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Abstract—In this paper, the continuous-time unknown nonlinear zero-sum game is investigated using a model-free online learning method. First, motivated by model-based policy iteration, an
iterative equation without any knowledge of system dynamics
is derived by introducing simultaneous explorations. Then, the
model-free reinforcement learning based on the derived iterative
equation is developed to approach the solution of the HamiltonJacobi-Isaacs equation. For the online implementation purpose,
three neural networks are constructed to approach the value
function, control and disturbance policies, respectively. Finally, a
simulation example is provided to demonstrate the effectiveness
of the proposed scheme.

I. I NTRODUCTION
As an important part of game theory, zero-sum game has
been investigated in various ﬁelds such as economics and
management sciences [1], behavioral ecology [2] and control
theory [3], etc. The two-player zero-sum game is regarded
as a kind of typical completely competitive game, where one
player is to minimize the performance index while the other
is a maximizing one. Since it can provide an effective method
to study the H∞ control problem which relies on solving
the Hamilton-Jacobi-Isaacs (HJI) equation for the dynamical
systems with disturbances, many existing works on the twoplayer zero-sum game have been studied like [4], [5]. To
ﬁnd the Nash equalibrium of the zero-sum game, the game
algebraic Riccati equation should be solved for linear systems
while the HJI equation for nonlinear systems. Unfortunately,
the HJI equation is intractable to be solved due to the inherent
nonlinearity.
Recently, adaptive/approximate dynamic programming
(ADP) and reinforcement learning (RL) have been widely
used to approximately solve the HJI equation [6], [7]. For
the zero-sum game with completely known system dynamics,
Abu-Khalaf et al. propose an off-line inter-outer-loop policy
iteration (PI) to solve the constrained HJI equation in [8]. Wu
and Luo put forward an online simultaneous policy update
algorithm (SPUA) with only one iterative loop in [9]. For the
zero-sum game with partially unknown dynamics, an integral
reinforcement learning (IRL) technique is used to relieve the
dependence of the internal dynamics for linear systems in [10].
Luo et al. develop an off-policy RL for nonlinear systems with
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unknown internal dynamics using real system data in [11].
This off-policy RL is proved to be equivalent to the SPUA.
To the best of our knowledge, there are two kinds of
common methods to solve the zero-sum game with completely
unknown system dynamics. The ﬁrst one is to identify or
reconstruct the system model using neural networks (NNs)
like [12], [13], then model-based algorithms can be used for
the identiﬁcation system. However, this method is detrimental
to ﬁnd the optimal solution due to the existence of the
identiﬁer error. Another one are model-free algorithms like
Q-learning and some data-driven algorithms. Zhu and Zhao in
[14] develop a model-free iterative ADP with the critic-actordisturbance structure for unknown nonlinear systems using real
system data, which is proved to be a Gauss-Newton method.
It should be noted that this kind of data-driven algorithm
in [14] is an off-policy learning method. In [15], a modelfree online IRL algorithm with simultaneous explorations
is developed for the input-afﬁne nonlinear systems, where
the system dynamics and identiﬁcation process are both not
required. This online learning scheme is extended to the linear
zero-sum game with completely unknown dynamics in [16].
And the proposed IRL and integral Q-learning algorithms for
the linear zero-sum game are proved to be equivalent to the
Newton’s method.
In this paper, we extend the work in [16] to the continuoustime nonlinear zero-sum game without the exact system
dynamics. An online model-free RL algorithm with simultaneous explorations under critic-actor-disturbance structure
is developed to learn the Nash equilibrium solution of the
HJI equation. The critic-actor-disturbance NNs are updated
simultaneously in the developed algorithm and the unknown
parameters can be determined based on the least-squares (LS)
principle.
The rest of the paper is mainly organized as follows. Section
II introduces the zero-sum game and the model-based SPUA
algorithm to the corresponding HJI equation. A model-free
RL algorithm to the unknown zero-sum game is given with
only one iterative equation and the convergence analysis of
each iteration in the model-free RL algorithm with the neural
network approximations is proposed in Section III. Section IV
demonstrates the performance of the developed algorithm by
a simulation example, and the conclusion is given in section
V.
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II. P RELIMINARY
A. Continuous-time nonlinear zero-sum game
Consider the continuous-time nonlinear dynamical systems
described by
ẋ = f (x) + g(x)u + k(x)w
z = h(x)

(1)

where x ∈ Ω ∈ n is the state vector, u(t) ∈ m is the
control input, w(t) ∈ q is the external disturbance with
w(t) ∈ L2 (0, ∞), z ∈ p is the ﬁctitious output, f (x) ∈ n ,
g(x) ∈ n×m , k(x) ∈ n×q and h(x) ∈ p are the continuous smooth system dynamics. Assume f (x) + g(x)u + k(x)w
is Lipschitz continuous with f (0) = 0 and w(0) = 0, thus
x = 0 is an equilibrium of system (1).
For this zero-sum game, deﬁne the performance index
 ∞
J(x(0), u, w) =
(hT (x)h(x) + uT Ru − γwT w)dτ
0

where R = R > 0, γ ≥ γ ∗ ≥ 0 and x(0) = 0. Here,
γ ∗ represents the smallest γ for which the system (1) is
stabilized. And we aim to ﬁnd the controller which renders
the performance index nonpositive for all w ∈ L2 (0, ∞). That
is, the L2 gain of system (1) is less than or equal to γ.
For a ﬁxed control policy u(t) = u(x(t)) and a disturbance
policy w(t) = w(x(t)), the value function is deﬁned as
 ∞
 ∞
V (x) =
(hT h + uT Ru − γ 2 wT w)dτ =
r(x, u, w)dτ
T

0

0

The Bellman equation for the zero-sum game is
r(x, u, w)+∇V (f (x)+g(x)u+k(x)w) = 0, V (0) = 0 (2)
T

where ∇V = ∂V /∂x ∈ n denotes the gradient. Then the
Nash equilibrium (u∗ , w∗ ) which is a unique solution exists if
the Nash condition holds
min max J(x, u, w) = max min J(x, u, w)
u

w

w

u

with the optimal value
w

H(x, ∇V, u, w) = r(x, u, w) + ∇V T (f (x) + g(x)u + k(x)w)
Then, the HJI equation can be given by
u

w

(3)

Applying the stationary conditions, we can obtain the optimal
control and disturbance policies
1
u∗ (x) = − R−1 g T (x)∇V ∗
2
1 −2 T
∗
w (x) = γ k (x)∇V ∗
2
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To obtain the optimal value function and optimal policies,
it is essential to approach the solution to the HJI equation. In
order to facilitate comparison, we ﬁrst give the model-based
SPUA with modiﬁcation in [9].
Algorithm 1 SPUA
1: Start with two initial stabilizing policies u0 , w0 . Let i = 0.
2: Solve the following Lyapunov equation with Vi (0) = 0

3:

∇ViT (f (x)+g(x)ui +k(x)wi )+hT h+uTi Rui −γ 2 wiT wi = 0
(5)
Update the control and disturbance policies

4:

1
ui+1 (x) = − R−1 g T (x)∇Vi
2
1 −2 T
wi+1 (x) = γ k (x)∇Vi
2
Set i = i + 1 and go to step 2.

(6)

In [9], SPUA is proved to be equivalent to the Newton’s iteration method, which means that this algorithm can converge
to the solution of the HJI equation as the iteration index i goes
to inﬁnity. It should be mentioned that this algorithm depends
on the complete knowledge of the system dynamics. Even
though the off-policy learning scheme in [11] can relieve the
dependence of the internal dynamics f (x), the drift dynamics
g(x) and k(x) are still required.

A. Model-free RL with simultaneous explorations

Deﬁne the Hamiltonian function

min max H(x, ∇V ∗ , u, w) = 0

B. Model-based method to the HJI equation

III. A N ONLINE NEURAL - NETWORK BASED APPROACH TO
THE HJI EQUATION WITH SIMULTANEOUS EXPLORATIONS

V ∗ (x) = min max J(x, u, w)
u

After substituting u∗ (x) and w∗ (x) into (3), the HJI equation
can be rewritten as
1
∇V ∗T f (x) + hT h − ∇V ∗T g(x)R−1 g T (x)∇V ∗
4
(4)
1
∗T −2
T
+ ∇V γ k(x)k (x)∇V ∗ = 0, V ∗ (0) = 0
4
Then we have to solve the HJI equation (4) for the optimal
value function V ∗ and the optimal policies u∗ and w∗ .
However, it is difﬁcult to obtain an analytic solution of (4)
directly for nonlinear systems.

To solve the HJI equation for zero-sum game with completely unknown dynamics, a model-free RL algorithm is developed
in this subsection. Consider the nonlinear zero-sum game with
two external simultaneous explorations as follows
ẋ = f (x) + g(x)(u + eu ) + k(x)(w + ew )
z = h(x)

(7)

where eu ∈ m and ew ∈ q denote the exploration signals
added to the control and disturbance policies, respectively. According to [15], the following deﬁnition about the exploration
signals is given.
Deﬁnition 1 [15]: For given stabilizing control and disturbance policies (u, w), the exploration singles (eu , ew ) is said
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to be invariantly admissible on Ω, if they can stabilize the
system (7) in the compact region Ω.
We call the exploration singles in Deﬁnition 1 Ω-invariant
exploration signals. Given two initial stabilizing control policies (u0 , w0 ) and the Ω-invariant exploration signals (eu , ew )
for system (7), the derivative of Vi (x) with respect to time for
the i-th iteration is calculated as
V̇i (x) = ∇ViT (f (x) + g(x)(ui + eu ) + k(x)(wi + ew ))
Based on (5) and (6), we have
V̇i (x) =∇ViT g(x)eu + ∇ViT k(x)ew − r(x, ui , wi )
T
= − 2uTi+1 Reu + 2γ 2 wi+1
ew − r(x, ui , wi )

t

Then, the solution of the HJI equation can be obtained iteratively following (9) with given initial policies and exploration
signals. Until now, the model-free RL with simultaneous
explorations can be developed by solving the iterative equation
(9) instead of the iterative equations (5) and (6).
Remark 1: Evidently, the real system data ui and wi are
required in the equation (9) rather than the system dynamics
f (x), g(x) and k(x), which means that the proposed algorithm
is a model-free approach. In fact, the knowledge of system
dynamics is embedded in the real system data in (9).
Remark 2: To solve the HJI equation, two Ω-invariant
nonzero exploration signals are added to the control and
disturbance policies in the developed algorithm. So the system
trajectories are produced with the policies ui +eu and wi +ew .
In fact, adding probing noises to the control inputs is also a
common and effective approach to guarantee the persistence
of excitation (PE) condition. In some degree, the equation
(9) is equal to the equations (5) and (6). Compared with the
probing noises in the SPUA which are used to guarantee the
PE condition, the simultaneous explorations in our algorithm
can not only guarantee the PE condition but also help to relieve
the dependence of the system dynamics. According to [16], the
most common types of exploration signals have exponentially
decreasing probing noises, sinusoidal signals with different
frequencies and random noises.
B. NN-based implementation
For implementation purposes, neural networks are constructed to approach the solution of (9) with the critic-actordisturbance structure. According to the Weirstrass high-order
approximation theorem [17], the solution (Vi , ui+1 , wi+1 ) of
(9) can be uniformly approximated on the compact set Ω by
T
Vi (x) = Wc,i+1
φc (x) + εc,i+1
T
ui+1 (x) = Wu,i+1
φu (x) + εu,i+1
T
wi+1 (x) = Ww,i+1
φw (x) + εw,i+1

T
V̂i (x) = Ŵc,i+1
φc (x)
T
φu (x)
ûi+1 (x) = Ŵu,i+1
T
φw (x)
ŵi+1 (x) = Ŵw,i+1

(8)

where Vi (x), ui+1 and wi+1 are the unknown function and
vectors be solved for, and Vi (0) = 0. Integrating (8) on the
interval [t, t + Δt] with Δt > 0, we have
 t+Δt
Vi (x(t)) − Vi (x(t + Δt)) −
2uTi+1 Reu dτ
t
(9)
 t+Δt
 t+Δt
T
2γ 2 wi+1
ew dτ =
r(x, ui , wi )dτ
+
t

where φc : n → Kc , φu : n → Ku and φw : n → Kw
are linearly independent basis function vectors, Wc,i+1 ∈ Kc ,
Wu,i+1 ∈ Ku ×m and Ww,i+1 ∈ Kw ×q are the unknown
coefﬁcient vector and matrices with Kc , Ku and Kw the
numbers of hidden neurons, εc,i+1 , εu,i+1 and εw,i+1 are
the reconstruction errors with appropriate dimensions. It is
shown in [18] that as Kc → ∞, Ku → ∞, Kw → ∞, the
reconstruction errors εc,i+1 , εu,i+1 , εw,i+1 converge to zero.
As the ideal coefﬁcients are unknown, the actual output of
the three NNs with a group of estimations can be given by

(10)

(11)

Given a strictly increasing time sequence {tk }lk=0 for each
interval with l > 0, the residual error by substituting (11) into
(9) is deﬁned as
T

ek = (φc (x(tk+1 ) − φc (x(tk )))) Ŵc,i+1
 tk+1
 tk+1
T
+
2φu Ŵu,i+1 Reu dτ −
2γ 2 φTw Ŵw,i+1 ew dτ

+

tk
tk+1
tk

tk

T
T
r(x, Ŵu,i
φu , Ŵw,i
φw )dτ

(12)

By Kronecker product ⊗, we have
φTu Ŵu,i+1 Reu = (eTu R ⊗ φTu )vec(Ŵu,i+1 )
φTw Ŵw,i+1 ew = (eTw ⊗ φTw )vec(Ŵw,i+1 )
where vec(·) denotes the vectorization of a matrix formed by
stacking the columns of the matrix into a single column vector.
T
, vec(Ŵu,i )T , vec(Ŵw,i )T ]T , a compact
Deﬁne W̃i = [Ŵc,i
form of (12) can be written as
ek = θkT (x)W̃i+1 + ξk (W̃i )

(13)

where W̃i ∈ K̃ with K̃ = Kc + mKu + pKw , i ∈ 0, 1, ...
and k ∈ 0, ..., l denote the iterative index and time sequence
index, respectively, and θk , ξk are deﬁned as
⎤
⎡
φc (x(tk+1 )) − φc (x(tk ))

tk+1
⎥
⎢
K̃
2Re ⊗ φu dτ
θk (x) = ⎣
⎦∈
tktk+1 2 u
− tk 2γ ew ⊗ φw dτ
 tk+1
T
T
ξk (W̃i ) =
r(x, Ŵu,i
φu , Ŵw,i
φw )dτ ∈ 
tk

It is desired to determine the estimated weights W̃i+1 by
minimizing the sum of squared residual error min

l−1

W̃i+1 k=0

e2k ,

which can be seen as a least-squares (LS) problem. First, the
PE assumption to guarantee the convergence of W̃i+1 is given.
Assumption 1: There exist l0 > 0 and δ > 0 for each i ≥ 0
such that for all l ≥ l0 , we have
1
l

l−1
k=0

θk (x)θkT (x) ≥ δIK̃
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where IK̃ is the identity matrix with appropriate dimensions.
According to the PE condition and the equation (13), the
solution of this LS problem yields
W̃i+1 = −(ΘTi (x)Θi (x))-1 ΘTi (x)Ξi (W̃i )

(14)

where
Θi (x) = [θ0 (x), ..., θl−1 (x)]T
Ξi (W̃i ) = [ξ0 (W̃i ), ..., ξl−1 (W̃i )]T
Remark 3: To update the estimated weights by (14), we have
to guarantee ΘTi (x)Θi (x))-1 exists. Therefore, the collected
data in Θi (x) should satisfy that rank(Θi ) = K̃, which means
that ΘTi has full column rank. Since the number of collected
data is determined by the length of the time sequence {tk }lk=0 ,
the length index of time sequence for each interval l should be
larger than K̃ to guarantee the condition of full column rank.
Now the model-free RL with simultaneous explorations for
the nonlinear zero-sum game are proposed. Similar to most
PI algorithms, the initial stabilizing policies are required. The
ﬂowchart of the model-free RL is given in Fig. 1.
/ŶŝƚŝĂůŝǌĂƚŝŽŶ
EEŝŶŝƚŝĂůǁĞŝŐŚƚƐ:ÖF :ÖX  :ÖZ
^ŝŵƵůƚĂŶĞŽƵƐĞǆƉůŽƌĂƚŝŽŶƐ HX  HZ
/ŶƚĞŐƌĂƚŝŽŶŝŶƚĞƌǀĂů 'W
EƵŵďĞƌŽĨĚĂƚĂƉŽŝŶƚƐ O
dŚƌĞƐŚŽůĚ H

C. Uniformly convergence analysis
In this subsection, we will prove V̂i , ûi+1 , ŵi+1 under the
NN approximations (11) can uniformly approach the solution
(Vi , ui+1 , wi+1 ) in (10) .
Theorem 1: Suppose that Assumption 1 holds, there exist
∗
Kc∗ , Ku∗ , Kw
> 0 such that if Kc ≥ Kc∗ , Ku ≥ Ku∗ , Kw ≥
∗
Kw , then
|V̂i (x) − Vi (x)| ≤ ε, |ûi+1 (x) − ui+1 | ≤ ε, |ŵi+1 − wi+1 | ≤ ε
Proof: Assume that there exists a solution V̄i of the
following equation with V̄i (0) = 0
∇V̄iT (f + g ûi + k ŵi ) + hT h + ûTi Rûi − γ 2 ŵiT ŵi = 0 (15)
Deﬁne

ūi+1 = − 12 R−1 g T ∇V̄i
w̄i+1 = 12 γ −2 k T ∇V̄i

According to (9) along the time sequence {tk }lk=0 , we have
 tk+1
V̄i (x(tk )) − V̄i (x(tk+1 )) −
2ūTi+1 Reu dτ
tk
(16)
 tk+1
 tk+1
2 T
2γ w̄i+1 ew dτ =
r(x, ûi , ŵi )dτ
+
tk

tk



Similar with (10), the solution V̄i (x), ūi+1 , w̄i+1 can be
presented as
T
V̄i (x) = W̄c,i+1
φc (x) + ε̄c,i+1
T
ūi+1 (x) = W̄u,i+1
φu (x) + ε̄u,i+1

[

w̄i+1 (x) =

ǇŶĂŵŝĐƐ
I  J XL  HZ  N ZL  HZ

T
W̄w,i+1
φw (x)

(17)

+ ε̄w,i+1

Substitute (17) in (16) and based on (12), we have
ek = θkT (x)Γi+1 + πk

KŶůŝŶĞĚĂƚĂĐŽůůĞĐƚŝŽŶ

where

4L [  ;L :L

W ! O  'W

ĂŶĚ

UUDQN
DQN 4L [

.

EŽ

⎡

⎤
Ŵc,i+1 − W̄c,i+1
Γi+1 = ⎣ vec(Ŵu,i+1 − W̄u,i+1 ) ⎦
vec(Ŵw,i+1 − W̄w,i+1 )
πk = ε̄c,i+1 (x(tk )) − ε̄c,i+1 (x(tk+1 ))
 tk+1
 tk+1
2γ 2 eTw ε̄w,i+1 dτ
2eTu Rε̄u,i+1 dτ +
−
tk

zĞƐ

Based on the LS principle, we have

hƉĚĂƚĞƵƐŝŶŐ

:
L 
:L 

 4L 7 [ 4L  [




4L 7 [ ;L :L

:L   :L  H

l−1

e2k ≤

l−1

ΓTi+1 θk (x)θkT (x)Γi+1
≤
k=0

=

KƵƚƉƵƚƌĞƐƵůƚƐ

Fig. 1. The ﬂowchart of the model-free RL with simultaneous explorations

l−1
k=0

πk2 . Then

(ek − πk )2

k=0

2(e2k + πk2 ) ≤ 4l max πk2
0≤k≤l−1

From Assumption 1, we yield Γi+1

zĞƐ
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l−1
k=0

k=0
l−1

L m L 

EŽ

tk

2

≤

4
max πk2 .
δ 0≤k≤l−1

Note that as Kc , Ku , Kw → ∞, ε̄c,i+1 , ε̄u,i+1 , ε̄w,i+1 → 0
and πk → 0. Then we have
lim
Γi+1 → 0 on Ω.
Considering

Kc ,Ku ,Kw →∞

V̂i − V̄i = (Ŵc,i+1 − W̄c,i+1 )φc (x) − ε̄c,i+1
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We have
lim

Kc ,Ku ,Kw →∞

V̂i (x) = V̄i (x)

(18)

Similarly,
lim

ûi+1 (x) = ūi+1 (x)

lim

ŵi+1 (x) = w̄i+1 (x)

Kc ,Ku ,Kw →∞
Kc ,Ku ,Kw →∞

(19)

Then, we will prove that as Kc , Ku , Kw → ∞, V̄i →
Vi , ūi+1 → ui+1 and w̄i+1 → wi+1 for all i = 0, 1, ....
(a) For i = 0, we have V̄0 = V0 , ū1 = u1 , w̄1 = w1
according to the deﬁnitions of V̄i , ūi+1 and w̄i+1 .
(b) For some i > 0, assume that as Kc , Ku , Kw → ∞,
V̄i−1 → Vi−1 , ūi → ui and w̄i → wi . From (8) and (15), we
can get
 ∞
V̄i (x) − Vi (x) =
−2(ūi+1 − ui+1 )T Reu dτ
t
 ∞
+
2γ 2 (w̄i+1 − wi+1 )T ew dτ
t

With the NN approximation structure, we yield
 ∞
φTc (W̄c,i+1 − Wc,i+1 ) +
2φTu (W̄u,i+1 − Wu,i+1 )
t
 ∞
2 T
× Reu dτ −
2γ φw (W̄u,i+1 − Wu,i+1 )ew dτ = εΓ
t

According to the approximation property of NNs, the equation
(19) and the hypotheses (b), we have
lim
εΓ → 0 as
Kc , Ku , Kw → ∞. It implies that
lim

Kc ,Ku ,Kw →∞

lim

Kc ,Ku ,Kw →∞

lim

Kc ,Ku ,Kw →∞

V̂i (x) = Vi (x)

ûi+1 (x) = ui+1 (x)

Kc ,Ku ,Kw →∞

(20)

ŵi+1 = wi+1 (x)

∗
Based on (18), (19) and (20), there exist Kc∗ , Ku∗ , Kw
>0
∗
∗
∗
such that if Kc ≥ Kc , Ku ≥ Ku , Kw ≥ Kw , then

g (x) =

0
x1 + x2




, k (x) =

0
x2



Note that the system dynamics are assumed to be unknown.
Select h(x) = [x21 , x22 ], R = 1 and γ = 2. According to the
converse optimal control method in [19], we can obtain the
optimal value function and the optimal policies
1 2 1 2
x + x ,
2 1 2 2
1
1
1
u∗ (x) = − x1 x2 − x22 , w∗ (x) = x22
2
2
8
Then we can construct three NNs to approach the value,
control and disturbance policies with the same basis function
vectors φc (x) = φu (x) = φw (x) = [x21 , x1 x2 , x22 ]T . Thus, the
ideal coefﬁcients for the NNs should be Wc∗ = [0.5, 0, 0.5]T ,
Wu∗ = [0, −0.5, −0.5]T and Ww∗ = [0, 0, 0.125]T . Let the
initial system state be x0 = [1, −1]T , the sampling interval be
0.1s. We choose the time sequence index l = 20, which means
the estimated weights updating law (14) is tuned every 2s. As
the system is self-stable, the initial weights for the critic, actor
and disturbance NNs are chosen as Wc,0 = Wu,0 = Ww,0 =
[0, 0, 0]T . We experimentally choose two sinusoidal signals
with different frequencies as the simultaneous explorations,
i.e., eu = 0.3(sin(πt) + sin(5t) + sin(9.3t) + 0.5) and
ew = 0.3(sin(2πt) + sin(4t) + sin(11t)). The convergence
threshold is 10−6 . After 6th iterations, the online algorithm is
converged and the estimated weights are Ŵc,6 = [0.5, 0, 0.5]T ,
Ŵu,6 = [0, −0.5, −0.5]T and Ŵw,6 = [0, 0, 0.125]T . The
convergence curves of the estimated weights are shown in Fig.
2-Fig. 4. Compared with the online learning algorithms in [12],
[13] that the convergence time is about 100s, the convergence
time of 12s in our algorithm is shorter.
Then we apply the obtained optimal controller to the corresponding H∞ problem with a disturbance signal as
 −(t−t )
0
cos (t − t0 ) , t > t0
8e
w=
0,
t < t0
V ∗ (x) =

|V̂i (x) − Vi (x)| ≤ |V̂i (x) − V̄i (x)| + |V̄i (x) − Vi (x)|
ε ε
≤ + =ε
2 2
Similarly, we have |ûi+1 (x) − ui+1 | ≤ ε, |ŵi+1 − wi+1 | ≤ ε.
This completes the proof.

where t0 = 4.5s. The whole state and action trajectories are
shown in Fig. 5. We can see that the closed-loop system under
the obtained optimal controller is asymptotically stable, which
demonstrates the effectiveness of the proposed algorithm.

According to Theorem 1, the NN approximations (11) can
approach the solution of (9) at each iteration. As the iteration
index i → ∞, the model-free RL can approach the solution
of the HJI equation.

The continuous-time nonlinear zero-sum game with unknown system dynamics is investigated in this paper. Combining IRL with simultaneous explorations, a model-free RL algorithm is developed to solve the HJI equation approximately.
Furthermore, the critic-actor-disturbance NNs are constructed
to approach the optimal solution using online learning scheme.

IV. S IMULATION
Consider the continuous-time nonlinear zero-sum game in
[14] with modiﬁcation as follows
ẋ = f (x) + g(x)u + k(x)w
where
f (x) =



−x1 + x2
−x1 − x2 + 14 (x1 + x2 )2 x2 −


1
3
4γ 2 x2

V. C ONCLUSION
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