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Continuous-Time Group Consensus Using Distributed
Event-Triggered Control
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Abstract— Group consensus has both positive and negative
communication weights, which is an extension to traditional con-
sensus problem. Additionally, distributed event-triggered control
has advantages over periodic control considering energy con-
sumption and communication constraints. Thus, it is important
to study group consensus using event-triggered control. Moreover,
by calculating the maximum and minimum of the corresponding
parameters, we can simplify the event-triggered function. The
implementation will validate the effectiveness of our distributed
control protocol.

I. INTRODUCTION

ULTI-AGENT systems have attracted a lot of attention

in recent years. Vicsek et al. [1] proposed a novel
type of phase transition in a system of self-driven particles,
which is the origin of nearest neighbour rules. Then according
to Vicsek’s model, Jadbabaie et al. [2] introduced nearest
neighbour rules into the multi-agent systems. For more details,
please refer to survey papers [3]-[6] and the references cited
therein.

Group consensus is one aspect in the extension of consensus
problems. In [7], Yu and Wang proposed a new distributed
control protocol with group consensus with finite switching
topologies and bounded communication delays. Then, Tan et
al. [8] relaxed the assumption such that the sums of adjacent
weights are identical. However, all the above papers focus
on the study of periodic control protocol, which is a serious
drawback when we consider energy consumption and commu-
nication constraints on wireless platform. Hence, distributed
event-triggered control is a suitable choice for solving this
problem.

Event-triggered control is designed to improve the efficiency
of control. Heemels et al. [9] gave an overview of event-
triggered and self-triggered control in recent years. Event-
triggered control in multi-agent systems is both conceptually
interesting because designing a distributed control protocol
based on event-triggered technique requires only relative infor-
mation from local neighbours [10], and practically interesting
because it can solve real-time scheduling problem excluding
the infamous Zeno behavior [11]. Nevertheless, the com-
munication weights in multi-agent systems using diswibuted
event-triggered control mentioned above are all positive, while
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group consensus takes negative weights into consideration.
Therefore, it is worth investigating group consensus using
distributed event-triggered control.

Motivated by the above discussions, this paper established
the conditions for achieving group consensus using distributed
event-triggered control. The multi-agent systems are modeled
containing two sub-networks. Moreover, the communication
weights between the two sub-networks are not simply zeros
but with balanced in- and out-degree.

The remainder of this paper is organized as follows. Basic
definitions of group consensus and algebraic graph theory are
given in Section II. Distributed event-triggered control for
group consensus is developed in Section III. Implementations
are conducted to validate the effectiveness of the developed
criteria in Section IV. Conclusion is given in Section V.

The following notations are utilized throughout this pa-
per: © = (z1,Z2,...,2Zn) € R and |z| = N
represents the Euclidian norm of vector z. A € R™*"™ and
||A|| represents its corresponding Frobenius norm.

II. BACKGROUNDS AND PRELIMINARIES

A. Algebraic Graph Theory

A triplet G = {V, £, A} is called a weighted graph if V =
{v1,v2,...,vn} is the set of N nodes, £ CV X V is the set
of edges, and A = (A;;) € RV*N is the NxN matrix of
the weights of G. Here we denote A;; as the element of the
ith row and jth column of matrix A. The ith node in graph
G represents the ith agent, and a directed path from node ¢ to
node j is denoted as an ordered pair (vs, v;) € £, which means
that agent ¢ can directly transfer its information to agent j. A is
called the adjacency matrix of graph G and we use the notation
G(A): Aij # 0 & (vj,v;) € € to represent the graph G
corresponding to A. In this article, we assume that G represents
an undirected fixed topology. Note that self-loops will not be
considered in this paper, ie., 4;; = 0,i =1,2,...,N. G is
called connected if there is a path between any two nodes of
G. Let

d 0 -~ 0
0 dy - 0
D= . . .
0 O dn

be the NxN diagonal matrix where d; = Zvj en; Aij and
N; = {v; € V|(vj,v;) € £} is the set of neighbour nodes
of node ¢,2 = 1,2,...,N. Then D is termed as the indegree
matrix of G. The Laplacian mawix is £ = D—.A corresponding
to G.



B. Group Consensus

Given the network with [V agents where x; € R™ represents
the state of the ith agent. In physical implementations, the state
of a node can represent the voltage or current of smart grid
[12], temperature of rooms [13], and attitude of unmanned
aerial vehicles [14], etc.

In this article, we assume that each agent has the dynamics
as follows:

&i(t) = wi(t), i=1,2,..., N, (1)

where x; € R. We investigate the case that agents in a network
can reach two consistent states asymptotically with event-
triggered distributed control.

Before proceeding, we introduce the concepts of group
consensus proposed in [7]. Suppose that the complex net-
work G contains N; + Ny (Ny, No > 0) agents consist-
ing of two sub-networks G = {V1,&;,A;} and Go =
{V2,&, A2}, where 2! = (z1,72,...,zN,)" and 22 =
(TN, 41, TN 42, ---»TN, 4N,) | Tepresent the states of G; and
Go, respectively. Thus, all the agents are divided into two
groups with communication between the two groups. Fur-
thermore, the whole graph is G = (V,&,.A) and the cor-
responding state is * = (z1,%2,...,TN,4N,) . Conse-
quently, denote the index sets of sub-networks by Z; =
{1,2,...,N1} and Ip = {N1+1,Ny +2,...,N1 + Na},
and denote the node sets by Vi = {vy,v2,...,vn,} and
V2 = (UN,+1)UN, 425 - - - UN, +N, ), Where Z = T; |JZ» and

= V;JVa. More specifically, the neighbour sets of the
corresponding sub-networks are Ny; = {v; € V1|(v;,v;) € £}
and Ny, = {v; € Wol(vj,v;) € &€}, where N; = {v; €
V|(vj,v;) € E} = N1y UNa, Vi € T.

A new distributed control protocol is proposed as follows:

(=% Agledt) o)
Z S Aijzi(t), Viel
wit) = e @
W2 - D Ayt - 20
2N Aye(t), VieT,
\ 'UjENli

where A;; > 0,Vi,j € T; and Vi,j € To; A;; € R,Y(4,5) €
E = {(i,5)li € T1,j € T} U{(4, )i € Tn,j € Ta}.

Definition 1: 1If the states of the agents in G satisfy the
following two conditions:

fim o)~ =0, Vijels ()
tll>rro10 lzi(t) — z;(t)|| =0, Vi,jes, “

then the multi-agent systems (1) are said to reach a group
consensus asymptotically.
Note that given the set

YT ={z1 =22 =

ITNi+1 = TN 42 = - -

. =Ny,
= $N1+N2}a

then T is a globally attractive and invariant manifold if the
group consensus can be reached. In what follows, we will

discuss the group consensus using distributed event-triggered
control protocol.

Definition 2 (c¢f. [7]): The communication topology G =
{G1,G2} of the multi-agent systems is consisted of N; + No
nodes. Given any % € Z;, the out-degree and in-degree of node
v; in G1 to Gy are defined as follows:

N1+N2

Z A]z,dln v17g2

j=N1+1

Ni1+N2

>, Ay

j=N1+1

Given ¢ € Iy, if di, (vi, G2) = 0 and dout (vi, G2) = 0, then we
say v; € V) is in-degree balanced and out-degree balanced
to Ga, respectively. Similarly, given ¢ € Ty, if din(v;,G1) =0
and dout(vi,G1) = 0, then we say v; € Vs is in-degree
balanced and out-degree balanced to G, respectively. Fur-
thermore, if all nodes in G;(G2) are out(in)-degree balanced
to G2(G1), we say that G1(G2) is out(in)-degree balanced to
G2(G1), and vice versa.

We use L to represent the Laplacian matrix of the commu-
nication topology G, where £ = (I;;) € R(N1+N2)x(Ni+N2)
is defined as follows:

dout (Uz , g2

— Ay, i

li; = NigNe .

/ Aik, J=1.

k=1,k+i
Suppose £ has a block form
L1 L2

9= 5
[ Lo1 Lo ] ©)

where £1; € RV1XN1 and Lo9 € RY2XN2 then the multi-
agent systems (1) with u; given in (2) is equivalent to the
following form:

.i‘l (t) = — Elll‘l — £12.’132;
i?(t) = — Lorz' — Log2?,

©)

where L12 = Lo;. Before we establish our main theorem, we
introduce Assumption 1 and Lemma 1 that will be utilized in
the subsequent section.

Assumption 1: Considering the balance of the two sub-
networks G; and G2 mentioned in Definition 2, we propose
three assumptions for the convenience of later proofs as
follows:

Ni+Na
j=Ni1+1
N
(A2) E .Aij =0,V: € Io;
j=1
(A3) (z) L1222 is in the form of (z;, — 25,)(Ti, — Tj,),

where (i1,71) € & and (i2, j2) € &a.

Lemma 1 (cf. [15]): With Assumptions (Al), (A2) and
distributed control protocol (2), the multi-agent systems (1)
can reach the group consensus asymptotically if and only if
(i) L has only two simple zero eigenvalues while the others
have positive real parts;

(ii) £; and L, are in-degree and out-degree balanced to each
other.



III. DISTRIBUTED EVENT-TRIGGERED CONTROL FOR
GROUP CONSENSUS

Each agent will update its own control input wu;(t) at event
times decided by information from itself and from its neigh-
bours. We denote these event times by ¢}, t4,...,ti,...,Vi €
T. Defining the error measurement function for agent ¢ as

£i(t) = z;(th) — z4(¢), @)

The distributed control protocol (2) can be written in the form
of

teth,thiq),k=0,1,....

(- X Ay(m(ty) —z(E,)
UjENn . ®
— E Azjlg( I—c(t))’ V’iEIl;
wi(t) = vy N | ®)
' - X Aylm(ty) - 2i(t,,)
v;EN2; . )
- Z .A,;j.’l?]‘(t% " ), Vi € T,
\ vjENu ®
where k(t) £ arg min t} and t- is the latest
heN: t>t] k(t)

event time of agent j within ¢ € [t},t} ;). Suppose Lz £

T
q=(q1,92,---,qN:+N;) - Then, qi(t) = >0 Asj(zi(t) —
V;EN;
z;(t)), Vi € I. We introduce a notation |[N/| = 3 A;j to
v;eN;

simplify the expression of the following proof.

Theorem 1: If G is undirected connected graph with Lapla-
cian matrix £ which is satisfied with the condition (i) in
Lemma 1, then with the Assumption 1, given the multi-agent
systems (1) with the distributed control protocol (8) and the
distributed event-triggered mechanism

(1) = o™i 2p),

7m ax

C))

the multi-agent systems (1) can asymptotically reach group
consensus. In addition, & € (0,1),Bmin = min{l =

AN} Ymax = max{[N| /c} and c € ﬂ (0, 1/IN*‘I)
Proof: From Assumptlon (A1), we know that
Z .Aij = O,Vi (S I1,
v; ENg;
then the first part of control protocol (8) can be rewritten as

Z Aij(zi(te) — (ti(t)))

vj eN1;

> AT (t%(t))

v; ENa;

> Ay(ailte) -

vj EN”

> Ai(wi(te) —

J
vj €N,

=— > Ay(mi(ty) -z

v; EN;

z; (t%(t)))

j(ti(t)))a
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Vi € Z;. Similarly, the second part of control protocol (8) can
be rewritten in the same form. Thus,

T4(t) = us(t)

S Z Aij(zi(th) — xj(ti(t)))
v;EN;
== > Aiy(=i(t) —z;(1)
v; ENG
- Z Aij(ei(t) —g5(t)), Vie T (10)
v; EN;

Furthermore, we rewrite (10) in a compact vector form as
&(t) = —Lx(t) — Le(t). (11)

We choose a Lyapunov function for the closed-loop system as
follows:

1
V= EmT[,ac.
Then,
V=2"Li=—2"LLz+¢c)=—q"q—q Le.

Before proceeding, we introduce a basic inequality

1
Irs| < §r2 +5:6% TERSERYe>0  (12)
c
to better demonstrate our following proof.
V=-3> ¢- DY Ayailei— <)
€T i€T v;EN;
Y- Y At XY Avney
i€T i€T v;EN; i€L v; EN;
1
2 2
<=2+ X Au(5i+52)
€T i€T v;EN;

+> ) A ( 2+%5§) (cf. (12))

i€T v;eN;

1
== g +e) INa + o >IN e
zEI 1€ET 1€ET
FAS Y At
zEI v;eN;

Due to the symmetry of L, the last term above can be rewritten

as
32 X Auch =30 3 Auet =5 SN
i€T v;EN; €T v;eN; i€T
Therefore,
V< -3 - dnApg + 3
(&

i€T i€T
Consequently, in order to enforce V <0, we suppose that
a € (071)7ﬁmin = mll’l{l - C|N5A|}77max = ma,x{|N{4|/c}
i€L €T
and ¢ € () (0,1/|NA|). Then if
i€T

e2(t) < a Prnin @2(t), Vi €T,

K3
’Ym ax

13)



we can obtain that

. N.A|
< _ _ A ,2 |_% 2
V<> 1—dNME + ) o Ei

i€T ieT
NA ﬂmin
< =3 Brsna? + 3 2 o Fmin
<=3 Buin@+ 3 Tmarar 2 g2
ieT i€T max
= (a - 1) Zﬁmin%’z
i€l
< 0.
Moreover,
1
V= EazTﬁaz
_ 1 T o\ T £11 £12 xl
—El@:) @) ] e
1

= 5 ((xl)TﬁllfL’l + ((172)T,C22$2 + 2(x1)T£12x2) . (14)
Owing to the fact that £ has two zero eigenvalues and the rest
are with positive real numbers, without loss of generality we
denote the spectrum of £ by A(L) = {A1, A2, .., ANy +Na
where A\; = 0, A2 = 0. In addition, G is undirected. Thus,
A3, A4y .5 AN, +N, are all positive real numbers. Therefore,
L can be diagonalized with a mawix U € R(N1+N2)x(N1+N2)
ie.,

A 0O e 0
. 0 g - 0 .
c=uT| . U=UTDU.
0 0 /\N1+N2

Thus, V can be rewritten as
N1+ N3

— U _lorp 1 52 >
V =5 (Uz) D(Ux) = ;&' DE = 5 ; NE2 > 0.

N —

Considering the form of (14),

T 1
(.CL'I) Ellxl = 5 Z .A”(xz — xj)z (15)
(iyj)egl
and 1
T
(1172) £22I2 = 5 Z .Aij (-'L'z — CL‘j)z (16)
(7'7.7)682

are both in quadratic form. In addition, with (15), (16), (A3)
and condition (¢) in Lemma 1, 2(3:1)T£12932 is in the form
of (z;, — x;,)(xs, — T;,), which can be transformed into the
form of [(z;, — z;,) + (xi, — xj,)]%, where (i1,51) € &
and (iz,j2) € &2. Therefore, with V(t) < 0, V(¢) is in the
quadratic form subject to tlggo z(t) € T defined in Section IL
Furthermore, Y is a globally attractive and invariant manifold.
Therefore, group consensus can be asymptotically reached
with distributed control protocol (8) and decentralized event-
triggered mechanism (9). |
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TABLE I
ALGORITHM FOR DECENTRALIZED EVENT-TRIGGERED CONTROL

Step 1:  Given the initial conditions with z(¢0) = o, to = 0

and the communication topology G, where o is the

initial state of the multi-agent systems.

Choose the appropriate parameters ¢, @, Bmin and Ymax

according to the given initial conditions.

While |e;(t)| > € for any ¢ € T where € € R is the

given bounded error, goto Step 4. Else goto Step 6.

If e2(t) < afjm—“‘qf(t), Vi € Z, then u;(t) =

max )

— > Ay(zi(ty)—z; (t?.c(t))) and goto Step 3. Else
v'ENi

gotcj) Step 5. ‘ '

Suppose at t = ti,, for any i € I, €7 (thq) =

Step 2:

Step 3:

Step 4:

Step 5:
o= G2 (th,1). Then th = thy, where £i(th,,) =
0, and all the agents j € N; U ¢ update their control
protocols u;(¢). Goto Step 3.

Terminate the algorithm.

Step 6:

Fig. 1.

Topology of six agents

IV. EXAMPLES AND PERFORMANCE ANALYSIS

Given the multi-agent systems with six agents and the
communication topology in Fig. 1. Agents 1, 2 and 3 are in
one group, while agents 4, 5 and 6 are in another group. Then

3 -2 -1 1 -1 0

-2 5 =3 -1 1 0

L, = -1 -3 4 0 0 0
1 -1 0 3 =3 0

-1 1 0 -3 5 -2

0 0 0 0 -2 2

The eigenvalues of £, are A\; = A2 = 0,\3 = 2.15,\y =
3.92,A5 = 6.70 and \g = 9.23, which are all positive
real numbers. zg = (—8,9,—10,6, —2,11)T,c = 0.1,a =
0.5, Bmin = 0.5 and ymayx = 50. In Fig. 3, it can be seen that
the distributed event-triggered control requires fewer control
updates than the periodic control in Fig. 2. Furthermore, each
agent updates on its own triggering time in Fig. 3. In Fig. 4,

le5(t)lmax = 1/ 0Bmin/Ymax|q5(t)|, it illustrates that |e5(¢)|

will not exceed the boundary of |e5(t)|max in dot line.

V. CONCLUSIONS

This paper establishes a distributed event-triggered control
protocol for group consensus. A distributed event-triggered
function is developed to activate the control input. By cal-
culating the maximum and minimum of the corresponding
parameters, the event-triggered function can be simplified



Fig. 3.
control

States of six agents

Fig. 2. Group consensus of six agents using periodic control

States of six agents

Timels

25

Group consensus of six agents using distributed event-triggered

25

Error value
o

0.5

leg(0)l
- lSS(t)Imax

Fig. 4. Error trajectories of agent 5

25
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to reduce memory allocation for control system. In future
work, we will focus on the situations with switching topology
and time delays, which are more appropriate to the physical
implementations.
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