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Fig. 3. Examples of detection performances with different change types:

(a) abrupt and (b) drift changes. (c) and (d) Detection results, the blue line
refers to the estimated LSDD values; and the red dotted line is the threshold.

A change is detected once an LSDD value is above the threshold.
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Fig. 4. Real FP rates versus the expected FP rates over different experiments.
Lines represent the results with different (n, m) sizes. In the abscissas we
have the expected FP value, on the ordinates the real computed FP rates.
(a)-(f) D1-D6.

works on a nonstationary dataset where p(x) # g(x). Finally,
the real FP rate is computed on the first test, as the ratio of
FPs on M; tests, while the FN rate is experimentally assessed
on the second experiment as the ratio of FNs.

In order to show the effectiveness of self-adaptive thresh-
olds and the influence on FN rates, various combinations of
sizes n',m’ > 100 are considered during the test phase. The
new threshold 7).~ is derived according to (20). In this exper-
iment, M; is set to 2000, the predefined FP rates belong to set
{10%, 2%, 1%, 0.2%, 0.1%}, and sizes n’, m’ to {100, 200}.
Experiments are repeated 200 times to compute averaged FP
and FN rates.

Results are shown in Figs. 4 and 5, respectively. Each
subfigure in both figures shows the results on each applica-
tion: (a)-(f) D1-D6 in Fig. 4; (a) D2, (b) D3, (c) D5, and
(d) D6 in Fig. 5. In the two figures, the abscissas refer to
the predefined FP rates, while ordinates refer to averaged FP
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Fig. 5. Real FN rates under different predefined FP rates. Lines represent
the results with different (n, m) sizes. In the abscissas we have the predefined
FP rates, on the ordinates the real computed FN rates. (a) D2. (b) D3. (c) DS.
(d) D6.

[

and FN rates, respectively. Lines represent results with differ-
ent (n, m) sizes. Since drift changes in applications D1 and
D4 are with different change rates, we do not record their
FN rates.

As shown in Fig. 4, the real FP rates with n,m = 100
are close to the predefined ones, situation which indicates
that the proposed method is effective in controlling the FP
rates. Moreover, the FP rates with sizes n(m) > 100 are
much smaller than the predefined values with n = 100, which
yields to the expected conclusion that a larger window size
helps to achieve lower FP rates. Results with cases (100, 200)
and (200, 100) are similar and the corresponding lines
overlap.

In Fig. 5(a) and (b), lower FP rates correspond to higher
FN rates when the two distributions Iy, and ITy, overlap,
which can be verified in Fig. 1. When changes are significant,
the FN rates stay at zero as shown in Fig. 5(c) and (d).

F. Change Detection Performance

In this section, we compare the LSDD-Inc detection method
with existing methods. Two different window sizes with n =
m = 100 and n = m = 200 are applied to all methods, and dur-
ing the test phases with LSDD-Inc and LogKStest, we update
the reference Z, with the whole training set, i.e., n = N,
For LSDD-Inc2, n = m = 100 during the training phase and
n = N;, m' = 200 in the test phase. The detection performance
is shown in Table II; ND represents not detected.

In order to show performances of different methods, we
apply statistical tests on the detection accuracy [Acc(%)].

For instance, the Friedman test verifies the significance of
differences [37]. The test ranks the jth method for application
Di rl-j performance (1 is the best method). Ranking results are
given in Table III, where average ranks are assigned in case of
ties. The ranks for each method are averaged R; = (1/7) ) rl-j
to compute the statistics

Fr=1151

where Fp satisfies an F-distribution with 9 and 54 degrees
of freedom. However, the critical value of such a distribu-
tion F(9,54) with confidence level « = 0.05 is 2.0585,
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TABLE 1T
CHANGE DETECTION PERFORMANCE ON DIFFERENT APPLICATIONS

LSDD-Inc LSDD-Inc2 LSDD-CDT LogKStest HDDDM H-ICI
Sizes | n,m 100 200 2x100 100 200 100 200 100 200
FP(%) 12 11.6 0.2 56.2 432 924 722 98 46.6 0
FN(%) 0 0 0 0.2 0 0 0 0 0 0
Acc(%) 88 88.4 99.8 43.6 56.8 7.6 27.8 2 53.4 100
DI Del 1185.37 1096.1 1684.39 152699 | 135393 | 1121.11 | 1121.08 362.5 1325.52 1783.58
(372.56) | (317.68) (299.78) (78272) | (523.05) | (655.86) | (718.53) | (199.55) | (738.36) | (241.13)
CT(s) 231 3.86 2.65 20.42 28.09 5.46 11.84 0.01 0.0098 0.2
FP(%) 5.6 5.6 0 70 60.2 94.4 82.6 69 1.2 0
FN(%) 0 0 0 0 0 0 0 0 298 100
Acc(%) 94.4 94.4 100 30 39.8 5.6 17.4 31 69 0
D2 Del 73.85 97.38 146.56 52.59 83.02 43.61 58.76 562.24 2127.7 ND
(11.22) (11.68) (12.75) (13.24) (14.68) (14.23) (1582) | (436.99) | (1011.3)
CT(s) 1.8 3.46 1.87 16.99 26.49 8.39 19.45 0.085 0.065 0.35
FP(%) 16.6 112 0.2 55.8 40.4 932 72.6 97 26.6 0
FN(%) 0 0 0 0 0 0 0 0 17 99.6
Acc(%) 83.4 88.8 99.8 442 59.6 6.8 27.4 3 56.4 0.4
D3 Dol 66.4 90.11 130.27 67.67 90.98 38.74 57.62 746.67 1785.8 1690
(9.04) (13.59) (12.25) (13.02) (19.78) (9.88) (23.9) (4454) | (1037.47) | (127.28)
CT(s) 1.64 2.96 1.75 19.91 31.63 6.11 13.73 0.018 0.016 0.19
FP(%) 13.8 10.4 0 ) 414 94.6 37.8 95.4 226 0
FN(%) 0 0 0 0 0 0 0 0 6.2 0
Acc(%) 86.2 89.6 100 47.8 58.6 5.4 122 4.6 71.2 100
D4 Dol 1587.87 1238.1 2324.7 1682.02 | 1321.43 353.19 405.7 1038.1 1580.81 1616.7
(514.55) | (347.63) (329.36) (751.34) | (512.02) | (190.89) | (170.58) | (629.66) | (996.19) (221.1)
CT(s) 1.96 32 2.29 17.23 27.83 6.12 13.14 0.018 0.016 0.29
FP(%) 14.2 9.8 0 54.6 39.4 924 76.2 91 134 0
FN(%) 0 0 0 0 0 0 0 0 0 0
Ace(%) 85.8 90.2 100 454 60.6 7.6 23.8 9 86.6 100
D5 Dol 29.47 4225 57.61 28.86 41.15 20.82 31.61 100 200 146.56
(6.27) (7.96) (8.47) (6.98) (9.11) (6.57) (8.87) (0) (0) (8.57)
CT(s) 1.68 2.92 1.76 18.65 30.73 6.72 13.92 0.026 0.017 0.24
FP(%) 17.2 12 0.4 54.2 41.8 - - 98 66.4 100
FN(%) 0 0 0 0 0 - - 0 0 0
Acc(%) 82.8 88 99.6 45.8 58.2 - - 2 33.6 0
D6 49.11 68.8 96.66 29.09 40.92 - - 100 200
Del ND
4.81) (6.89) (6.29) (4.08) (5.7) - - (0) (0)
CT(s) 1.57 2.76 1.68 9.9 17.5 - - 0.022 0.018 0.056
FP(%) 99.2 65.6 0 67.6 55.8 81 78.4 100 0 0
FN(%) 0 0 0 0 0 0 0 0 0 0
Acc(%) 0.8 34.4 100 324 442 19 21.6 0 100 100
D7 Dol 75.25 80.99 123.58 52.79 72.34 19.48 19.75 D 3000 3568
(0.5) (1.87) (9.02) (7.01) (9.28) (1.57) (3.43) (0) (0)
CT(s) 0.78 2.46 1.78 17.23 29.02 7.85 16.26 0.027 0.032 0.21

which is much smaller than Fr. Therefore, the null hypoth-
esis is rejected, which means these detection accuracies are
significantly different.

Then, we considered the Nemenyi test. The test investi-
gates the differences between averaged ranks and the critical
difference (CD)

CD = 5.1205.

However, most of the differences between R;(j =1, ..., 10)
are smaller than CD, which rejects the hypothesis about
significant difference. Here, we can claim that LSDD-Inc2 sig-
nificantly outperforms LogKStest, whereas no such conclusion
can be confirmed for tests LSDD-Inc2 and LSDD-CDT.

We further conducted a pairwise comparison with
the Wilcoxon Signed-Ranks Test. The method ranks the

differences in accuracy of two methods for each dataset, and
computes a statistic z, where the null hypothesis is rejected if
z is smaller than —1.96 at confidence 0.95 [37]. It should be
noted that for fair comparison, only different methods with the
same window sizes or the same methods with different sizes
are tested in pairs. Those above average rank 5.5, are removed
because of their poor performance.

Results are shown in Table IV, where 1 indicates the rejec-
tion of the null hypothesis so that the compared methods are
significantly different, 0 means nonrejection and * says that no
comparison can be carried out. We can conclude the following.

1) H-ICI shows no significant detection performance dif-

ferences when compared with other methods.

2) LSDD-Inc2 is significantly better than other methods

except H-ICI.
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TABLE III
COMPARISON ON DETECTION ACCURACY: FRIEDMAN TEST

r | LSDD-Inc | LSDD-Inc2 | LSDD-CDT | LogKStest | HDDDM | H-ICI
n,m | 100 [ 200 | 2x100 | 100 [ 200 | 100 | 200 | 100 | 200
Dl | 4 | 3 2 7 5 9 | 8 |10 6 1
D2 | 25|25 1 7 5 9 | 81 6 | 4 10
D3| 3 | 2 1 6 4 8 | 719 |5 10
D4 | 4 | 3 1.5 7 6 9 | 8 |10 5 1.5
D5 5 | 3 1.5 7 6 10| 8] 9| 4 1.5
D6 | 3 | 2 1 5 4 9 | 91| 716 9
D7 | 9 | 5 2 6 4 8 | 7 110 | 2 2
R |4.36|2.93 1.43 6.43| 4.86 |8.86|7.86|8.71|4.58| 5
TABLE 1V
PAIRWISE COMPARISON: WILCOXON SIGNED-RANKS TEST
Inc.t Inc2.? | LSDD-CDT | HDDDM | H-ICI
100 | 200 | 2x100 200 200
Ine. |_100 * 1 1 * * 0
200 1 B 1 1 0 0
Inc2. 1 1 i 1 1 0
LSDD-CDT | * 1 1 * 0 0
HDDDM i 0 1 0 * 0
H-ICI 0 0 0 0 0 *

1.Inc. is short for LSDD-Inc; 2.Inc2. is short for LSDD-Inc2.

3) Methods with larger window sizes, i.e., n = m = 200,
outperform those with smaller ones, as expected.

4) Given the same window sizes, LSDD-Inc works signif-
icantly better than LSDD-CDT and LogKStest, but only
slightly better than HDDDM.

It can be concluded that LSDD-Inc can detect changes
more accurately than H-ICI and other methods when apply-
ing the same window sizes, and enlarging the test set Z; will
improve the detection performance with smaller FP rates, like
LSDD-Inc2.

LogKStest shows the worst performance with the highest
FP rates, although it reports a contained latency. Moreover, it
can not deal with applications with categorical features, i.e.,
discrete values, because the estimation of pdfs with GMM fails
to converge. In other cases with continuous pdfs, increasing
sizes n, m will reduce the FP rates but cause larger detection
delays.

HDDDM demonstrates similar performance as LogKStest
especially with small window sizes, whereas it does not limit
the attribute types. With the increase of n and m, the FP rates
decrease, while the FN rates and detection delays unexpectedly
increase. This mainly results from the inappropriate updating
of the reference set. The data set has to be large enough to
perceive the difference. In this case, if changes are not detected
timely, nonstationary instances in Z; will be removed into Z,
which may change the underlying pdf of the reference set.

H-ICI has the highest accuracy in some applications, but it
fails to detect changes in multidimensional applications (D2-3)
and application with categorical features (D6).

The LSDD-CDT presents acceptable results. However, since
the reference set Z, is almost fixed with only n samples, the
FP rate appears to be high. Furthermore, the execution time

is high because of the exhaustive computation of deriving @)
and h with (n + m) samples each time.

LSDD-Inc shows excellent performance with accurate detec-
tion in most applications. The detection delay is smaller than
other methods when dealing with abrupt changes, and com-
parable when detecting drift ones. It also shows that with the
increase of window sizes, the delay decreases in the drift cases,
whereas it increases in the abrupt ones. This happens since in
the drift case, more nonstationary samples in Z; help to reveal
the differences between Z, and Z, earlier. However, in the
abrupt case, a larger window includes more stationary samples
which lowers the differences. LSDD-Inc fails in application D7
where a small fluctuation occurs before the artificial change.
The problem can be solved by considering a larger window
size. In addition, thanks to the incremental computation, the
execution time reduces compared to LSDD-CDT.

LSDD-Inc2 provides the highest accuracy. Thresholds 7.~
with n' = N,, m" = 2m contribute to reduce the FP rates as ana-
lyzed in Section III. FN rates are O in all the applications, since
distributions ITy, and ITy, of estimates Di weakly overlap.

Even if H-ICI works perfectly in 1-D applications with con-
tinuous data, LSDD-Inc and LSDD-Inc?2 tests outperform other
methods.

VI. CONCLUSION

In this paper, we propose an incremental change detection
algorithm based on the LSDD method (LSDD-Inc). We prove
that in stationary conditions, the estimate lA)i with fixed ker-
nel centers is distributed as a linear combination of k(k + 1)
nonindependent noncentral Chi-square distributions. We pro-
vide a theoretical bound between the window size and FP rate,
which permits the test to adapt the window size to improve
detection performance without the need to retrain. During the
training phase, a bootstrap-based distribution is considered to
approximate the real one, and thresholds are derived accord-
ing to the desired FP rates. When the window sizes increase,
new thresholds can be determined directly from already avail-
able estimates. For online detection, we also estimate Di
incrementally.

Comprehensive experiments show that the proposed method
LSDD-Inc provides good performances in terms of promptness
and accuracy.

APPENDIX A
CHOICE OF THE REGULARIZATION PARAMETER A
Properties of Matrix H

As shown in (5), H is a real symmetric matrix. As such:

1) H can be decomposed as H = VEVT, where V is an
orthogonal matrix and X is a diagonal one;

2) all the elements on the diagonal H;;(j = 1,...,k) are
equal to (naz)d/ 2. Furthermore, H;; = max(H) >
min(H) > 0, where max(H) and min(H) describe
the maximum and minimum values of elements in H,
respectively.
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Given any nonzero vector Z = {z;,j =1, ..., k}

k k
ZTHZ = Z ZZiZjHi,j

i=1 j=1

k k
> min(H) Z Z ZiZj

i=1 j=1
X 2
= min(H) (Z zi> >0
i=1
and matrix H is positive definite.
Write the diagonal matrix X as

Tk
where without loss of generality r| > rp > --- > r; > 0. We
kd/2
have that riry---ry = |H| < (mo?) / , and Z?:l ri=k.

Two Equivalent Expressions

From (9) and (10), the two equivalent expressions can be
expressed as

D¥p.q) =h"® =h"(H +1)""h
Di(p,q) = OTHO = T (H + A1) THH + 21)"'h.

Since (H 4+ AI) could be decomposed as VX, VT with ¥; =
¥ 4 Al, we transform the two expressions as

Dip,q) = hTve Wl

D3, q) =h've'sx
where
_1
ri+A |
2;1 — A
_1
rr+A
Il
(r+0)?
)
z;lzz;l = (ra+1)?
Tk

(re+2)?

When A > 0, (1/ry) > [1/(ri + A)] [ri/ ((ri + 1)? )] >
0,i=1,...,k, where (1/r;) is the ith elgenvalue of H='. We
can therefore conclude that D%(p q) > D? >, q) > 0.

Choice of Parameter A

[A)%(p, q) and ﬁ%(p, q) can be weighted with parameter a to
reduce the bias introduced by A as

D2, q) = ah"® + (1 — ) OTHS.
We have that
1
ﬁ
D2p,q) =h"v 2 vih  (23)

>l
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where (1/7) = [(ri + ar)/((r; + 2)%)] and its derivative with
respect to A is

1
d(?_i) . (a—2)ri —ar
v (ri+n?
In addition, the ratio between the original eigenvalue (1/r;)
and the new one is

1 +4)2 2 —ayrih 4+ A2
=_szl+%' (25)
ri ri+aki ri(ri + ai)

(24)

P |3 =

From (24), when 0 < a < 2, the derivative is smaller
than O, which indicates the decreasing property of the new
eigenvalues. The right-hand side of (25) is greater than 1 so
that (1/r;) > (1/7;). Thus, with the decrease of A, the value
of (1/7;) increases and approaches (1/r;), i.e., the smaller A
the smaller the bias.

By expanding (1/7;) with Taylor

1 1 (@—=2r (Qa—3)A2
== 2 3
ri ri ri ri
(na— (n+ 1))A"
4o (=D S +R,(A)  (26)
A

when 0 < A < 1, the setting of @ = 2 could eliminate the
influence brought by the low-order terms of A. Finally, we have

D}(p.q) =2h"® — OTHO

and (1/7) = [(r; + 20)/((r; + 1)?)] where (1/71) < (1/#2) <
< (1/f) < @2/M).
On the other hand, X is required to control overfitting which
is essential to avoid the singularity of H. A method to control
the RD between LA)% and f)% has been proposed in [23]

We-o'He _ ©'HO
hT® hT®
that the largest A (A < 1) with corresponding RD smaller than
a given constant is selected.

RD =

APPENDIX B
PROOF OF THEOREM 1
D? (D, q) can be represented as D2(p q) = hTH h =
k
=

A ZJ IHMU)hh with H; ! _V(zz—1 2_122_1)VT
hihy = (1/4)(h; + hj)* — (1/4)(h; — h;)? with
PO 1<
hithi =~ ) (¢ ci) + (5.0 1))
=1
1 m
= > (el ) + 0l )
=1
R R 1 n
hi —hj = — (W(xp,l’ Ci) - ﬁ"(xq,l’ C./‘))

—¢(xq1, ¢))

where @(x.ci) = exp(—[(lx1 —cil13)/20?]). Assume
©xp,1, i) + ©(xp 1, i)y OXg1, €i) + @(xg.0, ¢j)s ©(Xp1, Ci) —
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©(xg,1,cj), and @(xp 1, ¢;)) — @(xg1, ¢j) follow distributions
with the means and variances as (up,j+, ij+) (uq,ﬁ, i)
(upij—, pu—) and (ugjj—, ql]_) respectively. The central limit
theorem guarantees that, when n and m are sufficiently large,
the following terms converge to Gaussian distributions:

82
o Z x,, I Ct + (p(x,, L CJ)) 4 N(“’Pij'i" %)
52
- Z N(Mql]+s i;{f)
8.
2l o 25)
4 52..
i
~ Z ¢ (p.1. i) = (Vg ¢j)) = N(Mqij’ %)

Considering the case with fixed kernel centers {c;,i =
1,...,k}, matrix H as well as H;l are fixed. In this case,
since variables x, and x, are independent and the exponen-
tial functions are measurable, fii + flj and fzi — lij also follow
gaussian distributions:

)
m

n m
Therefore, (h; + hj)?/([(82;,)/n] + [(82;,)/m]) and (h; —
fzj)z/( (8211+)/n] + (82U+)/m ) are noncentral Chi-square dis-
tributed with 1 degree of freedom. Since we have established
the preliminary results, the proof of Theorem 1 is as follows.

Proof (Theorem 1): hihj = (1/4)(hi+hj)>—(1/4) (hi—hy)? is
distributed as a combination of two nonindependent noncentral
Chi-square distributions.

Following the symmetry of matrix H, we have (H, hr =
2H+AD)T —(H+AD"HT(H+ 1D~ = H; ' so that H; !
is symmetric.

As a consequence, D%(p, q) = Zl 1 ZJ 1 Hy j)h lA1j is dis-
tributed as a linear combination of k(k + 1) nonindependent
noncentral Chi-square distributions.

I~

quvcl -I-(D(xqz,c]))

I~

xp b c, - (xq.lv Cj))

82

d “pij+

hi + hj — (Mpt]+ - Kgij+> ——

~

~ d
hi —hj = N (Mpij ~ Haij—

APPENDIX C
PROOF OF THEOREM 2
Expectation With Finite Samples

Based on the analysis in Appendix B, we compute the
expectations

£{(i)) = (i) + i)

2 2

pij+ qij+ 2
===+ = =+ (i — 1)
~ A\ 2 ~ ~ ~ ~
E((h, — hj) > = D(h,' + hj) + Ez(/’l,' + hj)
2. 32~~

Pij— qij— 2
—_— + P, + S o
" m (“pt/ Hqij )

~ A\ 2 1 ~ AN\2
(h ) - —E((hi +h,») ) - ZE((hi —hj) )
1 8[71]"1‘ 8§ij+ 2
=W+ )+ (i — i)
8% 82
piji— qij— 2
- ( + _) = (i~ — 1tgii-) )

n m

Proof [Theorem 2 1)]: When x,, and x, are generated from
the same distribution, i.e., under Hy with p(x) = g(x), we have

2 _ 52 2 2 oy L
Spijr = Sqijs Spij— = 0gii—s Mpij+ = Haij+> and Upij— = Ugij—-
Therefore

Eg, (Di(p, 61)) = Xk: ZHMiJ)E(i‘ hi )

i=1 j=1

S PITHCHIEES

i=1

which shows that by increasing sizes n and m, the expectation
values of estimated LSDD values under Hy decrease. When
H; holds, i.e., p(x) # q(x)

Ep, (DA ,2\([?, q))
82, 82,
pij+ qij+ 2
=12 2 2 A(t/)(( + ) + (kpij+ — Hgipt)

i=1 j=1
52.. 52..
Pij— qij— 2
- < n + m ) = (i~ = 1gij-) )

which indicates in the nonstationary conditions, the expecta-
tion values of Di also decrease with the increase of n and m.
Proof [Theorem 2 2)]: The difference

En (D%@, q>) ~ Eny(D30.9))

— 2 2 2
2 ZZ k(u)( ( qiit — Spijr — Ogij— T Spyj )

ll]l

2 2
+ (pii+ — trgii+)” = (Mpij— — Iqij-) )

27)

which is independent of n, but on m only. In other words,
En, (bi(p, q)) decreases with the increase of n, whereas the
difference between the expectations under Hy and H; is fixed
no matter how n varies.

Deviation Bounds for Tests With Finite Samples

In order to obtain the upper bound of the difference between
Dz(p q) and its expectation E(D (p, @)) under both hypothe-
ses Hyp and Hy, we apply the McDiarmid bound [38], [39] on
the estimate Di(p, q).

Proof [Theorem 2 3)]: Let n + m independent vari-
ables xp.1,...,Xpn, Xg.15 - ., Xg,m sampled from some set A,
and assume that Di(p, Q) = fOp1, o Xp s Xg1s -5 Xgm):
A™" — R. Changing either x,, ; or x,; in f results in changes
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of h of at most (1/n) or (1/m). We first consider the case with
h =h + (1/n), and —1 <hl,h’ <1

sup
Xp,1seer

‘bi(p, 9) — D p. q)(

qu,m»)%p,l

ST p—13 AT —17
= W = WTH W

kK k
= |22 2 Hyiphihy
i=1 j=1
k k 1 1
-2 A(u)( ><h1+;>
i=1 j=1
- ko k 2, -
=202 Skt + —Hig,
i=1 j=1

IA

2 k k R
w2 2|l

i=1 j=I

k Kk
1
—1 —1
H/\(i,j)‘ + 2 iy
i=1 j=1

H, ! can be expressed as

1
71 :
H'=vV A 1% (28)
1
Tk
and H/\(:/) Zle (1/7)Vi;Vj;. Since V is an orthogo-
nal matrix, it is obvious that (1/7)) < H;(” < (1/?’k),
i=1, , k. We then estimate the bound of Hl(z K
ko )
oy + Higpy +2HG, =D ?_I(Vivl + Vi)
=1
k
1 2 2
— V: Vi —
< A Z( il + ,,1) P,

Il

1

—1 1 2
Hi oy + gy + 2Hig ) > (Vi +Via)" =

| =
-

)

=1

Therefore, (2/71) < Hy; l)+H;(”)+2H;(”) < (2/%), and we
can derive that | Mu)' < (I/r) — (1/7) < (/7)) < (2/A).

In addition

ko k ko[ & 2
2D M = Vi
i=1 j=1 i=1 "' \j=1
|k k 2
<R\
i=1 \j=1
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The upper extreme satisfies

sup ‘bi(ll 9 - D} p.q)
xp.1,~.-,xq,m»5€p,l
2k2 + 1 2k 2k(2l’lk—|— 1)
n oA 25 n2i ’

The same procedure can be applied when considering }Az; =
h; + (1/m), and we obtain

A A 2k(2mk + 1)
sup - 1D7(p,9) = D2, )l < ———.
Xp, 1w XgmiXg,l m
Consequently, according to McDiarmid’s

Inequality [38], [39], for any € > 0, we have
Pe(|02 . 9) — E(D3 . 0)| = €

<exp| —

€2)\2

4K2 (2nk+1)* + 4k2 2mk+1)°
113 m3
where Pr denotes the probability over n samples with pdf p(x)
and m with g(x).
The inequality reveals some properties:
1) with the increase of sizes n and m, the deviation bounds
decrease;
2) alarger A or a smaller k (less centers) will bring a larger
deviation bound;
3) without adding other restrictions, the above inequality
applies to both cases under Hy and H;.
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