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Abstract: The authors focus on developing adaptive-critic-based near-optimal controllers to solve continuous-time non-linear
decentralised feedback stabilisation problems. The decentralised feedback control problem with respect to the matched
interconnected systems is addressed by designing the optimal controllers of the corresponding isolated subsystems. By
employing a novel updating rule to reduce the requirement about the initial stabilising control, the adaptive-critic-based near-
optimal feedback controllers can be obtained with an excellent approximation property. The closed-loop form of each isolated
subsystem is constructed and its stability is handled by incorporating the improved learning mechanism. A simulation example is
also conducted to verify the decentralised control performance of the present approach.

1 Introduction
Designing optimal feedback controllers of dynamical systems is an
important topic of system and control community. Among them,
how to develop linear optimal regulators has been studied by
control scientists and engineers for many years. However, for
general non-linear systems, the optimal control design always leads
to cope with the non-linear Hamilton–Jacobi–Bellman equation,
which is intractable to be solved analytically. Fortunately, a series
of iterative methods have been established to tackle the optimal
control problems approximately [1, 2]. Among them, adaptive/
approximate dynamic programming [3] is regarded as a typical
representative to design optimal control adaptively and forward-in-
time, where the adaptive critic is taken as the basic structure and
neural networks are often involved to serve as the function
approximator. Vamvoudakis et al. [2] proposed that adaptation and
machine intelligence were powerful ideas to handle the difficulty
brought in by decentralisation, uncertainty and complexity. Note
that optimality and adaptivity are two important criteria of control
theory and also possess great significance to control engineering
[4–8]. In [8], a general design on terminal sliding mode manifolds
was proposed for affine non-linear systems, which greatly expands
the finite-time sliding mode control approach. Hence, this kind of
adaptive-critic-based optimal control design has great potentials in
various control applications.

In this paper, we aim at achieving the decentralised stabilisation
of non-linear large-scale systems in light of optimal feedback
design. Developing non-linear optimal regulators serves as the
fundamental of this paper. In the last decade, the methodology of
adaptive/approximate dynamic programming has gained extensive
progresses in aspect of optimal control for discrete-time systems
[9–18] and continuous-time systems [19–28]. Mehraeen and
Jagannathan [10] used the direct neural dynamic programming
technique to deal with the Hamilton–Jacobi–Bellman equation and
then to cope with the decentralised near-optimal regulation for a
class of discrete-time non-linear interconnected systems. Mu et al.
[16] developed an effective adaptive optimal tracking control
strategy for a class of discrete-time affine non-linear systems based
on the iterative globalised dual heuristic programming technique.
Liu et al. [23] developed a decentralised stabilisation strategy for a
class of continuous-time non-linear systems with matched

interconnections by employing an online learning optimal control
approach. In that paper, the online policy iteration algorithm was
adopted, which needed the initial admissible control law, clearly
including the requirement of the initial stabilising controller. Bian
et al. [26] studied decentralised adaptive optimal control of a class
of large-scale linear systems and its application to the power
systems. In addition, the adaptive critic was also combined with
fuzzy logic approximation and backstepping technique to derive
advanced discrete-time optimal control schemes [29–32]. However,
the traditional adaptive critic control design, particularly the
adaptive-critic-based decentralised control design always depends
on the choice of an initial stabilising control, which is pretty
difficult to find out in control practices. Actually, requiring an
initial stabilising control is a common property of [19, 22, 23, 26],
which reduces the application scope of the adaptive-critic-based
design to certain extent. This fact motivates our research greatly.

This paper utilises the optimal regulation design to derive the
feedback controller in a decentralised framework, which is an
important idea to cope with the stabilisation problem of large-scale
systems [10, 23, 26]. It focuses on developing adaptive near-
optimal controllers of isolated subsystems inspired by [20, 33, 34],
so as to solve the non-linear decentralised feedback stabilisation
problem of an interconnected large-scale system. However, the
stability analysis of [20, 33, 34] is complicated. Therefore, this
paper focuses on improving the results of traditional adaptive critic
designs [19, 20, 22, 33, 34] as well as the adaptive-critic-based
decentralised stabilisation design [23, 26]. Specifically, the major
contributions of this paper with respect to the existing literature are
summarised as follows.

i. When compared with [19, 22, 23, 26], it constructs a simple
reinforced structure to design adaptive optimal controllers
without requiring the initial stabilising control and then to cope
with the decentralised feedback stabilisation problem.

ii. The proposed single network adaptive critic framework is easy
to construct and is helpful to reduce the complexity of the
traditional adaptive critic structures [19, 34].

iii. The closed-loop stability proof is simplified compared with
[20, 33, 34], which results from the reduction of case studies
during stability analysis.
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The rest of the current paper is organised as follows. The
decentralised stabilisation problem is described in Section 2. The
improved adaptive critic design technique of the non-linear
adaptive optimal control with stability analysis is developed in
Section 3, so as to achieve the decentralised feedback stabilisation.
The simulation study and the concluding remarks are presented in
Sections 4 and 5, respectively. Incidentally, the main notations used
in the paper are listed as follows. ℝ stands for the set of all real
numbers. ℝn is the Euclidean space of all n-dimensional real
vectors. ℝn × m is the space of all n × m real matrices. ∥ ⋅ ∥ denotes
the vector norm of a vector in ℝn or the matrix norm of a matrix in
ℝn × m. In represents the n × n identity matrix. λmax( ⋅ ) and λmin( ⋅ )
calculate the maximum and minimum eigenvalues of a matrix,
respectively. ℕ = {i}i = 1

N = {1, 2, …, N} denotes a set of positive
integers between 1 and N, where i is the symbol of the ith
subsystem. Let Ωi be a compact subset of ℝni and 𝒜i(Ωi) be the set
of admissible control laws on Ωi. The superscript “ 𝖳” is taken for
representing the transpose operation and ∇( ⋅ ) = ∂( ⋅ )/∂xi is
employed to denote the gradient operator with respect to the
subsystem state.

2 Problem statement and design background
In this paper, we aim at studying a class of continuous-time non-
linear large-scale systems with matched and bounded
interconnections. Consider a non-linear system composed of N
subsystems with interconnections given as

ẋi(t) = f i(xi(t)) + gi(xi(t)) ūi(t) + ℐi(𝒳(t)) , i ∈ ℕ, (1)

where xi(t) ∈ Ωi ⊂ ℝni and ūi(t) ∈ ℝmi are the state variable and the
control variable of the ith subsystem, respectively, and
𝒳 = [x1

𝖳, x2
𝖳, …, xN

𝖳]𝖳 ∈ ℝ𝒩 is the overall state with
𝒩 = n1 + n2 + ⋯ + nN. Note that for the subsystem i, f i(xi), gi(xi)
and gi(xi)ℐi(𝒳) stand for the non-linear internal dynamics, the
control function matrix, and the interconnected term, respectively.
Here, x1, x2, …, xN are called local system states while ū1, ū2, …, ūN
are called local control inputs. Let xi(0) = xi0 be the initial state
vector with respect to the ith subsystem, i ∈ ℕ.

For the interconnected terms, we assume that

∥ ℐi(𝒳) ∥ ≤ ∑
j = 1

N
ρi jhi j(x j), i ∈ ℕ,

where ρi j, i, j ∈ ℕ are non-negative constants and hi j(x j), i, j ∈ ℕ
are positive semi-definite functions. Defining
hi(xi) = max {h1i(xi), h2i(xi), …, hNi(xi)}, i ∈ ℕ, we further obtain
the relationship that

∥ ℐi(𝒳) ∥ ≤ ∑
j = 1

N
τi jh j(x j), i ∈ ℕ, (2)

which satisfies τi jh j(x j) ≥ ρi jhi j(x j) with τi j, i, j ∈ ℕ being non-
negative constants. Note that (2) is important to perform adaptive
decentralised control design since it relates the interconnection
term with a combination of subsystems' states.

In this paper, we focus on finding the decentralised feedback
control strategy of system (1). To this end, we should derive N state
feedback control laws ū1(x1), ū2(x2), …, ūN(xN), such that the
constituted control pair (ū1(x1), ū2(x2), …, ūN(xN)) can stabilise
system (1). It has been proved in [23], the decentralised control
strategy can be obtained by coping with the optimal feedback
control problem of the N isolated subsystems described by

ẋi(t) = f i(xi(t)) + gi(xi(t))ui(t), i ∈ ℕ . (3)

Note that the basic assumptions with respect to the interconnected
plant (1) and the isolated plants (3), in terms of equilibrium,
differentiability, Lipschitzness and controllability, can be found by
referring to [23]. The designed feedback control ui(xi) should be
admissible with ui ∈ 𝒜i(Ωi), i ∈ ℕ. Letting hi(xi) ≤ Qi(xi) and
according to [23], we can derive a set of optimal feedback control
laws ui

∗(xi), i ∈ ℕ to minimise the local cost functions

Ji(xi(t)) = ∫
t

∞
Qi

2(xi(τ)) + ui
𝖳(xi(τ))ui(xi(τ)) dτ, i ∈ ℕ . (4)

Note that when starting from t = 0, these cost functions become
Ji(xi(0)), i ∈ ℕ, i.e. Ji(xi0), i ∈ ℕ. Then, using the symbol of optimal
cost functions Ji

∗(xi), i ∈ ℕ, i.e.

Ji
∗(xi) = min

ui ∈ 𝒜i(Ωi)
Ji(xi), i ∈ ℕ,

and considering the expression of the optimal control laws [19, 23,
27], i.e.

ui
∗(xi) = − 1

2gi
𝖳(xi)∇Ji

∗(xi), i ∈ ℕ, (5)

the Hamilton–Jacobi–Bellman equations with respect to the
isolated subsystems are given as

0 = Qi
2(xi) + (∇Ji

∗(xi))𝖳 f i(xi)

− 1
4(∇Ji

∗(xi))𝖳gi(xi)gi
𝖳(xi)∇Ji

∗(xi), i ∈ ℕ
(6)

with Ji
∗(0) = 0. Moreover, it is shown in [23] that there exist N

positive numbers, ζ1, ζ2, …, ζN, such that the state feedback control
laws

ūi(xi) = ζiui
∗(xi)

= − 1
2ζigi

𝖳(xi)∇Ji
∗(xi), i ∈ ℕ

can form a combined control pair (ū1(x1), ū2(x2), …, ūN(xN)), which
is nothing but the decentralised control strategy of the originally
interconnected system (1).

At the end of this section, we point out that for coping with the
optimal control problem, the Hamiltonian of system (3) should be
defined as

Hi(xi, ui(xi), ∇Ji(xi)) = Qi
2(xi) + ui

𝖳(xi)ui(xi)
+(∇J(xi))𝖳[ f i(xi) + gi(xi)ui(xi)], i ∈ ℕ .

In this sense, the Hamilton–Jacobi–Bellman equation like (6) is
actually Hi(xi, ui

∗(xi), ∇Ji
∗(xi)) = 0, which is difficult to deal with in

theory. Hence, it is not an easy task to compute the optimal control
law formed as (5) for general non-linear systems. This inspires us
to devise an approximate control strategy to overcome the
difficulty in what follows.

3 Developing adaptive near-optimal controllers to
solve the decentralised stabilisation problem with
stability analysis
In this section, we present the adaptive near-optimal control design
process for a specified isolated subsystem i, without stating i ∈ ℕ
for convenience. Other subsystems can be handled in the same way
and are omitted here.

When conducting the neural network implementation, we
denote lci as the number of neurons of the hidden layer. Taking the
universal approximation property into consideration, the optimal

800 IET Control Theory Appl., 2017, Vol. 11 Iss. 6, pp. 799-806
© The Institution of Engineering and Technology 2017



cost function Ji
∗(xi) can be expressed by a neural network with a

single hidden layer on a compact set Ωi as the form

Ji
∗(xi) = ωci

𝖳σci(xi) + εci(xi), (7)

where ωci ∈ ℝlci is the ideal weight vector that is upper bounded,

σci(xi) ∈ ℝlci is the activation function, and εci(xi) ∈ ℝ is the
reconstruction error. Then, the gradient vector is

∇Ji
∗(xi) = (∇σci(xi))𝖳ωci + ∇εci(xi) .

Since the ideal weight is definitely unknown in advance, a critic
neural network is developed to approximate the optimal cost
function as

J^i
∗(xi) = ω^

ci
𝖳σci(xi), (8)

where ω^
ci ∈ ℝlci denotes the estimated weight vector. Similarly, we

derive the gradient vector as

∇J^i
∗(xi) = (∇σci(xi))𝖳ω^

ci .

Considering the feedback formulation (5) and the neural network
expression (7), the optimal control law of the ith isolated
subsystem can be rewritten as

ui
∗(xi) = − 1

2gi
𝖳(xi) (∇σci(xi))𝖳ωci + ∇εci(xi) . (9)

Using the critic neural network (8), the approximate optimal
feedback control law is formulated by

u^i
∗(xi) = − 1

2gi
𝖳(xi)(∇σci(xi))𝖳ω^

ci . (10)

Based on the neural network formulation, the approximate
Hamiltonian with respect to the ith isolated subsystem is written as

H^
i(xi, u^i

∗(xi), ∇J^i
∗(xi)) = Qi

2(xi) + u^i
∗ 𝖳(xi)u^i

∗(xi)
+ω^

ci
𝖳∇σci(xi)[ f i(xi) + gi(xi)u^i

∗(xi)] .
(11)

Then, we find that

eci = H^
i(xi, u^i

∗(xi), ∇J^i
∗(xi)) − Hi(xi, ui

∗(xi),

∇Ji
∗(xi)) = H^

i(xi, u^i
∗(xi), ∇J^i

∗(xi)) .

Clearly, we have

∂eci
∂ω^

ci
= ∇σci(xi)[ f i(xi) + gi(xi)u^i

∗(xi)] ≜ ϕi ∈ ℝlci, (12)

which will be used when discussing the critic learning mechanism.
Now, we show how to train the critic network and design the

weight vector ω^
ci to minimise the objective function Eci = 0.5eci

2 .
Traditionally, based on (11) and (12), we can employ the
normalised steepest descent algorithm

ω^́
ci = − αci

1
(1 + ϕi

𝖳ϕi)
2

∂Eci
∂ω^

ci

= − αci
ϕi

(1 + ϕi
𝖳ϕi)

2 eci

to adjust the weight vector, where αci > 0 stands for the learning
rate to be designed and the normalisation term (1 + ϕi

𝖳ϕi)
2 is

implemented for simplification of the critic error dynamics and
convenience of closed-loop stability analysis.

In the traditional design technique, we should choose a
specified weight vector to build an initial stabilising control law
and then start the training process from it. However, finding this
kind of initial stabilising control laws is always difficult,
particularly for the general non-linear systems. Thus, inspired by
[20, 33, 34], we introduce an additional Lyapunov function to
improve the critic learning mechanism and adopt it to facilitate
updating the critic weight vector with a novel fashion. Similar as
[20, 34], we give the following assumption.

 
Assumption 1: Consider system (3) with the cost function (4)

and its closed-loop form with the action of the optimal feedback
control (9). Let Jsi(xi) be a continuously differentiable Lyapunov
function that guarantees the following relationship

Jsi
˙ (xi) = (∇Jsi(xi))𝖳[ f i(xi) + gi(xi)ui

∗(xi)] < 0.

Then, there exists a positive definite matrix 𝒫i ∈ ℝni × ni such that

(∇Jsi(xi))𝖳[ f i(xi) + gi(xi)ui
∗(xi)] = − (∇Jsi(xi))𝖳𝒫i∇Jsi(xi)

≤ − λmin(𝒫i) ∥ ∇Jsi(xi) ∥2

is true. Note that during the implementation process, Jsi(xi) can be
obtained by suitably selecting a polynomial with respect to the
state vector, such as Jsi(xi) = 0.5xi

𝖳xi.
When applying the approximate optimal control law (10) to the

controlled plant, to avoid the circumstance that the closed-loop
system is unstable, i.e.

(∇Jsi(xi))𝖳[ f i(xi) + gi(xi)u^i
∗(xi)] > 0,

we should introduce an additional term to reinforce the training
process by adjusting the time derivative of Jsi(xi) along the
negative gradient direction. Based on (10), the gradient descent
operation is performed as follows:

−
∂ (∇Jsi(xi))𝖳( f i(xi) + gi(xi)u^i

∗(xi))
∂ω^

ci

= −
∂u^i

∗(xi)
∂ω^

ci

𝖳 ∂ (∇Jsi(xi))𝖳( f i(xi) + gi(xi)u^i
∗(xi))

∂u^i
∗(xi)

= 1
2∇σci(xi)gi(x)gi

𝖳(xi)∇Jsi(xi) .

Therefore, the improved critic learning rule is developed by

ω^̇
ci = − αci

ϕi

(1 + ϕi
𝖳ϕi)

2 eci

+ 1
2αsi∇σci(x)gi(x)gi

𝖳(xi)∇Jsi(xi),
(13)

where αsi > 0 is the design constant with respect to the additional
stabilising term. Using the learning rule (13), the requirement of an
initial stabilising control law can be reduced effectively, so that the
weight vector of the critic network can be initialised as a zero
vector when conducting the adaptive control algorithm.

In what follows, we focus on building the error dynamics with
respect to the critic network and investigating its stability. We
define the error vector between the ideal weight and the estimated
value as ω~ci = ωci − ω^

ci and easily derive that ω~̇ci = − ω^̇
ci. By

using the tuning rule (13) and introducing two new variables

ϕ1i =
ϕi

1 + ϕi
𝖳ϕi

∈ ℝlci, ϕ2i = 1 + ϕi
𝖳ϕi ≥ 1,
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we derive that the critic error dynamics can be simply formulated
as

ω~̇ci = − αciϕ1iϕ1i
𝖳ω~ci + αci

ϕ1i
ϕ2i

ecHi

− 1
2αsi∇σci(xi)gi(xi)gi

𝖳(xi)∇Jsi(xi),
(14)

where the term

ecHi = − (∇εci(xi))𝖳[ f i(xi) + gi(xi)u^i
∗(xi)]

stands for the residual error arisen in the neural-network-based
approximation process.

As a special case of adaptive control, in adaptive critic control
design, the persistence of excitation assumption is certainly
required since we want to identify the parameter of the critic
network to approximate the optimal cost function. According to
[19], the persistence of excitation condition ensures that
λmin(ϕ1iϕ1i

𝖳) > 0, which is significant to conduct the closed-loop
stability analysis. The following assumption is required as often
utilised in the literature [20, 34].

 
Assumption 2: For the ith isolated subsystem, the control

function matrix gi(xi) is upper bounded such that ∥ gi(xi) ∥ ≤ λgi,
where λgi is a positive constant. On the compact set Ωi, the terms
∇σci(xi), ∇εci(xi) and ecHi are all upper bounded such that
∥ ∇σci(xi) ∥ ≤ λσi, ∥ ∇εci(xi) ∥ ≤ λεi and |ecHi | ≤ λei, where λσi, λεi
and λei are positive constants.

 
Theorem 1: For the non-linear system (3), we suppose that

Assumptions 1 and 2 hold. The approximate optimal control law is
given by (10), where the constructed critic network is tuned by
adopting the improved learning rule (13). Then, for the ith isolated
subsystem, the closed-loop system state and the critic weight
estimation error are both uniformly ultimately bounded. Moreover,
the approximate optimal control converges to a neighborhood of its
optimal value with a finite bound.

 
Proof: Let us choose a Lyapunov function candidate formulated

as

Lci(t) = Lci1(t) + Lci2(t),

where

Lci1(t) = 1
2ω~ci

𝖳(t)ω~ci(t),

Lci2(t) = αsiJsi(xi(t)) .

Note that the Lyapunov function is constructed in light of stability
terms to be analysed and design experience. Taking the time
derivative to this Lyapunov function and according to (14), we
have

L̇ci1(t) = − αciω
~

ci
𝖳ϕ1iϕ1i

𝖳ω~ci + αci
ω~ci

𝖳ϕ1i
ϕ2i

ecHi

− 1
2αsiω

~
ci
𝖳∇σci(xi)gi(xi)gi

𝖳(xi)∇Jsi(xi) .
(15)

In addition, the derivative of Lci2(t) is

L̇ci2(t) = αsi(∇Jsi(xi))𝖳[ f i(xi) + gi(xi)u^i
∗(xi)] . (16)

For L̇ci1(t), we apply the Young's inequality to the second term of
(15), recall the Assumption 2, and then derive that

L̇ci1(t) ≤ − αci − 1
2 λmin(ϕ1iϕ1i

𝖳) ∥ ω~ci ∥2 + 1
2αci

2 λei
2

− 1
2αsiω

~
ci
𝖳∇σci(xi)gi(xi)gi

𝖳(xi)∇Jsi(xi) .
(17)

Substituting ω~ci = ωci − ω^
ci to the last term of (17), we have

L̇ci1(t) ≤ − αci − 1
2 λmin(ϕ1iϕ1i

𝖳) ∥ ω~ci ∥2 + 1
2αci

2 λei
2

− 1
2αsi(∇Jsi(xi))𝖳gi(xi)gi

𝖳(xi)(∇σci(xi))𝖳ωci

−αsi(∇Jsi(xi))𝖳gi(xi)u^i
∗(xi) .

(18)

Combining (16) with (18), we can obtain that the overall time
derivative of Lci(t) is

L̇ci(t) ≤ − αci − 1
2 λmin(ϕ1iϕ1i

𝖳) − λgi
2 λσi

2 ∥ ω~ci ∥2

+λgi
2 λεi

2 + 1
2αci

2 λei
2 + αsi(∇Jsi(xi))𝖳 f i(xi)

− 1
2αsi(∇Jsi(xi))𝖳gi(xi)gi

𝖳(xi)(∇σci(xi))𝖳ωci .

(19)

Recalling the optimal control law in (9), we find that (19) becomes

L̇ci(t) ≤ − αci − 1
2 λmin(ϕ1iϕ1i

𝖳) − λgi
2 λσi

2

× ∥ ω~ci ∥2 + λgi
2 λεi

2 + 1
2αci

2 λei
2

+αsi(∇Jsi(xi))𝖳[ f i(xi) + gi(xi)ui
∗(xi)]

+ 1
2αsi(∇Jsi(xi))𝖳gi(xi)gi

𝖳(xi)∇εci(xi) .

(20)

In light of Assumptions 1 and 2, it follows from (20) that

L̇ci(t) ≤ − αci − 1
2 λmin(ϕ1iϕ1i

𝖳) − λgi
2 λσi

2 ∥ ω~ci

× ∥2 + λgi
2 λεi

2 + 1
2αci

2 λei
2

−αsiλmin(𝒫i) ∥ ∇Jsi(xi) ∥2

+ 1
2αsiλgi

2 λεi ∥ ∇Jsi(xi) ∥ .

(21)

Employing some basic mathematical operations, (21) can be
written as

L̇ci(t) ≤ − αci − 1
2 λmin(ϕ1iϕ1i

𝖳) − λgi
2 λσi

2 ∥ ω~ci ∥2

−αsiλmin(𝒫i) ∥ ∇Jsi(xi) ∥ − 1
4λmin(𝒫i)

λgi
2 λεi

2
+ 𝒞i,

where the constant term is denoted by

𝒞i = λgi
2 λεi

2 + 1
2αci

2 λei
2 + 1

16λmin(𝒫i)
αsiλgi

4 λεi
2 .

It is clear to find that, if the inequality

∥ ω~ci ∥ >
2𝒞i

(2αci − 1)λmin(ϕ1iϕ1i
𝖳) − 2λgi

2 λσi
2 ≜ ℬω~ci

or
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∥ ∇Jsi(xi) ∥ > 1
4λmin(𝒫i)

λgi
2 λεi

+
𝒞i

αsiλmin(𝒫i)
≜ ℬJsi

holds, we can attain the goal that L̇ci(t) < 0. Note that Jsi(xi) is
selected as a polynomial and according to the standard Lyapunov
extension theorem given in [35], we further come to the conclusion
that the system state xi and the critic weight error ω~ci of the ith
isolated subsystem are both uniformly ultimately bounded.

According to the boundedness of the critic weight error, we can
obtain that ∥ ω~ci ∥ ≤ ℬω~ci

. Then, according to (9) and (10), we can
further find that

∥ ui
∗(xi) − u^i

∗(xi) ∥ = 1
2 gi

𝖳(xi) (∇σci(xi))𝖳ω~ci + ∇εci(xi)

≤ 1
2 λgi(λσiℬω~ci

+ λεi) ≜ ℬ
ui

∗,

which implies that, the approximate optimal control u^∗(xi)
converges to a neighborhood of its optimal value ui

∗(xi) with a finite
bound ℬ

ui
∗, where ℬ

ui
∗ is a positive constant. This is the end of the

proof.   □
The above bounds can be adjusted according to the design

objective through changing the related parameters, such as the
learning rate. It should be indicated that the adaptive near-optimal
control design and the related closed-loop stability issue of other
subsystems can be developed in the same manner. In this sense, we
accomplish the decentralised feedback stabilisation of the proposed
non-linear system with matched interconnections.

 
Remark 1: There are two obvious advantages of the present

learning framework and stability analysis. One is that the
requirement of the initial stabilising controller is relaxed by using
the improved critic learning rule. When compared with [19, 22, 23,
26], the new learning framework is convenient to implement. The
other is the simplification of the closed-loop stability proof
compared with [20, 33, 34], resulting from the reduction of the
case studies.

4 A simulation example
In this section, we demonstrate the decentralised control
performance of the present approach. Consider a continuous-time
non-linear system composed of two interconnected subsystems that
has been used in [23]

ẋ1 =
−x11 + x12

−0.5x11 − 0.5x12 − 0.5x12(cos(2x11) + 2)2

+
0

cos(2x11) + 2 ū1(t) + (x11 + x22)sin x12
2 cos(0.5x21) ,

ẋ2 =
x22

−x21 − 0.5x22 + 0.5x21
2 x22

+
0
x21

ū2(t) + 0.5(x12 + x22)cos ex21
2

,

(22)

where x1 = [x11, x12]𝖳 ∈ ℝ2 and ū1(t) ∈ ℝ are the state variable and
control variable of subsystem 1, and x2 = [x21, x22]𝖳 ∈ ℝ2 and
ū2(t) ∈ ℝ are the state variable and control variable of subsystem 2.
Let h1(x1) = ∥ x1 ∥ and h2(x2) = | x22|. Then, we find that ℐ1(𝒳)
and ℐ2(𝒳) with 𝒳 = [x1

𝖳, x2
𝖳]𝖳 are both upper bounded as indicated

in (2). For instance, we can choose τ11 = τ12 = 1 and τ21 = τ22 = 0.5,
such that the inequalities ∥ ℐ1(𝒳) ∥ ≤ τ11h1(x1) + τ12h2(x2) and
∥ ℐ2(𝒳) ∥ ≤ τ21h1(x1) + τ22h2(x2) hold for this controlled plant.

To solve the decentralised control problem of the
interconnected non-linear plant (22), we first cope with the optimal
feedback stabilisation of the two isolated subsystems described by

ẋ1 =
−x11 + x12

−0.5x11 − 0.5x12 − 0.5x12(cos(2x11) + 2)2

+
0

cos(2x11) + 2 u1(t),

ẋ2 =
x22

−x21 − 0.5x22 + 0.5x21
2 x22

+
0
x21

u2(t) .

Here, we choose Q1(x1) = ∥ x1 ∥ and Q2(x2) = | x22| and then
determine the infinite horizon cost functions as follows:

J1(x10) = ∫
0

∞
x11

2 + x12
2 + u1

𝖳u1 dτ,

J2(x20) = ∫
0

∞
x22

2 + u2
𝖳u2 dτ .

When handling the adaptive near-optimal control issue of the
two isolated subsystems, two critic neural networks are constructed
to approximate the corresponding cost functions. We write the
weight vectors of the two neural networks as
ω^

c1 = [ω^
c11, ω^

c12, ω^
c13]𝖳 and ω^

c2 = [ω^
c21, ω^

c22, ω^
c23]𝖳, respectively,

and choose the corresponding activation functions as
σc1(x1) = [x11

2 , x12
2 , x11x12]𝖳 and σc2(x2) = [x21

2 , x22
2 , x21x22]𝖳,

respectively. Besides, we select the learning rates of the critic
networks as αc1 = 3.0 and αc2 = 2.5 and let the initial state vectors
of the two isolated subsystems be x10 = x20 = [1, − 1]𝖳.

For reflecting the property of the improved adaptive critic
algorithm, we select Jsi(xi) = 0.5xi

𝖳xi and adopt the following
parameter settings: αs1 = 0.0001 and αs2 = 0.001. Note that this
setting style comes from simulation experience. For each isolated
subsystem, we should employ a probing noise to guarantee the
persistence of excitation condition [19, 20, 23, 34]. After t = 250 s,
we find that the convergence with respect to the weight vectors of
the two critic networks has occurred. Then, the probing signals are
removed and it is found that the weight vectors of the critic
networks converge to ω^

c1 = [0.4987, 1.0001, 0.0002]𝖳 and
ω^

c2 = [0.9887, 1.0088, − 0.0039]𝖳, respectively, which are
depicted in Figs. 1 and 2. Observing these two figures, we find that
the initial weight vectors are both set to zero, which excludes the
need of choosing initial stabilising control laws. 

According to the information of the converged weight vectors
of the two networks, i.e. ω^

c1 = [0.4987, 1.0001, 0.0002]𝖳 and

Fig. 1  Convergence of the weight vector with respect to the isolated
subsystem 1
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ω^
c2 = [0.9887, 1.0088, − 0.0039]𝖳, we can compute the

approximate optimal cost function and near-optimal control law for
each isolated subsystem, i.e. J^1

∗(x1), u^1
∗(x1), J

^
2
∗(x2) and u^2

∗(x2), based
on the formulas shown in (8) and (10). To show the approximation
performance, by using the method proposed in [19], we derive that
the optimal cost function and optimal control law of the isolated
subsystem 1 are J1

∗(x1) = 0.5x11
2 + x12

2  and
u1

∗(x1) = − (cos(2x11) + 2)x12, respectively. Similarly, the optimal
cost and optimal control law of the isolated subsystem 2 are
J2

∗(x2) = x21
2 + x22

2  and u2
∗(x2) = − x21x22, respectively. For the

isolated subsystem 1, the 3D plot of the error of the optimal cost
compared with its approximate version is presented in Fig. 3a
while the 3D plot of the error between the optimal control law and
the approximate one is exhibited in Fig. 3b. It is not difficult to
observe that both the approximation errors are very close to zero,
verifying the efficient performance of the adaptive learning
algorithm. Additionally, when considering the isolated subsystem
2, we can obtain similar simulation results with these two errors,
which are illustrated clearly in Figs. 4a and b. 

Next, by experimentally choosing ζ1 = ζ2 = 4.0 and according
to the theoretical result that is similar as [23], we can find that
(ū1(x1), ū2(x2)) = (ζ1u

^
1
∗(x1), ζ2u

^
2
∗(x2)) can be regarded as the

decentralised control scheme of the original interconnected plant
(22). Then, we apply this decentralised control strategy to the
controlled system (22) for t = 40 s and derive that the trajectories
of the state curves of the two subsystems are exhibited in Fig. 5
simultaneously. Therein, we find that both the two response curves
are driven to the origin with the help of the decentralised controller.

When we do not employ the additional stabilising term, the
state trajectories of the learning session will not possess the
convergence property. The simulation results obtained by using the
traditional learning rule are shown in Figs. 6 and 7. Therein, we
find that the divergence of the state occurs evidently and quickly as
time goes on. These comparison results clearly show the validity of
the adaptive decentralised control method presented in this paper. 

 
Remark 2: Though this simulation example was also studied in

[23], the initial stabilising controllers of the subsystems were
required to start the algorithm therein. However, by using the critic
learning framework of this paper, we can find that the initial weight
vectors are only initialised to zero, as shown in Figs. 1 and 2. This
stands for a great convenience when implementing the adaptive

Fig. 2  Convergence of the weight vector with respect to the isolated
subsystem 2

 

Fig. 3  (a) 3D plot of the error J1
∗(x1) − J^1

∗(x1), (b) 3D plot of the error u1
∗(x1) − û1

∗(x1)
 

Fig. 4  (a) 3D plot of the error J2
∗(x2) − J^2

∗(x2), (b) 3D plot of the error u2
∗(x2) − û2

∗(x2)
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critic algorithm, since the initial stabilising controllers are difficult
to determine in many situations.

5 Conclusions
An adaptive near-optimal control strategy is developed for
addressing the decentralised feedback stabilisation problem with an

improved adaptive critic structure. The adaptive near-optimal
control law is derived by training a critic neural network based on
the new learning rule. The stability proof of the closed-loop system
is given and the experimental verification of an interconnected
dynamical system is also conducted. Note that the present
decentralised control method depends on the known dynamics and
the entire communication, which should be improved gradually in
the future study, by combining with more advanced approaches
such as those proposed in [36–41], to obtain promising data-driven,
event-driven and tracking control design schemes.
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