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Abstract—In this paper, a data-based online learning algorithm
is established to solve the optimal control problem for weakly cou-
pled continuous-time nonlinear systems with completely unknown
dynamics. Using the weak coupling theory, we reformulate
the original problem into three reduced-order optimal control
problems. We establish an online model-free integral policy iter-
ation algorithm to solve the decoupled optimal control problems
without system dynamics. To implement the data-based online
learning algorithm, the actor-critic technique based on neural
networks and the least squares method are used. Two simulation
examples are given to verify the effectiveness of the developed
algorithm.

Index Terms—Adaptive dynamic programming (ADP), neural
networks (NNs), optimal control, policy iteration (PI), unknown
dynamics, weakly coupled systems.

I. INTRODUCTION

N THE real world, many large-scale systems are naturally

weakly coupled, such as electrical networks, transportation
systems, chemical reactors, and power systems. For these real
physical systems, a traditional challenge is the optimal control
problem. A common approach is to split this large-scale opti-
mal control problem into some decoupled subproblems using
the decentralized control method [1], [2]. While the coupling
effects are usually neglected and the obtained control laws may
do not have ideal performance. In 1969, Kokotovi¢ et al. [3]
introduced the weakly coupled linear systems to the control
systems community. Since then, many theoretical aspects of
the optimal control problem for weakly coupled systems have
been studied. Gaji¢ and Shen [4], [5] obtained the optimal
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control law through a decoupling transformation which leads
to solving two independent reduced-order optimal control
problems. For weakly coupled bilinear systems, the optimal
control problem has also been solved in a similar way [6], [7].
Jiang and Jiang [8] presented a new approach to decouple the
weakly coupled large-scale linear systems and accomplished
the stability analysis using the small-gain theory. The opti-
mal control law of the nonlinear systems can be obtained
by solving the Hamilton—Jacobi—Bellman (HJB) equations.
However, due to the intractable form of the HIB equations,
obtaining closed-form optimal controllers by directly solving
the HJB equations is difficult. By using the reduced-order
scheme and the successive Galerkin approximation (SGA), the
optimal control law for the weakly coupled nonlinear system
has been constructed based on the solutions of two indepen-
dent reduced-order HJB equations [9]. Carrillo et al. [10]
proposed a learning algorithm to derive the optimal control law
using a three-critics/four-actors approximator structure with
system dynamics. For large-scale real physical systems, it
is difficult to obtain the exact knowledge of system dynam-
ics. Therefore, a kind of data-based algorithms is needed
to solve the optimal control problem with unknown system
dynamics.

Dynamic programming provides a principled method for
determining optimal control laws for dynamical systems in
the case of completely known dynamics. While due to the
“curse of dimensionality” [11], it is often computationally
untenable to obtain the optimal control laws. Among the meth-
ods of solving optimal control problems, adaptive dynamic
programming (ADP), and reinforcement learning (RL) relax
the need for a complete and exact model of the dynamical
systems by using compact parameterized approximators. ADP
has received increasing attention due to its learning capabili-
ties [12]-[30]. RL is an effective computational method and
it can find the optimal policy interactively [31]-[34]. In the
existing literature of ADP-based and RL-based optimal con-
trol, either policy iteration (PI) or value iteration is utilized to
solve the HIB equation. Vrabie and Lewis [35] established an
integral RL algorithm to obtain direct adaptive optimal con-
trol for nonlinear continuous-time systems with partial system
dynamics. Liu et al. [36] developed an online synchronous
approximate optimal learning algorithm based on PI to solve
a multiplayer nonzero-sum game without the exact knowledge
of dynamical systems. Jiang and Jiang [37] presented a novel
PI method to solve optimal control problems for linear sys-
tems with completely unknown dynamics. Jiang and Jiang [38]
presented a novel method of global ADP for the adaptive
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optimal control of nonlinear polynomial systems to achieve
global asymptotic stability. Without the exact knowledge of
system dynamics, Lee et al. [39] derived a model-free integral
Q-learning approach for nonlinear system.

Although ADP-based and RL-based algorithms are widely
used, there are few related results which can be used to
tackle the optimal control problem for the weakly coupled
nonlinear systems. The novelty of this paper is that we estab-
lish a data-based learning algorithm to solve this problem
with completely unknown dynamics. By partitioning the HIB
equation, the original optimal control problem of the weakly
coupled systems is reformulated into three reduced-order opti-
mal control problems. We establish the model-free integral PI
algorithm to solve the decoupled optimal control problems
without system dynamics. The actor-critic technique based on
neural networks (NNs) and the least squares method are used
to implement the derived online learning algorithm.

The rest of this paper is organized as follows. In Section II,
the optimal control problem for the weakly coupled nonlinear
systems is described. In Section III, the original problem is
reformulated into three reduced-order optimal control prob-
lems and a model-free integral PI algorithm using online
learning manner with unknown system dynamics is estab-
lished. Two simulation examples are provided to demonstrate
the applicability of the established optimal control policy in
Section IV. In Section V, we conclude this paper with a few
remarks.

II. PROBLEM FORMULATION

In this paper, we consider the continuous-time nonlinear
system with weakly coupled structure

|:5€1(t)] _ [fn(m) +8f12(X)}
@ | | eL1(x) +f2(x)
[811(X1) 8g12(X)}|:u11(l‘)+8u12(t):| )
£g21(x)  g2o(x2) || eup1 (1) + ux (1)

where x| (f) € R™ and x;(f) € R are the system state vectors,
up (1), up(t) € R™ and uy (1), upy(t) € R™ are the control
input vectors, np, ny, mp, and my are positive integers, and ¢ is
a small positive weak coupling parameter. Using the following
expressions:

| x@® i) + gf12(x)
0= [x2(f)}’f(x) B [szl(X) +f22(xz)}

_ | gl ega() _ | unn @) + eupn()
s = [%’21()6) gzz(Xz)}’ u(t) = [Suzl(t) + Mzz(t)}
the system dynamics (1) can be rewritten as
x(1) = f(x) + gu(?). 2)

We assume that the system (2) is controllable, f: R" — R”
and g: R" — R™™ are Lipschitz continuous on the set
Q C R", where n = nj+ny, m = m+my, and there must exist
a continuous control policy which asymptotically stabilizes the
system. Additionally, we let the following assumptions hold
through out this paper.

Assumption 1: The state vector x = 0 is the equilibrium of
the system.
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Assumption 2: The functions f(-) and g(-) are differentiable
in their arguments, and f(0) = 0.

Assumption 3: The feedback control vector u(x) = 0
when x = 0.

According to the optimal control theory, we known that
solving the optimal control problem is equal to find the optimal
control policy u*(x(f)) which minimizes the expenditure of
control effort. For this, we define the value function as

Vx()) = / [xT(r)Qx(t)—i—uT(r)Ru(r)]dr 3)
t

where Q € R and R € R are positive definite symmet-
ric matrices, and r(x, u) = xT (1) Qx(t)+u" ()Ru(r) is the utility
function. The matrices Q and R have the following weakly
coupled structures:

01 £Q¢ Ry 0
= s R:
Q [SQI O 0 R
where Q) € R"*™_ 0, € R™*M Ry e R™M*™ and

Ry, € R™>™ are positive definite symmetric matrices, and
Q. € R We know that the designed feedback control
policy u(x(#)) must not only stabilize the system on 2, but
also guarantee that the value function (3) is finite. That is to
say, the control policy must be admissible.

Definition 1: A control policy u(x) is said to be admissible
with respect to (3) on €2, denoted by u(x) € W(2) [V (L) is the
set of all admissible control laws], if u(x) is continuous on £2,
u(0) = 0, u(x) stabilizes the system (2) on 2, and V(x(¢)) is
finite Vxo € 2, where xq is the initial system state [40].

According to the optimal control theory, the optimal value
function is defined as

o0
V() = min / [xT(r)Qx(t) + uT(t)Ru(t)]dr.
uew () J;
We define the Hamiltonian function of system (2) as

Hx,u, Vi) = V[ ) + g@u] + rx, u) (4)

with V(0) = 0, and the term V, = 9V (x)/dx denotes the partial
derivative of the value function with respect to the state. We
minimize the Hamiltonian function (4) to obtain the optimal
control policy

1
u*(x) = arg uen\llli(ISl)) Hx,u, Vy) = —ERflgT(x)Vj. (5)

Using the optimal control policy u*(x), the optimal value func-
tion V*(x) can be described as the unique positive-definite
solution of the following HJB equation:

0=VIT[f) + g@u* )] + r(x, u* (). (6)

Remark 1: In the class of nonlinear systems, the optimal
control scheme is based on the solution of the HJB equa-
tion (6). Because the solution of HJB equation for nonlinear
systems can hardly be found, the SGA method [41], [42] is
developed. However, the SGA method has the weakness that
the complexity of computation increases rapidly with the order
of the system, where the order indicates the dimension of a
system, i.e., n. Kim and Lim [9] established the optimal control
from two independent reduced-order HIB equations using the
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SGA method. Due to the difficulties when obtaining the exact
knowledge of the system dynamics, model-free methods are
more practical. Motivated by the weak coupling theory and [9],
we establish a novel model-free algorithm to derive the optimal
control based on three reduced-order HIB equations.

III. COMPUTATIONAL CONTROLLER DESIGN USING
DATA-BASED ONLINE LEARNING ALGORITHM

By partitioning the HIB equation, the original problem of
the weakly coupled systems is reformulated into three reduced-
order optimal control problems. We established the model-free
integral PI algorithm to solve the decoupled optimal control
problems without system dynamics. The actor-critic technique
based on NNs and the least squares method are used to
implement the derived online learning algorithm.

A. Problem Transformation
The value function (3) can be partitioned as
Vx(1) = Vi(x1(0) + Va(xa (1) + eVe(x(1)
where
* T T
Vi (1) = / [lem +u11R1u11]df
too T T
Vatua0) = [ [10ata + uoRoin i
= T T T
Ve(x(t)) = 2/ I:xl Qexo +uj | Riup + M22R2M21]d77
t

00
+ 8/ I:M-II-2R1M12 + uLRzuzl]dT.
!

According to the reduced-order scheme [9], setting 2 =0,
eVe(x(t)) can be represented as

oo

V. (x(1) = 2¢ f [xlTngz +ul\Ryups + u;Rzuz]]dr.
1

We give the following definitions to denote the partial deriva-

tives of the value functions Vi (x1(?)), Va(x2(?)), and V. (x(¢))

with respect to the states x; and x», respectively:

DR |/ 17
1x; = a)C] s 2xp — axz
Ve Ve

stl = BX] s exy; — axz .

Theorem 1: Partitioning the HIB equation (6), we get an
O(e?) approximation in terms of three reduced-order decou-
pled HIB equations

0= Vil [fit@) + g Gepui, ()]

+ x] Q1x1 + ul] (xRt (x1)
0= Vil [f2(x2) + g (x2)uhy (x2)]
+ x] 00xy + 1) (x2) Rot (x2)
0= Vil fra@) + V3L f1() + VAL fir ()
+ VIL fa(0) + 2x] Qo2
— 2] )Ry (x) — 205 (x2) Rotd (x).

The optimal control law (5) can be partitioned as

|
Wiy ) = =Ry gl Vi,
|
uha(0 = =37 [TV, + oV, |
I __
510 = =3By [ gh ) VE, +ghoVi, |
I _
3 (x2) = — 3R, Ll () V3, )

Based on the optimal control theory, u}, (x1) can be seen as
the optimal control law for the subsystem 1

X1(0) = fii(x) + g xpDu (t)

with respect to the value function Vj(xp). uzz(xz) can be seen
as the optimal control law for the subsystem 2

X (1) = fro(x2) + 822 (x2)u2a (1)

with respect to the value function Va(x2). uj,(x) and u3, (x)
can be solved from the optimal control problem of the virtual
subsystem 3 with respect to the value function V3 (x)

oo
Vi =2 [ [uiloRiuia + 13 )R 9
t

— x-lngxz]dr
where V3 (x) = Vi (x) — 4 ftoo x-lngxzdr with V3(0) = 0.
Proof: Refer to the Appendix. |

Remark 2: The original optimal control problem with the
HIB equation (6) is transformed into three reduced-order HIB
equations which should be solved without system dynamics.
In the following section, we will derive the data-based online
learning algorithm.

B. Model-Free Integral PI Algorithm

The optimal control formulation developed in (7) displays
an array of closed-form expressions, which obviates the need
to search for the optimal control law via optimization process.
To obtain the optimal control law, the existence of V*(x) sat-
isfying the HIB equation (6) is the necessary and sufficient
condition. Instead of directly solving (6), we can successively
solve the nonlinear Lyapunov equation (4) and update the con-
trol policy based on (7) to obtain the solution V*(x). This
successive approximation is known as the model-based PI
algorithm [42]-[45], and it is fundamental for the model-free
integral PI algorithm and we describe it as follows.

1) Model-Based PI Algorithm: Step 1: Give a small pos-
itive real number €. Let i = 0 and start with an initial
admissible control policy u(x).

Step 2 (Policy Evaluation): Based on the control policy
u'(x), solve Vi(x) from the following nonlinear Lyapunov
equation:

r(x, u'(0) + VIT[£(x) + g@u' (x)] = 0.

Step 3 (Policy Improvement): Update the control policy by

Wt (x) = —%R‘l g VL (8)
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Step 4: If |+ (x) —u(x)|| < €, stop and obtain the approx-
imate optimal control policy u'*!(x); else, set i = i + 1 and
go to step 2.

In [41], it was shown that on the domain €2, the cost func-
tion V/(x) uniformly converges to V*(x) with monotonicity
Vitl(x) < Vi(x), and the control policy u'(x) is admissible
and converges to u*(x).

To deal with the optimal control problem without system
dynamics, we develop a data-based online learning algorithm
called model-free integral PI algorithm. Consider a nonlin-
ear system which is explored by a known bounded piecewise
continuous probing signal e(t)

x(0) = f(x) + g)[u®) + e(n]

where

u(t) + e(r) = I:[u“(t) +e (] + 8u12(f):|.

gup1 (1) + [un(t) + e2(0)]

Now, we consider the subsystem 1 with exploration signal

X1 =fuix) + g ur () + e (H1. )

The derivative of the value function Vi (x;(¢)) with respect to
time along the trajectory of the explored system (9) can be
calculated as

Viee (1) = Vi, [Aii@) + gn@enlun () + e (9]]

= —r G un (D) + Vi gn@e () (10)

where ry(x1, u11(x1)) = XIlel + ’/l-lrl(xl)Rlull(x]) is the
utility function for the subsystem 1 given in (9).

We present a lemma which is essential to prove the
convergence of the model-free integral PI algorithm.

Lemma 1: Solving for V(x1) in the following equation:

Vit + 7)) — Vix (1)
t+T +T
= / Vil;lgll(xl)el(f)df —/ ri(xey, upg (xp))de
t t
(11)

is equivalent to finding the solution of (10).

Proof: Since uj(x1) € Wi(21) [W1(2;) is the set of all
admissible control laws for the subsystem 1], the value func-
tion Vy(x;) is a Lyapunov function for the subsystem 1, and
it satisfies (10) with r{(xy, u;1(x1)) > 0, x; # 0. We inte-
grate (10) over the interval [¢, 74T to obtain (11). This means
that the unique solution of (10), Vi (x1), also satisfies (11). To
complete the proof, we show that (11) has a unique solution
by contradiction.

We assume that there exists another value function Vj(x;)
which satisfies (11) with bounding condition Vi(0) = 0.
This value function also satisfies V1 (x;) = —ry (1, ug1(x1)) +
V;';Igu(xl)el(t). Subtracting this from (10), we obtain

o_ () —vien]”
- =

) x [x1(0) = g11(x1)e1(n)]

(i) = vien]
- -

) x [fir(en) 4+ gunGenuti (x1) ]
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Algorithm 1 Model-Free Integral PI Algorithm

1: Give a small positive real number €. Let i = 0 and start
with an initial admissible control policy “(1)1 (x1).

2: Policy Evaluation and Improvement: Based on the con-
trol policy u’il(xl), solve V{ (x1) and u’ﬁ'l(xl) from the
integral equation (13).

3 If ||u’1J1r1(x1) — u’i](xl)H < €, stop and obtain the approxi-
mate optimal control policy uﬁl for the subsystem 1; else,

set i =i+ 1 and go to Step 2.

which must hold for any x; on the system trajectories gener-
ated by the stabilizing policy u11(x1). According to the above
equation, we have Vi(x;) = Vj(x1) + c. As this relation must
hold for x1(f) = 0, we know V;(0) = V{(0) + ¢, ¢ = 0. Thus,
Vi(x1) = Vi(x1), ie., (11) has a unique solution which is
equal to the solution of (10). The proof is complete. |
Based on the model-based PI algorithm and using the rep-
resentations V{ (x1()) and u’l 1 (x1), the policy improvement (8)
for the subsystem 1 can be written as
ui o) = —%R;lglﬂ DVi, (12)
where i is the iteration index. Integrating (10) from ¢ to
t + T with a time period T > 0, and using the policy
improvement (12), we have

' _ +T _
Vi @) = Vi@ + 1)) = [ r1(xn, uyy (xn))de
t

=T, T
+ 2/ (i) Riede.
1
(13)

Since the dynamics f1(x1) and g11(x1) are not in the integral
equation (13), the integral PI algorithm can be implemented
using the data generated from the system instead of the sys-
tem dynamics. Thus, we obtain the model-free integral PI
algorithm (Algorithm 1).

Theorem 2: Give an initial admissible control policy
”(1)1 (x1) for the subsystem 1. Using the model-free integral PI
algorithm established in Algorithm 1, the value function and
the control law converge to the optimal value function and the
optimal control law as i — oo, that is

Vi) — Vi),  uhy () — uf; ().

Proof: Based on the results in [35], we known that all the
subsequent control policies will be admissible during the algo-
rithm implementation if “(1)1 (x1) is admissible. Considering the
model-based PI algorithm and the formation process of (13),
the value function sequence generated in Algorithm 1 will con-
verge to the solution of the HIB equation. So we can conclude
that the value function V{ (x1) and the control policy u’il(xl)
obtained from the proposed model-free integral PI algorithm
will converge to the solution of the optimal control problem
for the subsystem 1. The proof is complete. |

To solve the optimal control policy u},(x2) for the sub-
system 2, we can apply Algorithm 1 with some simply
replacements. Using the expressions of the optimal control
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laws u},(x1) and u3,(x2), we derive the following equation
which will be used to solve u},(x) and w3, (x):

) ) t+T
Vi(t 4 T)) — Vi(x(n) = —2 f X Qe xadr
t+T ) ' )
42 / [T GRG0 + 15T e Ratdy () Jar
t

t+T T T
+ 2/ [(qul(x)) Riel(t) + (u’;ll(x)) Rgeg(r)}dt.
t

Using this formulation to replace the integral equation (13) in
Algorithm 1, we can calculate u},(x) and u3, (x) iteratively.

C. Algorithm Implementation

For the subsystem 1, we represent Vi' (x1) and u"H(x]) by
single-layer NNs on a compact set 2| as
Ny,
Vi) =) olgya) + 8).(x1)
j=1
Nia
> vl ) + 88, ()

J=1

i+1
M“p(xl) =

where p = 1,2,...,my, wl € R, and ‘)1 € R are bounded
ideal weight parameters which will be determined by the
developed data-based integral PI algorithm, ¢;(x;) € R and
Yii(x) € R, {qbl/}] “1 and {wlj} _'1 are the sequences of real-
valued activation functions Wthh are linearly complete and
independent, and 3 x1) € R and SM p(xl) € R are the
bounded NN approx1mat10n errors. Since the ideal weights
are unknown, the outputs of the critic network and the action
network are
Nie
Vi) =) aligya) = 6 ¢1(x1)
j=1
Nia
bAtllJlrlp(xl) = Z DY) = \7’1Tp¢1(X1)

j=1

(14)

(15)

where c?)l] and f){ p are the current estimated weights, and

T N
P1(x1) = [P11(x1), Pr2(xD), ..., Pin, (x1)] € RVie
T N
Y1) = [y ), vz, ... Y, ()] € RV«
o L
[a)’l a) ..,a)llNlc] e RMIe
T
Al Ny
le [ 1p,\112[,,...,v”\]m,p] € RMa
. T
G’lT = [Ul 1*‘)1 2 .,f)ll’ml] € RN,
Define col{f)i } = [ﬁi,l’ \3’;!-2, .. viTml] € R™Nia, Then

T 4
(3 ) Rieno = (5w x0) Rier
= (Y1) ® Rie ()] eol {37}

where ® represents the Kronecker product. Using the real out-
puts of the networks (14) and (15), the integral equation (13)

has the following general form:
i
-
k1k|:col f) }:| = Ok

t+kT T T )
Ok = / [X1 Qix1 + ﬁﬁl(xl)Rlﬁlu(xl)]dt
Fh=D)T

)

(16)

e,

with

Ak = [(«pl(xl (t+ (k= DT)) — ¢ (x1 (t + kT)))T

t+kT T
- 2f W1 (x) ® (Rlel(f)))Tde|
T k-1T

where T is the period of time to measure the data. Since
the general form (16) is a 1-D equation, we cannot find
the unique weight vector. The least squares method [39] can
be used to guarantee the uniqueness of the weights over
the compact set 21. For any positive integer K, we denote
Ay = [A11, 12, ..., Al ] and O = [911,912,--.,91K1]T-
Then, we have the following Kj-dimensional equation

T el =2

The weight vector can be solved by the following equation
when A-lr has full column rank:

i) | = (1) "o

Therefore, we need to make sure (AlA-lr)_1 exists; that is to
say, the number of collected points K| should satisfy K; >
rank(A1) = Ni. + mNy,. By collecting enough data points
of the explored system (9), the weight parameters in (17) can
be obtained in real time. Using the same implementation pro-
cedures for the subsystem 1, we can solve the optimal control
problems of the subsystems 2 and 3.

7)

IV. NUMERICAL SIMULATION

We provide two simulation examples in this section to
demonstrate the applicability of the established data-based
integral PI algorithm for weakly coupled nonlinear systems.

Example 1: In this example, we consider the system (1)
with the following parameters:

fue) =

—1.93x3,
| —1.394x11x12
[ 0
fi2() = _—4.26x21x22:|
I —1.322
_ 12
() = | 0.95x11x21 — 1.03X12X22:|
i —0.63x3
_ 21
f2(0) = | 0.413x21 — 0.426X22:|
[ 127442, - 0
gu(x) = 0 o EW=1 g5,
[0.75x11 —0.718x2;
g1(x) = 0 ’ §2202) = 0 .
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Weights of the action network 1

Y 10 20 30 40 50

Time (s)

Fig. 1. Evolution of the action network 1’s weights.

In the above, x| = [x11,x12]T € R? and u;1(x;) € R are
the state and control vectors of the subsystem 1, and x; =
[x21,x22]T € R? and u»(x2) € R are the state and control
vectors of the subsystem 2. The initial system state is x(0) =
[3.4,2.7,4.3,1.2]T. The weak coupling parameter is equal to
& = 0.05. The matrices Q and R are chosen as

10 10
Ql:QZ:R:[o 1]’ ng[o 0.05}'

We assume that the exact knowledge of the system dynamics
is completely unknown during the simulation. We adopt the
integral PI algorithm to derive the optimal control law.

For the subsystem 1

. [ =193, —1.274x3,

o= |:—1.394x11x12 A T
the weight parameters of the critic network and the action
network are

~ ~ N N T
o1 = [&11, @12, &13]
~ ~ ~ 1T
b= [Di1, Dr2]
The activation functions are chosen as

_[2 2 17
d1(x1) = | X771, X11X12, X]H

T
2
Yri(xy) = [X11X12,x12] .

From the activation functions, we have Nj. = 3 and Ny, = 2
and we select K; = 10 to conduct the simulation. The ini-
tial weights are chosen as @; = [0, 0, 0]" and D, = [2,1]7.
During the online learning process, the time period 7' = 0.1[s]
and the exploration signal e () = 3sin(27¢) + 3 cos(2rt) are
used. The least squares problem is solved after K| samples are
acquired, thus the weights of the NNs are updated every 1[s].
The evolution of the action network 1’s weights is illustrated in
Fig. 1. After 52 iterations, the precision € = 10™# is achieved.
At time ¢ = 52[s], DF = [—1.2557, —0.1067] .

For the subsystem 2, the activation functions are chosen as

2 > 1"
P2(x2) = [xgl,lexzz,ng]

17
Yo(x2) = [X21X22,x22] .

IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS: SYSTEMS

15

Weights of the action network 2

0 10 20 30 40 50
Time (s)

Fig. 2. Evolution of the action network 2’s weights.

As Ny, = 3 and Ny, = 2, we conduct the simulation with
K, = 10. The initial weights are chosen as @, = [0, 0, O]T
and vy = [10, 2]T. During the online learning process,
the time period 7 = O0.1[s] and the exploration signal
ex(t) = 5sin(2wt) 4+ Scos(2wt) are used. The evolution of
the action network 2’s weights is illustrated in Fig. 2. After
50 iterations, the precision € is achieved. At time ¢t = 50[s],
3 =[-9.9814,0.0367].

For the virtual subsystem 3, the weight parameters of the
critic network and the action network are

@3 = [@31, D32, D33, D34, D35, D36 |
e e e AT
D3 = D31, D32, D33, D34 ] .

The activation functions are chosen as
2 2 2 » 17
¢3(x) = [xn,X11X12,xlz,xgl,mmzz,xzz]

_ 2 > 17
Y3(x) = |X11X12, XT5, X21X22, X35 | -

From the activation functions, we have N3, = 6 and N3, = 4
and we select K3 = 10 to conduct the simulation. The
initial weights are chosen as @3 = [0,0,0,0,0, O]T and
3 = [0, =2, 2, 3]T. During the online learning process, the
time period 7 = 0.1[s] and the exploration signals e;(f) and
e>(t) are used. The least squares problem is solved after K3
samples are acquired, and the weights are updated every 1[s].
After 20 iterations, the precision € = 10™* is achieved. At
time ¢ = 20[s], 3 = [0.3830, 0.0533, —0.0899, —0.9548]T.

According to the results in Section III, the optimal control
law of the weakly coupled system can be derived as

W (x) = [”T](xl) + 8MT2()C) ]

8“;1 () + "‘;2 (x2)

Using the optimal control u*(x) to control the weakly cou-
pled system for 20[s], we obtain the evolution process of the
state trajectory and control trajectory shown in Figs. 3 and 4.
Obviously, these simulation results have verified the effective-
ness of the developed model-free integral PI algorithm.
Example 2: In this example, we use the established model-
free integral PI algorithm to balance a bicycle riding at a
constant speed on a horizontal surface. The steering column
of the bicycle is vertical, which means that the bicycle is not
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5 TABLE I
— Xy PARAMETERS OF THE BICYCLE
--=XH
4 x12 Symbol ~ Value  Units || Symbol Value  Units
s oA M. 15 ke h 094 m
2 22 My 1.7 kg l 1.11 m
® M, 60 kg r 034 m
5 2 1 g 9.81 m/s? || dou 0.3 m
23 v 10/3.6  m/s c 0.66 m
%)

0 5 10 15 20

Fig. 3. State trajectory of the weakly coupled system under the derived
optimal control.

20

System control
(6,

0
_5¢ i
-10 i . i
0 5 10 15 20
Time (s)

Fig. 4. Control trajectory of the weakly coupled system under the derived
optimal control.

Center of mass

Fig. 5. Schematic representation of the bicycle, as seen from behind (left)
and from the top (right).

self-stabilizing, but must be actively stabilized to prevent it
from falling [47]. This is a variant of a bicycle balancing and
riding problem which is widely used as a benchmark for RL
algorithms [46].

The schematic representation of the bicycle is provided in
Fig. 5, which includes the system state and control variables.
The system state variables are the roll angle &[rad] of the
bicycle measured from the vertical axis, the angle «[rad] of
the handlebar, and the respective angular velocities é , &[rad/s].
The control variables are the displacement 6[m] of the bicycle-
rider common center of mass perpendicular to the plane of
the bicycle, and the torque t[Nm] applied to the handlebar.

T, and the control

Therefore, the state vector is x = [£, E o, o
vector is u = [§, r]T.

The dynamics of the bicycle can be represented as [46]

. 1 . Jaev .
& = J—[sm,B(MC + M,)gh — cosﬁ(—a

bc r

. Mar?*
+ sign(w) ; (|sina| + |tan o)

. 1 ( Jdvv'>
a=—\17— &
Jar r

13
Jpe = ?Mchz + M, (h+dew)?, Jae = Mar?

=-M 2 Ja = —IM 2 ﬁ = %‘ 1. —8
= re, = re, = & + arctan —.
2 d d 2 d h

Table I shows the values of the parameters in the bicycle
model. The meanings of these parameters are the same as
those in [46]. Using the notations x; = [&, é]T, X = [a, o'z]T,
u; =4, and up = v, we rewrite the bicycle dynamics as

X11 X12

X12 | | 4.62x11 + 0.054x21 + 0.011x2 + 4.62u;
X1 | x22

X272 24.51x12 + 10.18u2

Compared with the system (1) with weakly coupled
structure, we have the following system dynamics:

Junlen) = :42;“ } S = [0.54x21 -?-0.11)622]
S ) = :24591x12]’ Jnx) = [x(ﬂ

gnla) = —4.%2} g1200 = [8}

g21(x) = -8} §22(x2) = [10(.)18]'

The initial system state is x(0) = [0.1, —0.1, 0.1, —O.l]T.
The weak coupling parameter is ¢ = 0.1. The matrices Q and
R are chosen as

10 10
Q1=Q2=R=[0 1}’ QS:[O 0.1]'

Assume that the exact knowledge of the bicycle is completely
unknown during the simulation. We adopt the model-free inte-
gral PI algorithm to solve the bicycle balancing and riding
problem.
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Fig. 7. Evolution of the action network 2’s weights.

As in Example 1, for the subsystem 1 the weight parameters
of the critic network and the action network are

~ ~ ~ ~ T
1 = [d11, @12, @13]
~ ~ ~ 1T
D1 =D, Di2]

The activation functions are chosen as

2 > 1"
p1(x1) = [x“,X11X12,x12]
T
Yi(x1) = [err, x12] .

From the activation functions, we have Ni. = 3 and Ni, = 2
and we select K1 = 10 to conduct the simulation. We set the
initial weights as ®; = [0,0,0]" and d; = [—2, —1]". During
the online learning process, the time period 7 = 0.1[s] and the
exploration signal ej(f) = 0.05sin(27¢) + 0.05 cos(2w¢) are
used. The least squares problem is solved after K; samples
are acquired, and thus the weights of the NNs are updated
every 1[s]. The evolution of the action network 1’s weights is
illustrated in Fig. 6. After 4 iterations, the precision € = 1074
is achieved. At time ¢ = 4[s], D} = [—2.4142, —1.4301]".
For the subsystem 2, the activation functions are chosen as

2 » 1"
P2(x2) = [x21 , X21X22, xzz]

Y2 (x2) = D21, x20].

As Ny, = 3 and Ny, = 2, we conduct the simulation with
K> = 10. The initial weights are chosen as @, = [0, 0, O]T
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Fig. 9. Control trajectory of the bicycle under the derived optimal control.

and Dy = [—2, —1]7. During the online learning process, the
time period 7 = 0.1[s] and the exploration signal ex(#) =
0.05sin(27rt) 4+ 0.05 cos(2mt) are used. The evolution of the
action network 2’s weights is illustrated in Fig. 7. After 5
iterations, the precision € = 10~* is achieved. At time t = 5[s],
9§ = [—~1.0000, —1.0955].

For the virtual subsystem 3, the weight parameters of the
critic network and the action network are

@3 = [@31, 32, D33, B34, D35, D36 |
N N N N ~ 1T
D3 = D31, D32, D33, D34 .

The activation functions are chosen as

2 ) 2 17
P3(x) = [xn,X11X12,x12,x21,X21X22,x22]
T
Y3(x) = [x11, x12, X21, X22] .

From the activation functions, we have N3. = 6 and N3, = 4
and we select K3 = 10 to conduct the simulation. The
initial weights are chosen as @3 = [0,0,0,0,0, O]T and
vz = [0,-2,2, 3]T. During the online learning process,
the time period 77 = 0.1[s] and the exploration signals
e1(f) and ex(r) are used. The least squares problem is
solved after K3 samples are acquired, and the weights of
the NNs are updated every 1[s]. After 23 iterations, the
precision € = 107* is achieved. At time r = 23[s], ;=
[0.5420, —0.8267, 0.6952, —0.6516]".
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0= |: Lxy +8V:x1 :|T<|:f11(X1) +8f12(X):| n [gn(m)
Vi, + V5, ef21(x) + f22(x2) €821 (x)

+ |:x1:| [ 01 8Qsj||:xli| + I:uTl(xl)+8uTZ(x)
x| [0 Q2 || x eus, (x) + u3, (x2)

£g12(x) ] |:MTI(X1) + eut,(x) :|>

g22(x2) || eu3; (x) + uz,(x2)

HRI O}[uj‘l(xl)—i-eu’fz(x)]
0 Ry |[euy (x) +u3,(x2)

|:fo1 + eV, i|T [fn (1) + g Geud (o) + e[ f120) + g (en)uf, (x) + g12(0)us, (x2) ] }

SV:xz + V2x2

F2(02) 4 g22(x2)ity (x2) + €[ fo1(x) + g22(x2)uis; (x) + g1 (Duf, (x1)]

+ x TO1x +X;—Q2x2 + ZEX-{stz + MT-{(Xl)RluTl(Xl) + Mg(xz)Rzuﬁz(xz)

+ 21T (1) R1uly (X) + 2eub) (x2)Rou (x)

= Vil [AinGen) + g1 Geoudy ()] + x] Quxy + uff () Ryufy (x1)

HIB1

+ V3l [F2(02) + g22(x2)1ay (x2) ] + 3] Qoxz + 143] (x2)Rou, (x2)

HIB2
+ evEl

+ eV

wa A @) + gnGenuf; ()] + svm [f120) + gri(xD)ui, (x) + gr2()udy (x2) ]

ol 2(x2) + g2 ()us, (x2)] + eV, [le () + g22(x2)u5; (x) + g21 (Xuy (x1)]
+ 28x1 Qcxy + 28uT-1|-(x1)R1u72(x) + 281422 (x2)Rau5, (x)

0= V] fia@) + V3] A1) + VAL fit (o) + ViDL fo(x2) + 2x] Qexs —

(Al)

20T ()Rt (x) — 26 (x2) Ry (x) (A2)

HIB3

eon ol IR 0] ent)
u(x)__ER g(x)Vx_—E[O R2:| |:8821(X)

euyy (X) + uz)(x2)

_ |:u>f1(x1) + Su’l‘z(x)] _

g22(x2)
1 Rl_lg-lrl(xl)vikxl +£R— [gll(xl) £X1 +g21(x)v;x2]
2| eRy [822(x2) ey T ng(X)V]xl:I +R, lggz(XZ)Vikxz

T
Sglz(x):| [Vikxl + EV:XI :|

k
8V8X2 +V 2x2

(A3)

According to the results in Section III, the optimal control
law of the weakly coupled system can be derived as

W (x) = [”T](xl) + SMTZ()C)]

eus; (x) + 3, (x2) |

Using the optimal control u*(x) to control the weakly cou-
pled system for 20[s], we obtain the evolution process of the
state trajectory and control trajectory shown in Figs. 8 and 9.
Obviously, these simulation results have verified the effective-
ness of the developed model-free integral PI algorithm.

Remark 3: In Figs. 1 and 2, one weight parameter is largely
dominated by the other one. While in Figs. 6 and 7, we can find
that the weight parameters have the same order of magnitude.
Selecting different activation functions may result in different
converged weight vector.

V. CONCLUSION

In this paper, a data-based online learning algorithm for
weakly coupled nonlinear systems is established. The opti-
mal control law is derived by the optimal controllers of the
reduced-order subsystems. We use the model-free integral PI
algorithm with an exploration to solve the HJB equations
related to the subsystems. We use the actor-critic technique
and the least squares method to implement the constructed
algorithm. The effectiveness of the developed optimal control
law is demonstrated by two simulation examples.

APPENDIX
PROOF OF THEOREM 1

Using the notation

V*

X

V;“xl + EV:Xl
z?V;“x2 + Vi“xz

and setting ¢ = 0, the HIB equation (6) can be rewritten
as (A1), shown at the top of the page, which consists of three
parts, i.e., HIB1, HIB2, and the last term which will be sim-
plified as HIB3 in (A2), shown at the top of the page. The
optimal control law u™(x) can be calculated as (A3), shown at
the top of the page. Then we have the expressions of uj (x1),
ui,(x), w3, (x), and u3,(x2) as in (7). According to the opti-
mal control theory, HIB1 = 0 is the HIB equation for the
subsystem 1

X1(0) = fii(x) + g (xpDu (t)

control
e HIB2 =

and the optimal

—(1/DR} 'g], xD)V7,
for the subsystem 2

law s wuf(x1) =
0 is the HJB equation

() = fo(x2) + g22(x2)u ()

and the optimal control  law  is

_(1/2)R2 gzz(x2) 2%

M§2 (x2) =
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To simplify the last term in (A1) besides HIB1 and HIB2,
we give the following equations according to (A3):

V:;gll(xl) + Vikxngzl(X) = —2u] (DR,
Vi g2 () + Vil g12(x) = —2u3] (0Rs
VTlegll(xl) = —2u}] ()R

Vilgn(x) = —2u3] MRy (Ad)

Based on (A4), we obtain HIB3 = 0 as (A2). To solve u},(x)
and w3, (x) from HIB3, we integrate both sides of (A2) from
t to 0o, and obtain

o
/ [VTXTI fr2@) + V30 H1(0) + VA fir(en) + Vf;fzz(xz)]df
t

o0
=2 / [uﬂ(xl)RluTZ(x) + b (x2) Ry (x) — xlTngz]dr.
t

Using V} (x), we have

Vi = / Vil fi2(o) + VAT for @)
t

+ VA (o) + V:;fzz(xz)]df

where V3 (x) = Vi (x) — 4 ftoo xInggdr with V3 (0) = 0. The
proof is complete.
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