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Abstract In feature learning field, many methods are
inspired by advances in neuroscience. Among them, neural network and sparse coding have been broadly studied.
Predictive sparse decomposition (PSD) is a practical variant of these two methods. It trains a neural network to
estimate the sparse codes. After training, the neural network is fine-tuned to achieve higher performance on object
recognition tasks. It is widely believed that introducing discriminative information can make the features more useful
for classification task. Hence, in this work, we propose
applying the task-driven dictionary learning framework to
the PSD and demonstrate that this new model can be optimized by the stochastic gradient descent (SGD) algorithm.
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Before our work, the semi-supervised auto-encoder framework has already been proposed to guide neural network
to extract discriminative representations. But it does not
improve the classification performance of neural network.
In the experiments, we compare the proposed method with
the semi-supervised auto-encoder method. The performance
of PSD is used as the baseline for these two methods. On
the MNIST and USPS datasets, our method can generate
more discriminative and predictable sparse codes than other
methods. Furthermore, the recognition accuracy of neural
network can be improved.
Keywords Semi-supervised learning · Predictive sparse
decomposition · Neural networks · Dictionary learning

Introduction
Inspired by the research on neuroscience, various feature
learning methods have been proposed [1, 2]. Among them,
neural network and sparse coding have been broadly studied. These two methods are inspired by the mechanisms
of human visual cortex. PSD proposed by Kavukcuoglu
et al. combines these two methods [3]. It is an unsupervised feature learning method. The sparse coding learns a
set of abstract basis functions and represents the input signals as sparse linear combinations of these basis functions.
The neural network is trained to estimate the informative
sparse codes and fine-tuned to achieve higher recognition accuracy. Many variants of PSD have been proposed
[4–6].
Unsupervised feature learning methods can extract
abstract representations [7]. However, their performance
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contributions to the final recognition task are not understood
clearly. It is widely believed that introducing discriminative
information can make the representations more useful for
classification task. Hence, to improve the recognition accuracy of neural network, the semi-supervised auto-encoder
framework has been proposed [8]. However, a number
of experiments show that this method does not improve
the classification performance significantly. Bengio et al.
explain that the introduction of supervised guidance is
greedy. It may discard some of the information about the
target.
Motivated by this problem, we propose a new semisupervised learning method of neural network. We adopt
the task-driven dictionary learning framework [9] to the
PSD algorithm and demonstrate that the new model can
be trained by SGD algorithm. The learned dictionary of
our method is useful for both classification and reconstruction. Furthermore, the sparse codes are discriminative
and representative. They provide more information to guide
the neural network and can be estimated more accurately.
Hence, the neural network can achieve higher recognition accuracy. For the convenience of discussion, in the
following of this paper, our method is referred as the
task-driven PSD and the early proposed semi-supervised
auto-encoder method is referred as the semi-supervised
PSD.
The rest of this paper is organized as follows: Section
“Predictive Sparse Decomposition” presents the background of PSD and semi-supervised PSD algorithms.
Section “Task-Driven Predictive Sparse Decomposition”
presents our task-driven PSD algorithm and explains the corresponding optimization algorithm. Section “Experiments”
is devoted to several experiments on the MNIST and USPS
datasets. In Section “Discussion,” we discuss some and
discuss future work.

Predictive Sparse Decomposition
Sparse Coding
Sparse coding is a widely used approach in the computer
vision and image processing fields. A signal x ∈ R m can
be represented by a linear combination of an over-complete
p
set of prototype signal-atoms {dj }j =1 . These basis vectors
form the dictionary matrix D ∈ R m×p . The representation
coefficients of x are denoted by the vector α ∈ R p . The representation can be either exact x = Dα or approximate x −
Dα ≤ ε. Due to the over-completeness of D, infinitely
many solutions are available for the representation. Many
applications can benefit from sparse representations. Hence,

the solution is constrained to have the fewest number of
nonzero coefficients. The problem can be formulated as:
min α0

s.t. x = Dα

min α0

s.t. x − Dα2 ≤ ε

α
α

or

where  · 0 is the L0 norm. A combinatorial search can be
used to find the optimal solution. However, it is intractable
in high-dimensional spaces. Mallet et al. introduced the
matching pursuit method to approximate the solution greedily [10]. An alternative method is known as Lasso [11] or
basis pursuit [12]. It makes a convex relaxation by replacing the L0 norm to the L1 norm. The lasso problem can be
written as:
1
(1)
min x − Dα22 + λ1 α1
α 2
where the λ1 is the regularization coefficient to control the
sparsity of α.
In many situations, the Lasso is appealing. However, in
the over-complete case, the Lasso selects at most m atoms
and is not well defined. Hence, Zou et al. defined the elastic
net criterion [13]:
1
λ2
min x − Dα22 + λ1 α1 + α22
α 2
2
The elastic net can select all p atoms. At the same time, the
strict convexity of elastic net guarantees the grouping and
decorrelation effect of solutions.
To solve the sparse coding problem, many efficient algorithms have been studied such as coordinate descent (CD)
[14] or least angle regression (LARS-Lasso) [15] methods. However, these algorithms are computationally expensive because all of them involve an iterative minimization
process.
Dictionary Learning
In the early studies, the dictionary matrix is pre-specified
by a set of functions, for example wavelets [16], curvelets
[17], and contourlets [18]. An appropriate dictionary must
be chosen for a specific question, otherwise the representation will not be sparse. Hence, learning a dictionary to fit
the given training set is appealing [19, 20].
Given a finite training set X = [x1 , ..., xn ] ∈ R m×n , a
dictionary matrix D is found by minimizing the empirical
cost function:
n
1
lu (xt , D)
(2)
Ju (D) =
n
t=1

where lu (x, D) is the sparse coding loss. (2) means that
if D is suitable to represent the signals in X sparsely, the
empirical cost should be small [9]. In order to prevent trivial
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solutions where D is arbitrarily large and α is arbitrarily small, the atoms of dictionary are constrained to have
L2 norm not greater than 1. The convex set of matrices
satisfying this constraint is defined as:

the stochastic gradient descent (SGD) algorithm is used to
train the dictionary matrix and regressor parameters.

 = {D ∈ R m×n

To extract discriminative features, Bengio et al. propose the
semi-supervised auto-encoder method. A soft-max layer is
added to the encoder function and back propagates the classification error to it. Hence, the semi-supervised PSD is
formulated as:

s.t

∀j ∈ {1, ..., p}, dj 2 ≤ 1}.

The dictionary learning problem is a joint optimization
problem with respect to the dictionary D and the sparse
representations [α1 , ..., αn ] ∈ R p×n . This is not joint convex, but convex with respect to each of the two variables
when the other one is fixed [21]. After training, we will use
the learned dictionary to calculate the representation of new
example x.
Predictive Sparse Decomposition
As discussed above, the dictionary can be adapted for special dataset flexibly. And the sparse codes are robust to noise
in the input signals. Due to these advantages, the sparse
coding is adopted to regularize the pre-training of neural
networks. The PSD can be formulated as:
1
lpsd (xt , D, Pf )
n

Semi-supervised Predictive Sparse Decomposition

min μJpsd (D, Pf ) + (1 − μ)Js (Wc , Pf )

D,Pf ,Wc

where μ is the tradeoff parameter and Js is the classification
loss. For the multi-class classification task, the label associated with xt is denoted by a 1-of-k vector yt . The label
space  contains k discrete classes. The label set is denoted
by Y = [y1 , ..., yn ]. Js can be chosen as the soft-max loss.
It is computed as:
(5)

t=1

ls (yt , Wc , ft ) =

k


yti ln(qti )

(6)

i=1

t=1

1
lpsd (x, D, Pf ) = min x −Dα22 +λ1 α1
α 2
λ2
+ α−f (x, Pf )22
2

1
ls (yt , Wc , ft )
n
n

Js (Wc ) = −

n

Jpsd (D, Pf ) =

(4)

T f )
exp(Wc,i
t
qti = k
T
j =1 exp(Wc,j ft )

(3)

where f (x, Pf ) is the single layer neural networks. It can
be written as:
f (x, Pf ) = G tanh(W x + b)
where W ∈ R p×m is a filter matrix, b ∈ R p is a bias vector,
tanh is the hyperbolic tangent function, and G ∈ R p×p is
a diagonal matrix of gain coefficients. For the sake of convenience in writing, we use Pf = {G, W, b} to denote all
parameters.
From the view of dictionary learning, the PSD can be
seen as a kind of regularizer that forces the sparse codes
to be nearly predictable by a smooth encoder. λ2 is used
to control the tradeoff between the prediction accuracy
and the sparse coding loss. After the pre-training, the neural network can estimate the sparse codes and avoid the
costly inference operation. The dictionary learning problem
is not convex. Therefore, if multiple local optimal dictionary matrices exist, the PSD criterion will drive the system
towards producing easily predictable representations. In [3],

(7)

where ft is the abbreviation for f (xt , Pf ), Wc are the
T is the j ’th row vecparameters of soft-max classifier, Wc,j
tor of Wc , and yti , qti are the i’th components for the label
vector yt and the predicted probability vector qt .
The learning procedure of semi-supervised PSD is summarized in Algorithm 1. Firstly, in the initialization, we
need to determine the hyper-parameters including the L1
regularization coefficient λ1 , the regression regularization
coefficient λ2 , the tradeoff parameter μ, the number of
basis vectors, the number of iterations T , and the parameters ρ, a, r which control the decline of learning rate.
In each iteration, the algorithm use the previous updated
dictionary matrix D and the regressor parameters Pf to
compute the approximate sparse representation ft and the
optimal sparse representation α  of xt . Here, the CD algorithm is used to infer α  . ft is used as the initial value
for the CD algorithm. Then α  is fixed. The gradient of Js
with respect to the Wc , Pf and the gradient of Jpsd with
respect to D, Pf are computed. The learning rate is computed by ρt = ρ/(1 + at)r . Finally, Wc , D, and Pf are
updated. Because the dictionary matrix D is constrained in
, an additional orthogonal projection operation should be
done.
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Algorithm 1 Stochastic gradient descent algorithm for
semi-supervised PSD
1: Parameters initialization:

2:
3:
4:

5:

6:

regularization parameters λ1 , λ2 , tradeoff parameter μ,
dictionary matrix D, regressor parameters Pf , classifier parameters Wc , total number of iterations T , and
learning rate parameters ρ, a, r.
while t=1:T do
Draw (xt , yt ) from training set (X, Y ).
Sparse coding: compute α  using the CD algorithm.
1
λ2
arg min x − Dα22 + λ1 α1 + α − f (x, Pf )22
α 2
2
Compute the gradient of Wc :
∂ls
∇Wc = (1 − μ)
.
∂Wc
Compute the gradient of D:
∇D = μ(Dα  − xt )α T

7:

Compute the gradient of Pf using back-propagation
algorithm.
∂lpsd
∂ls
+ (1 − μ)
∇Pf = μ
∂Pf
∂Pf

8:
Get the learning rate ρt = ρ/(1 + at)r .
9:
Update the parameters by a projected gradient step.
10: end while
11: Return Wc , D, and Pf .

Task-Driven Predictive Sparse Decomposition
It is well known that the discriminative power of representations greatly influences the recognition accuracy. Intuitively, the semi-supervised auto-encoders should be better
than the unsupervised pre-training methods. However, the
experiment results in [8] are unsatisfactory. Bengio et al.
explain that the introduction of supervised guidance may
be too greedy. Some of the information about the target
is discarded. In [22], Ba et al. propose the mimic learning methods. They use the informative intermediate features
extracted by deep nets to guide the training of shallow networks. The mimic learning method is similar to the PSD.
Both of them train the neural networks to regress the representations provided by other models. Inspired by the mimic
learning, we expect to use a more delicate model to learn
the semi-supervised task and then use its informative intermediate representations to guide the neural networks. There
are many variants of the sparse coding. Among them, the
task-driven framework [9] is one of the most outstanding
discriminative sparse coding methods. Hence, we combine
it with the PSD. Within this framework, the optimal sparse
representations are used for the classification task. We show

that our task-driven PSD can also be trained by the SGD
algorithm. Finally, we experimentally verify that the proposed method can improve the pre-training process and the
fine-tuned neural network can achieve higher recognition
performance.
Basic Formulation
In our task-driven PSD, the classification depends on the
optimal sparse representation α  . The soft-max loss in (5) is
still used here. This will be a joint optimization of D, Wc ,
and Pf . The formulation is written as:
min (1 − μ)Js (Wc , D, Pf ) + μJpsd (D, Pf )

D,Pf ,Wc

Js (Wc , D, Pf ) = Ey,x [ls (y, Wc , α  (x, D, Pf ))]
1
α  (x, D, Pf ) = arg min x −Dα22 +λ1 α1
α 2
λ2
+ α−f (x, Pf )22
2
The expectation is taken relative to the probability distribution p(x, y). To train D and Pf in a supervised way, α 
should be differentiable with respect to D and f .
Differentiability Analysis
Before the differentiability analysis of α  , we will discuss
some assumptions. We assume that the probability distribution p(x, y) has a compact support Kx ×Ky ⊆ R m ×. This
assumption is reasonable because the data acquired by sensor is bounded. Additionally, for all labels y ∈ , p(·, y) is
continuous and ls (y, ·) is twice continuously differentiable.
To study the differentiability of α  , it is essential to prove
that α  can be expressed as a function of x, D, and f . Then
the continuity of the function α  (x, D, f ) should be discussed. On the basis of continuity, we can further study the
differentiability. At last, according to the sub-gradient optimality conditions given by Fuchs [23], we can derive the
explicit function α  with respect to x, D, f and compute the
gradient of D and Pf .
Theorem 1 With fixed D ∈  and Pf , for any x ∈ R m ,
the sparse representation α  inferred by the PSD criterion
is unique.
Proof We will do an equivalent algebraic transformation
on the PSD criterion. We define an augmented data and
dictionary


x
and
x̃ = √
λ2 f (x, Pf )


x√
1
D̃ = √1+λ
2
λ2 f (x, Pf )
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Then, the PSD criterion can be rewritten as:
1
(8)
min x̃ − D̃ α̃22 + γ α̃1
α 2
√
√
where α̃ = 1 + λ2 α and γ = λ1 / 1 + λ2 .
This transformation makes the PSD have a Lasso form.
Obviously, the augmented dictionary matrix D̃ is column
full rank. This makes the problem strictly convex. Hence,
when D ∈  and Pf are fixed, the optimal solution α̃  for
any x ∈ R m is unique. So does the solution of PSD.
According to Theorem 1, we can determine that there
exists a function relationship between the optimal solution
and the parameters of PSD. The classical optimality conditions for the Lasso will underlie our subsequent discussions.
Hence, we briefly recall it here.
Lemma 1 (optimality conditions of the Lasso) For x ∈ K
and D ∈ , α  ∈ R p is a solution of (1) if and only if

In Theorem 1, we have explained that l(x, D, f, ·) is
strictly convex. The Hessian matrix is D T D + λ2 I . Obviously, the smallest eigenvalue of Hessian matrix is not less
than λ2 . Hence, ∀(x , D , f ) ∈ V , we have
l(x, D, f, α  ) − l(x, D, f, α  ) ≥ λ2 α  − α  22

(12)

Moreover, it is easy to show that (13) is Lipschitz with
constant (14).
˜ = l(x, D, f, ·) − l(x , D , f , ·)
l(·)

(13)

c = c1 x − x 2 + c2 D − D F + c3 f − f 2

(14)

where c1 , c2 , c3 are constants independent of x, x , D, D ,
f, f .
Since α  is the optimal solution of l(x, D, f, ·) and α  is
the optimal solution of l(x , D , f , ·), we have
l(x, D, f, α  ) − l(x, D, f, α  ) ≥ 0

djT (x − Dα  ) = λ1 sj ifα  = 0,

l(x , D , f , α  ) − l(x , D , f , α  ) ≥ 0

|djT (x − Dα  )| ≤ λ1 otherwise.

On the basis of (12), (15), and (16),

where αj , j ∈ {1, .., p} is the j th component of α  and
sj = sign(αj )

˜  ) − l(α
˜  )| ≤ cα  − α  2
|l(α

(15)

Applying Lemma 1 to (8), we can obtain the optimality
conditions of PSD.

˜  )| ≥ l(x, D, f, α  ) − l(x, D, f, α  )
˜  ) − l(α
|l(α

(16)

djT (x − Dα  ) + λ2 (fj − αj ) = λ1 sj
|djT (x

− Dα



) + λ2 (fj − αj )|

≤ λ1

if α  = 0,
otherwise.

Due to the compactness of x and the continuity of the
regressor f , the range of f is also compact. We denote the
range of f as Kf ⊆ R p .
Theorem 2 The function α  is uniformly Lipschitz on Kx ×
 × Kf .
Proof In (9), l(x, D, f, α) is a continuous function.
l(x, D, f, α) =

λ2
1
x − Dα22 + λ1 α1 + α − f 22 (9)
2
2

For x ∈ R m , D ∈ , and f ∈ R p , α  (x, D, f ) is the
unique optimal solution. These imply that α  is continuous
in x, D, f .
Since the quantity in (10) is continuous in x, D, and f ,
djT (x − Dα  ) + λ2 (fj − αj )

(10)

there exists an open neighborhood V around (x, D, f ) such
that, if (x, D, f ) satisfies (11), then ∀(x , D , f ) ∈ V also
satisfies (11).
|djT (x

− Dα



) + λ2 (fj − αj )|

<0

(11)

we can achieve that
α  −α  2 ≤

1
(c1 x−x 2 +c2 D−D F +c3 f −f 2 )
λ2

Therefore, α  is locally Lipschitz. Since Kx ×  × Kf is
compact, α  is uniformly Lipschitz.
The proof for the continuity and uniformly Lipschitz
of α  doesn’t consider the regressor form of f . It is seen
as a vector of independent variables. Our discussion is
restricted in an open neighborhood of (x, D, f ). Undoubtedly, if f is a continuous function in x, the conclusion
is still true. In the next theorem, we will carry on this
convention.
Theorem 3 if (x, D, f ) ∈ Kx ×  × Kf and α  satisfies
sj αj ≥ ε

if αj > 0,

|djT (x − Dα  ) + λ2 (fj − αj )| ≤ λ1 − ε

otherwise.

then there exists a neighborhood of (x, D, f ) where α  is
twice continuously differentiable.
Proof Since α  (x, D, f ) is uniformly Lipschitz, sj αj and
djT (x − Dα  ) + λ2 (fj − αj ), ∀j ∈ {1, ..., p}, are also
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Lipschitz. There exists κ > 0 independent of x, D, f . If
(x , D , f ) satisfies
x − x 2 ≤ κε,D − D F ≤ κε,f − f 2 ≤ κε
then, ∀j ∈ {1, ..., p}, we have
ε
sj αj ≥
2
|djT (x

−D α



) + λ2 (fj − αj )|

(17)

if sj = 0,
ε
≤ λ1 −
2

α  = (D T D + λ2 I )−1 (D T x − λ1 s + λ2 f )

(18)

Theorem 4 Js is differentiable.
Proof Apparently, Js is differentiable in Wc . We will focus
on proving the differentiability of Js with respect to D. This
proof can also be applied to f .
Since ls is twice differentiable and α  is uniformly
Lipschitz, by the Tayler theorem, we can derive that
Js (D , Wc , Pf ) − Js (D, Wc , Pf )
= Ey,x,f [ls (y, Wc , α  ) − ls (y, Wc , α  )]
= Ey,x,f [∇α lsT (α  − α  )]
+O(D − D2F )
where α  is the shorthand for α  (x, D , f ).
For D ∈ , a positive scalar ε determines a subset
K(D, ε) ⊆ Kx × Kf of (x, f ) satisfying Theorem 3. Then
we have
Js (D , Wc , Pf )−Js (D, Wc , Pf )
 

∇α lsT (α  −α  )p(x, f, y)dxdf
=
(x,f )∈K(D,ε) y∈



∇α lsT (α  −α  )p(x, f, y)dxdf

(x,f )∈K c (D,ε) y∈

+ O(D − D2F )
With the constant κ in Theorem 3, we can easily show
that
P (Kx × Kf − K(D,
At the same time,

D − DF
)) = O(D − DF )
κ

α

is uniformly Lipschitz, so we have

∇α lsT (α  − α  ) = O(D − DF )

×p(x, f, y)dxdf + O(D − D2F )

otherwise.

where = {j ∈ {1, ..., p} s.t. αj = 0} is the active set.
Hence, α  is locally twice differentiable.

 

Js (D , Wc , Pf ) − Js (D, Wc , Pf )
 

∇α lsT (α  −α  )
=
(x,f )∈K(D,ε) y∈

where α  is shorthand for α  (x , D , f ). Obviously, α  has
the same signs as α  . Therefore, for any (x , D , f ) satisfying (17), the signs of α  are stable. According to the
optimality conditions of PSD, the nonzero coefficients of α 
are given by the closed form:

+

Hence,

This shows that Js is differentiable with respect to D.

Task-Driven Predictive Sparse Decomposition
In the above section, we have proved the differentiability
of α  (x, D, Pf ). Hence, D, Pf can be trained by minimizing the classification loss. Our task-driven PSD algorithm
is shown in Algorithm 2. In this algorithm, the initialization
of parameters is similar to the semi-supervised PSD algorithm. We can divide each iteration of the algorithm into the
forward and backward parts.
In the forward part, we need infer the sparse code α 
of xt and the active set
of α  . Instead of the CD
algorithm, the LARS-Lasso algorithm is used here. It is
because the later gradient calculation involves the inverse
of D T D + λ2 I . The LARS-Lasso algorithm containing a
Cholesky factorization will be efficient. By the sparse code,
the classification loss ls is calculated.
In the backward part, the gradient of Js and Jpsd with
respect to Wc , D, and Pf is computed. The gradient computation of Jpsd is similar to Algorithm 1. Here, we will focus
on the gradient computation of Js . We first compute the gradient ∇Wc ls (yt , α  , Wc ), ∇α  ls (yt , α  , Wc ). From the proof
of Theorem 3, we know that the active set is stable when D
and f change small. It makes the derivatives of D and f corresponding to the inactive set to be zero. Hence, irrelevant
atom vectors and hidden units are dropped automatically. α 
is the function of D and f . According to (18), we can derive
the relevant derivatives. Then, the derivation chain rule can
give the gradient of ls with respect to D and f . For the
convenience of writing, we introduce the intermediate variable β  :
β  = (D T D + λ2 I )−1 ∇α ls (yt , α  , Wc ),

β c = 0

The gradient of ls relative to D and f can be written as:
∇D ls = −D(β  α T + α  β T ) + xt β T
∇f ls = λ2 β  ,

∇ f c ls = 0

With ∇f ls , the gradient ∇Pf ls can be computed by back
propagation algorithm. Then we weighted sum the gradient
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Algorithm 2 Stochastic gradient descent algorithm for taskdriven PSD
1: Parameters initialization:
regularization parameters λ1 , λ2 , tradeoff parameter μ,
dictionary matrix D, regressor parameters Pf , classifier parameters Wc , total number of iterations T , and
learning rate parameters ρ, a, r.
2: while t=1:T do
3:
Draw (xt , yt ) from training set (X, Y ).
4:
Sparse coding: compute α  using the LARS-Lasso
algorithm.
5:
Compute the active set:
= {j ∈ {1, ..., p} s.t. αj = 0}.
6:
7:

Compute ∇Wc ls (yt , α  , Wc ).
Compute β  :
β  = (D T D + λ2 I )−1 ∇α ls (yt , α  , Wc ),

8:

β c = 0

Compute the gradient of ls relative to D, f .
∇D ls = −D(β  α T + α  β T ) + xt β T
∇f ls = λ2 β  ,

9:
10:
11:
12:
13:
14:

∇f c ls = 0

Compute the gradient of ls relative to Pf .
Compute the gradient of lpsd , and weighted sum
with the gradient of ls .
Compute the learning rate ρt = ρ/(1 + at)r .
Update the parameters by a projected gradient step.
end while
Return.

of supervised part and unsupervised part and update the
parameters.
Our task-driven PSD is different from the early proposed semi-supervised PSD algorithm. It makes both the
dictionary and neural network perceive discriminative information and generate more useful features for recognition
task. The sparsity of representation is used to drop the
irrelevant features.

Experiments
In this work, we test our proposed method on the MNIST
and USPS datasets. Both of them are the database of
handwritten digits. The MNIST dataset consists of 70,000
images. We show its examples in Fig. 1a. The size of images
in MNIST is 28 × 28. The dataset is partitioned into 60,000
training examples and 10,000 testing examples. Most of
related work take out 10,000 images from the training set to
validate and choose the best hyper-parameters. In the USPS
dataset, there are 7291 training examples and 2007 testing
examples. In Fig. 1b, the examples in USPS are shown.
The digit images have been deslanted and size normalized,

Fig. 1 a shows the examples in the MNIST and b shows the examples
in the USPS

resulting in 16×16 grayscale images. For the USPS dataset,
we keep 10 % of the training data for validation.
We conduct a series of experiments to compare PSD,
semi-supervised PSD, and task-driven PSD. These methods
are used to pre-train the single hidden layer neural networks.
After the pre-training, the neural networks will be fine-tuned
by the back-propagation algorithm.
Firstly, we discuss how to set the hyper-parameters. In
[3], Kavukcuoglu et al. have analyzed the effect of λ2
and suggested to set λ2 = 1. This principle is followed
in our experiments. We try different λ1 in {0.1, 0.15, 0.2}
and the number of hidden units in {400, 800, 1200} for all
three methods. For the semi-supervised PSD and task-driven
PSD, μ controls the tradeoff between the unsupervised and
supervised tasks. We set μ = 0.5 to weight them equally.
In many dictionary learning methods, the dictionary matrix
is initialized by randomly sampled training signals. We also
use this trick in our experiments. In addition, we initialize
G to be the identity matrix and W , b to be zeros. This way
can be seen as a warm-starting from the elastic net. For the
pre-training and fine-tuning phases, ρ, a, and r are set to
0.01, 0.0001, and 0.75. The number of iterations is determined by the early stopping strategy. We adopt the batch
mode to update the parameters. The batch size is set to 64.
The training examples are used for the pre-training and finetuning of neural networks. The best hyper-parameters are
chosen by the fine-tuned neural networks’ recognition performance on the validation set. After the determination of
hyper-parameters, we train these models on the whole training set until the convergence of training process. Finally, for
both datasets, we choose 800 hidden units and set λ1 = 0.15
for all of methods.
Next, we analyze the properties of these methods from
different views. x − Dα22 is used to evaluate the reconstruction performance of the trained dictionary and the
sparse representations. f (x, Pf ) − α22 is used to evaluate the prediction accuracy of the regressor. For each
method, we train two soft-max classifiers on the exact and
approximate sparse representations to predict the labels. The
negative log likelihood losses of soft-max classifiers are
used to evaluate the discriminative power of representations.
We plot the learning curves for these performance indicators
in Fig. 2. In order to show the learning process more clearly,
we smooth the learning curve by averaging the loss values in
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Fig. 2 The training procedure of PSD, semi-supervised PSD, and
task-driven PSD. a, b, c, d are the learning curve on the MNIST
dataset. e, f, g, h are the learning curve on the USPS dataset

100 iterations. We also compare the test classification error
of the neural networks in Table 1. At last, for the MNIST
dataset, we visualize some basis vectors of dictionary and
filter matrices in Fig. 3. The elements of dictionary matrix
D are shown in the first line and the filters W are in the second line. We can see all of these methods have intuitively
explainable features. In [24], Swersky et al. drew an empirical conclusion that nice looking filters will usually correlate
with good performance.

performance is not obvious. The pre-trained neural network
achieve 8.64 % error rate on the test dataset. After the finetuning, the error rate is decreased to 2.04 %. For the USPS
dataset, the PSD does not work well. Although the performance on the training set is similar to the task-driven PSD,
its test error is the worst. We think the reason is that the
amount of data in USPS is too small. In this situation, semisupervised methods usually introduce more information and
improve the generalization ability of the representations.

PSD PSD is the basis of other algorithms. In [3],
Kavukcuoglu illustrates that the PSD can not provide a good
reconstruction, but its sparse representations can achieve a
high recognition accuracy. The learning process of PSD is
plotted by the blue curve in Fig. 2. The experiments on the
MNIST dataset show that the PSD has a moderate performance. We can see the prediction and reconstruction errors
are small in Fig. 2 a, b. But the discriminative power of
internal representations is the worst in Fig. 2c, d. This is
because other methods introduce the discriminative information. However, we can see the difference on recognition

Semi-supervised PSD The learning curve of semisupervised PSD is plotted by the green line. Due to the

Table 1 The test error rate of three models
Dataset

MNIST
USPS

Without fine-tuning

With fine-tuning

PSD

SsPSD

TdPSD

PSD

SsPSD

TdPSD

8.64 %
8.76 %

4.90 %
7.12 %

8.14 %
8.42 %

2.04 %
6.72 %

2.31 %
5.98 %

1.98 %
5.92 %

Fig. 3 The visualized dictionaries and filters which is trained on the
MNIST dataset
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introduction of classification task, the features extracted by
the encoder function have the most discriminative power.
The negative log likelihood losses in Fig. 2 d, h are obviously lower than other methods. And the pre-trained neural
network also achieve the best test error rate. After the
fine-tuning, the error rates on two datasets are 2.31 and
5.98 %, respectively. Due to the introduction of classification task, the reconstruction and prediction learning is
slow. For the MNIST dataset, the semi-supervised PSD
does not enhance the generalization ability of neural network. When the amount of data is small, i.e., the situation
of the USPS dataset, the semi-supervised PSD achieves
comparable performance to our task-driven PSD.
Task-Driven PSD For our task-driven PSD, the discriminative information is introduced from the optimal sparse
representations. Hence, the classification loss on the optimal sparse representations is better than other methods. It is
shown in Fig. 2 c, g. The red line is used to plot this learning process. To our surprise, the task-driven PSD achieves
the minimal reconstruction loss and prediction loss on both
datasets. In other words, the neural network can predict the
informative sparse codes very precisely. Additionally, it has
the fastest convergence rate. Although our task-driven PSD
only achieve a little better performance than other methods,
our method can accelerate the learning of dictionary matrix
and encoder function. The recognition accuracy on the test
dataset is shown in Table 1. The fine-tuned neural network
has the lowest error rates.

Discussion
In this paper, we extend the existing work in [3, 9]. The
task-driven dictionary learning provides a solid theoretical
foundation. However, it is inefficient. Its training involves
the Cholesky decomposition. For high dimensional data,
the computational cost will be unacceptable. Our experiments are run on a PC with Intel i5-2400 at 3.1 GHz CPU.
The training procedures on MNIST and USPS datasets cost
13 and 6 h, respectively. Additionally, the task-driven PSD
lacks invariance to small translations in the pixel domain.
For regular-scale datasets and practical applications,
many recent developments should be studied in our future
work. In [25], Liu et al. propose the multiview Hessian
discriminative sparse coding (mHDSC). The label information is treated as an additional view of feature. Hence, the
introduction of discriminative information does not increase
the computing complexity. Combining mHDSC with PSD
would be more efficient than the task-driven PSD. In [26], a
scalable optimization algorithm is adopted to make full use
of parallel architectures. In many research works, low-level
features are input into sparse coding methods rather than the

raw pixels. Hence, as proposed in [22], our model can also
benefit from convolution. A convolution and pooling layer
followed by fully connected linear units can be used as a
feature extractor. Then, the task-driven PSD can be applied
to these low dimensional features. According to [27, 28], the
scope of our work can also be expanded to more complex
situations.

Conclusion
In this work, we propose the task-driven PSD to train neural network. Compared with the semi-supervised PSD, our
method provides discriminative and representative sparse
codes to guide the neural network. After fine-tuning, the
neural network can achieve higher recognition accuracy. In
the experiments, the reconstruction loss evaluates the representative power of sparse codes. The discriminative power
is evaluated by the soft-max loss. The prediction loss indicates whether the neural network can learn the informative
sparse codes accurately. The experiment results on MNIST
and USPS datasets verify the effectiveness of our method.
Finally, the task-driven PSD is a basic extension to existing
methods. It is not efficient enough and lacks shift invariance. In the future work, some latest developments will be
studied to enhance the practicability of our method.
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