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Abstract: This paper deals with optimal tracking control problems for a class of discrete-time nonlinear systems
using a generalized policy iteration adaptive dynamic programming (ADP) algorithm. First, by system transformation,
the optimal tracking control problem is transformed into an optimal regulation problem. Then the generalized policy
iteration ADP algorithm is employed to obtain the optimal tracking controller with convergence and optimality analysis.
The developed algorithm uses the idea of two iteration procedures to obtain the iterative tracking control laws and the
iterative value functions. Three neural networks, including model network, critic network and action network, are used
to implement the developed algorithm. At last, an simulation example is given to demonstrate the effectiveness of the
developed method.
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1 INTRODUCTION

The optimal tracking control problems have always been
the key focus of control field in recent decades. Gilbert
and Ha [2] used feedback linearization technique to design
traditional tracking controller, which is only effective in
the neighborhood of the equilibrium point. To avoid this
shortcoming, an effective brain-like method called adap-
tive/approximate dynamic programming (ADP) was pro-
posed [3]. The ADP algorithm can overcome the curse
of dimensionality and solve the Hamilton-Jacobi-Bellman
(HJB) equation forward-in-time. Therefore more and more
attention has been paid to the ADP algorithm [3]− [10].
According to [4], ADP approaches were classified into
four schemes: heuristic dynamic programming (HDP), d-
ual heuristic programming (DHP), action dependent HDP
(ADHDP), also known as Q-learning, and action depen-
dent DHP (ADDHP). Policy and value iteration algorithm-
s are primary tools in ADP to obtain the solution of the
HJB equation indirectly. Zhang et al. [7] and Wang et
al. [6] used the value iteration algorithm to solve optimal
tracking control problems for nonlinear systems. Bhasin
et al. [9] proposed an online actor-critic-identifier archi-
tecture to approximate the optimal control law for uncer-
tain nonlinear systems by policy iteration algorithms. Abu-
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Khalaf and Lewis [8] proposed a policy iteration algorith-
m for continuous-time nonlinear systems with control con-
straints.
However, Sutton and Barto [5] pointed out that almost al-
l reinforcement learning and ADP methods could be de-
scribed as generalized policy iteration algorithm. So it’s
important to investigate the generalized policy iteration al-
gorithm for the development of ADP. Compared with other
iteration algorithms, the present generalized policy itera-
tion ADP algorithm, which is a general idea of interacting
policy and value iteration ADP algorithm, has two iteration
procedures, including i-iteration and j-iteration. Further-
more, as a new method to solve the optimal problems, the
generalized policy iteration algorithm has drawn more and
more researchers’ attention. The generalized policy itera-
tion algorithm for continuous-time systems was discussed
in [11] and [12]. And the analysis of the generalized policy
iteration algorithm for discrete-time systems was studied
in [13] and [14]. To the best of our knowledge, however,
there is no study on the optimal tracking controller using
generalized policy iteration ADP algorithm. So in this pa-
per, we will use the new algorithm to design optimal track-
ing controller for a class of discrete-time nonlinear system-
s. First, we will transform the tracking problem into an
optimal regulation problem. Second, the detailed iteration
procedure of the generalized policy iteration algorithm for
discrete-time is presented. Next, the convergence criteria of
the generalized policy iteration algorithm is proven. Neu-
ral networks (NNs) are introduced to implement the gen-



eralized policy iteration algorithm. Finally, one example is
given to confirm the effectiveness of the generalized policy
iteration ADP algorithm.

2 PROBLEM STATEMENT

Consider the discrete-time nonlinear systems described as:

x(k + 1) = f(x(k)) + g(x(k))u(x(k)) (1)

where x(k) ∈ Rn, f(x(k)) ∈ Rn, g(x(k)) ∈ Rn×m and
the input u(x(k)) ∈ Rm. Here, we suppose that the system
is strongly controllable on Ω ⊂ Rn, and the generalized
inverse of g(·) exists. For optimal tracking control prob-
lem, the control objective is to find an optimal control law
u∗(x(k)), so as to make the nonlinear systems (1) track the
specified desired trajectory η(k) ∈ Rn, where we suppose
η(k) satisfies η(k + 1) = Γ(η(k)). In the following part,
for simplicity, u(x(k)) is replaced by u(k).
The tracking error is defined as

e(k) = x(k)− η(k). (2)

Inspired by the study of [15], we can define

v(k) = u(k)− uη(k), (3)

where

uη(k) = g−1(η(k))(η(k + 1)− f(η(k))). (4)

Here, uη(k), which denotes the expected control, is intro-
duced for analytical purpose. By substituting (2), (3) and
(4) into (1), we can obtain a new system as follows:

e(k + 1) =f(e(k) + η(k)) + g(e(k) + η(k))g−1(η(k))

× (η(k + 1)− f(η(k)))− η(k + 1) + g(e(k)

+ η(k))v(k). (5)

For simplicity, the new system (5) can be represented as

e(k + 1) = F (e(k), v(k)), (6)

where e(k) is the state vector and v(k) is the control vector.
Now let v(k) = {v(k), v(k + 1), v(k + 2), . . .} be an arbi-
trary sequence of controls from k to ∞. The performance
index function for initial state e(0) is defined as

J(e(0), v(0)) =
∞∑
k=0

{eT(k)Qe(k) + vT(k)Rv(k)}, (7)

where Q ∈ Rn×n, R ∈ Rm×m are positive definite matri-
ces and v(0) = {v(0), v(1), v(2), . . .}. Then, let the utility
function U satisfy

U(e(k), v(k)) = eT(k)Qe(k) + vT(k)Rv(k). (8)

In this sense, the nonlinear tracking problem is transformed
into a regular optimal control problem. So the goal of this
paper is not only to design the optimal control law v∗(k)
which makes x(k) track the desired trajectory η(k), but al-
so minimizes the performance index function (7). Further-
more, the sequence of controls v(k) is a function of e(k),

hence the performance index J(e(k), v(k)) can be rewrit-
ten as

J(e(k)) =
∞∑
i=k

U(e(i), v(i)). (9)

According to Bellmans optimality principle, the optimal
performance index function

J∗(e(k)) = minJ(e(k))

= min
v(k),v(k+1),...,v(∞)

∞∑
i=k

U(e(i), v(i)) (10)

can be rewritten as

J∗(e(k)) = min
v(k)

{
U(e(k), v(k))

+ min
v(k+1),...,v(∞)

∞∑
i=k+1

U(e(i), v(i))

}
.

(11)

In other words, J∗(e(k)) satisfies the discrete-time HJB
(DTHJB) equation

J∗(e(k)) = min
v(k)

{U(e(k), v(k)) + J∗(e(k + 1))}. (12)

Therefore, the optimal control law can be expressed as

v∗(k) = argmin
v(k)

{U(e(k), v(k)) + J∗(e(k + 1))}. (13)

From (8) and (13), we can obtain

v∗(k) = −1

2
R−1gT(e(k) + η(k))

∂J∗(e(k + 1))

∂e(k + 1)
. (14)

By using (13) and (14), the DTHJB equation can be rewrit-
ten as

J∗(e(k)) =U(e(k), v∗(k)) + J∗(e(k + 1))

=eT(k)Qe(k) +
1

4

(
∂J∗(e(k + 1))

∂e(k + 1)

)T

× g(e(k) + η(k))R−1gT(e(k) + η(k))

× ∂J∗(e(k + 1))

∂e(k + 1)
+ J∗(e(k + 1)). (15)

Generally, the partial differential of J∗(e(k+1)) is difficult
to obtain. Therefore in order to solve the DTHJB equation,
we will design a novel algorithm to approximate the per-
formance index function in the following part.

3 OPTIMAL TRACKING CONTROL BASED
ON GENERALIZED POLICY ITERATION
ADP ALGORITHM

3.1 Derivation of the Generalized Policy Iteration AD-
P Algorithm

In this subsection, we present the details of generalized pol-
icy iterative ADP algorithm. First of all, we start with an



initial admissible control law v̂0(k), and let V0(e(k)) satis-
fy the generalized HJB (GHJB) equation:

V0(e(k)) = U(e(k), v̂0(k)) + V0(e(k + 1))

= U(e(k), v̂0(k)) + V0(F (e(k), v̂0(k)). (16)

Then, for i = 1, the iterative control law is obtained by

v̂1(k) = argmin
v(k)

{U(e(k), v(k)) + V0(F (e(k), v(k)))}.

(17)
Let {N1, N2, N3, . . .} be a sequence, where Ni ≥ 0, i =
1, 2, 3, . . ., are non-negative integers. And let j1 increase
from 0 to N1, then the value function is updated by

V1,j1+1(e(k)) = U(e(k), v̂1(k)) + V1,j1(F (e(k), v̂1(k))),
(18)

where

V1,0(e(k)) = min
v(k)

{U(e(k), v(k)) + V0(e(k + 1))}

= U(e(k), v̂1(k)) + V0(F (e(k), v̂1(k))).
(19)

We define the iterative value function as

V1(e(k)) = V1,N1(e(k)). (20)

For i = 2, 3, 4, . . ., we can implement the generalized pol-
icy iteration ADP algorithm by the following two iteration
procedures.
1) i-iteration

v̂i(k) = argmin
v(k)

{U(e(k), v(k)) + Vi−1(F (e(k), v(k)))}.

(21)
2) j-iteration

Vi,ji+1(e(k)) = U(e(k), v̂i(k)) + Vi,ji(F (e(k), v̂i(k))),
(22)

where the iteration index ji increases from 0 to Ni,

Vi,0(e(k)) = min
v(k)

{U(e(k), v(k)) + Vi−1(e(k + 1))}

= U(e(k), v̂i(k)) + Vi−1(F (e(k), v̂i(k)))
(23)

and the iteration value function is given as

Vi(e(k)) = Vi,Ni(e(k)). (24)

In fact, each j-iteration tries to solve the following gener-
alizd HJB (GHJB) equation:

Vi,ji(e(k)) = U(e(k), v̂i(k)) + Vi,ji(F (e(k), v̂i(k))).
(25)

3.2 Convergence Analysis of the Generalized Policy
Iteration ADP Algorithm

Theorem 1 Let the iteration control law v̂i(k) and the iter-
ation value function Vi,ji(e(k)) be obtained by (16)–(25).
Then, for i = 1, 2, . . . , ji = 0, 1, 2, . . . , Ni and for al-
l e(k) ∈ Ωe, the iteration value function Vi,ji(e(k)) is a
monotonically non-increasing sequence satisfying:

Vi,ji+1(e(k)) ≤ Vi,ji(e(k)) (26)

and
Vi+1,j(i+1)

(e(k)) ≤ Vi,ji(e(k)) (27)

where 0 ≤ ji ≤ Ni and 0 ≤ ji+1 ≤ Ni+1.
Proof. The inequality (26) can be proved in two steps by
mathematical induction.
Step1: Let i = 1. According to (16) and (23), we can
obtain

V1,0(e(k)) = U(e(k), v̂1(k)) + V0(F (e(k), v̂1(k)))

= min
v(k)

{U(e(k), v(k)) + V0(F (e(k), v(k)}

≤ U(e(k), v̂0(k)) + V0(F (e(k), v̂0(k)))

= V0(e(k)). (28)

Then, using (22) and (28), for j1 = 0, we have

V1,1(e(k)) = U(e(k), v̂1(k)) + V1,0(F (e(k), v̂1(k)))

≤ U(e(k), v̂1(k)) + V0(F (e(k), v̂1(k)))

= V1,0(e(k)). (29)

By (22) and (29), for j1 = 1, we can obtain that

V1,2(e(k)) = U(e(k), v̂1(k)) + V1,1(F (e(k), v̂1(k)))

≤ U(e(k), v̂1(k)) + V1,0(F (e(k), v̂1(k)))

= V1,1(e(k)). (30)

For j1 = s, where s is a positive integer and 1 < s ≤ N1,
then we have

V1,s+1(e(k)) = U(e(k), v̂1(k)) + V1,s(F (e(k), v̂1(k)))

≤ U(e(k), v̂1(k)) + V1,s−1(F (e(k), v̂1(k)))

= V1,s(e(k)). (31)

Therefore (26) holds for i = 1.
Step 2: Assuming that (26) holds for i = m, we can get

Vm,jm+1(e(k)) ≤ Vm,jm(e(k)). (32)

Hence, according to (16) and (23), for i = m+ 1

Vm+1,0(e(k))

= U(e(k), v̂m+1(k)) + Vm(F (e(k), v̂m+1(k)))

= min
v(k)

{U(e(k), v(k)) + Vm(F (e(k), v(k)}

≤ U(e(k), v̂m(k)) + Vm(F (e(k), v̂m(k)))

= Vm,Nm+1(e(k))

≤ Vm,Nm(e(k))

= Vm(e(k)). (33)

Next, by observing (22) and (28), for jm+1 = 0, we have

Vm+1,1(e(k))

= U(e(k), v̂m+1(k)) + Vm+1,0(F (e(k), v̂m+1(k)))

≤ U(e(k), v̂m+1(k)) + Vm(F (e(k), v̂m+1(k)))

= Vm+1,0(e(k)). (34)



From (22) and (34), for jm+1 = 1

Vm+1,2(e(k))

= U(e(k), v̂m+1(k)) + Vm+1,1(F (e(k), v̂m+1(k)))

≤ U(e(k), v̂m+1(k)) + Vm+1,0(F (e(k), v̂m+1(k)))

= Vm+1,1(e(k)). (35)

Using the same method as (31), for jm+1 = q, where q is
positive integer and 1 < q ≤ Nm+1,

Vm+1,q+1(e(k))

= U(e(k), v̂m+1(k)) + Vm+1,q(F (e(k), v̂m+1(k)))

≤ U(e(k), v̂m+1(k)) + Vm+1,q−1(F (e(k), v̂m+1(k)))

= Vm+1,q(e(k)). (36)

So (26) holds for i = m + 1. The mathematical induction
is completed.
In the following part, inequality (27) will be proven. Let
0 ≤ ji+1 ≤ Ni+1. Then according to (24)–(26), we can
get

Vi+1(e(k)) = Vi+1,Ni+1(e(k)) ≤ Vi+1,ji+1(e(k))

≤ Vi+1,0(e(k)) ≤ Vi(e(k)). (37)

Therefore the proof of (27) is completed.
From the inequalities (26) and (27), we can conclude that
the iterative value function Vi,ji(e(k)) is a monotonically
nonincreasing sequence.
Theorem 2 For i = 0, 1, 2, . . . , and any Ni ≥ 0, the
iterative value function Vi,ji(e(k)), which is obtained by
(22), converges to the optimal performance index function
J∗(e(k)), i.e.,

lim
i→∞

Vi,ji(e(k)) = J∗(e(k)). (38)

Proof. We define {Vi,ji(e(k))} = {V0(e(k)), V1,0(e(k)),
V1,1(e(k)), . . . , V1,N1(e(k)), V1(e(k)), V2,0(e(k)), V2,1

(e(k)), . . . , V2,N2(e(k)), . . .}. Then, {Vi(e(k))} is select-
ed as a subsequence of {Vi,ji(e(k))}, i.e., {Vi(e(k))} =
{V0(e(k)), V1(e(k)), V2(e(k)), . . .}. Apostol [1] point-
ed that the sequence {Vi,ji(e(k))} and its subsequence
{Vi(e(k))} had the same limit, i.e.,

lim
i→∞

Vi,ji(e(k)) = lim
i→∞

Vi(e(k)). (39)

Thus, we can choose to prove the following equation for
simplicity,

lim
i→∞

Vi(e(k)) = J∗(e(k)). (40)

First, we define the limit of the iterative value function
{Vi(e(k))}, i.e., V∞(e(k)) = lim

i→∞
Vi(e(k)). According

to Theorem 1 and (23), we have

Vi(e(k)) ≤ Vi,0(e(k))

= U(e(k), v̂i(k)) + Vi−1(F (e(k), v̂i(k)))

= min
v(k)

{U(e(k), v(k)) + Vi−1(F (e(k), v(k)))}.

(41)

Then, we can get

V∞(e(k)) = lim
i→∞

Vi(e(k))

≤ Vi(e(k))

≤ min
v(k)

{U(e(k), v(k)) + Vi−1(F (e(k), v(k)))}.

(42)

Hence, letting i → ∞, we can obtain

V∞(e(k)) ≤ min
v(k)

{U(e(k), v(k)) + V∞(F (e(k), v(k)))}.

(43)
On the other hand, let γ > 0 be an arbitrary positive con-
stant. From Theorem 1, we can get that Vi(e(k)) is non-
increasing sequence, so there exists a positive integer π
such that

Vπ(e(k))− γ ≤ V∞(e(k)) ≤ Vπ(e(k)). (44)

Thus, substituting (25) into (44), we can obtain

V∞(e(k)) (45)
≥ U(e(k), v̂π(k)) + Vπ(F (e(k), v̂π(k)))− γ

≥ U(e(k), v̂π(k)) + V∞(F (e(k), v̂π(k)))− γ

= min
v(k)

{U(e(k), v(k)) + V∞(F (e(k), v(k)))} − γ,

(46)

which reveals that

V∞(e(k)) ≥ min
v(k)

{U(e(k), v(k)) + V∞(F (e(k), v(k)))},

(47)
because of the arbitrariness of γ.
Combining (43) and (47), we can conclude that

V∞(e(k)) = min
v(k)

{U(e(k), v(k)) + V∞(F (e(k), v(k)))}.

(48)
Second, on one hand, according to (9) and (12), for any
ξ > 0, we can find an admissible control sequence ω(k)
that satisfies

J(e(k), ω(k)) ≤ J∗(e(k)) + ξ. (49)

Now, we suppose that the length of the control sequence
ω(k) is θ. Then using (7), (23) and Theorem 1, we can
obtain

V∞(e(k)) ≤ Vθ(e(k))

≤ min
v(k)

{U(e(k), v(k)) + Vθ−1(F (e(k), v(k)))}

≤ J(e(k), ω(k)). (50)

Combining (49) with (50), we can get

V∞(e(k)) ≤ J∗(e(k)) + ξ, (51)

where ξ is arbitrary. Then, we have

V∞(e(k)) ≤ J∗(e(k)). (52)
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Figure 1: Structure diagram of the algorithm

On the other hand, from the definition of J∗(e(k)) in (10),
for i = 0, 1, 2, ..., Vi(e(k)) ≥ J∗(e(k)) holds for al-
l e(k) ∈ Ωe. Letting i → ∞, we can acquire V∞(e(k)) ≥
J∗(e(k)). Therefore, we have (39) holds.
From Theorems 1–2, we can conclude that the value func-
tion sequence {Vi,ji(e(k))} is a non-increasing sequence,
and converges to the optimal performance index function
J∗(e(k)), i.e., Vi,ji → J∗ as i → ∞. And on the basis of
the definition of v∗(k) in (13), it’s not difficult to find that
when Vi,ji → J∗, v̂i → v∗ also holds as i → ∞.
Remark 1 After the optimal control law v∗(k) for system
(6) is derived, we can obtain the optimal tracking con-
trol u∗(k) for original system (1) by u∗(k) = v∗(k) +
g−1(η(k))(η(k + 1)− f(η(k))).

4 NN IMPLEMENTATION OF THE GENER-
ALIZED POLICY ITERATION ADP ALGO-
RITHM

In this paper, three NNs, called critic network, model net-
work, and action network respectively, are used to imple-
ment the algorithm and approximate v̂i(k) and Vi,ji(e(k)).
All the NNs are chosen as three-layer back-propagation
(BP) networks. The structure diagram of the generalized
policy iterative ADP algorithm is shown in Fig. 1. The
weights are updated using the gradient-based adaption rule,
which can be referred to [16].

5 SIMULATION STUDY

Consider the following discrete-time nonlinear system:

x(k + 1) = f(x(k)) + g(x(k))u(k), (53)

where

x(k) = [x1(k), x2(k)]
T
,

u(k) = [u1(k), u2(k)]
T
,

f(x(k)) =

[
x1(k) + 0.1x2(k)

−0.1x1(k) + 1.1x2(k)− 0.1x2(k)x
2
1(k)

]
,

g(x(k)) =

[
1 0
0 1

]
.

Let the initial state be x(0) = [0.7,−1]
T and the desired

trajectory is specified as

η(k) =

[
− 1

π
cos(0.1πk), sin(0.1πk)

]T
.
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Figure 2: Vi,ji for k = 0

Then, let the performance index function be expressed by
(10). The parameters of the utility function are chosen as
Q = I1, R = I2, where I1 and I2 denote the identity ma-
trix with suitable dimensions. The error bound of the it-
erative ADP is chosen as ε = 10−5. NNs are used to
carry out the generalized policy iteration ADP algorithm.
The model network, critic network and action network are
chosen as three-layer BP NNs with the structures 4−8−2,
2−8−1, 2−8−2, respectively. And all the initial weights
are chosen from [−1, 1] randomly. It should be noted that
the model network should be trained first. The model net-
work is trained under the learning rate αm = 0.15. Then,
for each iteration step, the critic network and action net-
work are trained for 1500 training steps using the learning
rate of αc = αa = 0.05, so that the NN training error be-
come less than ε.
We let iteration index i = 10 and choose the iteration se-
quence {Ni} = 10. The changing curve of Vi,ji for k = 0
is shown in Fig. 2 and the trajectory of the iterative value
function Vi for the entire state space is shown as Fig. 3.
From Fig. 2 and Fig. 3, we can get that both the value func-
tion Vi,ji(e(k)) and the subsequence Vi(e(k)) are mono-
tonically nonincreasing sequence, where “In” indicates ini-
tial iteration and “Lm” means limiting iteration.
Then, we compute the tracking control law using (21) and
apply it to the system (53) for 30 time steps. The tracking
control curves are shown in Fig. 4. And the Fig. 5 shows
the tracking error trajectory. From Fig. 5, we can see that
the tracking errors become minimum, which shows that the
control system has already tracked the reference trajecto-
ries within the allowable error. These simulation results
confirm the excellent performance of the generalized poli-
cy iteration algorithm for optimal tracking control systems.

6 CONCLUSION

An effective generalized policy iteration ADP algorithm is
proposed in this paper to solve the optimal tracking control
problem. It has been proven that the iterative value func-
tions are monotonically non-increasing and convergent to
the optimum. NNs, which can approximate the nonlinear
system, control law, and value function, are introduced to



Figure 3: Vi for the entire state space
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implement the present algorithm. Finally, the simulation
example is given to verify the effectiveness of the novel
algorithm for tracking control systems.
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