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Event-Triggered H∞ Control for Continuous-Time
Nonlinear System via Concurrent Learning
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Abstract—In this paper, the H∞ optimal control problem
for a class of continuous-time nonlinear systems is investigated
using event-triggered method. First, the H∞ optimal control
problem is formulated as a two-player zero-sum (ZS) differential game. Then, an adaptive triggering condition is derived
for the ZS game with an event-triggered control policy and a
time-triggered disturbance policy. The event-triggered controller
is updated only when the triggering condition is not satisfied.
Therefore, the communication between the plant and the controller is reduced. Furthermore, a positive lower bound on the
minimal intersample time is provided to avoid Zeno behavior. For
implementation purpose, the event-triggered concurrent learning algorithm is proposed, where only one critic neural network
(NN) is used to approximate the value function, the control policy and the disturbance policy. During the learning process, the
traditional persistence of excitation condition is relaxed using
the recorded data and instantaneous data together. Meanwhile,
the stability of closed-loop system and the uniform ultimate
boundedness (UUB) of the critic NN’s parameters are proved
by using Lyapunov technique. Finally, simulation results verify
the feasibility to the ZS game and the corresponding H∞ control
problem.
Index Terms—Concurrent learning, event-triggered control,
H∞ optimal control, neural networks (NNs), zero-sum (ZS) game.

I. I NTRODUCTION
S A POWERFUL robust control method for attenuating
the disturbance effect [1], [2], H∞ control has received
increasing attention in the past years [3]–[5]. From the perspective of minimax optimization problem, the H∞ control
problem can be formulated as a two-player zero-sum (ZS)
game [6], [7]. In order to obtain a controller that minimizes the performance index in the worst-case disturbance,
ones need to find the Nash equilibrium solution by solving
the Hamilton–Jacobi–Isaacs (HJI) equation. Nevertheless, it is
intractable to give an analytic solution to the HJI equation in
case of nonlinear systems.
For the sake of solving the HJI equation, numerous methods including reinforcement learning (RL), adaptive dynamic
programming (ADP) [8]–[14] have been proposed for the
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ZS game problem. For discrete-time (D-T) systems, heuristic dynamic programming (HDP), and dual-heuristic dynamic
programming (DHP) were used for linear systems in [15],
and a Q-learning algorithm was proposed to solve the GARE
without any system dynamics in [16]. Wei et al. [17] proposed a data-based iterative adaptive critic design algorithm
for an unknown Roesser type 2-D system. Liu et al. [18] presented a greedy HDP algorithm for H∞ optimal regulation and
tracking control problem, in which only one iterative loop was
needed. In [19], an adaptive learning algorithm was proposed
to solve the H∞ control problem of unknown D-T systems
with a neural network (NN) identifier. Mehraeen et al. [20]
developed an off-line iterative algorithm to approach the solution to the HJI equation by the Taylor series expansion. For
continuous-time (C-T) systems, Abu-Khalaf et al. [21], [22]
developed a policy iteration scheme with two iteration loops
for the ZS game with input saturation. In [23] and [24],
integral RL (IRL) was used for the linear ZS game with partially unknown dynamics and completely unknown dynamics,
respectively. Vamvoudakis and Lewis [25] proposed a synchronous policy iteration algorithm (SPIA) for nonlinear ZS
game, where all NNs were tuned simultaneously. This method
was extended for the H∞ control of constrained input systems
with in [26]. Zhang et al. [27] developed an iterative ADP
method to solve nonlinear ZS game, which was effective for
the situation that the saddle point may not exist. In [28], a
simultaneous policy update algorithm with convergence analysis was proposed for solving the H∞ control problem based
on Galerkin’s approximation method.
It should be noted that the conventional time-driven strategy with fixed sampling period for the update of designed
controller was used in most of the above literature. Due to
the capability of computation efficiency [29], event-triggered
control method has received great interest from the academic
community recently. In the event-triggered control method,
the controller is updated based on a new sampled state only
when a triggering condition is not satisfied. This can reduce
the communication between the plant and the controller significantly. In [30] and [31], the event-triggered strategy was
adopted to solve the distributed filtering problem over wireless
sensor networks and the finite-horizon H∞ fault estimation
problem for nonlinear systems with stochastic time-varying,
respectively. In particular, the event-triggered control method
has been integrated with the RL approach in recent years.
In [32], an optimal adaptive event-triggered control algorithm
was implemented based on the actor-critic structure for C-T
nonlinear systems. In order to guarantee the system’s stability,
a robustifying term was added to the closed-loop system.
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Zhong et al. [33] integrated the event-triggered control technique into the RL approach for nonlinear systems without
system dynamics. Sahoo et al. [34] developed an eventtriggered near optimal control scheme for C-T networked
control systems. An NN identifier was used to approximate
the unknown system dynamics. Then, this event-triggered
near optimal control scheme was extended to D-T nonlinear
systems by using input–output data in [35].
On the other hand, concurrent learning technique was proposed for an uncertain system in [36], which can use the
recorded and available data to relax the traditional persistency of excitation (PE) condition [37]. In [38], a related
idea called experience replay was adopted in the NN identifier to identify an unknown nonlinear C-T system. In [39],
this technique was extended to IRL algorithm for constrained
nonlinear systems with the convergence and stability analysis.
Yasini et al. [40], [41] developed online concurrent algorithms
to solve the ZS game with partially unknown system dynamics
and the N-player non-ZS games of nonlinear dynamical systems with input constraints, respectively. Then it was extended
to the ZS game of completely unknown nonlinear system
in [42]. In [43], the concurrent learning was used to N-player
non-ZS games, in which the exact knowledge of system drift
dynamics was not required. Yang et al. [44] developed a novel
observer-critic architecture without an initial stabilizing control input for solving the near optimal control problem of
uncertain nonlinear systems based on the concurrent learning.
To the best of our knowledge, there are no results on the
event-triggered H∞ optimal control problem of nonlinear systems via concurrent learning. In this paper, the H∞ control
problem is transformed into a ZS differential game with a
minimizing player and a maximizing one first. In order to
reduce the communication resources, the event-triggered strategy is introduced to the control input during the learning
process. Furthermore, the concurrent learning is adopted in
the critic NN to relax the traditional PE condition. Finally, an
online event-triggered concurrent learning (ETCL) algorithm
is presented with a single critic NN structure.
The main contributions emphasizes in three parts.
1) It is the first time that the H∞ optimal control scheme for
nonlinear systems with unknown perturbation via eventtriggered control mechanism is established. Furthermore,
a triggering condition is derived to guarantee the stability
of the corresponding ZS game.
2) The analysis on Zeno behavior is given to guarantee the
existence of a lower positive bounded for the minimal
intersample time. In addition, the concurrent learning
technique, which can relax the traditional PE condition,
is used to tune the critic NNs’ weights.
3) The ETCL algorithm is presented. Accordingly, a novel
critic NNs weights tuning law is developed and an adaptive triggering condition is derived which can guarantee
the convergence of NNs’ parameters and the stability of
the closed-loop system.
The rest of this paper is organized as follows. We first
introduce the problem formulation of the H∞ control and the
mechanism of event-triggered control. In Section III, the eventtriggered H∞ control problem is described as a ZS game and a
triggering condition is derived. In Section IV, the online ETCL
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algorithm is proposed to approximate the optimal control policy with a stability analysis. In the end are our simulation
results and conclusion.
II. P ROBLEM S TATEMENT
Consider the following affine nonlinear C-T system with
external perturbation:
ẋ(t) = f (x) + g(x)u + k(x)w

(1)

where x ∈
is the state vector, u = u(x) ∈
is the control
input, w ∈ Rq is the nonlinear perturbation with w ∈ L2 (0, ∞).
f (·) ∈ Rn , g(·) ∈ Rn×m , and k(·) ∈ Rn×q are smooth nonlinear
dynamics. Let x(0) = x0 be the initial state.
Assumption 1: For convenience of analysis, the following
assumption is given, which is also used in [18].
1) System (1) is controllable and f (x) + g(x)u + k(x)w is
Lipschitz continuous on a compact set  ⊆ Rn .
2) The system state x = 0 is an equilibrium of system (1).
To propose an event-triggered control mechanism, we
introduce a sampled-data system that is characterized by a
monotonically increasing sequence of event-triggering instants
{λj }∞
j=0 , where λj is the jth consecutive sampling instant with
λj < λj+1 . The output of the sampled-data system is a
sequence of sampled states x̂j , where x̂j = x(λj ) for all
t ∈ [λj , λj+1 ), j ∈ N, N = {0, 1, . . . , ∞}. For simplicity, we
assume that the sampled-data system has zero task delay [33].
Define the event-triggered error between the current state x(t)
and the sampled state x̂j as follows:


ej (t) = x̂j − x(t), ∀t ∈ λj , λj+1 .
(2)
Rn

Rm

In the event-triggered control mechanism, the triggering condition is determined by the event-triggered error and a statedependent threshold. When the triggering condition is not
satisfied at t = λj , we say an event is triggered. Then, the system state is sampled that resets the event-triggered error ej (t)
to zero, and the controller υ(x̂j ) = u(t) for t = λj is updated
based on the new sampled state. The obtained control sequence
∞
{υ(x̂j )}∞
j=0 becomes a C-T input signal υ(t) = {υ(x̂j , t)}j=0
after using a zero-order hold (ZOH). Note that υ(x̂j ) is a function of the event-based state vector. In order to simplify the
expression, we use υ(x̂j ) to represent υ(x̂j , t) for t ∈ [λj , λj+1 )
in the following presentation.
By using the event-triggered error defined in (2), the closedloop dynamics can be described as




ẋ(t) = f (x) + g(x)υ x(t) + ej (t) + k(x)w, ∀t ∈ λj , λj+1 .
(3)
Similar to the traditional H∞ optimal control problem, our
primary objective is to find an event-triggered control law υ(t)
such that the closed-loop system (3) is asymptotically stable,
and has L2 -gain less than or equal to γ , that is
 ∞

x(t)2Q + υ(t)2R dt
0
 λj+1 

  2
x(t)2Q + υ x̂j R dt
=
λ
∪[λj ,λj+1 )=[0,∞) j
j
 ∞
2
≤γ
w2 dt
(4)
0
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for all w ∈ L2 [0, ∞), where γ is a prescribed positive constant,
x(t)2Q = xT Qx and υ(x̂j )2R = υ T (x̂j )Rυ(x̂j ). Here, Q and R
are symmetric and positive definite matrices. In other words,
it is desired to find a sequence of the control input {υ(x̂j )}∞
j=0 ,
which for some prescribed γ > 0, renders

  
J x0 , υ x̂j , w
 λj+1


  
=
r x, υ x̂j , w dt
λ
∪[λj ,λj+1 )=[0,∞) j
j
 λj+1 


  2
x(t)2Q + υ x̂j R − γ 2 w2 dt
=
λ
∪[λj ,λj+1 )=[0,∞) j
j
(5)
nonpositive for all w(t) ∈ L2 [0, ∞) and x(0) = 0, where the
utility r(x, υ(x̂j ), w) = xT Qx + υ T (x̂j )Rυ(x̂j ) − γ 2 w2 .
If the condition (4) is satisfied, then system (3) is said to
have L2 gain less than or equal to γ . For the H∞ control problem, it aims at determining the H-infinity gain γ ∗ to guarantee
the stability of the system (3). For H∞ optimal control problem investigated in this paper, however, it is usually assumed
that γ is fixed and γ ∗ > γ [26]. Note that the main difference
between the condition (4) with the ones in [26] and [42] is the
controller υ(x̂j ) in this paper is based on the event-triggered
mechanism.
III. E VENT-T RIGGERED O PTIMAL C ONTROLLER D ESIGN
In this section, the H∞ optimal control problem is described
as a two-player ZS differential game, where the control input
is a minimizing player while the disturbance is a maximizing one. The solution of H∞ control problem is the ZS game
theoretic saddle point (υ ∗ , w∗ ), where υ ∗ and w∗ are the optimal control and the worst-case disturbance. Then, a triggering
condition is derived to guarantee the closed-loop system (3)
stability.
In the time-triggered case, the value function is generally
defined as
 ∞

xT Qx + uT Ru − γ 2 w2 dτ.
(6)
V(u, w) =
t

The corresponding nonlinear Bellman equation is
r(x, u, w) + (∇V)T ( f (x) + g(x)u + k(x)w) = 0

(7)

where ∇ denotes the partial derivative operator, such that
∇V = ∂V/∂x. Then, the ZS game has a unique solution
(u∗ , w∗ ), if the Nash condition holds
min max V(u, w) = max min V(u, w).
u

w

w

(8)

u

Define the Hamiltonian of the time-triggered H∞ problem
H(x, ∇V, u, w) = (∇V)T ( f (x) + g(x)u + k(x)w)
+ xT Qx + uT Ru − γ 2 w2 . (9)
Then the associated HJI equation can be written as
min max H(x, ∇V ∗ , u, w) = 0.
u

w

(10)

According to [6], a solution V(x) ≥ 0 to the Bellman equation (7) is the optimal value function V ∗ (x) for the feedback

3

control and disturbance policies. Then the optimal control and
worst-case disturbance policies are given as follows:
1
u∗ (x) = − R−1 gT (x)∇V ∗
2
1 T
w∗ (x) =
k (x)∇V ∗ .
2γ 2

(11)
(12)

Based on (11) and (12), the HJI equation is rewritten as


T
T
1
∇V ∗ f (x) + xT Qx − ∇V ∗ g(x)R−1 gT (x)∇V ∗
4
1  ∗ T
∇V k(x)kT (x)∇V ∗ = 0, V ∗ (0) = 0
+
4γ 2

(13)

for the time-triggered case.
In the event-triggered case, the control input is updated
based on the sampled-state information x̂j instead of the real
state x(t). Hence, (11) becomes
 
 
 


1
υ ∗ x̂j = − R−1 gT x̂j ∇V ∗ x̂j , ∀t ∈ λj , λj+1
2

(14)

where ∇V ∗ (x̂j ) = ∂V ∗ (x)/∂x|x=x̂j . By using the eventtriggered controller (14), the HJI equation (10) at every
triggering instant t = λj becomes
 ∗ T
T
 
 
1
∇V f (x) + xT Qx − ∇V ∗ g(x)R−1 gT x̂j ∇V ∗ x̂j
2
1  ∗  T   −1 T   ∗  
+ ∇V x̂j g x̂j R g x̂j ∇V x̂j
4
1  ∗ T
+
∇V k(x)kT (x)∇V ∗ = 0, V ∗ (0) = 0. (15)
4γ 2
Remark 1: In this paper, the H∞ optimal control problem is considered, and the event-triggered mechanism is only
applied to the control policy. Note that the disturbance policy
is still based on time-triggered mechanism. In addition, we
can call (15) as event-triggered HJI equation.
Assumption 2 [32]: The controller u(x) is Lipschitz
continuous with respect to the event-triggered error


 
u(x(t)) − u x̂j = u(x(t)) − u x(t) + ej (t) ≤ L ej (t)
(16)
where L is a positive real constant and u(x̂j ) = υ(x̂j ).
Lemma 1: Suppose that Assumption 1 holds, then we have



 

2
H x, ∇V ∗ , u∗ (x), w∗ − H x, ∇V ∗ , u∗ x̂j , w∗ ≤ L2 ej .
(17)
The mechanism of proof is similar with the one in [32].
Remark 2: Assume that the control input is input-to-state
stability (ISS) with respect to the event-triggered error ej (t)
and V ∗ is an ISS-Lyapunov function for the sampled-data
system [34]. Then the event-triggered error ej (t) is forced
to be zero at the broadcast time as the state asymptotically
approaches the origin. It is straightforward that υ ∗ (x̂j ) is a
discretized version of u∗ (x) from Lemma 1.
The stability analysis of the closed-loop system (3) with
the event-triggered control policy (14) and time-triggered
disturbance policy (12) is provided as follows.
Theorem 1: Suppose that V ∗ (x) is the solution of the HJI
equation (15). For ∀t ∈ [λj , λj+1 ), j ∈ N, the disturbance policy
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and control policy are given by (12) and (14), respectively. If
the triggering condition is defined as
ej (t)

2

<

 
1
1
x2Q + 2 υ ∗ x̂j
2
2
L S
L

2

−

γ2
2
w∗ (x)
2
2
L S
(18)

where SST = R. Then the closed-loop system (3) is asymptotically stable.
Proof: Since V ∗ (x) is the solution to the HJI equation, it can
be seen as a Lyapunov function. With the time-triggered disturbance policy (12) and event-triggered control policy (14),
the derivative of V ∗ (x) along the system trajectory can be
obtained as
T
T 
 



V̇ ∗ (x) = ∇V ∗ f (x) + ∇V ∗ g(x)υ ∗ x̂j + k(x)w∗ (x) .
(19)

system state is sampled and the control policy (14) is updated
accordingly. Comparing with the time-triggered method, this
method can reduce the communication between the controller
and the plant effectively.
Remark 4: According to the event-triggered HJI equation (15) and (19), we have V̇ ∗ (x) = −xT Qx −
υ ∗T (x̂j )Rυ ∗ (x̂j ) + γ 2 w∗ (x)2 = −x2Q − Sυ ∗T (x̂j )2 +
γ 2 w∗ (x)2 . From Theorem 1, we know V̇ ∗ (x) < 0 for
any x(t) = 0. Therefore, the term (1/L2 S2 )x2Q +
(1/L2 )υ ∗ (x̂j )2 − (γ 2 /L2 S2 )w∗ (x)2 in (18) is a positive scalar. Then we can define eT 2 = (1/L2 S2 )x2Q +
(1/L2 )υ ∗ (x̂j )2 − (γ 2 /L2 S2 )w∗ (x)2 , where eT  is the
threshold of the gap between the sampled and real state.
For the continuous time system subject to the eventtriggered control policy, the minimal intersample time τmin =
min{(λj+1 − λj )} might be zero and accumulations of eventj∈N

From (11)–(13), we can get
gT (x)∇V ∗ = −2Ru∗ (x)
kT (x)∇V ∗ = 2γ 2 w∗ (x)
 ∗ T
T
1
∇V f (x) = ∇V ∗ g(x)R−1 gT (x)∇V ∗
4
1  ∗ T
∇V k(x)kT (x)∇V ∗ − xT Qx.
−
4γ 2

(20)
(21)

(22)

times occur (Zeno behavior). Then the following theorem
is given to guarantee the existence of the nonzero positive
minimal intersample time τmin .
Theorem 2: Consider the sampled-data system (3) along
with the triggering condition (18). The minimal intersample
time τmin defined implicitly by (18) is lower bounded by a
nonzero positive constant and is given by
τmin ≥

Substitute (20)–(22) into (19), we have
T
 

V̇ ∗ (x) = ∇V ∗ g(x)υ ∗ x̂j − xT Qx
T
1
+ ∇V ∗ g(x)R−1 gT (x)∇V ∗
4
1  ∗ T
∇V k(x)kT (x)∇V ∗
+
4γ 2
 
= u∗T (x)Ru∗ (x) − 2u∗T (x)Rυ ∗ x̂j


1 
ln 1 + j,min > 0
K
j+1

(26)
j+1

where j,min = min(eT /(x̂j  + η)) > 0, eT  =
j∈N

− xT Qx + γ 2 w∗ (x) .
2

(23)

Note that the symmetric and positive definite matrix R can
be decomposed into R = SST . By using the Lipschitz condition
form Assumption 2, we can obtain
 
u∗T (x)Ru∗ (x) − 2u∗T (x)Rυ ∗ x̂j

  2
  2
= ST u∗ (x) − υ ∗ x̂j
− ST υ ∗ x̂j
  2
  2
2  ∗
u (x) − υ ∗ x̂j
≤ ST
− ST υ ∗ x̂j
  2
2
2
ej (t) − ST υ ∗ x̂j .
≤ L2 S T
(24)
By substituting (24) into (23), we can get
  2
2
2
ej (t) − ST υ ∗ x̂j
V̇ ∗ (x) ≤ L2 ST
− x2Q + γ 2 w∗ (x) .
2

(25)

If the adaptive triggering condition (18) holds, we have
V̇ ∗ (x) < 0 for any x(t) = 0, that is the closed-loop system (3)
is asymptotically stable. The proof is completed.
Remark 3: According to Theorem 1, we know the eventtriggered control policy υ ∗ (x̂j ) and time-triggered disturbance
policy w∗ (x) can be used to guarantee the stability of the ZS
game with the triggering condition (18). The event-triggering
instants {λj }∞
j=0 is determined by the triggering condition (18).
Based on the event-triggered mechanism, the event is generated by the violation of the triggering condition. Then, the

−
lim ej (λj+1 − ϑ), K is a positive constant
ej (λ−
j+1 ), ej (λj+1 ) = ϑ→0
and η is a small positive constant.
Proof: The derivative of the event-triggered error ej (t)
defined in (2) can be expressed as
 


d ej
= ėj = x̂˙ j − ẋ = −ẋ, ∀t ∈ λj , λj+1 .
(27)
dt
According to Assumption 1, the upper bound of the system
dynamics can be expressed as

ẋ ≤ Kx + Kη

(28)

where K is a positive constant and η is a small positive
constant.
Based on (2), (27), and (28), we have
ėj ≤ K x̂j − ej (t) + Kη




≤ K ej (t) + K x̂j + η , ∀t ∈ λj , λj+1 .

(29)

Note that x̂j remains unchanged during t ∈ [λj , λj+1 ).
According to [45], we know the solution of (29) with initial
condition ej (λj ) = 0 is bounded by
 t


ej ≤
exp(K(t − s))K x̂j + η ds
λ
 j
  


= x̂j + η exp K t − λj − 1
(30)
for each t ∈ [λj , λj+1 ).
For the jth intersample time, the triggering condition (18)
at next sampling instants satisfies




= eT λ−
(31)
ej λ−
j+1
j+1 .
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Define eT (λ−
j+1 ) = eT . Combined (30) and (31), the
lower bound on jth intersample time can be given by
j+1

⎛
⎞
j+1
eT
1 ⎝
 ⎠, j ∈ N.
λj+1 − λj = τj ≥ ln 1 + 
K
x̂j + η

(32)

Note that the existence of the small positive constant η can
guarantee the denominator term {x̂j  + η} in (32) to be
nonzero.
According to (32), the minimal intersample time τmin is the
time it takes the term {eT /(x̂j  + η)} to grow from 0 to
j+1
the minimum positive value j,min = min(eT /(x̂j  + η))
j∈N

for all t ∈ [λj , λj+1 ), j ∈ N. Hence, the lower bound on the
minimal intersample time τmin is given by
τmin ≥


1 
ln 1 + j,min .
K

(33)

Since j,min > 0, the lower bound on τmin is a nonzero positive
constant for any x(t) = 0. The proof is completed.
Remark 5: From Theorem 2, we know that the minimal
intersample τmin is bounded by a nonzero positive constant,
which can avoid Zeno behavior. However, some unnecessary
events are usually triggered when the system states are fluctuated inside a small bound near the equilibrium point. In [34], a
dead-zone operator was designed which can solve this problem
effectively.
IV. O NLINE N EURO -O PTIMAL C ONTROL S CHEME
In this section, an online ETCL algorithm is proposed.
Comparing with the actor-critic-disturbance NN structure
in [20], only a single critic NN is required in this scheme.
Based on concurrent learning technique, a novel critic NN
weights tuning rule is given with a relaxed PE condition. Then
the time-triggered disturbance policy is updated accordingly,
and the event-triggered control policy is updated at the sampling instants {λj }∞
j=0 which is determined by the triggering
condition. By using the ZOH, the control law sequence is
transformed into a C-T control signal.
A. ETCL Algorithm
According to the Weierstrass high-order approximation
theorem [46], the value function based on NN can be
written as
V(x) = WcT φ(x) + ε

(34)

and φ(x) ∈
are the critic NN ideal weights
where Wc ∈
and activation function vector, with N the number of hidden
neurons, and ε ∈ R is the critic NN approximation error.
The derivative of (34) with respect to x can be given by
RN

RN

∇V(x) = ∇φ T (x)Wc + ∇ε.

(35)

Using the NN value function approximation, considering event-triggered control policy υ(x̂j ) and time-triggered
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disturbance policy w(x), the ZS Bellman equation can be
written as

   
 

H x, Wc , υ x̂j , w(t) = xT Qx + υ T x̂j Rυ x̂j − γ 2 w(x)2
 
+ WcT ∇φ( f (x) + g(x)υ x̂j
+ k(x)w(x)) = εH
(36)
where the residual error is

 

εH = −(∇ε)T f (x) + g(x)υ x̂j + k(x)w(x) .

(37)

Under the Lipschitz assumption on the system dynamics, the
residual error is bounded locally. It is shown in [25] that this
error converges uniformly to zero as the number of hiddenlayer units increases. That is, there exists εH max > 0 such that
εH  ≤ εH max .
Let Ŵc be the estimation of the unknown ideal weight vector
Wc of the critic NN. The actual output of critic NN can be
presented as
V̂(x) = ŴcT φ(x).

(38)

Accordingly, the time-triggered disturbance policy (12) and
event-triggered control policy (14) can be approximated by
1 T
k (x)∇φ T (x)Ŵc
2γ 2
 
 
   
1
υ̂ x̂j = − R−1 gT x̂j ∇φ T x̂j Ŵc x̂j
2
ŵ(x) =

(39)
(40)

where Ŵc (x̂j ) is the event-based estimation of ideal weight
Wc at the triggering instant λj . Then the closed-loop system
dynamics (3) can now be rewritten as
 
(41)
ẋ = f (x) + g(x)υ̂ x̂j + k(x)ŵ(x), t ≥ 0.
The approximate Hamilton function is

 
H x, x̂j , Ŵc , Ŵc x̂j
= ŴcT ∇φ(x)f (x) + xT Qx
 
   
1
− ŴcT ∇φ(x)g(x)R−1 gT x̂j ∇φ T x̂j Ŵc x̂j
2
     
 
   
1
+ ŴcT x̂j ∇φ x̂j g x̂j R−1 gT x̂j ∇φ T x̂j Ŵc x̂j
4
1
+
(42)
Ŵ T ∇φ(x)k(x)kT (x)∇φ T (x)Ŵc = e
4γ 2 c
where e is a
Based on
weights can
current data.

residual equation error.
concurrent learning technique, the critic NN
be updated by recorded data concurrently with
Define the residual equation error at time tk as
e(tk ) = r(tk ) + ŴcT (t)σk

(43)

where r(tk ) = xT (tk )Qx(tk )+ υ̂ T (x̂j )Rυ̂(x̂j )−γ 2 ŵ(tk )2 , σk =
∇φ(x(tk ))( f (x(tk )) + g(x(tk ))υ̂(x̂j ) + k(x(tk ))ŵ(tk )) are stored
data at time tk ∈ [λj , λj+1 ), k ∈ {1, . . . , p}, j ∈ N, and p is the
number of stored samples.
Condition 1: Let M = [σ1 , . . . , σp ] be the recorded data
corresponding to the critic NN’s weights. Then M contains
as many linearly independent elements as the number of
corresponding critic NN’s hidden neurons, i.e., rank(M) = N.
To derive the minimum value of e, it is desired to choose
Ŵc to minimize the corresponding squared residual error E =
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and the jump dynamics for t = λj+1 is given by
⎤
⎡
0
 −
ϕ(t) = ϕ t + ⎣ ej (t) ⎦.
0

Fig. 1.

Structure of the ETCL algorithm for two-player ZS game.

p
(1/2)eT e. Define Ek = k=1 (1/2)e(tk )T e(tk ). Considering the
concurrent learning, we develop a novel weight tuning law for
the critic NN


˙ = −α ∂E − ∂Ek
Ŵ
c
∂ Ŵ
∂ Ŵc
 c


 
T
= −ασ σ Ŵc (t) + r x, υ̂ x̂j , ŵ(x)
−α

p




σk σkT Ŵc (t) + r(tk )

(44)

k=1

where σ = ∇φ(x)( f (x) + g(x)υ̂(x̂j ) + k(x)ŵ(x)), σk is defined
in (43), k ∈ {1, . . . , p} denotes the index of a stored data point,
and α > 0 denotes the learning rate.
Remark 6: The online algorithm presented in this paper
does not rely on traditional PE condition which is difficult to
be checked online. According to [44], the second term in (44)
can be utilized to relax the PE condition with Condition 1. The
interested reader is directed there for more details. It is worth
mentioning that Condition 1 can be easily checked online [36].
So far, we have rules for updating the critic network.
Then we give the structure of the online ETCL algorithm for
two-player ZS game in Fig. 1. Note that the critic network
and disturbance policy are updated based on the time-driven
strategy while the control policy is updated based on the
event-triggered mechanism.
By defining the weight estimation error of the critic NN as
W̃c = Wc − Ŵc and taking the time derivative one has
˙ = −ασ σ T W̃ − ε  − α
W̃
c
c
H

p




σk σkT W̃c − εH (tk ) .

(45)

k=1

Since the controller is updated only at the event-triggering
instants, the system should be considered as an impulsive system. Define the augmented state ϕ := [xT , x̂jT , W̃cT ]T . After
taking the time derivative for t ∈ [λj , λj+1 ), j ∈ N, we have
 
⎤
⎡
f (x) + g(x)υ̂ x̂j + k(x)ŵ(x)
⎥
⎢
0
⎥
⎢
p
(46)
ϕ̇ = ⎢

 T
⎥
⎣ −ασ σ T W̃ − ε  − α
σk σk W̃c − εH (tk ) ⎦
c
H
k=1

(47)

B. Stability Analysis
In this section, the stability of the closed-loop system is
proved by considering both the case of events are not triggered,
t ∈ [λj , λj+1 ), j ∈ N and the case of events are triggered,
t = λj .
Assumption 3 [47]: Here, we provide the following assumption, which can be satisfied under the current problem settings.
1) The critic NN activation function and its gradient are
bounded, i.e., φ(x) ≤ φM and ∇φ(x) ≤ ∇φM , with
φM , ∇φM being positive constants.
2) The critic NN approximation error and its gradient are
bounded, i.e., ε ≤ εM and ∇ε ≤ ∇εM , with εM ,
∇εM being positive constants.
3) The system dynamics g(x) and k(x) are upper bounded
by positive constants such that g(x) ≤ gM and
k(x) ≤ kM .
Theorem 3: Suppose that Assumptions 1–3 are satisfied.
Consider the nonlinear two-player ZS game (3) with the critic
NN (38), the time-triggered disturbance policy (39), and the
event-triggered control policy (40). The tuning law based on
concurrent learning technique for the C-T critic NN is given
by (44). Then the system is asymptotically stable and the critic
weight estimation error is guaranteed to be UUB if the adaptive
triggering condition
1
2
x2Q
ej (t) < 2
L S2
 
 
  2
1
gT x̂j ∇φ T x̂j × Ŵc x̂j
+
2
2
4L R
2
1
T
T
k
−
(x)∇φ
(x)
Ŵ
(t)
(48)
c
4γ 2 L2 S2
and the following inequality is satisfied:
 
p+1 2
a2 k=1 εH
max 
W̃c >
= BM
(49)
4θ (D)(a − 1)
for
network and a > 1, where D = σ σ T +
p the critic
T
k=1 σk σk , and θ (D) denotes the minimal eigenvalue of the
matrix D.
Proof: Choose the following Lyapunov function:
  1
L(t) = V ∗ (x) + V ∗ x̂j + W̃cT W̃c
(50)
2
where V ∗ (x) and V ∗ (x̂j ) are the optimal value functions for
the continuous sampled and event-triggered sampled system.
Case 1: Events are not triggered, i.e., t ∈ [λj , λj+1 ), j ∈ N.
By taking the time derivative of the Lyapunov function
along the trajectories of the system (46), the second term has
a zero derivative, and we can get the time derivative of the
first term and the third term as follows:

 

L1 := ∇V ∗T f (x) + g(x)υ̂ x̂j + k(x)ŵ(x)
(51)


p



T
T
T
:=
W̃c −ασ σ W̃c + ασ εH − α
L2
σk σk W̃c − σk εH (tk ) .
k=1

(52)
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From (20)–(22), we have
2 ∗T

2 ∗T

∗

L1 = −x Qx + 2γ w ŵ − γ w w
  2

  2
+ ST u∗ (x) − υ̂ x̂j
− ST υ̂ x̂j .
T

(53)

By using the Lipschitz condition from Assumption 2, we have
L1 ≤ −xT Qx + 2γ 2 w∗T ŵ − γ 2 w∗T w∗
+ L2 S T

2

ej (t)

2

  2
− ST υ̂ x̂j .

(54)

Applying Young’s inequality aT b ≤ (1/2)aT a + (1/2)bT b, we
can obtain
  2
2
2
ej (t) − ST υ̂ x̂j .
L1 ≤ −xT Qx + γ 2 ŵT ŵ + L2 ST
(55)

Combining (57), (59), and (61), we can conclude that the
closed-loop system is asymptotically stable and the critic
estimation error is UUB as long as the triggering condition (48) and the inequality (49) are satisfied. The proof is
completed.
Remark 7: Note that the triggering condition (48) is adaptive, because the threshold is designed as the function of the
system state vector and the critic NN weight estimates and
the critic NN event-based weight estimates. The controller is
adjusted with events.
Remark 8: According to Theorem 3 and Assumption 3,
we have

2

2

2

ŵ − w∗
(56)

If the triggering condition (48) is satisfied, we can get
L1 < 0

(57)

which means that the system
p states are asymptotically stable.
Define D = σ σ T + k=1 σk σkT . Since Condition 1 is satisfied, then D > 0. Now for the term L2 from (52) we
have


p

2
T
σk εH (tk ) . (58)
L2 ≤ −αθ (D) W̃c + α W̃c σ εH +


1 −1 T   T    
R g x̂j ∇φ x̂j W̃c x̂j + ∇ε
2
1

<
gM ∇φM (BM + ∇εM ) = ευ
2θ (R)


1
≤ − 2 kT (x)∇φ T (x) W̃c (x) + ∇ε
2γ
1

<
kM ∇φM (BM + ∇εM ) = εw
2
2γ

υ̂ − υ ∗ ≤

Combining (39) and (40), we can get
ej (t)
L1 ≤ −xQ 2 + L2 ST


   
1
ST gT x̂j φ T x̂j Ŵc x̂j
−
2
4R
2
1
kT (x)φ T (x)Ŵc (t) .
+
2
4γ

7

where θ (R) denotes the minimal eigenvalue of the matrix R.
Therefore, the obtained disturbance input ŵ by (39) and control input υ̂ by (40) are close to the optimal disturbance input
w∗ in (12) and control input υ ∗ in (14).
V. S IMULATION
In this section, two simulation examples are given to
demonstrate the effectiveness of the ETCL algorithm.

k=1

By using Young’s inequality
≤ (1/2)(δaT a+(1/δ)bT b)
with δ > 0 to the second term, (58) can be rewritten as
aT b

L2 ≤ −θ (D)(a − 1) W̃c

2

+

p+1
α2  2
εH max .
4

A. Two-Player Linear Zero-Sum Game
Consider the C-T F16 aircraft plant [40]
ẋ = Ax + B1 u + B2 w

(59)

k=1

Since p is a positive constant, the second term of (59) is
bounded. If the inequality (49) holds and a − 1 > 0, then
we have L2 < 0. Combining (57) and (59), we can conclude
that the Lyapunov derivative is negative for ∀t ∈ [λj−1 , λj ).
Case 2: Events are triggered, i.e., t = λj , j ∈ N.
According (47), we consider the following difference
Lyapunov function:
 
  
 


L = V ∗ x̂j − V ∗ x t− + V ∗ x̂j − V ∗ x̂j−1
    1
     
1
+ W̃cT x̂j W̃c x̂j − W̃cT x t− W̃c x t− , t = λj .
2
2
(60)
From (57) and (59), we have that V ∗ (x̂j ) ≤ V ∗ (x(t− )) and
(1/2)W̃cT (x̂j )W̃c (x̂j ) ≤ (1/2)W̃cT (x(t− ))W̃c (x(t− )). Since we
have proved that the states are asymptotically stable, we have
that V ∗ (x̂j ) ≤ V ∗ (x̂j−1 ). Then one can write
 




(61)
L < V ∗ x̂j − V ∗ x̂j−1 ≤ −κ êj λj−1
where κ is a class-κ function [45] and êj (λj−1 ) = x̂j − x̂j−1 .
Therefore, at arbitrary event-triggering instant t = λj , the
Lyapunov function (50) is decreasing.

where

⎡

−1.01887
0.90506
−1.07741
A = ⎣ 0.82225
0
0
⎡ ⎤
⎡ ⎤
0
1
B1 = ⎣ 0 ⎦, B2 = ⎣ 0 ⎦
1
0

⎤
−0.00215
−0.17555 ⎦
−1

the system state vector is x = [, q, δe ]T , where  denotes
the angle of attack, q is the pitch rate, and δe is the elevator
deflection angle. The control input u denotes the elevator actuator voltage and the disturbance w is wind gusts into the angle
of attack. Let Q and R be identity matrices with approximate
dimensions, and γ = 5.
For linear system, the solution of the HJI equation is given
by the solution of the Riccati equation. According to [40], the
optimal matrix P is
⎡
⎤
−1.6573
1.3954
−0.1661
1.6573
−0.1804 ⎦.
P = ⎣ 1.3954
−0.1661 −0.1804
0.4371
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Fig. 2.

Evolution of system states.

Fig. 4.

Response of the gap ej (t) and the triggering threshold eT .

Fig. 3.

Convergence of the critic parameters.

Fig. 5.
input.

Event-triggering instants during the learning process of the control

Choose the critic NN activation function as φ(x) =
[x12 x1 x2 x1 x3 x22 x2 x3 x32 ]T . Therefore, the ideal values of the
NN weights are
Wc = [1.6573 2.7908 − 0.3322 1.6573 − 0.3608 0.4370]T .
The initial state is selected as x0 = [1, −1, 1]T , and the
learning rate is chosen as α = 18. The parameter of triggering condition is chosen as L = 3. The recorded data vector
in critic NN is chosen of the order 10, that is, p = 10.
During the learning process, a probing noise is added to
the control input and disturbance for the first 400 s. The
system states converge to zero after the probing noise is
turned off and Fig. 2 presents the evolution of the system
states. Fig. 3 shows the convergence of the critic parameters. After 100 s the critic parameters converged to Ŵc =
[1.6513 2.7768 − 0.3386 1.6556 − 0.3627 0.4364]T which
are nearly the ideal values above. In Fig. 4, one can see that
the event-triggered error converges to zero as the states converge to zero. The sampling period during the event-triggered
learning process for the control policy is provided in Fig. 5.
In particular, the event-triggered controller uses 543 samples
of the state while the time-triggered controller uses 50 000
samples, which means the event-triggered method improved
the learning process. Then we use the obtained optimal control policy and disturbance policy for the linear ZS game with
triggering condition (18). Fig. 6 shows that the system states

(a)

(b)
Fig. 6.

System states of (a) linear ZS game and (b) control input.

of ZS game can converge to the equilibrium and the control
input is adjusted with events.
Select a disturbance signal with t0 = 5 as
 −(t−t )
0 cos(t − t ),
8e
t > t0
0
w=
(62)
0,
t < t0 .
Then, we use the controller (11) based on the converged critic parameters for the closed-loop system with the
disturbance (62). Fig. 7 shows the system states and the
control input.
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(a)

(b)
Fig. 7.

Fig. 8.

Fig. 9.

Convergence of the critic parameters.

(a) Closed-loop system states and (b) control input.

Fig. 10.

Response of the gap ej (t) and the triggering threshold eT .

Fig. 11.
input.

Event-triggering instants during the learning process of the control

Evolution of system states.

B. Two-Player Nonlinear Zero-Sum Game
Consider a nonlinear system [40]
ẋ = f (x) + g(x)u + k(x)w
where



−x1 + x2
f (x) =
−0.5(x1 + x2 ) + 0.5x2 sin (x1 )2




0
0
, k(x) =
.
g(x) =
cos(x1 )
sin(x1 )



Let Q and R be identity matrices of approximate dimensions,
γ = 4, x0 = [1, −1]T , and α = 20. The parameter of triggering condition is chosen as L = 5. The recorded date vector in
critic NN is chosen as p = 15. A probing noise is added to the
control input and disturbance for the first 270 s. Fig. 8 shows
that the system states converge to zero after the probing noise
is turned off. The convergence of the critic parameters is shown
in Fig. 9. We can see that the critic NN’s parameters converge
to Ŵc = [0.5072 − 0.0501 1.0819 0.0351 − 0.0109]T . From
Fig. 10, one can get the event-triggered error ej (t) and the
threshold eT converge to zero as the states converge to zero.
In addition, the event-triggered error is forced to zero when the
triggering condition is not satisfied, that is the system states
are sampled at the trigger instants. The sampling period during the event-triggered learning process for the control policy

is provided in Fig. 11. In particular, the event-triggered controller uses 1835 samples of the state while the time-triggered
controller uses 35 000 samples, which means fewer transmissions are needed between the plant and the controller due to
event-triggered sampling. That will reduce the communication
cost significantly. Then we use the obtained optimal control
policy and disturbance policy for this nonlinear ZS game with
triggering condition (18). Fig. 12 shows the states trajectories of the nonlinear ZS game with the event-triggered control
input.
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a Lyapunov-based stability analysis shows that the asymptotic stability of the closed-loop system is achieved. In our
future work, we will develop an online event-triggered learning algorithm for the H∞ control problem, where the critic
network and the actor network are all updated based on the
event-triggered mechanism.
(a)
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(b)
Fig. 12.

System states of (a) nonlinear ZS game and (b) control input.

(a)

(b)
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ETCL method. (Dashed line) CRLA in [40]. (Dotted line) SPIA in [25].
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