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Abstract: This paper investigates the linear minimum mean square error state estimation for discrete-time systems with delayed
measurements. Although this problem has been studied widely in the past decades, some fundamental problems remain to be
solved and some practical constraints are ignored in previous methods. This paper proposes an improved iterated estimator, using
re-organization innovation and observation elimination to investigate the estimation problem. The performance and improvement
is clearly demonstrated through the numerical example. The solved problem is important for some complicated engineering
projects.
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1 Introduction

System state estimation is one of crucial issues in many

fields, such as communication, control, and signal process-

ing. In the past decades, this problem has attracted signifi-

cant attention [1–3]. The main estimation principle for the

linear system is the minimum mean square error estimation

which is termed as MMSE estimation [4–6]. For the systems

without time-delay, most of the estimation and control prob-

lems have been well studied using Kalman filter [7]. But in

view of the time-delay systems, there are still many prob-

lems remain to be investigated.

A classical MMSE estimation in signal processing and

control applications named the Kalman filter was deduced

by Kalman in 1960 [8]. There is one problem, the standard

Kalman filter is only applicable to the system without time-

delay. The classical estimation tool for time-delay system

is augmented matrix method [1, 2]. Note that the augment-

ed matrix method costs very large storage space and high-

dimensional calculation, [9] studied the non-augmented ma-

trix optimal filter. From another perspective, [5], [10] and

[11] studied the optimal state estimation method for discrete-

time system with multiple observation delays via innovation

re-organization, and [12] studied the relevant problem for

continuous-time system.

The condition in [5] assumes that the observation errors

of multiple observation systems are the same. In this paper,

we establish a new method with the assumption that the ob-

servation system with greater delay has lower noise, the ob-

servation system with lower delay has greater noise. Such

assumption has obvious applications to many engineering

problems. Taking an actual system as example, GPS and

total station are two decided measuring means for Five hun-

dred meters Aperture Spherical Telescope (FAST) [13, 14].

GPS has lower delay but greater noise, and total station is

opposite. Owing to the neglect of this difference, there are

some oversimplifications in the method in [5]. Our aim is

to deduce an iterated extended Kalman filter to improve the

state estimation accuracy for such problem.

This work is supported by the FAST program (Grant number

FAST/HT013-2011-CK-011) and by the National Natural Science Foun-

dation of China (Grant No. 61333016).

The rest of this paper is organized as follows. Section 2
introduces the problem formulation. The iterated extended

Kalman filtering formulation is presented in Section 3. In

Section 4, a set of numerical examples are presented to illus-

trate the main results and improvement effect. Finally, some

conclusions are drawn in Section 5.

2 Problem Statement

We consider the following discrete-time linear system for

MMSE estimation problem:

x(t+ 1) = A(t)x(t) +B(t)ξ(t) (1)

where A(t) ∈ Rq×q is the bounded time-varying state-

transition matrix, B(t) ∈ Rq×r is the coefficient matrix with

appropriate dimensions, x(t) ∈ Rq×1 and ξ(t) ∈ Rr×1 are

the system state and process noise, respectively. Assume that

the state x(t) is observed by three different systems with de-

lays which are described by

v0(t) = C0(t)x(t) + η0(t) (2)

v1(t) = C1(t)x(t1) + η1(t)

(t1 = t− λ1, λ1 > 0)
(3)

v2(t) = C2(t)x(t2) + η2(t)

(t2 = t− λ2, λ2 > λ1)
(4)

where C0 ∈ Rm×q , C1 ∈ Rp1×q , C2 ∈ Rp2×q are bound-

ed time-varying coefficient matrices, v0(t) ∈ Rm×1 is the

current output measurement and vi(t) ∈ Rpi×1(i = 1, 2)
are delayed output measurements with different time-delays,

η0(t) ∈ Rm×1 and ηi(t) ∈ Rpi×1(i = 1, 2) are measure-

ment noises, λ1 and λ2 are time-delays. We make following

assumptions for the above system.

Assumption 1: The noises ξ(t) and ηi(t)(i = 0, 1, 2)
are mutually uncorrelated white noises with zero means and

known covariance matrices as

Cov[ξ(t), ξ(f)] = Qξ(t)δtf (5)
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Cov[ηi(t), ηi(f)] = Qηi(t)δtf

(i = 0, 1, 2)
(6)

where δtk is the Kronecker delta.

Assumption 2: The initial state x(0) is an independent

sequence with known covariance matrix as

Cov[x(0), x(0)] = P0 (7)

Assumption 3: The covariance matrices satisfy that

Qη0 > Qη1 > Qη2 , in view of the realistic condition.

Assumption 4: The sample frequencies of different ob-

serving systems are the same to facilitate understanding.

Let v(t) denote the observation of system (2)-(4) at time t
and η(t) denote the related observation noise at time t, then

we get

v(t) =

⎧⎪⎨
⎪⎩
col{v0(t), 0, 0} 0 ≤ t < λ1

col{v0(t), v1(t), 0} λ1 ≤ t < λ2

col{v0(t), v1(t), v2(t)} t ≥ λ2

(8)

η(t) =

⎧⎪⎨
⎪⎩
col{η0(t), 0, 0} 0 ≤ t < λ1

col{η0(t), η1(t), 0} λ1 ≤ t < λ2

col{η0(t), η1(t), η2(t)} t ≥ λ2

(9)

where col{·} means column structure.

The problem that we study is to find a MMSE state

estimator x̂(t|t) of x(t), given the observation sequence

{v(τ)|0≤τ≤t}.

3 Construction of the State Estimator

In this section, the basic idea to deal with the time-delay is

to re-organize the observations coming from different chan-

nels (observing systems (2)-(4)). The optimal estimator is

derived by using the re-organization innovation and projec-

tion theorem. The improvement in the process of iterative

computations is to avoid using the observations with higher

noise if possible. To simplify discussions, we suppose the

time t > λ2, the case of λ1 < t ≤ λ2 and 0 ≤ t ≤ λ1 could

be considered homoplastically.

3.1 Re-organization Observations
In view of the fact that the optimal estimator x̂(t|t)

is the projection of the state x(t) onto the linear space

L{v(τ)|0≤τ≤t}. We could re-organize the observations to

eliminate time-delay element.

The linear space L{v(τ)|0≤τ≤t} is equivalent to

L{rv3(τ)|0≤τ≤t2 ; rv2(τ)|t2<τ≤t1 ; rv1(τ)|t1<τ≤t} (10)

where rvj(τ), (j = 1, 2, 3) are the re-organization observa-

tions as

rv1(τ) � [v0(τ)] (11)

rv2(τ) �
[

v0(τ)
v1(τ + λ1)

]
(12)

rv3(τ) �

⎡
⎣ v0(τ)
v1(τ + λ1)
v2(τ + λ2)

⎤
⎦ (13)

At the given time t, the re-organization observations sat-

isfy that

rvj(t) = rCj(t)x(t) + rηj(t)

(j = 1, 2, 3)
(14)

where

rC1(t) � [C0(t)],

rC2(t) �
[

C0(t)
C1(t+ λ1)

]
,

rC3(t) �

⎡
⎣ C0(t)
C1(t+ λ1)
C2(t+ λ2)

⎤
⎦ ,

rη1(t) � [η0(t)],

rη2(t) �
[

η0(t)
η1(t+ λ1)

]
,

rη3(t) �

⎡
⎣ η0(t)
η1(t+ λ1)
η2(t+ λ2)

⎤
⎦ .

Furthermore, rηj(t), (j = 1, 2, 3) are mutually uncorre-

lated white noises with zero means and covariance matrices

as

rQ η1(t) � [Qη0(t)],

rQ η2(t) �
[
Qη0(t) 0

0 Qη1(t+ λ1)

]
,

rQ η3(t) �

⎡
⎣Qη0(t) 0 0

0 Qη1(t+ λ1) 0
0 0 Qη2(t+ λ2)

⎤
⎦ .

It can be seen from (1) and (14) that the system repre-

sentation has been the standard form. The re-organization

observations (10)-(13) are the current measurement without

delay.

3.2 Optimal Estimator
In view of the standard Kalman filter and the above re-

organization sequences, we derivate our iterated extended

Kalman filter for system (1)-(4).

From (11)-(13), we get three re-organization observations

rv1(t), rv2(t1), rv3(t2) at the given time t(t > λ2). We

define that x̂j(τ |τ) is the intermediate variable based on re-

organization observation rvj(τ), and x̂(t|t) is the output op-

timal estimation, as shown in (15)-(18):

x̂(t|t) = x̂1(t|t) (15)
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x̂j(τ |τ) =A(τ − 1)x̂j(τ − 1|τ − 1) + [A(τ − 1)·
Pj(τ − 1|τ − 1)AT (τ − 1) +B(τ − 1)·
Qξ(τ − 1)BT (τ − 1)] · rCT

j (τ)M
−1
j (τ)·

[rvj(τ)− rCj(τ)A(τ − 1)x̂j(τ − 1|τ − 1)]

(j = 1, 2, 3)

(16)

Pj(τ |τ) =[A(τ − 1)Pj(τ − 1|τ − 1)AT (τ − 1)+

B(τ − 1)Qξ(τ − 1)BT (τ − 1)]{I−
rCT

j (τ)M
−1
j (τ)rCj(τ)[A(τ − 1)·

Pj(τ − 1|τ − 1)AT (τ − 1)+

B(τ − 1)Qξ(τ − 1)BT (τ − 1)]}
(j = 1, 2, 3)

(17)

Mj(τ) =rCj(τ)[A(τ − 1)Pj(τ − 1|τ − 1)·
AT (τ − 1) +B(τ − 1)Qξ(τ − 1)·
BT (τ − 1)]rCT

j (τ) + rQ ηj(τ)

(j = 1, 2, 3)

(18)

where Pj(τ |τ) is the covariance matrices of estimator errors

as

Pj(τ |τ) = Cov[x̃j(τ), x̃j(τ)] (19)

x̃j(τ) = x(τ)− x̂j(τ |τ) (20)

satisfy that τ = t2/t1/t for j = 3/2/1, x̂3(0|0) = x̂(0|0),
P3(0|0) = P0.

By formula (16) and re-organization observations, we can

calculate x̂3(t2|t2) directly. Although we can still solve

x̂2(t2+1|t2+1) . . . x̂2(t1|t1) and x̂1(t1+1|t1+1) . . . x̂1(t|t)
by formula (16) and re-organization observations, in view of

assumption 3 and our research background, we need to re-

duce the usage amount of rv2(τ) and rv1(τ) in our itera-

tive algorithm to take recursive calculation of x̂2(t2+1|t2+
1) . . . x̂2(t1−1|t1−1) and x̂1(t1+1|t1+1) . . . x̂1(t−1|t−1).
Hence we improve the method in [5] to deduce our iterative

formula, as shown in (21)-(24):

x̂2(t2|t2) = x̂3(t2|t2) (21)

x̂2(t2 + k|t2 + k) =

{I − [A(t2 + k − 1)P2(t2 + k − 1|t2 + k − 1)·
AT (t2 + k − 1) +B(t2 + k − 1)Qξ(t2 + k − 1)·
BT (t2 + k − 1)]rCT

2 (t2 + k)M−1
2 (t2 + k)·

rC2(t2 + k)}−1{A(t2 + k − 1)

x̂2(t2 + k − 1|t2 + k − 1) + [A(t2 + k − 1)·
P2(t2 + k − 1|t2 + k − 1)AT (t2 + k − 1)+

B(t2 + k − 1)Qξ(t2 + k − 1)BT (t2 + k − 1)]

rCT
2 (t2 + k)M−1

2 (t2 + k)[−rC2(t2 + k)·
A(t2 + k − 1)x̂2(t2 + k − 1|t2 + k − 1)]}
(k = 1, 2, ..., λ2 − λ1 − 1)

(22)

x̂1(t1|t1) = x̂2(t1|t1) (23)

x̂1(t1 + k|t1 + k) =

{I − [A(t1 + k − 1)P1(t1 + k − 1|t1 + k − 1)·
AT (t1 + k − 1) +B(t1 + k − 1)Qξ(t1 + k − 1)·
BT (t1 + k − 1)]rCT

1 (t1 + k)M−1
1 (t1 + k)·

rC1(t1 + k)}−1{A(t1 + k − 1)

x̂1(t1 + k − 1|t1 + k − 1) + [A(t1 + k − 1)·
P1(t1 + k − 1|t1 + k − 1)AT (t1 + k − 1)+

B(t1 + k − 1)Qξ(t1 + k − 1)BT (t1 + k − 1)]

rCT
1 (t1 + k)M−1

1 (t1 + k)[−rC1(t1 + k)·
A(t1 + k − 1)x̂1(t1 + k − 1|t1 + k − 1)]}
(k = 1, 2, ..., λ1 − 1)

(24)

From the above, optimal state estimation x̂(t|t) is com-

puted through the following steps:

Step 1) Calculate x̂3(t2|t2) and x̂2(t2|t2) by (16) and (21).

Step 2) Calculate x̂2(t2+k|t2+k) by (22), where P2(t2+
k− 1|t2 + k− 1) and M2(t2 + k− 1) can be obtained from

(17) and (18).

Step 3) Calculate x̂2(t1|t1) and x̂1(t1|t1) by (16) and (23).

Step 4) Calculate x̂1(t1+k|t1+k) by (24), where P1(t1+
k− 1|t1 + k− 1) and M1(t1 + k− 1) can be obtained from

(17) and (18).

Step 5) Calculate x̂1(t|t) and x̂(t|t) by (16) and (15).

4 Numerical Example

In this section, we present a numerical example to illus-

trate the previous theoretical results and to compare the ef-

fect with the previous method. For ease of comparison stud-

ies, the experimental parameters are the same with the one

in [5].

Consider a discrete-time linear system described in (1)-(4)

with the following specifications [5]:

A(t) =

[
0.98 0
0.5 0.2

]
, B(t) =

[
1
1

]
,

C0(t) =

[
1
4

]T
, C1(t) =

[
1
1

]T
, C2(t) =

[
4
2

]T

The initial states are as follows: x(0) =

[
1
0.5

]
, x̂(0|0) =[

0
0

]
, P0 =

[
1 0
0 1

]
. We denote that ξ(t), η0(t), η1(t) and

η2(t) are uncorrelated Gaussian noises with zero means and

known covariance matrices, where λ1 = 10, λ2 = 20, ξ ∼

N(0, 1), η0 ∼ N(0, 1), η1 ∼ N(0, 0.1), η2 ∼ N(0, 0.01),
let sampling period ts = 1.

The simulation results are drawn in Figs. 1-6. Figs. 1

and 2 represent the real states and their estimations subject

to delay {10, 20} obtaining through the improved method in

this paper. Figs. 3 and 4 present the similar information ob-

taining through the method in [5] to compare the differences

9024



between two estimators. It can be observed from the sim-

ulation results that our proposed iterated optimal estimator

produces very good performance. Figs. 5 and 6 show the

state estimation errors subject to the methods in this paper

and in [5]. Let Method A denote our filter and Method B

denote the approach in [5], the RMS state estimation errors

of them are shown in table 1.

0 20 40 60 80 100
1.5

1

0.5
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0.5

1

1.5

2

2.5

3

3.5
the estimate
the state

Fig. 1: Real state x1(t) and its estimation via Method A
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2

1

0

1

2

3

4
the estimate
the state

Fig. 2: Real state x2(t) and its estimation via Method A

The upgrade rate in table 1 is defined as follow:

Rh =
RMSBh

−RMSAh

RMSBh

× 100%

(h = 1, 2)

(25)

where Rh is the upgrade rate of state estimation result,

RMSAh
and RMSBh

are the RMS errors of state estima-

tions x̂h(t) via Method A and Method B respectively.

Table 1: RMS errors of state estimation
Method A Method B Upgrade Rate

State x1(t) 0.2057 0.3433 40.08%

State x2(t) 0.1737 0.1772 1.975%
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2

3
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the estimate
the state

Fig. 3: Real state x1(t) and its estimation via Method B
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the state

Fig. 4: Real state x1(t) and its estimation via Method B
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Fig. 5: State x̂1(t) estimation errors

5 Conclusion

This paper studied the state estimation problem for

discrete-time systems with delayed measurements. The op-

timal estimator is derived by iterated extended Kalman fil-

ter. It reduces the adverse effect of observing channels with

high errors in iteration process. Comparing with the previ-

9025



0 20 40 60 80 100
0.8

0.6

0.4

0.2

0

0.2

0.4

0.6
Our optimal estimator
Method in [5]

Fig. 6: State x̂2(t) estimation errors

ous method, a significant improvement of this approach is

that it takes full account of noise difference for different ob-

servation systems. Moreover, this presented method gives a

useful approach for dealing with some time-delay engineer-

ing projects such as FAST project.

It should be pointed out that the effect of the state esti-

mator in this paper depends on the scope of transfer matrix

A(t). And differing from assumption 4, the sample frequen-

cies of different observing systems are often unequal in real-

istic projects. Recognizing these, our future study is to work

out the dependency between estimated results and transfer

matrix, and the optimal filter via multiple observing systems

with unequal sample frequencies.
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