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Abstract 

The problem of designing a minimum-weight one-link 
flexible manipulator for a given fundamental vibration 
frequency is investigated in this paper. The optimum 
design problem is formulated by using the variational 
method. Iteration schemes are developed for solving 
the nonlinear Euler equations derived from variational 
calculus in various situations. Numerical analysis h a s  
shown that the weight of a flexible manipulator can be 
reduced significantly through the optimal distribution 
of mass and stiffness. 

1 Introduction 

The focus of this paper is on the problem of designing a 
minimum-weight flexible manipulator for a given fun- 
damental vibration frequency. As indicated by Fig. 
1, the fundamental vibration frequency of a flexible 
manipulator defines the range of operational speeds of 
the manipulator, since as the operational speed ap- 
proaches the fundamental frequency, it may cause res- 
onant vibration of the manipulator system. Therefore, 
to increase the operational speed of the manipulator, 
i.e. the productivity, one has to make the manipulator 
have a large fundamental frequency. However, as one 
will see from Fig. 2 of section 2, a larger fundamental 
frequency means that a manipulator must, be heavier. 

As pointed out recently by Asada, Park, and Rai 
[l], the majority of flexible manipulators that have 
been addressed in the literature have a simple struc- 
ture consisting of beams with uniform mass and stiff- 
ness distribution. While the simplified beams per- 

mit analytic modeling and theoretical treatment, the 
arm construction is unrealistically primitive and its dy- 
namic performance is severely limited. In our previous 
works [3, 4, 5, 61, the problem of optimum mass and 
stiffness distribution of flexible manipulators under a 
given total weight constraint has been investigated us- 
ing the variational formulation. Under the constraint 
that a flexible arm must have a specified fundamental 
frequency, we will show here that the same method 
can be used to find an optimum mass and stiffness 
distribution such that the arm will have a minimum 
weight. For space applications, where flexible manip- 
ulators have been generally recognized as an ideal tool 
for material handling and space-structure construc- 
tion, minimum-weight manipulators are of special in- 
terest due to the strict weight constraint imposed by 
the loading capacity of landers [2]. 

2 Basic Equations 

A one-link flexible manipulator is modeled as a beam 
mounted on a hub with rotational inertia I H  in the 
horizontal plane. The minimum weight design of flex- 
ible manipulators will involve only the fundamental 
frequencies. Although rotatory inertia and shear de- 
formation of the beam are very important for higher 
order vibration frequencies, the study [7] has shown 
that their influence on the fundamental frequency is 
very small and can be neglected. Accordingly, the 
simple Euler-Bernoulli beam model without rotatory 
inertia and shear deformation is valid for the study 
here and thus, for a specified fundamental frequency 
w,, the governing equation of harmonic vibration and 
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the boundary conditions can be written as follows, 

(EIv”)” - p A w f v  = 0 (1) 

v(0) = 0, I ~ w : v ’ ( o )  + EIV”(0) = 0 (2) 

EZv”(L) = 0 ,  (EIv”)‘(L) = 0 (3) 

where v is the total displacement of the beam, EI is 
the bending rigidity, A the area of cross section, p the 
mass density per unit volume, and L the length of the 
beam, respectively. A prime indicates differentiation 
with respect to the coordinate 2 along the longitudinal 
axis of the beam. 

For a flexible manipulator with a beam of uniform 
cross section, one can show that the following re- 
lationship must be satisfied by the specified funda- 
mental vibration frequency w,, the total beam weight 
W = P A L ,  and the hub inertia I H :  

(4) 
I H  q = -  

El 
wp L3 WL2 

where 8, is the minimum eigenvalue of the character- 
istic equation, 

sin 8 cosh 8 - cos 8 sinh 8 + 903( 1 + cosh 8 cos 8) = 0 

It is easy to show that 8, increases monotonically as 
hub inertia parameter q decreases. The lower and up- 
per bounds of 8, can be found to be 1.8751 < 8, < 
3.9266, which are achieved at q = 00 and 77 = 0, respec- 
tively. Correspondingly, 12.3623 < E 5 237.7205. 
Note that when q = 00, Eq. (3) is reduced to the char- 
acteristic equation of a clamped cantilever, whereas 
when q = 0, Eq. (3) is reduced to that of a hinged 
cantilever. Hence, for manipulators with beams of uni- 
form cross section, one can see from (3) that hub in- 
ertia can cause the total weight to vary over a wide 
range. For a fixed hub inertia, Fig. 2 shows that the 
total beam weight increases as the specified fundamen- 
tal frequency becomes larger. 

For manipulators with beams of varying cross sec- 
tion, however, simple equations such as Eq. (3) for the 

paper is to find the best possible tapering of a beam 
for a flexible manipulator, which for a specified funda- 
mental frequency would generate the minimum beam 
weight. 

Throughout this paper we shall assume the following 
relationship between the moment I and the area A 
beam’s cross section: 

I ( x )  = rAP(x), P 2 1 (5) 

where y is a constant. We are especially interested in 
three cases, namely p=l,  2, 3, since they correspond 
to beams with rectangular cross sections of given uni- 
form height, geometrically similar cross sections, and 
rectangular cross sections of given uniform width, re- 
spectively. The treatment in this paper, however, is 
valid for all cases with p 2 1. 

3 Problem Formulation 

In this section we use the variational method to es- 
tablish the basic equations for solving the minimum- 
weight design problem. For this purpose, let us trans- 
fer Eqs. (1)-(2) into the following variational form us- 
ing Rayleigh’s principle, 

where v only needs to satisfy the geometric boundary 
condition v(0) = 0. The equivalence of (6) and (1)- 
(2) can be easily proved. The above equation can be 
rewritten in a dimensionless form as follows: 

st aPv”2d( 

J,’ aw2d( + q ~ ’ ( 0 ) ~  
A, = min (7) 

where a prime indicates differentiation with respect to 
the dimensionless coordinate ( = x / L .  The dimension- 
less eigenvalue A,, shape function a ,  and hub inertia 
parameter 77 are defined respectively by, 

relationship between the fundamental frequency and 
the beam weight are no longer possible. In this case, 
the fundamental frequency is nonlinear functional of 

in which WO is a nominal weight. 

be designed such that, 
To minimize the total weight of the beam, a(( )  must 

the shape function (or equivalently, mass and stiffness 
distribution) of the cross section. The objective of this 

1 
m i n i  ad( (9) 
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subject to constraint (7). 
Using the Lagrange multiplier method, one can find 

easily from variational calculus that the minimum- 
weight design problem leads to the following set of 
differential equations, 

((YPv")11 - x,av = 0 (10) 

pap-1(v")2 - A,v2 = Asu2 (11) 

and the boundary conditions, 

v(0) = 0, (YPv"(0) + X s 7 p u I ( O )  = 0, 

aPd'(1) = 0, (aPv")'(l) = 0, (12) 

4 Solution by Iterations 

Since in general the solution of the nonlinear equa- 
tions (lO)-(l2) cannot be obtained in a closed form, a 
set of successive iteration schemes is developed to find 
the solutions numerically. The iteration schemes are 
based upon formal integration, with the introduction 
of one boundary condition at each integration. Care is 
taken to remove the singularity of solutions at singular 
points and to separate the differential operator of the 
highest order on the left-hand side at each step. This 
has been found necessary in order to make the numeri- 
cal computation feasible and to obtain convergence by 

where U is a Lagrange multiplier. These equations, 
together with constraint (7), form the complete set of 
basic equations of minimum-weight design for the one- 

successive iteration. 
The following two integral formulae are very useful 

in the formulation of iteration schemes, 

link flexible manipulator. 
Clearly, solution of Eqs. (lo)-( 12) is not unique, 

since if (v ,u2 ,a ,As)  is a solution of (10)-(12), then 
(cv, c2u2, a, A,) is another solution for any nonzero 
constant c .  At first glance, the non-uniqueness of a so- 
lution may seem to create problems in numerical com- 
putation, but it actually offers us a way to remove the 
Lagrangian multiplier from (1 1) completely by select- 
ing c = l/a. In other words, we only need to find the 
unknown function v /u ,  instead of v and u2 individu- 
ally, for solving the optimization problem. Therefore, 
we will assume Lagrange multiplier U = 1. As for the 
optimum design of vibrating cantilevers [4, 61, this ob- 
servation has simplified the problem substantially. 

It follows from Eq. (11) that for p > 1, 

4' J,' G(s)dsdz = (1 - o2 zG[t + z( 1 - t ) ] d l :  (17) I' 
Note that compared with double integration, single in- 
tegration saves computation and hence is preferred nu- 
merically. 

In the sequel we shall present iteration schemes for 
the cases of p = 1 and p > 1. 

4.1 Case p =  1 

For p = 1, function a drops out of Eq. (11) and we 
have a degenerate case. Then identity (15) becomes, 

where 
To develop a successive iteration scheme, we for- 

mally integrate (10) and (11) with boundary condi- 
tions (12). Application of formulas (15-16) leads to, 

U(<) = t v ' (0)  + A t 2  /'(I - z ) d m d z  (18) An important identity can be obtained by multiply- 
ing both sides of equation (10) by v and integrating 
over 0 5 [ 5 1. After integrating by parts and taking 

v'(0) = -- za(5)u(z)dz (20) s' the boundary conditions (16) into account, we have, 
after applying Eq. ( l l) ,  

9 0  

Based on these equations the iteration scheme can 
be outlined as follows, 
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1 .  For a given A,  select initial vb(O), vo(<), and ao(<). 

2. Update v i  according to: 

Oi+l([)  = <vi(O) + A<’Jl(l- z)&jGi=dz 

3. Update ai according to: 

- ‘ I z  1’ zaiv i+l [< + x( 1 - <)I dx 
J- %+l(<) = 

4. Update vi(0) according to: 

l 1  
.:+&I) = -- J Z L Y i + l ( z ) v i + l ( z ) d Z  

‘ 1 0  

5. If a given accuracy is not satisfied, go back to 2. 

4.2 Case p > 1 

For p > 1, by formal integration of (10) we find, after 
satisfying the boundary conditions at <=l , substitut- 
ing a from (13) into ( lo) ,  and using (16)) that 

s[v’(<) + 13 
M(v)* 

v”(<) = 

v”(0) 
v’(0) = - 

AJ’1PlV”(O)l* 

Now the scheme for successive iterations can be 
specified as follows, 

1 .  Select an initial db(<). 

2. Update vi(<) according to (21) and (22). 

3. Update &i (< )  according to (13). 

4.  Update d{(<) according to (20). 

5. If a given accuracy is not satisfied, go back to 2. 

5 Numerical Examples 

Several numerical examples have been conducted 
based upon the successive iteration schemes described 
in the previous section. In this section we present some 
of the results for p = 2 and p = 3. 

The successive iteration processes are controlled by 
the following accuracy criteria, 

< €  
IIvi+l - vi11 IIai+l - ail1 + I Iv i+l  II Ilai+l II 

To simplify the numerical computation, we have ap- 
proximated all functions by spline functions through 
interpolation over their values at N + 1 uniformly d i 5  
tributed discrete points in 0 5 < 5 1.  Throughout 
this section, N = 10 and E = have been used in 
all computation. All numerical integrations in itera- 
tions are carried out by using the recursive Simpson’s 
formula. 

The iteration for ~ ” ( 6 )  starts with U’;(<) = 1.  In 
this case, for large 71, say ‘1 = 50, convergence is 
achieved after 54 iterations for p = 2 and 39 for p = 3. 
For small ‘1, say 0.5 5 ‘1 5 1, the speed of conver- 
gence becomes very slow (close to 1000 iterations are 
required for convergence), and for ‘1 5 0.5, the iter- 
ations do not converge at all with the initial guess 
v‘b([) = 1. This problem can be overcome by using 
the converged v”(<) of the previous value of ‘1 as the 
initial guess v’b([) of the new ‘1 value, but the speed of 
convergence is still very slow and becomes extremely 
slow for ‘1 5 0.1.  

For various values of specified fundamental frequen- 
cies fs (us = 27rfb), Table 1 summarizes the ratio of 
the weights of the uniform beam and the optimum 
beam. More results are illustrated in Fig. 3-6. Fig- 
ure 7 illustrates the corresponding variation of linear 
dimension (i.e., radius of the cross section) of the ge- 
ometrically similar cross section (p = 2) as a function 
of non-dimensional coordinate <. Figure 8 gives the 
corresponding results for the rectangular cross section 
of given uniform width (p = 3, i.e, linear dimension is 
the height of the cross section). 
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Fig. 1: Motion Speed and Tip Deflection 

S----o 

Fig. 2: barn Weight and Specified F u n d u n e n d  Frequency 

Fig. 3: Uniform Beam VI Optimum Daign: Case p = 2 
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F i g  7: Optimum Tapering of Beam: C m  p = 2 

Fig. 8: Optimum Tapering of Bum: Cua p = 3 
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