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MMSE State Estimation Approach for Linear Discrete-Time
Systems With Time-Delay and Multi-Error Measurements

Yao Sun, Fengshui Jing, Zize Liang, and Min Tan

Abstract—This technical note focuses on designing a
novel optimal estimation approach for linear discrete-time
systems with time-delay and multi-error measurements, in-
spired by the measurement demands of the Five-hundred-
meter Aperture Spherical radio Telescope. Measurement
errors from different measurement channels, which are
considered equal in many previous estimation methods,
are usually negatively correlated with time-delays. Mea-
surements with higher time-delays usually have less errors
than the ones with lower delays. Our approach improves
the estimation accuracy by decreasing the usage rate of
measurements with larger errors. To prove the optimality
of the approach in the minimum mean square error sense,
a derivation procedure is presented. A numerical example
and comparison are also given to demonstrate the feasibil-
ity and advantage of the proposed approach.

Index Terms—Explicit time-delay, MMSE state estimation
approach, multi-error measurements.

I. INTRODUCTION

The Five-hundred-meter Aperture Spherical radio Telescope
(FAST), which was proposed by astronomers from ten countries
including China at the General Assembly of the International Union
of Radio Science in 1993, is a Chinese mega-science project to build
the most sensitive single dish radio telescope in the world. The active
moving feed cabin of FAST requires high accuracy and real-time po-
sition estimation by multi-fold measurements [1]. GPS-RTK and total
station, whose parameters are given in Table I, are the two selected
measurement equipment for the feed cabin [2]–[5]. The required real-
time measurement accuracy of position is RMSE ≤ 3 mm [6]. Neither
of the two equipment can meet the demands: the measurement time-
delay of GPS-RTK is approximately equal to zero, but the RMSE of
its accuracy is overlarge; conversely, the measurement time-delay of
total station is too great to ignore, although the RMSE is acceptable.
Therefore, we describe the active moving feed cabin subsystem as a
discrete-time system with time-delay and multi-error measurements,
and our aim is to find an optimal estimation approach for it.

Optimal state estimation approaches for linear discrete-time systems
have been widely studied and have found many practical applications
in signal processing, control and communication systems [7]–[9].
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TABLE I
DETAILED PARAMETERS OF GPS-RTK AND TOTAL STATION

Optimal state estimation is the minimum mean square error estimation,
which is termed as MMSE state estimation [10]. A classical MMSE
state estimation approach named Kalman filter has been well studied
in the past decades [11]. With the development of multi-sensor data
fusion technology and network control systems [12]–[16], time-delay
and multi-error problems are becoming two focus issues in MMSE
estimation. However, the standard Kalman filter cannot be applied to
systems with time-delay and multi-error measurements.

Although several estimation methods including augmented state
Kalman filter [17], [18] and re-organization observation Kalman filter
[19]–[21] have been studied to solve the time-delay problem, previous
optimal estimation methods for multi-measurement systems were stud-
ied based on a widely accepted assumption: measurement errors from
multi-measurement channels with different delays were considered
equal. This assumption leads to a heavy use of measurements with
lower delay during the iterations. As shown in Table I, measurements
with lower time-delay normally have larger measurement errors than
the ones with higher delay, otherwise, there is little reason to use
measurement equipment with higher delay. Nonobservance of the
negative correlation between time-delay and measurement error results
in accuracy degradation in the final results. Thus, the previous methods
can hardly be used to solve the state estimation problem of FAST.

In this technical note, we design a novel MMSE estimation ap-
proach for linear discrete-time systems with time-delay and multi-error
measurements. This approach uses innovation re-organization to deal
with the explicit time-delay problem [19], [22]. Compared with the
previous estimation methods, which use measurements with larger
errors several times in each loop iteration, our approach uses this type
of measurements only once in each loop iteration. By decreasing the
usage rate of measurements with larger errors, our approach improves
the final estimation accuracy and solves the multi-error problem.

The rest of this technical note is organized as follows. In Section II,
we will give the problem formulation. The novel MMSE estimator is
presented in Section III. In Section IV, we compare the proposed esti-
mation approach with the traditional augmented state method and the
re-organization observation method in [19], via a numerical example.
Finally, some conclusions are drawn in Section V.

II. PROBLEM FORMULATION

Inspired by the measurement demands of FAST, we consider the
following linear discrete-time system:

x(tk+1) = Φ(tk)x(tk) + Γ(tk)u(tk) (k = 0, 1, 2, . . .) (1)

where tk is an arbitrary discrete moment, Φ(tk) ∈ Rq×q is
the bounded time-varying transition matrix, Γ(tk) ∈ Rq×r is the
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time-varying coefficient matrix, x(tk) ∈ Rq is the system state vector
and u(tk) ∈ Rr is the system error. The system state is observed
by two measurement channels with unequal time-delays, which are
described as

y0(tk) =H0(tk)x
(
t+k
)
+ v0(tk)

(
t+k = tk − λ0

)
(2)

y1(tk) =H1(tk)x
(
t−k
)
+ v1(tk)

(
t−k = tk − λ1

)
(3)

where y0(tk) ∈ Rp0 is the measurement vector with time-delay λ0,
y1(tk)∈Rp1 is the measurement vector with time-delay λ1, H0(tk) ∈
Rp0×q and H1(tk)∈Rp1×q are bounded time-varying matrices,
v0(tk) ∈ Rp0 and v1(tk) ∈ Rp1 are measurement errors. The above
p0, p1 q, r ∈ N+.

Remark 1: According to Table I, λ0 � λ1 and λ0 � tk+1 − tk,
thus we can ignore λ0.

Remark 2: To simplify discussion, we note the time delta as
tk+1 − tk = 1 and t0 = 0.

Assumption 1: The noises u(tk), v0(tk) and v1(tk) are mutually
independent white noises with zero means and known covariance
matrices

Cov [u(tk), u(j)] =Qu(tk)δtk,j
Cov [v0(tk), v0(j)] =Qv0(tk)δtk,j
Cov [v1(tk), v1(j)] =Qv1(tk)δtk,j

where δtk,j is the Kronecker delta. Moreover, these noise variables and
x(0) are mutually independent.

Assumption 2: The initial system state x(0) is subject to Gaussian
distribution, i.e., x(0) ∼ N(μx, δ

2
x). In this technical note, we assume

μx = 0 for the purpose of mathematical tractability. The case of μx �=
0 could be considered homoplastically.

Assumption 3: x(t) is the state that is to be estimated at tk = t,
we assume the given time t > λ1 in this technical note. The case of
λ0 < t ≤ λ1 could be solved by the standard Kalman filter because
there is only one available measurement channel without delay during
that time. The case of t ≤ λ0 cannot be solved because there is no
available measurement during that time.

Assumption 4: As the measurements with lower time-delay have
larger errors than the ones with higher delay, we assume Qv0 > Qv1 .

Let x̂(t|t, t) denote the MMSE state estimation of x(t), given
the two measurement sequences {y0(0), y0(1), . . . , y0(t)} and
{y1(λ1), y1(λ1 + 1), . . . , y1(t)} (denoted as {y0(t)} and {y1(t)},
respectively, for convenience). Our aim is to obtain x̂(t|t, t) at any
given time t, i.e., for any time t ∈ (λ1,∞).

III. CONSTRUCTION OF STATE ESTIMATOR

In this section, we design a novel MMSE state estimation approach
for linear discrete-time system (1) with time-delay and multi-error
measurements from measurement channels (2) and (3).

A. Observation Re-Organization

Let y(t) denote a consequential measurement from systems (2) and
(3) at the given time t and v(t) denote the related measurement noise.
Then we have

y(tk) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

⎡⎢⎣yT
0 (tk), 0, . . . , 0︸ ︷︷ ︸

p1

⎤⎥⎦
T

(0 ≤ tk < λ1)

[
yT
0 (tk), y

T
1 (tk)

]T
(tk ≥ λ1)

v(tk) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

⎡⎢⎣vT0 (tk), 0, . . . , 0︸ ︷︷ ︸
p1

⎤⎥⎦
T

(0 ≤ tk < λ1)

[
vT0 (tk), v

T
1 (tk)

]T
(tk ≥ λ1).

The MMSE state estimation of x(t), given the consequential observa-
tion sequence {y(tk)|0≤tk≤t}, is x̂(t|t, t).

By re-organizing measurements, we want to eliminate the explicit
time-delay item. At the given time t, our aim of re-organization is to
produce a measurement sequence{
Y2(tk)|0≤tk≤t− ;Y1(tk)|t−<tk≤t

}
=
{
Y2(0),Y2(1), . . . ,Y2(t

−);Y1(t
− + 1), . . . ,Y1(t)

}
(4)

without the explicit time-delay item. ∀ tk ∈ [0, t−], Y2(tk) denotes
the re-organization measurement at this moment, H2(tk) and V2(tk)
denote the re-organization measurement matrix and the re-organization
noise, respectively. ∀ tk ∈ (t−, t], Y1(tk), H1(tk) and V1(tk) denote
the analogous re-organization variables at this moment. The above
variables are shown in (5)–(7)⎧⎪⎨⎪⎩Y2(tk) �

[
y0(tk)

y1(tk + λ1)

]
(tk ∈ [0, t−])

Y1(tk) � [y0(tk)] (tk ∈ (t−, t])

(5)

⎧⎪⎨⎪⎩H2(tk) �
[

H0(tk)

H1(tk + λ1)

]
(tk ∈ [0, t−])

H1(tk) � [H0(tk)] (tk ∈ (t−, t])

(6)

⎧⎪⎨⎪⎩V2(tk) �
[

v0(tk)

v1(tk + λ1)

]
(tk ∈ [0, t−])

V1(tk) � [v0(tk)] (tk ∈ (t−, t])

(7)

where V2(tk) and V1(tk) are mutually uncorrelated white noises with
zero means and known covariance matrices⎧⎪⎨⎪⎩Qv2(tk) �

[
Qv0(tk) 0

0 Qv1(tk + λ1)

]
Qv1(tk) � [Qv0(tk)] .

Definition 1: Let X̂2(t
−|t−) denote the MMSE state esti-

mation of x(t−) given the re-organization measurement sequence
{Y2(tk)|0≤tk≤t−} and X̂1(t|t) denote the MMSE state estima-
tion of x(t) given the re-organization measurement sequence
{Y2(tk)|0≤tk≤t− ;Y1(tk)|t−<tk≤t}.

Lemma 1: The following equation holds:

x̂(t|t, t) = X̂1(t|t).

Proof: Note that

Y2(tk) =

[
I0 O1

O0 0 · I1

]
y(tk) +

[
0 · I0 O1

O0 I1

]
y(tk + λ1) (8)

Y1(tk) =
[
I0 O1

]
y(tk) (9)

where I0 ∈ Rp0×p0 and I1 ∈ Rp1×p1 are identity matrices, O0 ∈
Rp1×p0 and O1 ∈ Rp0×p1 are null matrices, tk ∈ [0, t−] in (8)
and tk ∈ (t−, t] in (9). Correspondingly, y(tk) can also be ex-
pressed by Y2(tk) and Y1(tk). Formulas (8) and (9) show that
the linear space spanned by sequence {y(tk)|0≤tk≤t} contains the
same measurement information with the linear space spanned by
sequence {Y2(tk)|0≤tk≤t− ;Y1(tk)|t−<tk≤t}. According to the or-
thogonal projection theorem, the MMSE state estimation x̂(t|t, t) is
the projection of x(t) onto the linear space spanned by sequence
{y(tk)|0≤tk≤t} at the given time t [23], [24]. Thus the MMSE esti-
mation given {Y2(tk)|0≤tk≤t− ;Y1(tk)|t−<tk≤t} equals the MMSE

estimation given {y(tk)|0≤tk≤t}, i.e., x̂(t|t, t) = X̂1(t|t).
The derivation of lemma 1 is complete. �
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B. Innovation Re-Organisation

Lemma 2: X̂1(t|t) can be expressed by formula (10), and
X̂2(t

−|t−) can be expressed by formula (11)

X̂1(t|t) =E
[
x(t)|Y2(t

−);Y1(t)
]

(10)

X̂2(t
−|t−) =E

[
x(t−)|Y2(t

−)
]

(11)

where E(·) denotes the mathematical expectation of random vector,
Y1(t) and Y2(t

−) have similar definitions to y0(t) and y1(t).
Proof: First, define P2(t

−|t−) as the mean square error matrix
between x(t−) and X̂2(t

−|t−)

P2(t
−|t−)=E

[(
x(t−)−X̂2(t

−|t−)
)
·
(
x(t−)−X̂2(t

−|t−)
)T
]
.

Then it can be transformed into

P2(t
−|t−)

=E
[(
x(t−)−X̂2(t

−|t−)−E
[
x(t−)|Y2(t

−)
]
+E

[
x(t−)|Y2(t

−)
])

·
(
x(t−)−X̂2(t

−|t−)−E
[
x(t−)|Y2(t

−)
]
+E

[
x(t−)|Y2(t

−)
])T ]

.

In this way, P2(t
−|t−) becomes the expectation of joint distribu-

tion of random vectors Y2(t
−), x(t−). Based on the Bayes formula,

EY2,x
[·] = EY2

[Ex|Y2
[·]] [23]. Thus, P2(t

−|t−) satisfies

P2(t
−) = EY2

{
Ex|Y2

{ [
x(t−)−E

[
x(t−)|Y2(t

−)
]]

·
[
x(t−)−E

[
x(t−)|Y2(t

−)
]]T}

+Ex|Y2

{[
x(t−)−E

[
x(t−)|Y2(t

−)
]]

·
[
E
[
x(t−)|Y2(t

−)
]
−X̂2(t

−|t−)
]T}

+ Ex|Y2

{[
E
[
x(t−)|Y2(t

−)
]
− X̂2(t

−|t−)
]

·
[
x(t−)−E

[
x(t−)|Y2(t

−)
]]T}

+ Ex|Y2

{[
E
[
x(t−)|Y2(t

−)
]
− X̂2(t

−|t−)
]

·
[
E
[
x(t−)|Y2(t

−)
]
−X̂2(t

−|t−)
]T}}

.

Second, there are four items Ex|Y2
+Ex|Y2

+Ex|Y2
+ Ex|Y2

in
the above expression EY2

{·}. The first item is a constant non-negative
definite matrix [25]. The second item can be rewritten as

Ex|Y2

{[
x(t−)−E

[
x(t−)|Y2(t

−)
]]}

·
[
E
[
x(t−)|Y2(t

−)
]
− X̂2(t

−|t−)
]T

.

Because of Ex|Y2
{x(t−)−E[x(t−)|Y2(t

−)]} = 0, the second item

is 0. For the same reason, the third item is 0. As E[x(t−)|Y2(t
−)] is

a constant vector, the fourth item is a non-negative definite matrix and
a function matrix of X̂2(t

−|t−). For this reason, P2(t
−|t−) is a non-

negative definite matrix and the lower bound depends on X̂2(t
−|t−).

To minimize P2(t
−|t−), we have to make the following equation hold:

Ex|Y2

[ (
E
[
x(t−)|Y2(t

−)
]
− X̂2(t

−|t−)
)

·
(
E
[
x(t−)|Y2(t

−)
]
− X̂2(t

−|t−)
)T
]
= 0

which means X̂2(t
−|t−) = E[x(t−)|Y2(0),Y2(1), . . . ,Y2(t

−)].
Here, formula (11) has been derived. In a similar way, (10) can be

derived.
Thus the derivation of lemma 2 is complete. �
Next, we will give theorem 1 to calculate X̂2(t

−|t−) and X̂1(t|t) at
any time t. Theorem 1 is derived by reorganizing the innovations of
Y2(t

−) and Y1(t).
Definition 2: The innovation of re-organization measurement

Y2(t
−) is defined by

Ỹ2(t
−) � Y2(t

−)− Ŷ2(t
−|t− − 1)

where Ŷ2(t
−|t− − 1) is the MMSE prediction of Y2(t

−), given
the measurement subsequence {Y2(0),Y2(1), . . . ,Y2(t

− − 1)} [17].
Ỹ1(t) has a similar definition.

Theorem 1: X̂1(t|t) and X̂2(t
−|t−) follow by lemma 2. At the

given time t, X̂1(t|t) can be calculated via formulas (12)–(15) in the
case of ε = 1 and τ = t, the corresponding intermediate estimation
result X̂2(t

−|t−) can be calculated via formulas (12)–(15) in the case
of ε = 2 and τ = t−:

X̂ε(τ |τ )=Φ(τ−1)X̂ε(τ−1|τ−1)+E
[
x(τ )|Ỹε(τ )

]
(12)

E
[
x(τ )|Ỹε(τ )

]
=
[
Φ(τ − 1)Pε(τ − 1|τ − 1)ΦT (τ − 1)

+Γ(τ − 1)Qu(τ − 1)ΓT (τ − 1)
]

· HT
ε (τ )M

−1
ε (τ )

·
[
Yε(τ )−Hε(τ )Φ(τ−1)X̂ε(τ−1|τ−1)

]
(13)

Pε(τ |τ ) =
[
Φ(τ − 1)Pε(τ − 1|τ − 1)ΦT (τ − 1)

+Γ(τ − 1)Qu(τ − 1)ΓT (τ − 1)
]

·
{
I −HT

ε (τ )M
−1
ε (τ )Hε(τ )

·
[
Φ(τ − 1)Pε(τ − 1|τ − 1)ΦT (τ − 1)

+Γ(τ − 1)Qu(τ − 1) ΓT (τ − 1)
]}

(14)

Mε(τ ) =Hε(τ ) ·
[
Φ(τ − 1)Pε(τ − 1|τ − 1)ΦT (τ − 1)

+Γ(τ − 1)Qu(τ − 1)ΓT (τ − 1)
]

· HT
ε (τ ) +Qvε (τ ) (15)

where Pε(τ |τ ) is the mean square error matrix of estimation as we
have defined before, satisfying X̂2(0|0) = μx and P2(0|0) = δ2x.

Proof: First, because Ŷ2(t
−|t−−1) is linearly correlated with

the re-organization measurement sequence {Y2(t
− − 1)} [23], it can

can be expressed by Ŷ2(t
−|t− − 1) =

∑t−−1
ϕ=0 dϕ · Y2(ϕ), where ϕ ∈

N , dϕ is the optimal weighting coefficient. So definition 2 is written as

Y2(t
−) = Ỹ2(t

−) +
t−−1∑
ϕ=0

dϕ · Y2(ϕ). (16)

This shows that measurement information of Y2(t
−) can be restored

via formula(16), i.e., {Y2(t
−)} and {Y2(t

− − 1), Ỹ2(t
−)} contain the

same measurement information, where Ỹ2(t
−) and {Y2(t

− − 1)} are
uncorrelated [23]. Thus formula (11) is transformed into X̂2(t

−|t−) =
E[x(t−)|Y2(t

− − 1)] +E[x(t−)|Ỹ2(t
−)]. Based on assumption 1,

u(t− − 1) is uncorrelated with {Y2(0), . . . ,Y2(t
− − 1)}. Thus we

can get E[x(t−)|Y2(t
− − 1)] = Φ(t− − 1)X̂2(t

− − 1|t− − 1).
The derivation of formula (12) is complete. Meanwhile, we define

X̂2(t
−|t− − 1) � E[x(t−)|Y2(t

− − 1)] for convenience.
Second, according to the multidimensional Gaussian proba-

bility density function theorem: E(r1|r2) = E(r1) + Cov(r1, r2) ·
Var−1(r2, r2) · [r2 − E(r2)] [23], where random vectors r1 and r2 are
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subject to joint Gaussian distribution, Cov() is the covariance matrix,
Var() is the variance matrix, the following holds:

E
[
x(t−)|Ỹ2(t

−)
]
= E

[
x(t−)

]
+ Cov

[
x(t−), Ỹ2(t

−)
]

· Var−1
[
Ỹ2(t

−), Ỹ2(t
−)
]
·
{
Ỹ2(t

−)−E
[
Ỹ2(t

−)
]}

.

Because of E[x(t−)] = 0 and E[Ỹ2(t
−)] = 0, the above expression

is transformed into

E
[
x(t−)|Ỹ2(t

−)
]
= Cov

[
x(t−), Ỹ2(t

−)
]

· Var−1
[
Ỹ2(t

−), Ỹ2(t
−)
]
·
[
Y2(t

−)− Ŷ2(t
−|t− − 1)

]
(17)

where

Cov
[
x(t−), Ỹ2(t

−)
]

= E
[
x(t−)ỸT

2 (t−)
]

=

{
Φ(t− − 1)E

[ (
x(t− − 1)− X̂2(t

− − 1|t− − 1)
)

·
(
x(t− − 1)− X̂2(t

− − 1|t− − 1)
)T
]

·ΦT (t− − 1) + Γ(t− − 1)Qu(t
− − 1)ΓT (t− − 1)

}
· HT

2 (t
−)

Var
[
Ỹ2(t

−), Ỹ2(t
−)
]
= E

[
Ỹ2(t

−)ỸT
2 (t−)

]
= H2(t

−)

{
Φ(t− − 1)E

[ (
x(t− − 1)− X̂2(t

− − 1|t− − 1)
)

·
(
x(t−−1)−X̂2(t

−−1|t−−1)
)T
]

·ΦT (t−−1)+Γ(t−−1)Qu(t
−−1)ΓT (t− − 1)

}
×HT

2 (t
−) +Qv2(t

−).

Note the following three useful equalities:

E
{[

x(t−)− X̂2(t
−|t− − 1)

]
ỸT

2 (t−)
}
=E

[
x(t−)ỸT

2 (t−)
]

E

{
V2(t

−)
[
x(t−)− X̂2(t

−|t− − 1)
]T}

=0

Ŷ2(t
−|t− − 1) =H2(t

−)X̂2(t
−|t− − 1)

as Ỹ2(t
−) is uncorrelated with X̂2(t

−|t− − 1), V2(t
−) is uncorre-

lated with X̂2(t
−|t− − 1) and x(t−), V2(t

−) is uncorrelated with
{Y2(0), . . . ,Y2(t

− − 1)}. Then we define M2(t
−) as the variance

matrix of Ỹ2(t
−) and get

E
[
x(t−)|Ỹ2(t

−)
]

=
[
Φ(t− − 1)P2(t

− − 1|t− − 1)ΦT (t− − 1)

+Γ(t− − 1)Qu(t
− − 1)ΓT (t− − 1)

]
· HT

2 (t
−)M−1

2 (t−)

·
[
Y2(t

−)−H2(t
−)Φ(t− − 1)X̂2(t

− − 1|t− − 1)
]

(18)

where

M2(t
−) = H2(t

−)
[
Φ(t− − 1)P2(t

− − 1|t− − 1)ΦT (t− − 1)

+Γ(t− − 1)Qu(t
− − 1)ΓT (t− − 1)

]
HT

2 (t
−) +Qv2(t

−). (19)

Here, the derivation of formula (13) and (15) is complete.

Finally, we need to know the iteration expression of P2(t
−|t−).

According to the definition of P2(t
−|t−): P2(t

−|t−) = E[(x(t−)−
X̂2(t

−|t−))(x(t−)− X̂2(t
−|t−))T ], we can get

P2(t
−|t−)

= E

[(
x(t−)− X̂2(t

−|t− − 1)
) (

x(t−)− X̂2(t
−|t− − 1)

)T
]

− E
[
G2(t

−)
(
Y2(t

−)−H2(t
−)X̂2(t

−|t−−1)
)

·
(
x(t−)−X̂2(t

−|t−−1)
)T
]

−E
[(

x(t−)−X̂2(t
−|t−−1)

)
·
(
Y2(t

−)−H2(t
−)X̂2(t

−|t−−1)
)T

GT
2 (t

−)

]
+E

[
G2(t

−)
(
Y2(t

−)−H2(t
−)X̂2(t

−|t−−1)
)

·
(
Y2(t

−)−H2(t
−)X̂2(t

−|t− − 1)
)T

GT
2 (t

−)

]
(20)

where G2(t
−) � E[x(t−)ỸT

2 (t−)] ·E−1[Ỹ2(t
−)ỸT

2 (t−)]. Because
G2(t

−) is the product of 2 mathematical expectations, it is also a
mathematical expectation. Therefore, the following three hold:

E

[
G2(t

−) ·
(
Y2(t

−)−H2(t
−)X̂2(t

−|t− − 1)
)

·
(
x(t−)− X̂2(t

−|t− − 1)
)T
]

= E

[ (
x(t−)− X̂2(t

−|t− − 1)
)

·
(
x(t−)−X̂2(t

−|t−−1)
)T
]
·HT

2 (t
−)·GT

2 (t
−) (21)

E

[ (
x(t−)− X̂2(t

−|t− − 1)
)

·
(
Y2(t

−)−H2(t
−)X̂2(t

−|t− − 1)
)T

·GT
2 (t

−)

]
= E

[ (
x(t−)− X̂2(t

−|t− − 1)
)

·
(
x(t−)−X̂2(t

−|t−−1)
)T
]
·HT

2 (t
−)·GT

2 (t
−) (22)

E

[
G2(t

−) ·
(
Y2(t

−)−H2(t
−)X̂2(t

−|t− − 1)
)

·
(
Y2(t

−)−H2(t
−)X̂2(t

−|t− − 1)
)T

·GT
2 (t

−)

]
= E

[ (
x(t−)− X̂2(t

−|t− − 1)
)

·
(
x(t−)−X̂2(t

−|t−−1)
)T
]
·HT

2 (t
−)·GT

2 (t
−). (23)

Also, according to formula (17) and the definition of G2(t
−), it is

known G2(t
−) = E[x(t−)|Ỹ2(t

−)] · [Y2(t
−)− Ŷ2(t

−|t− − 1)]−1.
So we have a very simple expression of G2(t

−):

G2(t
−) =

[
Φ(t− − 1)P2(t

− − 1|t− − 1)ΦT (t− − 1)

+Γ(t− − 1)Qu(t
− − 1)ΓT (t− − 1)

]
· HT

2 (t
−)M−1

2 (t−). (24)
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Next, in view of that M2(t
−), P2(t

− − 1|t− − 1), Qu(t
− − 1) are

all variance matrices, i.e., they are all symmetrical matrices, we can
substitute formulas (21)–(24) into (20)

P2(t
−|t−) =E

[(
x(t−)− X̂2(t

−|t− − 1)
)

·
(
x(t−)− X̂2(t

−|t− − 1)
)T
]

·
(
I −HT

2 (t
−) ·GT

2 (t
−)
)

=
[
Φ(t− − 1)P2(t

− − 1|t− − 1)ΦT (t− − 1)

+Γ(t− − 1)Qu(t
− − 1)ΓT (t− − 1)

]
·
{
I −HT

2 (t
−)M−1

2 (t−)H2(t
−)

·
[
Φ(t− − 1)P2(t

− − 1|t− − 1)ΦT (t− − 1)

+Γ(t− − 1)Qu(t
− − 1)ΓT (t− − 1)

]}
. (25)

Now, the derivation of formula (14) is complete. And the result occurs
as a recursion relation.

In the case of ε = 2 and τ = t−, formulas (12)–(15) have been
derived. Also, in the case of ε = 1 and τ = t, formulas (12)–(15) can
be derived in a similar way.

Therefore, the derivation of theorem 1 is complete. �

C. MMSE State Estimator

At any given time t, t = λ1 + 1, λ1 + 2, . . . according to remark 2
and assumption 3, we obtain two re-organization measurements
Y2(t

−) and Y1(t). Consider the system (1)–(3). The optimal state
estimation x̂(t|t, t) is given via lemma 1

x̂(t|t, t) = X̂1(t|t)

where X̂1(t|t) is calculated recursively via theorem 1 based on the
current measurement Y1(t) and X̂1(t− 1|t− 1), X̂1(t− 1|t− 1) is
calculated by the following steps:

• Step 1: Calculate X̂2(t
−|t−) via theorem 1 based on the current

measurement Y2(t
−) and X̂2(t

− − 1|t− − 1).
• Step 2: Calculate X̂1(t

− + α|t− + α) via formulas (12) and
(13), α = 1, 2, . . . , λ1 − 1:

X̂1(t
− + 1|t− + 1) = F

[
X̂1(t

−|t−),Y1(t
− + 1)

]
...

X̂1(t− 1|t− 1)=F
[
X̂1(t

−+λ1 − 2|t−+λ1 − 2),Y1(t− 1)
]

where t−1=t−+(λ1−1), X̂1(t
−|t−)= X̂2(t

−|t−),Y1(t
−+α)

is the past measurement, and F [X̂1(t
−|t−),Y1(t

− + 1)] means
X̂1(t

−|t−) and Y1(t
− + 1) are used to calculate the result.

In step 2, measurements with larger errors, i.e., Y1(·), are used
λ1 − 1 times to calculate the intermediate estimations similar to some
previous estimators. This reduces the estimation accuracy of the final
result. As shown in assumption 4, measurements with lower time-delay
usually have larger errors than the ones with higher delay; otherwise,
there is little reason to use a measurement system with higher time-
delay. To improve the estimation accuracy, we design a new iterator
by decreasing the usage rate of measurements with larger errors, i.e.,
modifying the equalities in step 2.

∀α ∈ [1, λ1 − 1], consider the following equality:

Ŷ1(t
− + α|t− + α)

= E
{[
H1(t

−+α)x(t− + α)+V1(t
−+α)

]
|Y2(t

−);Y1(t
−+α)

}
= H1(t

− + α)E
[
x(t− + α)|Y2(t

−);Y1(t
− + α)

]
+E

[
V1(t

− + α)|Y2(t
−);Y1(t

− + α)
]
.

Because V1(t
− + α) is uncorrelated with Y2(tk)|tk=0,...,t− and

Y1(tk)|tk=t−,...,t−+α−1, the above equality can be rewritten as

H1(t
− + α)E

[
x(t− + α)|Y2(t

−);Y1(t
− + α)

]
+E

[
V1(t

− + α)|Y2(t
−);Y1(t

− + α)
]

= H1(t
−+α)X̂1(t

− + α|t−+α)+E
[
V1(t

−+α)|Ỹ1(t
−+α)

]
.

E[V1(t
− + α)|Ỹ1(t

− + α)] is the conditional mathematical expecta-
tion, it is a constant value in ideal conditions. Therefore, a new iterator
has been obtained. X̂1(t

− + α|t− + α) can be calculated recursively
by this iterator, and thus the usage rate of the measurements with larger
errors is decreased

X̂1(t
− + α|t− + α)

=
{
I−

[
Φ(t−+α−1)P1(t

−+α−1|t−+α− 1)ΦT (t− + α− 1)

+Γ(t− + α− 1)Qu(t
− + α− 1)ΓT (t− + α− 1)

]
·HT

1 (t
− + α)M−1

1 (t− + α)H1(t
− + α)

}−1

·
{
Φ(t− + α− 1)X̂1(t

− + α− 1|t− + α− 1)

−
[
Φ(t−+α−1)P1(t

−+α−1|t−+α−1)ΦT (t−+α−1)

+Γ(t− + α− 1)Qu(t
− + α− 1)ΓT (t− + α− 1)

]
· HT

1 (t
− + α)M−1

1 (t− + α)H1(t
− + α)

·Φ(t− + α− 1)X̂1(t
− + α− 1|t− + α− 1)

}
(26)

where P1(t
− + α− 1|t− + α− 1) and M1(t

− + α) can be calcu-
lated via formulas (14) and (15). Then we will obtain the MMSE state
estimation X̂1(t− 1|t− 1) during the iterations. Iterators in previous
methods use measurements with larger error in each loop iteration
because of the nonobservance of the negative correlation between
time-delay and measurement error. Compared with these iterators, we
estimate X̂1(t

− + α|t− + α) without using any measurements with
larger errors, i.e., Y1(tk), during the iterations. This contributes to
improving the final estimation accuracy of our estimator.

Thus at any given time t, t = λ1 + 1, λ1 + 2, · · · according to
remark 2 and assumption 3, the state estimation result x̂(t|t, t) of
system (1)–(3) calculated by our new MMSE estimator is given as the
following algorithm:

Algorithm 1 Procedure of MMSE state estimator

1: Set t = λ1 + 1 as the initial time, μx as the initial state estimation,
and δ2x as the initial mean square error matrix.

2: At the time t, obtain two current re-organization measurements
Y2(t

−) and Y1(t) via formula (5).
3: Calculate X̂2(t

−|t−) via theorem 1 in the case of ε = 2, τ = t−,
based on X̂2(t

− − 1|t− − 1) and Y2(t
−).

4: Set X̂1(t
−|t−) = X̂2(t

−|t−) and P1(t
−|t−) = P2(t

−|t−).
5: Estimate X̂1(tk|tk)|tk=t−+α recursively via iterator (26) until

tk = t− 1, where α = 1, 2, . . . , λ1 − 1. Meanwhile, calculate
P1(tk|tk)|tk=t−+α during the iterations via formula (14).

6: Calculate X̂1(t|t) via theorem 1 in the case of ε = 1, τ = t, based
on X̂1(t− 1|t− 1) and Y1(t).

7: Obtain x̂(t|t, t) because x̂(t|t, t) = X̂1(t|t).
8: Set t = t+ 1, and return to step 2.

In contrast with the augmented state Kalman filter in [17], [18]
and the method in [19], our novel approach improves the estimation
iterators and reduces the usage rate of measurements with larger errors
to enhance the final estimation accuracy.
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Fig. 1. Position estimation curves along three coordinate axes. (a), (c), (e): complete estimation curves along X, Y , Z coordinate axes, respectively.
(b), (d), (f): partial estimation curves along three coordinate axes during the time [0, 10] sec (full size images are shown in supplementary material).

IV. NUMERICAL EXAMPLE AND ANALYSIS

In this section, a numerical example is given to simulate a motion of
the feed cabin of FAST, and the position of the feed cabin is estimated
by our novel method. In addition, to show the efficiency of our method,
it is compared with the traditional augmented state Kalman filter and
the method proposed in [19]. The original simulated positions of the
feed cabin of FAST with the estimated positions along X , Y and Z
coordinate axes are depicted in Fig. 1(a), (c) and (e), respectively. In
the rest of the section, we will show the application process of our
method.

Remark 3: For convenience, Estimator 1–3 represent our MMSE
estimation approach, the augmented state Kalman filter and the ap-
proach in [19], respectively.

At any given time t, the position of feed cabin can be expressed by

p(t) = p(t−
t) + v(t−
t) · 
t+
a(t−
t) · 
t2

2

+
u(t−
t) · 
t3

6

where p(), v(), and a() are the position vector, velocity vector, and
acceleration vector respectively, u() is the Gaussian white noise vector
reflecting the result of random system disturbance combined with in-
stantaneous jerk, and 
t = tk+1 − tk = 220 ms based on the design

requirements of FAST. Then we transform the kinematical equation
into a state space representation, just as formula (1), by defining the
system state and the parameter matrices

x(tk)

= [x1(tk), x2(tk), x3(tk), x4(tk), x5(tk), x6(tk),

x7(tk), x8(tk), x9(tk)]
T

Φ(tk)

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 
t 0 0 �t2

2
0 0

0 1 0 0 
t 0 0 �t2

2
0

0 0 1 0 0 
t 0 0 �t2

2

0 0 0 1 0 0 
t 0 0
0 0 0 0 1 0 0 
t 0
0 0 0 0 0 1 0 0 
t
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
Γ(tk)

=
[
�t3

6
�t3

6
�t3

6
�t2

2
�t2

2
�t2

2

t 
t 
t

]T
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TABLE II
RMSES OF STATE ESTIMATION x̂1(t|t, t)

TABLE III
RMSES OF STATE ESTIMATION x̂2(t|t, t)

TABLE IV
RMSES OF STATE ESTIMATION x̂3(t|t, t)

where x1(tk), x2(tk), x3(tk) denote the position coordinates, with
units of meters, x4(tk), x5(tk), x6(tk) denote the velocities along
the three coordinate axes, with units of meters per second, x7(tk),
x8(tk), x9(tk) denote the accelerations along the three coordinate
axes, with units of meters per second squared. According to Table I, we
set λ1 = 220 ms, v0(tk) ∼ N(0, 0.022), and v1(tk) ∼ N(0, 0.0032),
with units of meters. Finally, the parameter matrices of formulas (2)
and (3) are

H0(tk)=H1(tk)=

⎡⎣1 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0

⎤⎦
because only position information can be obtained by the measurement
equipment of FAST. This motion trajectory is composed of 1304
discrete points, i.e., kmax = 1304.

We completed a series of simulations with different system errors
u(tk). The estimation errors of Estimator 1 in these experiments are
all smaller than the other two. In this technical note, we set u(tk) ∼
(0, 0.0322) as an example, with units of meters. The estimation curves
are depicted in Fig. 1. To obtain the average results, we repeat the
experiment 3 times. Detailed results of the numerical example are
recorded in Tables II–IV. The RMSEs of Estimator 1 are significantly
smaller than those of the other two. Finally, the average upgrade ratios
of the Estimator 1 along the three coordinate axes, in comparison with
the other two estimators, are listed in Tables II–IV.

V. CONCLUSION

In this technical note, a novel MMSE estimation approach was
proposed for linear discrete-time systems with time-delay and multi-
error measurements, such as the feed cabin suspension subsystem
of FAST. Compared with the augmented state Kalman filter and
the method in [19], the proposed approach improves the estimation
accuracy in the minimum mean square error sense.

Note that most systems are non-linear in realistic projects. Recog-
nizing this problem, our future study will focus on the MMSE state

estimation approach for nonlinear discrete-time systems with time-
delay and multi-error measurements.
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