 ui ,4 (20) can be decoupled equivalently into n
subproblems. The i th subproblem is

min
ui

(ui − yiri )
2 − βui , s.t. ui � 0. (21)

The solution of (21) is ui = max(yiri + (β/2), 0). Therefore, we
finish the proof of Lemma 1.

C. Analysis of MSDLSR Model

As presented in Section III-B, the calculations of w and b of
MSDLSR are the same as those of DLSR. Hence, we can obtain the
same conclusion on the support vector determination, as presented
in Theorem 4. Similarly, based on Theorem 4, we further obtain the
margin of MSDLSR, as interpreted in Theorem 5.

Theorem 4: If the objective function of (18) is convex and the
iteration process is convergence, the support vector set of MSDLSR V
should be determined by V = {i |u�

i = 0}.
Proof: The same as the proof of Theorem 2.

Theorem 5: If the objective function of (18) is convex and the
iteration process is convergence, the margin of MSDLSR should
be (2 − β/(‖w�‖2

2)).
Proof: Based on Theorem 4, the support vector set of MSDLSR

is V = {i |u�
i = 0} = {i |yi (xT

i w� +b� − yi )+(β/2) � 0}. All support
vectors are located with two hyperplanes

xTw� + b� = −1 + β

2
, and xTw� + b� = 1 − β

2
.

Therefore, we draw that the margin of MSDLSR
is ((2 − β)/(‖w�‖2

2)).
From Theorem 5, we see that the margin is controlled by parame-

ter β. For this reason, β is called margin scalable parameter and (18)
is called margin scalable DLSR model. To reduce the number of
support vectors, parameter β has to be larger than 0. In this brief,
β is selected from the interval of [0 : βmax/10 : βmax] by using the
cross-validation technique. The parameter βmax is set to 0.05 in our
experiments.

IV. EXTENSION TO MULTICATEGORY CLASSIFICATION

For multicategory classification problem, the label for each training
sample xi is defined as yi ⊂ R

c×1, where c is the number of class.
We use −1 or 1 to denote the regression label for each
sample. For example, if the i th sample belongs to the
j th class, its label is defined as yi = [−1, . . . ,−1, 1,−1, . . . ,−1]
with only the j th element equal to 1.

4Here, all elements in u are nonnegative.
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Let Y = [y1, y2, . . . , yn]T ∈ R
n×c be the label matrix,

W = [w1, w2, . . . , wc] ∈ R
d×c be the regression matrix, and

b = [b1, b2, . . . , bc]T ∈ R
c be the offset vector. The MSDLSR can

be formulated as follows:
min

W,b,U
‖XW + enbT − Y − Y � U‖2

F + λ‖W‖2
F − β‖U‖1

s.t. U � 0 (22)

where U ∈ R
n×c is a dragging matrix, and ‖ · ‖F is Frobenius

norm. All optimal solutions are obtained by iterating the following
two steps.5

Step 1: Given U, the optimal W and b are calculated by

W = (XTHX + λId )−1XTHT (23)

and

b = TTen − WTXTen

n
(24)

where T = Y + Y � U is the estimated label matrix.
Step 2: Given W and b, the optimal U is calculated by

U = max

(
Y � R + β

2
, 0

)
(25)

where R = XW + enbT − Y is the regression error matrix, and here,
0 ∈ R

n×c is a zero matrix.
Based on the learned W� and b�, each test sample x is classi-

fied by

arg max
i=1,2,...,c

W�T∗i x + b�
i (26)

where W�∗i is the i th column of W�.

V. EXPERIMENTAL RESULTS

In this section, we compare MSDLSR model with the benchmark
multicategory models, including L1-SVM [9], [10], L2-SVM, mul-
ticlass SVM (MC-SVM) [16], logistic regression [13], LSR, and
DLSR [5], on a range of different data sets. We further evaluate
MSDLSR on the real-world applications, such as face and digital
recognition.

A. Parameter Settings

The hyperparameter λ in regression models, such as LSR, DLSR,
and MSDLSR, is a regularization parameter to avoid overfitting.
Considering data scaling problem as well as motivated by (23), we
set it as

λ = λ̂
tr(XTHX)

tr(Id )
= λ̂

1

d
tr(XTHX)

where tr(·) is the trace of a matrix. We use fivefold cross-validation
to select the optimal hyperparameter λ by setting parameter λ̂ from
the interval of [0 : 0.1 : 1].

For L1-SVM, L2-SVM, MC-SVM, and logistic regression, there
is a regularization parameter C in LIBLINEAR.6 We also use the
cross-validation technique to select it from the candidate set of
{10−3, 10−2, 10−1, 100, 101, 102}.

5Similar to [5], (‖Wt − Wt−1‖2
F + ‖bt − bt−1‖2

2) < 10−4 is used as

termination criteria, where t is the iterations.
6Available at www.csie.ntu.edu.tw/~cjlin/liblinear.

TABLE I
BRIEF DESCRIPTION OF THE DATA SETS

B. Comparisons on Machine Learning Data Sets

We utilize ten data sets, as shown in Table I, to evaluate the
performance of the proposed MSDLSR model.

1) The first six data sets (Iris, DNA, Glass, SVMGuide2, Vehicle
and Vowel) are taken from the LIBSVM machine learning data
repository.7

2) The data set of Coil20 is obtained from [17].8 It contains
20 objects, each of which has 72 images. Each image is down-
sampled into 16 × 16.

3) The data set of Cora-OS is a subset, which contains the research
papers about an operating system [18].

4) The data sets of WebKB-CL and WebKB-WC are the
two subsets of the WebKB. They contain about 2000 Web
pages from the computer science departments of two schools,
i.e., Cornell and Wisconsin.

For Cora-OS, WebKB-CL, and WebKB-WC data sets, principal com-
ponent analysis (PCA) is used to project them into 200 dimensional
subspace (the values in brackets).

Table II shows the classification (or recognition) accuracy and its
standard deviation of all the methods on these ten data sets. It is worth
noting that all the methods are evaluated with 10 times randomly
partition of the training and testing sets (40% for training and the
rests for testing). From Table II, we see that the MSDLSR performs
better than the other methods on the whole. Especially, in the ten
data sets, the classification accuracies of MSDLSR are all better than
those of DLSR, which indicates that controlling margin is useful for
classification, to some extent.

C. Application on Recognition

Recognition on MNIST 9: We also compare our method with
the state-of-the-art approaches on MNIST data set under different
numbers, and the results are shown in Fig. 2. When the number of
training samples is small, for example, less than 200 for each class,
the proposed MSDLSR holds the highest recognition accuracies.
However, when the number of training sample is large, MC-SVM
is better than MSDLSR. Fortunately, in MNIST data set, the results
of MSDLSR are always better than those of LSR and DLSR.

7The data sets are available at: www.csie.ntu.edu.tw/~cjlin/libsvmtools/
datasets/.

8This data set is available at: www.cs.columbia.edu/CAVE/software/softlib/
coil-20.php.

9Available at yann.lecun.com/exdb/mnist/.
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TABLE II
CLASSIFICATION ACCURACY AND STANDARD DEVIATION OF DIFFERENT MODELS ON TEN MACHINE LEARNING DATA SETS. THE BEST

RESULTS ARE INDICATED BY RED COLOR. THE SECOND BEST RESULTS ARE INDICATED BY BLUE COLOR

TABLE III
RECOGNITION ACCURACIES OF DIFFERENT MODELS ON THREE FACE RECOGNITION DATA SETS

Fig. 2. Recognition accuracies and standard deviation of different models
on MNIST data set.

Face Recognition: We compare the proposed MSDLSR model with
one state-of-the-art face recognition approach, namely, the collabora-
tive representation classification (CRC) model [19],10 on three public
face data sets, i.e., AR [21], CMU-PIE [22], and Extended Yale B [23]

10As presented in [19], CRC provides similar result with the sparse
representation-based model [20], which is better than the traditional models.
Moreover, CRC is very faster than the sparse representation-based model.
Hence, we select CRC as the baseline method.

(see Table III). Note that, in this experiment, the margin scalable
parameter β is set to be 0.02 without using the cross-validation
technique.

1) In AR database, all images are cropped and resized
to 165 × 120. A subset of images with only illumina-
tion and expression variations is utilized for AR without
occlusion experiment (called ARNonOcc). For each person,
seven images from Session 1 are selected as the train-
ing images, while seven images from Session 2 are used
for testing. A subset of images with occlusion is used
for with occlusion experiment (called AROcc). The selec-
tion of training images is the same as the experiment
in ARNonOcc.

2) CMU-PIE database contains 68 subjects under 13 poses,
4 expressions, and 43 illumination conditions. In this exper-
iment, the frontal face images are selected. They are cropped
and resized to 64 × 64.11 For each person, we only select five
images for training.

3) Extended Yale B database consists of 16 128 face images of
38 subjects. The 2414 frontal images are selected, in this
experiment. The size of each image is cropped and resized
into 64 × 56. For each person, we only select five images for
training.

For each database, we utilize PCA to reduce the dimension of each
image (the values in the brackets of Table III).

11Downloaded from www.zjucadcg.cn/dengcai/data/data.html.
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Fig. 3. Recognition accuracies on ten machine learning data sets with a different margin scalable parameter β.

Fig. 4. One-side MSDLSR. We expect to control the number of support
vectors by shrinking only the top-side margin.

As shown in Table III, recognition accuracies provided by the pro-
posed MSDLSR model are higher than the other methods. Especially,
when the dimension is lower, the recognition accuracies differences
between MSDLSR and CRC become more significant.

D. Parameter Evaluation

In the above experiments, the margin scalable parameter β is
selected from the interval of [0 : βmax/10 : βmax] using the
cross-validation technique or setting a constant value 0.02. In this
experiment, we evaluate the stability of MSDLSR under differ-
ent choices of β. Note that, MSDLSR degenerates into DLSR
when β = 0.

The above ten machine learning data sets are evaluated with the
eight methods, and the results are shown in Fig. 3. Fig. 3 (left)
provides recognition accuracies with different choices of β, while
Fig. 3 (right) demonstrates the ratio of support vectors. As presented
in Theorem 4, the support vector set of MSDLSR is determined by
V = {i |u�

i = 0}. Accordingly, for the multicategory case, the support
vector ratio r is calculated by

r = |V|
n × c

= n × c − ‖U‖0

n × c
(27)

where n is the number of samples and c is the number of classes.
From Fig. 3 (left), we can see that the recognition results are stable

under different choices of β. On the whole, the results of MSDLSR
are better than those of DLSR (results with β = 0), especially on the
Iris and Vowel data sets. As shown in Fig. 3 (right), the main trend

of the support vector ratio is gradually smaller, which indicates that
the MSDLSR can reduce the number of support vectors.

VI. CONCLUSION AND DISCUSSION

In this brief, we propose a novel MSDLSR model for the
multiclass classification tasks. By explicitly shrinking the margin
with the margin scalable parameter β, the support vector number
of MSDLSR becomes smaller. Extensive experiments demonstrate
that the proposed MSDLSR model outperforms the state-of-the-art
approaches.

A. Extension of MSDLSR

One potential extension of MSDLSR is one-side margin control.
As shown in Fig. 4, we expect to decrease the support vector number
by only shrinking the top margin. Theoretically, if we expect to
control the support vectors in the positive classes, the objective
function of one-side MSDLSR is

min
W,b,U

‖XW + enbT − Y − Y � U‖2
F + λ‖W‖2

F − β‖Z � U‖1

s.t. U � 0 (28)

where Z ∈ R
n×c is a selecting matrix, satisfying that

Zi j =
{

1, Yi j = 1

0, Yi j = −1.

Hence, given W and b, the optimal U is calculated by

U = max

(
Y � R + β

2
Z, 0

)
. (29)

It is worth noting that the updating of W and b given U is the same
as that of MSDLSR.

Another extension of MSDLSR is to introduce kernel meth-
ods [24]. In kernel method, the original feature vector xi is replaced
by the higher dimensional feature vector φ(xi ), where φ(·) is the
nonlinear mapping function. Let

� = [φ(x1), φ(x2), . . . , φ(xn)]T
be a transformed feature matrix. The corresponding multiclass regres-
sion matrix W can be represented as the weighted linear combination
of the transformed feature matrix, that is

W = �A
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where A = [α1, α2, . . . , αc]T ∈ R
n×c is the linear combination

coefficient matrix.
With the above analysis of kernel tricks in mind, the proposed

kernel DLSR model is

min
A,U

‖�T�A − Y − Y � U‖2
F + λ‖�A‖2

F − β‖U‖1

s.t. U � 0. (30)

From (30), we see that the offset vector b is ignored in our kernel
MSDLSR model. By denoting K = �T� ∈ R

n×n be the kernel
matrix, (30) can be reformulated as

min
A,U

‖KA − Y − Y � U‖2
F + λtr(ATKA) − β‖U‖1

s.t. U � 0 (31)

where tr(·) is the trace of matrix. The optimal A and U of kernel
MSDLSR are obtained by iterating the following two steps.

Step 1: Given U, the optimal A is calculated by

A = (K + λIn)−1T (32)

where T = Y + Y � U is the estimated label matrix.
Step 2: Given A, the optimal U is calculated by

U = max

(
Y � R + β

2
, 0

)
(33)

where R = KA − Y is the regression error matrix.

B. Limitation

In our model, the margin scalable parameter β is required
to be larger than zero. However, if β is too large, the objec-
tive function of MSDLSR could be nonconvex in some cases.
One-side MSDLSR and kernel MSDLSR have the same problem.
For this reason, the value of β should be small. In practice,
we find that when β � 0.05, the classification result could be
stable.
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