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Event-Based Constrained Robust Control of Affine
Systems Incorporating an Adaptive Critic Mechanism
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Abstract—This paper focuses on establishing an event-based
constrained robust control strategy for a class of continuous-
time affine nonlinear systems by incorporating the adaptive
critic mechanism (ACM). The main objective is to integrate
the event-based framework, the constrained optimal control
method, and the neural network learning ability, thereby achiev-
ing the nonlinear robust state feedback of input-constrained
nonlinear systems under event-based environment. Through the-
oretical analysis, it is shown that the nonlinear robust control
law subject to input limitations can be obtained by designing an
event-based constrained optimal controller with respect to the
nominal system. Then, the ACM is adopted to facilitate the con-
strained optimal control implementation, where a critic neural
network is constructed to serve as the learning approximator.
The system stability issue is proved by employing the Lyapunov
theory and the constrained robust control performance is illus-
trated through simulation experiments of several dynamical
plants.

Index Terms—Adaptive critic mechanism (ACM), event-based
control, input constraints, nonlinear systems, robust control.

I. INTRODUCTION

A. Backgrounds

IN CONTROL engineering of aerospace, power, urban
traffic, and so on, there always exist dynamic uncertain-

ties between mathematical models and practical plants, which
may lead to various degradations of system performance.
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Hence, the designed feedback control law should hold a
certain extent of robustness when considering the system
uncertainties. In another aspect, the optimal regulation designs
a control law that can minimize a predefined performance
index regarding to a specified controlled plant. Needless to
say, the robustness and the related optimality of complex
systems have been paid attention by many scholars for sev-
eral decades [1]–[3]. Lin [1] presented an important result
that the robust stabilization of an uncertain system can be
acquired by deriving the optimal control law of its nominal
system. Wang et al. [3] novelly designed the data-based robust
optimal control for matched nonlinear systems. Recently, with
the rapid development of adaptive and learning methods for
control theory, the combination of adaptivity, optimality, and
robustness has attracted special attention and it also possesses
great significance to control engineering [4]–[10]. For exam-
ple, Song et al. [8] proposed a new self-learning optimal
control law for a class of discrete-time nonlinear systems based
on the echo state network architecture.

When studying nonlinear optimal control problems, we
always encounter solving the Hamilton–Jacobi–Bellman (HJB)
equation instead of the Riccati equation. Though dynamic
programming is a very useful method of optimal control
field, it is sometimes difficult to run because of the well-
known “curse of dimensionality.” Fortunately, based on func-
tion approximators, such as neural networks, Werbos [11]
proposed a series of intelligent optimization methods based
on adaptive critic mechanism (ACM), generally called adap-
tive or approximate dynamic programming, to solve opti-
mal control problems forward-in-time. During the last two
decades, the ACM-based design and related research have
attained considerable attention in many fields, such as discrete-
time feedback control [12]–[17], continuous-time feedback
control [18]–[23], and so on. The group of Prof. Jiang
has conducted extensive studies on ACM-based design and
obtained fruitful results, such as global ACM design [24],
decentralized optimal control [25], optimal output regula-
tion [26], and especially robust adaptive optimal design [27].
In particular, the ACM-based method is pretty effective
to cope with the input-constrained optimal control prob-
lems [12], [14], [18], [20], [28]. Zhang et al. [12] derived a
classical near-optimal control method for input-constrained
discrete-time nonlinear systems using an iterative dual heuris-
tic programming algorithm. Heydari and Balakrishnan [14]
studied the finite-horizon control-constrained nonlinear opti-
mal control design by using a single network adaptive critic
technique. Yang et al. [28] obtained the online approximate
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solution of the nonlinear H∞ control problem for unknown
input-constrained nonlinear continuous-time systems. In addi-
tion, due to the widespread existence of system uncertain-
ties and the powerful learning ability of the ACM-based
optimization method, the combination of ACM with robust
stabilization has gained remarkable progresses in recent
years [27], [29], [30]. Jiang and Jiang [27] proposed the robust
ACM structure to find the state feedback controller of affine
nonlinear systems. Wang et al. [29] developed a robust optimal
control strategy for uncertain dynamical systems using neural
identification and ACM. Liu et al. [30] studied the robust con-
troller design for a class of nonlinear systems subject to input
constraints based on reinforcement learning. However, it is
important to note that all of the above work are conducted
based on the traditional time-triggered fashion, which may be
time-consuming.

B. Motivations

The traditional time-triggered control mechanism always
relies on the periodic transmitted data with a fixed sam-
pling instant. Nevertheless, the huge number of the transmitted
data may cause tremendous computation and the reduction
of control efficiency. As a result, the event-based control
has attained considerable attention in recent years [31], [32].
Remarkably, there are also some work which focuses on
the combination of event-based control with the idea of
ACM [33]–[35]. Vamvoudakis [33] proposed a novel optimal
adaptive event-triggered control framework. Zhong et al. [34]
gave an event-triggered reinforcement learning approach for
optimal control of a class of unknown nonlinear continuous-
time systems. However, the input constraints and dynamical
uncertainties are not always considered in the current research
of event-based optimal control with ACM.

In a word, the lack of results on constrained robust control
via event-based design and ACM technique greatly motivates
our research. When performing this paper, the difficulty lies
in that the system uncertainties, and input constraints, and the
event-based formulation are considered simultaneously. Then,
how to deal with the uncertain terms and how to address the
control constraints under the event-based framework should be
paid attention. Inspired by [29], [30], and [33], this paper aims
at employing the idea of event-based control to investigate
the ACM-based nonlinear constrained robust state feedback
stabilization. It will provide a new channel to design the con-
strained robust control of nonlinear systems so that cater to
the tendency of saving communication resources and reduc-
ing computation burdens. The conducted research will give
rise to a promising progress on event-based adaptive control,
nonlinear constrained control, and ACM-based robust optimal
control.

C. Notations

Throughout this paper, R represents the set of all real num-
bers. R

n is the Euclidean space of all n-dimensional real
vectors. R

n×m is the space of all n × m real matrices. ‖ · ‖
denotes the vector norm of a vector in R

n or the matrix
norm of a matrix in R

n×m. In represents the n × n identity

matrix. λmax(·) and λmin(·) calculate the maximal and min-
imal eigenvalues of a matrix, respectively. Cκ denotes the
class of functions having continuous κth derivative. Let �

be a compact subset of R
n and �(�) be the set of admis-

sible controls on �. N = {0, 1, 2, . . . } denotes the set of all
non-negative integers. The superscript “T” is taken for rep-
resenting the transpose operation. In addition, L̇(t) is used to
compute the time derivative as dL(t)/dt while ∇(·) � ∂(·)/∂x
is employed to denote the gradient operator.

II. PROBLEM DESCRIPTION AND TRANSFORMATION

A. Problem Description

In this paper, we consider a class of continuous-time
nonlinear systems with uncertainties given by

ẋ(t) = f (x(t)) + g(x(t))u(t) + �f (x(t)) (1)

where x(t) ∈ R
n is the state variable and u(t) ∈ R

m is the con-
trol input, f (·) and g(·) are differentiable in their arguments
with f (0) = 0, and �f (x(t)) is the unknown perturbation. The
constrained control set is defined as �u = {u ∈ R

m : |ui| <

ūi, i = 1, 2, . . . , m}. At current stage, we consider the case
that the perturbation satisfies the matching condition, i.e., it is
in the range space of g(x) such that �f (x) = g(x)d(x) with
d(x) ∈ R

m. Besides, assume that the function d(x) is upper
bounded by a known function dM(x), i.e., ‖d(x)‖ ≤ dM(x)
with dM(0) = 0. This assumption is reasonable and com-
mon [1], [29], [30], since in many situations, we cannot exactly
know the dynamics uncertainties, but we can determine the
bounded functions for the uncertain terms. A quite simple
example is the uncertain term with sine or cosine elements,
which are obviously bounded. Here, we let x(0) = x0 be the
initial state vector and assume that d(0) = 0 such that x = 0
is an equilibrium of system (1).

For system (1), in order to attain the robust stabilization with
input constraints, we should find a state feedback control law
u(x) satisfying the constrained condition, such that the closed-
loop system is asymptotically stable for all uncertainties d(x).
According to [1], [29], and [30], this problem can be converted
into designing a constrained optimal controller for the corre-
sponding nominal system with an appropriate cost function.
Next, we state the transformed optimal control problem.

B. Problem Transformation

Considering the nominal system with input affine form as

ẋ(t) = f (x(t)) + g(x(t))u(t) (2)

we assume that the internal system function f (x) is Lipschitz
continuous on a set � in R

n containing the origin, and that
system (2) is controllable, i.e., there exists a continuous control
law on � that asymptotically stabilizes the system.

Inspired by [1], [29], and [30], for coping with the trans-
formed optimal stabilization problem, we aim at obtaining the
feedback control law u(x) to minimize the cost function

J(x(t)) =
∫ ∞

t

{
ρd2

M(x(τ )) + U(x(τ ), u(x(τ )))
}

dτ (3)
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where ρ is a positive constant and U(x, u) is the utility
with U(x, u) = Q(x) + Y(u) ≥ 0 for all x and u and
U(0, 0) = 0. In optimal control problems, we often select
Q(x) = xTQx as the utility with respect to x, where Q is a
symmetric positive definite matrix. For an unconstrained con-
trol problem, we also choose a quadratic utility with respect
to u as Ȳ(u) = uT(t)Ru(t), where R is a symmetric positive
definite matrix. For simplicity, we set R = Im in this paper.
However, for the input-constrained control problem, inspired
by [12], [18], [30], and [36] a nonquadratic utility is adopted
by choosing

Y(u) = 2
∫ u

0
ϕ−T

(
U−1ς

)
dς (4)

where ϕ(·) ∈ R
m is a m-dimensional function, ϕ−T denotes

(ϕ−1)T, ϕ−1(ς) = (ϕ−1
1 (ς1), ϕ

−1
2 (ς2), . . . , ϕ

−1
m (ςm))T, and

U = diag{ū1, ū2, . . . , ūm} is a diagonal matrix reflecting
the information of all the input bounds. Meanwhile, ϕi(·)
is a strictly monotonic odd function satisfying |ϕi(·)| < 1,
i = 1, 2, . . . , m and belonging to Cκ , κ ≥ 1 and L2(�). Note
that the cost function (3) with (4) is different from that of
the ordinary optimal control problem, which just reflects the
modification with respect to the problem transformation.

When coping with optimal control problems, the designed
feedback control must be admissible [18], [19]. For an admis-
sible control law u ∈ �(�), if the related cost function J(x) is
continuously differentiable, then an infinitesimal version of (3)
is nothing but the nonlinear Lyapunov equation

0 = ρd2
M(x) + U(x, u(x)) + (∇J(x))T[

f (x) + g(x)u(x)
]

(5)

with J(0) = 0. Define the Hamiltonian of system (2) as

H(x, u,∇J(x)) = ρd2
M(x) + U(x, u) + (∇J(x))T( f + gu).

The optimal cost function

J∗(x(t)) = min
u∈�(�)

∫ ∞

t

{
ρd2

M(x(τ )) + U(x(τ ), u(x(τ )))
}

dτ

satisfies the continuous-time HJB equation

0 = min
u∈�(�)

H
(
x, u,∇J∗(x)

)
. (6)

In accordance with the nonlinear optimal control theory, we
usually assume the solution of equation (6) exists and is
unique, so that the optimal state feedback controller for the
given constrained problem is

u∗(x) = −Uϕ

(
1

2
gT(x)∇J∗(x)

)
. (7)

Substituting the optimal control law (7) into the nonlinear
Lyapunov equation (5) and meanwhile noticing the utility
U(x, u∗) = Q(x) + Y(u∗), we can obtain the formulation of
the HJB equation in terms of ∇J∗(x) as follows:

0 = H
(
x, u∗,∇J∗(x)

) = ρd2
M(x) + Q(x) + Y

(
u∗)

+ (∇J∗(x)
)T[

f (x) + g(x)u∗(x)
]

(8)

with J∗(0) = 0. Note that (8) is called the classical time-based
HJB equation.

We have developed a basic conclusion in [29] and [30],
showing the transformation equivalence between the robust
control of (1) and the optimal control of (2) with a defined
cost function (3). However, it is conducted under the time-
based formulation. In next section, we study the event-based
constrained robust stabilization to further improve the result
of [29] and [30].

III. EVENT-BASED CONSTRAINED ROBUST

CONTROL DESIGN WITH ACM

A. Event-Based Constrained Robust Control Method

In the general framework of the event-based control design,
we define a monotonically increasing sequence of trigger-
ing instants {sj}∞j=0, where sj represents the jth consecutive
sampling instant with j ∈ N. Then, the output of the sampled-
data component is a sequence of sampled state denoted as
x(sj) � x̂j for all t ∈ [sj, sj+1). The event-triggered error
function between the current state and the sampled state is
defined as

ej(t) = x̂j − x(t), ∀t ∈ [
sj, sj+1

)
. (9)

Usually, under the event-based formulation, the triggering
instants are determined by a certain triggering condition. We
say an event is triggered if it is not satisfied at t = sj.
The triggering condition is often established in terms of the
event-triggered error and a state-dependent threshold. At every
triggering instant, the system state is sampled that resets the
event-triggered error ej(t) to zero, and accordingly, the state
feedback controller u(x(sj)) = u(x̂j) � μ(x̂j) is updated.
Note that the control signal μ(x̂j) is a function of the event-
based state rather than the time-based vector and the control
sequence {μ(x̂j)}∞j=0 becomes a continuous-time signal via the
action of a zero-order hold. Actually, this control signal can
be regarded as a piecewise constant function and during any
time interval [sj, sj+1), it is μ(x̂j) with j ∈ N.

With the event-based formulation, the state feedback control
law (7) becomes

μ∗(x̂j
) = −Uϕ

(
1

2
gT(

x̂j
)∇J∗(x̂j

))
. (10)

Based on the event-based optimal control law (10), the event-
based HJB equation can be written as

H
(
x, μ∗(x̂j

)
,∇J∗(x)

) = ρd2
M(x) + Q(x) + Y

(
μ∗(x̂j

))
+ (∇J∗(x)

)T[
f (x) + g(x)μ∗(x̂j

)]
which is not the same as the time-based HJB equation (8).

For the event-based control design, we make the following
assumption [33] and then develop the main theorem for stat-
ing the asymptotic stabilization of the constrained uncertain
system.

Assumption 1 [33]: The feedback controller u(x) is
Lipschitz continuous with respect to the event-triggered error
ej(t) such that ‖u(x(t)) − u(x̂j)‖ ≤ L1‖ej(t)‖, where L1 is a
positive real constant.

Theorem 1: Consider the uncertain nonlinear system (1)
and its nominal system (2) with the cost function (3).
The sampled-data control law is developed by (10) for all
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t ∈ [sj, sj+1) with j ∈ N. In case that the triggering condition
is defined as∥∥ej(t)

∥∥2

≤
(
1 − η2

1

)
λmin(Q)‖x‖2 + (ρ − 2)d2

M(x) + Y(u∗) − λ1

2L2
1

� eT (11)

where eT is the positive threshold and η1 ∈ (0, 1) is a designed
parameter of the sample frequency, then, the event-based con-
strained control law (10) can achieve the robust stabilization
of system (1).

Proof: Choose L1(t) = J∗(x(t)) as the Lyapunov function.
With the event-based control law (10), we compute the deriva-
tive of the Lyapunov function L1(t) along the trajectory of
system (1) and obtain

L̇1(t) = (∇J∗(x)
)T[

f (x) + g(x)μ∗(x̂j
) + g(x)d(x)

]
. (12)

The formula (7) reveals that
(∇J∗(x)

)T
g(x) = −2ϕ−T

(
U−1u∗(x)

)
. (13)

According to the time-based HJB equation (8), we have
(∇J∗(x)

)T
f (x) = −ρd2

M(x) − Q(x)

− Y
(
u∗) − (∇J∗(x)

)T
g(x)u∗(x). (14)

Combining (13) with (14), it follows from (12) that

L̇1(t) = −ρd2
M(x) − Q(x) − Y

(
u∗)

+ 2ϕ−T
(
U−1u∗(x)

)[
u∗(x) − (

μ∗(x̂j
) + d(x)

)]
. (15)

Applying the Cauchy–Schwarz inequality to the last term
of (15) yields

2ϕ−T
(
U−1u∗(x)

)[
u∗(x) − (

μ∗(x̂j
) + d(x)

)]

≤
∥∥∥ϕ−1

(
U−1u∗(x)

)∥∥∥2 + ∥∥u∗(x) − (
μ∗(x̂j

) + d(x)
)∥∥2

.

(16)

Then, based on (15), (16), and Assumption 1, we can further
obtain

L̇1(t) ≤ −ρd2
M(x) − Q(x) − Y

(
u∗)

∥∥∥ϕ−1
(
U−1u∗(x)

)∥∥∥2 + 2L2
1

∥∥ej(t)
∥∥2 + 2‖d(x)‖2. (17)

Considering the fact that Q(x) ≥ λmin(Q)‖x‖, the condition
‖d(x)‖ ≤ dM(x), and the inequality

∥∥∥ϕ−1
(
U−1u∗(x)

)∥∥∥2 =
m∑

i=1

[
ϕ−1

i

(
U−1

ii u∗
i (x)

)]2 ≤ λ1 (18)

we can finally turn (17) to the form

L̇1(t) ≤ −η2
1λmin(Q)‖x‖2 +

(
η2

1 − 1
)
λmin(Q)‖x‖2

−(ρ − 2)d2
M(x) − Y

(
u∗) + λ1 + 2L2

1

∥∥ej(t)
∥∥2

. (19)

Therefore, if the triggering condition (11) holds, then (19)
implies that L̇1(t) ≤ −η2

1λmin(Q)‖x‖2 < 0 for any x �= 0.

As a result, the conditions for Lyapunov local stability theory
are satisfied, which ends the proof.

Remark 1: Although it is difficult to determine λ1 in
advance, we often consider the special case during the con-
trol implementation by setting U = Im, so that we can obtain a
specified bounded term. In this situation, it is clear to find that
‖ϕ−1(u∗(x))‖2 ≤ ∑m

i=1 [ϕ−1
i (ūi)]2, which stands for a positive

constant that can be decided in prior.
Remark 2: From the Theorem 1, by solving the event-based

HJB equation and then obtaining the event-based constrained
optimal controller (10), we can derive the nonlinear con-
strained robust control law for system (1). Nevertheless,
finding the solution of the HJB equation is a difficult task.
Fortunately, the idea of ACM stimulates the design of self-
learning and adaptive optimal controller. In the sequel, we
introduce an ACM-based technique to solve the constrained
optimal control problem with the event-based formulation.

B. Optimal Control Implementation Incorporating ACM

In this paper, the event-based mechanism is only adopted
by the control law function, rather than being brought into the
critic neural network. In neural network implementation, let
us denote lc as the number of neurons in the hidden layer.
According to the universal approximation property, the cost
function J(x) can be reconstructed by a neural network with a
single hidden layer on a compact set � as J(x) = ωT

c σc(x) +
εc(x), where ωc ∈ R

lc is the ideal weight vector, σc(x) ∈ R
lc

is the activation function, and εc(x) ∈ R is the reconstruction
error. Then, the gradient vector is expressed by

∇J(x) = (∇σc(x))
Tωc + ∇εc(x). (20)

Since the ideal weight is unknown, a critic neural network
is built to approximate the cost function as Ĵ(x) = ω̂T

c σc(x),
where ω̂c ∈ R

lc denotes the estimated weight vector. Similarly,
we have a gradient vector as the form

∇ Ĵ(x) = (∇σc(x))
Tω̂c. (21)

Under the circumstance of neural network expression, accord-
ing to (10) and (20), the event-based optimal control law is
written as

μ
(
x̂j

) = −Uϕ

(
1

2
gT(

x̂j
)[(∇σc

(
x̂j

))T
ωc + ∇εc

(
x̂j

)])
. (22)

By combining (10) with (21), the approximate value of the
event-based optimal control law (22) is

μ̂
(
x̂j

) = −Uϕ

(
1

2
gT(

x̂j
)(∇σc

(
x̂j

))T
ω̂c

)
. (23)

If we substitute the neural network expression (20) into the
Hamiltonian, then we have

H
(
x, μ

(
x̂j

)
, ωc

) = ρd2
M(x) + U

(
x, μ

(
x̂j

))
+ ωT

c ∇σc(x)
[

f (x) + g(x)μ
(
x̂j

)]
+ (∇εc(x))

T[
f (x) + g(x)μ

(
x̂j

)]
.
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Then, similar as [33], we define

ρd2
M(x) + U

(
x, μ

(
x̂j

)) + ωT
c ∇σc(x)

[
f (x) + g(x)μ

(
x̂j

)]
� ecH

(24)

where ecH = −(∇εc(x))T[ f (x) + g(x)μ(x̂j)] represents the
residual error due to the approximation operation. Using (21),
the approximate Hamiltonian becomes

Ĥ
(
x, μ

(
x̂j

)
, ω̂c

) = ρd2
M(x) + U

(
x, μ

(
x̂j

)) + ω̂T
c ∇σc(x)

× [
f (x) + g(x)μ

(
x̂j

)]
� ec. (25)

Let the error vector between the ideal weight and the estimated
value be ω̃c = ωc − ω̂c. Then, combining (24) with (25) yields

ec = −ω̃T
c ∇σc(x)

[
f (x) + g(x)μ

(
x̂j

)] + ecH (26)

which is an alternative expression of the error given by (25).
For training the critic network, we should design an appro-

priate weight vector ω̂c to minimize the objective function
Ec = (1/2)eT

c ec. It is worth mentioning that the approximated
control law (23) is used during the learning process. Based
on (25), we adopt the normalized steepest descent algorithm
to tune the weight vector as follows:

˙̂ωc = −αc
1(

1 + φTφ
)2

(
∂Ec

∂ω̂c

)
= −αc

[
ec(

1 + φTφ
)2

]
φ (27)

where αc > 1/2 is the learning rate to be designed, the lc-
dimensional column vector φ = ∇σc(x)[ f (x) + g(x)μ̂(x̂j)],
and the term (1 + φTφ)2 is employed for normalization.

Introducing a vector φ1 = φ/(1 + φTφ) and a scalar φ2 =
1 +φTφ, and then considering (26), we find that the updating
rule (27) can be rewritten as

˙̂ωc = αcφ1φ
T
1 ω̃c − αc

φ1

φ2
ecH

which is only used to derive a concise form of the critic error
dynamics as follows:

˙̃ωc = −αcφ1φ
T
1 ω̃c + αc

φ1

φ2
ecH . (28)

Note that in adaptive control community, the persistence
of excitation assumption is necessary to carry out the system
identification. In the ACM-based control design, it is also
required since we want to identify the parameter of the critic
network to approximate the cost function.

Assumption 2 [19]: The signal φ1 is persistently exciting
within the interval [t, t + T], T > 0, i.e., there exist two
constants ζ1 > 0, ζ2 > 0 such that

ζ1Ilc ≤
∫ t+T

t
φ1(τ )φT

1 (τ )dτ ≤ ζ2Ilc

holds for all t.
According to [19], [33], and [37] if the set {σc(i)}lc

i=1 is lin-
early independent, then the sets {φ(i)}lc

i=1 and {φ1(i)}lc
i=1 are

also linearly independent with i being the ith element of the
vectors involved. This is required to effectively conduct the
learning stage and to satisfy the persistence of excitation con-
dition [19], [33]. With the Assumption 2, the persistence of
excitation condition ensures the property that λmin(φ1φ

T
1 ) > 0,

which is of great significance to perform the stability analysis.

C. Stability Proof of the Closed-Loop System

Under the event-based control mechanism, the closed-loop
sampled-data system includes a flow dynamics for all t ∈
[sj, sj+1) and a jump dynamics for all t = sj+1 with j ∈ N.
In what follows, the stability of the closed-loop system is
analyzed. Before proceeding, we present a fact as follows.

Fact 1: With the description of the nonquadratic utility (4),
it is clear that ϕ(·) is local Lipschitz continuous such that
for any m-dimensional vectors ξ1 and ξ2, we have ‖ϕ(ξ1) −
ϕ(ξ2)‖ ≤ L2‖ξ1 − ξ2‖, where L2 is a positive real constant.

The following assumptions are required for stability anal-
ysis, as usually stated in the literature of ACM-based
design [20], [28]–[30]. Note that it is reasonable to assume
ecH to be bounded since the involved terms ∇εc(x), f (x), g(x),
and μ(x̂j), can be all assumed to be upper bounded.

Assumption 3: The control matrix g(x) is Lipschitz con-
tinuous such that ‖g(x) − g(x̂j)‖ ≤ L3‖ej(t)‖, where L3 is
a positive constant and it is also upper bounded such that
‖g(x)‖ ≤ λg, where λg is a positive constant.

Assumption 4: The derivative of the activation function
is Lipschitz continuous such that ‖∇σc(x) − ∇σc(x̂j)‖ ≤
L4‖ej(t)‖, where L4 is a positive constant. The terms ∇σc(x),
∇εc(x), and ecH are upper bounded such that ‖∇σc(x)‖ ≤ λdσ ,
‖∇εc(x)‖ ≤ λdε, and |ecH| ≤ λe, where λdσ , λdε, and λe are
all positive constants.

Theorem 2: Suppose that the Assumptions 3 and 4 hold.
The event-based approximate optimal control law is given
by (23), where the constructed critic network is tuned by (27).
Then, using this feedback control, the closed-loop system (2)
is asymptotically stable and the weight estimation error is
uniformly ultimately bounded if the triggering condition

∥∥ej(t)
∥∥2 ≤

(
1 − η2

2

)
λmin(Q)‖x‖2 + ρd2

M(x) − λ1

‖U‖2L2
2

∥∥ω̂c
∥∥2

λ2

� êT (29)

and the inequality

‖ω̃c‖ >

√√√√ 2‖U‖2L2
2λ

2
gλ

2
dε + α2

c λ2
e

(2αc − 1)λmin
(
φ1φ

T
1

) − 2‖U‖2L2
2λ

2
gλ

2
dσ

(30)

are satisfied, where êT is the positive threshold, η2 ∈ (0, 1)

is the parameter to be designed for reflecting the sample
frequency, the constant term λ2 = L2

3λ
2
dσ + L2

4λ
2
g, and the

learning rate is chosen satisfying αc > 1/2.
Proof: Consider the impulsive dynamical system com-

posed of the time-based state, the event-based state, and the
critic weight error. We choose a Lyapunov function candidate
formed as L2(t) = L21(t) + L22(t) + L23(t), where

L21(t) = J∗(x(t)), L22(t) = J∗(x̂j
)
, L23(t) = 1

2
ω̃T

c (t)ω̃c(t).

The events are not triggered, i.e., ∀t ∈ [sj, sj+1). Taking the
time derivative of the Lyapunov function along the trajectory
of system (2) and the critic error dynamics (28), we obtain

L̇21(t) = (∇J∗(x)
)T[

f (x)+g(x)μ̂
(
x̂j

)]
(31a)

L̇22(t) = 0 (31b)

L̇23(t) = −αcω̃
T
c φ1φ

T
1 ω̃c + αc

ω̃T
c φ1

φ2
ecH . (31c)
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For the first term L̇21(t), based on (13) and (14), we derive

L̇21(t) = −ρd2
M(x) − Q(x) − Y

(
u∗)

+ 2ϕ−T
(
U−1u∗(x)

)[
u∗(x) − μ̂

(
x̂j

)]
. (32)

Performing the Cauchy–Schwarz inequality to the last term
of (32) and ignoring the effect of the term −Y(u∗), we have

L̇21(t) ≤ −ρd2
M(x) − Q(x) + λ1 + ∥∥u∗(x) − μ̂

(
x̂j

)∥∥2 (33)

where λ1 is determined in (18). Considering (7) and (20), the
time-based optimal control law can be rewritten as a neural
network form

u∗(x) = −Uϕ

(
1

2
gT(x)

[
(∇σc(x))

Tωc + ∇εc(x)
])

. (34)

Adopting the neural network expression of μ̂(x̂j) and u∗(x),
i.e., (23) and (34), and observing the fact 1, we have

∥∥u∗(x) − μ̂
(
x̂j

)∥∥ ≤ 1

2
‖U‖L2

∥∥∥gT(
x̂j

)(∇σc
(
x̂j

))T
ω̂c

− gT(x)
[
(∇σc(x))

Tωc + ∇εc(x)
]∥∥∥. (35)

Combining (35) with the fact ωc = ω̂c + ω̃c yields
∥∥u∗(x) − μ̂

(
x̂j

)∥∥2

≤ 1

4
‖U‖2L2

2

∥∥∥gT(
x̂j

)(∇σc
(
x̂j

))T
ω̂c − gT(x)(∇σc(x))

Tω̂c

− gT(x)
[
(∇σc(x))

Tω̃c + ∇εc(x)
]∥∥∥2

≤ 1

2
‖U‖2L2

2

{∥∥∥
[
gT(

x̂j
)(∇σc

(
x̂j

))T − gT(x)(∇σc(x))
T
]
ω̂c

∥∥∥2

+
∥∥∥gT(x)

[
(∇σc(x))

Tω̃c + ∇εc(x)
]∥∥∥2

}
. (36)

By using the bounded conditions in Assumptions 3 and 4 and
letting λ2 = L2

3λ
2
dσ + L2

4λ
2
g, we can find that

∥∥∥gT(
x̂j

)(∇σc
(
x̂j

))T − gT(x)(∇σc(x))
T
∥∥∥2

= ∥∥[∇σc
(
x̂j

) − ∇σc(x)
]
g
(
x̂j

) + ∇σc(x)
[
g
(
x̂j

) − g(x)
]∥∥2

≤ 2
(
L2

3λ
2
dσ + L2

4λ
2
g

)∥∥ej(t)
∥∥2

= 2λ2
∥∥ej(t)

∥∥2
. (37)

Besides, it can be observed that
∥∥∥(∇σc(x))

Tω̃c + ∇εc(x)
∥∥∥2 ≤ 2

(
λ2

dσ ‖ω̃c‖2 + λ2
dε

)
. (38)

Then, according to (36), (37), and (38), we further obtain
that (33) becomes

L̇21(t) ≤ −ρd2
M(x) − Q(x) + λ1 + ‖U‖2L2

2

×
[∥∥ω̂c

∥∥2
λ2

∥∥ej(t)
∥∥2 + λ2

gλ
2
dσ ‖ω̃c‖2 + λ2

gλ
2
dε

]
. (39)

For the derivative L̇23(t), we apply the Young’s inequality to
the second term of (31c), recall the Assumption 4, notice the
fact φ2 = 1 + φTφ ≥ 1, and then find that

L̇23(t) ≤ −
(

αc − 1

2

)
λmin

(
φ1φ

T
1

)
‖ω̃c‖2 + 1

2
α2

c λ2
e . (40)

By combining (31), (39), and (40) and noticing again Q(x) ≥
λmin(Q)‖x‖2, we can obtain the overall time derivative as

L̇2(t) ≤ − η2
2λmin(Q)‖x‖2 +

(
η2

2 − 1
)
λmin(Q)‖x‖2

− ρd2
M(x) + λ1 + ‖U‖2L2

2

∥∥ω̂c
∥∥2

λ2
∥∥ej(t)

∥∥2

−
[(

αc − 1

2

)
λmin

(
φ1φ

T
1

)
− ‖U‖2L2

2λ
2
gλ

2
dσ

]
‖ω̃c‖2

+ ‖U‖2L2
2λ

2
gλ

2
dε + 1

2
α2

c λ2
e . (41)

Then, if the triggering condition (29) and the inequality (30)
are satisfied, the time derivative inequality (41) becomes
L̇2(t) ≤ −η2

2λmin(Q)‖x‖2 < 0 for any x �= 0.
The events are triggered, i.e., ∀t = sj+1. The difference of

the chosen Lyapunov function is

�L2(t) = L2
(
x̂j+1

) − L2

(
x
(

s−
j+1

))
= �L21(t) + �L22(t) + �L23(t)

where x(s−
j+1) = limε→0 x(sj+1 − ε). According to (29), (30),

and (41), we know that L̇2(t) < 0 for all t ∈ [sj, sj+1).
Considering the fact that both the system state and cost
function are continuous, one shall find that

�L21(t) = J∗(x̂j+1
) − J∗(x

(
s−

j+1

))
≤ 0 (42a)

�L22(t) = J∗(x̂j+1
) − J∗(x̂j

)
(42b)

�L23(t) = 1

2

[
ω̃T

c

(
x̂j+1

)
ω̃c

(
x̂j+1

)

− ω̃T
c

(
x
(

s−
j+1

))
ω̃c

(
x
(

s−
j+1

))]
≤ 0. (42c)

Based on (42), we derive �L2(t) ≤ −K(‖ej+1(sj)‖), where
K(·) is a class-K function and ej+1(sj) = x̂j+1 − x̂j. It means
that the Lyapunov function L2(t) is also decreasing at all
triggering instant.

Considering the above two cases, the triggering condi-
tion (29) and the inequality (30) guarantee that the closed-loop
impulsive system is asymptotically stable and the weight esti-
mation error is uniformly ultimately bounded. Hence, we finish
the whole proof.

Remark 3: For the present event-based control problem, the
minimal intersample time smin = minj∈N{sj+1 − sj} might be
zero and then the accumulations of event times may occur.
This is known as the infamous Zeno behavior. Using a funda-
mental structure of [31] and [35] and noting that f is Lipschitz
continuous and the term �f (x) is upper bounded by λgdM(x),
it can be proved that the minimal intersample time smin deter-
mined by the triggering condition is lower bounded by a
nonzero positive constant, where the comparison lemma [38]
and the initial condition ej(sj) = x̂j − x(sj) = 0 should be
noticed. Thus, the Zeno behavior can be avoided actually.

At last, we show how the approximate control law
approaches to the optimal one in the event-based environment.

Corollary 1: The approximate event-based control û(x̂j)

designed in (23) converges to a neighborhood of its optimal
value u∗(x̂j) with a finite bound given in (43).
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Proof: According to Theorem 2, we derive that the critic
weight error is upper bounded as ‖ω̃c‖ < λω̃, where

λω̃ =
√√√√ 2‖U‖2L2

2λ
2
gλ

2
dε + α2

c λ2
e

(2αc − 1)λmin
(
φ1φ

T
1

) − 2‖U‖2L2
2λ

2
gλ

2
dσ

.

Based on (22) and (23), we find that∥∥μ∗(x̂j
) − û

(
x̂j

)∥∥
≤ 1

2
‖U‖L2

∥∥∥gT(
x̂j

)[(∇σc
(
x̂j

))T
ω̃c + ∇εc

(
x̂j

)]∥∥∥
≤ 1

2
‖U‖L2λg(λdσ λω̃ + λdε) = λu (43)

where λu stands for the finite bound with respect to the control
signal. The proof is completed.

Remark 4: Observing the Corollary 1, we can conclude that
the bound term λω̃ can be set as an arbitrarily small num-
ber, if we adjust the related parameters such as λmin(φ1φ

T
1 ),

λe, αc and so on. In other words, the bound of approximate
control with respect to the optimal value can be modulated
in accordance with initial parameter settings, including the
approximate extent of the present neural network.

Remark 5: Based on Theorems 1 and 2, two design steps
should be conducted to obtain the event-based constrained
robust control strategy with ACM. First, we train the critic net-
work to learn the approximate optimal weight by considering
the triggering condition (29). Then, we turn to the constrained
robust control implementation based on the learned weight
vector and the triggering condition (11). Note that the trigger-
ing thresholds eT and êT of the two stages are different from
each other, and they are partially affected by the parameters η1
and η2. Particularly, in (19), the parameter η1 is introduced for
reflecting the sample frequency. The choice of the parameter
η1 affects the value eT of (11) and then affects the triggering
condition. If the triggering condition is changed, then the sam-
pling frequency exhibits different property. Hence, η1 is one of
the parameters that determine how frequent the system states
are sampled and how much the computation reduction will be
derived. It is the same for η2 in (41). They are both selected
according to the design objective of control practitioners with
engineering experience and intuition after noticing a tradeoff
between control accuracy and computation complexity.

IV. SIMULATION EXPERIMENTS

Several simulation experiments are conducted in this section
to verify the effectiveness of the constrained robust control
approach, including both linear dynamics and nonlinear plant.
Note that the dynamical uncertainties are introduced to serve
as the modifications of the controlled plants.

A. Example 1

Consider the dynamics of a F16 aircraft plant used
in [19] and [30] and described as

ẋ =
⎡
⎣−1.01887 0.90506 − 0.00215

0.82225 − 1.07741 0.17555
0 0 − 1

⎤
⎦x +

⎡
⎣ 0

0
1

⎤
⎦u

(44)

Fig. 1. Convergence process of the weight vector of the critic network.

where x = [x1, x2, x3]T is the state variable and u is
the control variable. We introduce a perturbation d(x) =
p1x1 sin5(x2) cos2(x3), p1 ∈ [−2, 2] such that �f (x) =
g(x)d(x) can be regarded as the dynamical uncertainty with
respect to system (44). Assume that the control input is con-
strained to a finite bound as |u| ≤ ū = 0.9. For defining
the infinite horizon cost function (3), the utility function is
chosen as

U(x, u) = Q(x) + 2
∫ u

0
tanh−T

(
U−1ς

)
dς

where Q(x) = xTQx with Q = I3. Here, we choose dM(x) =
2‖x‖ and ρ = 2 to conduct the simulation experiment.
We intend to obtain a robust control law that can stabilize
system (44) with the perturbation. According to the aforemen-
tioned theoretical analysis, this problem can be transformed
into designing the constrained optimal control of the nominal
system (44).

We let the initial system state vector be x0 = [1,−1, 0.5]T

and construct a critic neural network to approximate the opti-
mal cost function, where the activation function and the weight
vector are chosen as σc(x) = [x2

1, x1x2, x1x3, x2
2, x2x3, x2

3]T

and ω̂c = [ω̂c1, ω̂c2, ω̂c3, ω̂c4, ω̂c5, ω̂c6]T, respectively. This
is always an experimental choice by considering control
accuracy and computation complexity. We experimentally set
αc = 1.06, η2 = 0.5, and λ2 = 25. Besides, the sampling time
is set as 0.1s. Note that the probing noise should be brought
into the implementation process to satisfy the persistency of
excitation condition. Through the simulation, the weight vec-
tor converges to [1.9691, 2.2012, −0.3151, 4.5528, −1.0817,
1.4736]T depicted in Fig. 1. In fact, we can observe that the
convergence of the weight vector has occurred after 250s. Note
that the time-based controller uses 3000 samples of state while
the event-based control law only needs 2126 samples. This
reduces the controller updates during the learning process to
a certain extent.

Then, we show the trajectory of the cost function in Fig. 2,
which presents the direct performance of the critic neural net-
work. Next, we select p1 = −2 to exhibit the constrained
robust control performance for 8s by using the obtained control
law μ∗(x̂j) and the triggering condition (11) with η1 = 0.3.
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Fig. 2. Cost function.

Fig. 3. Three-dimensional view of the state trajectory during the robust
stabilization.

The sampling time is set as 0.02s for the uncertain system.
The simulation results are illustrated in Figs. 3 and 4. In
detail, Fig. 3 shows the system state trajectory from a 3-D
view while Fig. 4 displays the curve of event-based and time-
based constrained controllers. From Fig. 4, we can clearly
observe an approaching of μ∗(x̂j) to the time-based control
u∗(x). Since |u| ≤ 0.8076 < ū = 0.9, we can find that the con-
trol signal does not reach the constrained bound all the time,
which demonstrates the effectiveness of the present control
method.

B. Example 2

Let us consider the dynamics of a single link robot arm
given in [34] and expressed by

θ̈ (t) = −MḡH̄

G
sin(θ(t)) − D

G
θ̇ (t) + 1

G
u(t) (45)

where M = 10 is the mass of the payload, ḡ = 9.81 is the
acceleration of gravity, H̄ = 0.5 is the length of the arm,
G = 10 is the moment of inertia, D = 2 is the viscous friction,
θ(t) is the angle position of the robot arm, and finally u(t) is
the control input. If we define x = [x1, x2]T, where x1 = θ

Fig. 4. Event-based and time-based control inputs.

and x2 = θ̇ , then the dynamics (45) can be formulated as a
state space equation

[
ẋ1
ẋ2

]
=

[
x2

−4.905 sin x1 − 0.2x2

]
+

[
0

0.1

]
u. (46)

Now, we make a modification to the controlled plant (46)
by introducing a perturbation d(x) = p2x1 sin(ex2) with
p2 ∈ [−1, 1]. Then, the term �f (x) = g(x)d(x) reflects the
dynamical uncertainty of the controlled plant. The 1-D con-
trol input is constrained to a bound as |u| ≤ ū = 0.4. In
order to define the infinite horizon cost function (3), the util-
ity function is chosen the same as that of Example 1 with
Q(x) = xTQx and Q = I2. We select dM(x) = ‖x‖ and ρ = 3
to perform the simulation and then aim at obtaining a robust
control law that can stabilize system (46) plus a dynamical
uncertainty. Similarly, this problem can be changed to derive
the constrained optimal control law of system (46).

Let the initial state of the controlled plant be x0 = [1,−1]T.
We employ a critic network to approximate the optimal cost
function with the activation function and the weight vector
being σc(x) = [x2

1, x1x2, x2
2]T and ω̂c = [ω̂c1, ω̂c2, ω̂c3]T,

respectively. We choose αc = 0.92, η2 = 0.5, and λ2 = 25 and
set the sampling time as 0.1s. Similarly, the probing noise is
also introduced to guarantee the persistency of excitation con-
dition. Actually, we observe that the convergence of the weight
vector has occurred after 250s and also find that the weight
vector converges to [2.3705, −1.3038, 0.6768]T showing in
Fig. 5. Incidentally, the state vector is regulated in accordance
with the probing noise, which is displayed in Fig. 6.

Finally, we choose p2 = 1 to evaluate the constrained robust
control performance by adopting the obtained control law
μ∗(x̂j) and the triggering condition (11) with η1 = 0.5. The
simulation is conducted for 60s to obtain the system state tra-
jectory given in Fig. 7 and the event-/time-based control curves
shown in Fig. 8. Clearly, we find that |u| ≤ 0.1321 < ū = 0.4,
which exhibits that the control input does not reach the lim-
itation during its evolution process. Therefore, we say that
the phenomenon of the input saturation has been overcome.
These results demonstrate the effectiveness of the event-based
constrained robust feedback control strategy.
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Fig. 5. Convergence process of the weight vector of the critic network.

Fig. 6. State trajectory during the critic learning process.

Fig. 7. State trajectory during the robust stabilization.

Remark 6: For further verify the effectiveness of the given
method, we finally consider an open loop unstable system[

ẋ1
ẋ2

]
=

[−0.05x1 − 0.2x2
−0.3x1 − 1.1x2

]
+

[−0.1
0.1

]
u.

The initial state vector is chosen as x0 = [0.5,−0.5]T while
other parameters including the nonquadratic cost function are

Fig. 8. Event-based and time-based control inputs.

Fig. 9. Convergence process of the weight vector of the critic network.

Fig. 10. State response.

set the same as Example 2. After the neural network learning
and robust control stages, the weight of the critic network is
converged as shown in Fig. 9 while the system state trajec-
tory within t = 30 s is depicted in Fig. 10. The control input
signal and approximate cost can be given by using the simi-
lar method as the above examples. All the experiment results
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of these examples are helpful to complete the simulation
demonstration.

V. CONCLUSION

The adaptive robust controller design of uncertain nonlinear
systems with input constraints is established under the event-
based formulation. The ACM-based technique is employed to
solve the event-based HJB equation by constructing a critic
network that serves as the learning approximator. Hence, an
event-based self-learning optimal control law can be developed
to achieve the constrained robust feedback stabilization for
the uncertain nonlinear systems with simulation verification.
The future work includes extending the present research to
constrained robust control of more general nonlinear systems
incorporating ACM and event-based design.
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