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Abstract—Reinforcement learning has provided an efﬁcient
approach to solve the optimal control of some complicated systems. In this paper we resort to the idea of off-policy scheme and
propose a complete-model-free algorithm to the continuous-time
nonlinear optimal control problems. The novel algorithm consists
of two neural networks to approximate the value and policy and
adapts them with continuous tuning laws. In addition, experience
replay technique is employed so that both the instantaneous
observations and the past data are utilized. The convergence
to the optimal solutions are guaranteed under the Lyapunov
analysis. A nonlinear system is simulated to test the learning
performance.
Keywords—Reinforcement learning; off-policy; model-free; experience replay.

I.

I NTRODUCTION

During the last few decades, reinforcement learning (RL)
and adaptive dynamic programming (ADP) have provided
efﬁcient model-free solutions to the control problems in an
optimal manner. Through the interaction with the environment,
a value function is calculated to evaluate the control effect in
regarding to the current policy, which is further adjusted under
the guidance of the value function to improve the performance.
In the early research, considerable effort was made upon the
optimal control of discrete-time systems [1], [2], [3], but in the
real applications, dynamics is mostly continuous-time. Due to
that, extension of RL to continuous-time systems has gained
a lot of interest.
In [4], [5], an online algorithm was developed to solve the
optimal control of continuous-time nonlinear systems. Combination of the integral reinforcement learning (IRL) technique
and policy iteration (PI), makes the algorithm independent
of the internal dynamics. The algorithm learns in an onpolicy manner, i.e. the actions producing system solutions are
drawn from the current evaluated policy. As policies remain
admissible, the system has to be reset to unstable points in
order to avoid the states being stuck at the origin.
To make the RL-based algorithms completely model-free,
[6], [7], [8], [9], [10] put forward various algorithms for
different cases to solve the optimal control problem. The
methodology that these works have in common is the system
trajectory, which forms the calculation of these algorithms, are
generated following a different control input in contrast to the
evaluated policy. After putting the data into a novel policy
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iteration equation, which we term as off-policy PI, a sequence
of value functions and policies are yield, which converge to
the optimal solutions.
Different to the above algorithms that the critic (value
function) and actor (policy) are updated at discrete moments in
time, [11] devised a continuous adaptive algorithm with known
dynamics. The parameters of the critic and actor are adapted
in an online real-time manner and the closed-loop system
stability and the approximation errors are uniformly ultimately
bounded. Inspired by this work, a series of algorithms [12],
[13], [14], [15] are proposed. It is interesting to point out
that these algorithms are all on-policy. But during online
learning, exploratory input signals are necessary to excite
the system, so the executed policy differs to the learned
one. Such variance is harmful to the on-policy adaptation.
Motivated by that, we resort to off-policy method and propose
a novel adaptive optimal algorithms for the continuous-time
nonlinear system. The convergence to the optimal solution is
established using Lyapunov analysis. Relying on the off-policy
property, the algorithm is completely model-free in contrast
to the aforementioned on-policy algorithms that require the
knowledge of dynamics or use a model identiﬁer.
In the context of RL, experience replay (ER) is a useful
technique for online learning. Most RL-based algorithms are
conducted only based on instantaneous observation, but history
data also contain the complete information about the system
and are useful for the tuning. In this light, experience replay
is devised to repeatedly utilize the past data and concurrently
form the adaptation together with the instantaneous data. We
bring experience replay into our continuous adaptation law
to learn the optimal solutions and it is demonstrated that the
utilization of past data signiﬁcantly improve the convergence
rate.
II.

P RELIMINARY

The system considered here is a continuous-time nonlinear
input-afﬁne system described by dynamics
ẋ(t) = f (x(t)) + g(x(t))u(t)

(1)

where the state x(t) ∈ Rn , control u(t) ∈ Rm , internal dynamics f (x(t)) ∈ Rn , and input gain matrix g(x(t)) ∈ Rn×m .
We assume f (0) = 0 and f , g are Lipschitz continuous on a
compact set Ω ∈ Rn that contains the origin. In addition, we
assume (1) is stabilizable on Ω.

For a policy u ≡ u(x(t)), the performance index is deﬁned
by an inﬁnite horizon integral cost known as value function
 ∞


V (x(0)) ≡
(2)
Q(x) + uT Ru dτ
0

where Q(·) is a positive deﬁnite function with Q(x) > 0,
∀x = 0 and Q(0) = 0, and R is a symmetric positive deﬁnite
matrix.
Deﬁnition 1 (Admissible): As for a control policy u, if u
is continuous on Ω, u(0) = 0, u(x(t)) stabilizes (1) on Ω, and
its value V (x) deﬁned by (2) is ﬁnite ∀x ∈ Ω, then u is said
to be admissible on Ω, denoted by u ∈ Ψ(Ω).
The optimal control is to ﬁnd the optimal admissible
policy u∗ ∈ Ψ(Ω) that has the lowest performance index
for every state, called the optimal policy. The corresponding
value function is called the optimal value function, denoted by
V ∗ (x) = minu∈Ψ(Ω) V (x). We assume there exists a unique
solution to the optimal control problem and V ∗ is continuously
differentiable on Ω, i.e. V ∗ ∈ C 1 (Ω).
An inﬁnitesimal equivalent to the value function deﬁnition
(2) is a Bellman equation
∇V T (f + gu) + Q + uT Ru = 0, V (0) = 0

(3)

Deﬁne the Hamiltonian function
H(x, ∇V, u) ≡ ∇V T (f + gu) + Q + uT Ru
where ∇ denotes the partial derivative operator, i.e. ∇V =
∂V /∂x. The optimal control is equivalent to solving V ∗ w.r.t
the Hamilton-Jacobi-Bellman (HJB) equation
1
∇V ∗ T f − ∇V ∗ T gR−1 g T ∇V ∗ + Q = 0, V ∗ (0) = 0
4
1
u (x) = − R−1 g T (x)∇V ∗ (x)
2

(4)

In this part, a model-free approaches to the HJB equation
are presented based on off-policy scheme. Off-policy indicates
the system is conducted by a policy that is different to the
evaluated one.
Consider an arbitrary control input us and apply it on (1)
to produce system solutions (f + gus ). Given an admissible
policy u0 ∈ Ψ(Ω), its value function V0 satisﬁes (5). By
differentiating V0 along the system solutions we yield


V̇0 = ∇V0T f + gu0 + g(us − u0 )
(7)
= ∇V0T g(us − u0 ) − Q − uT0 Ru0
Based on the policy improvement step in (6), the improved
policy u1 has ∇V0T g = −2uT1 R. After inserting into (7) and
employing the integral reinforcement learning, we get
V0 (x(t)) − V0 (x(t − T ))
 t
 T

2u1 R(us − u0 ) + Q + uT0 Ru0 dτ = 0
+

V (i) (0) = 0

(5)

and a policy improvement step
(i+1)

u

1
(x) = − R−1 g T (x)∇V (i) (x)
2

(8)

t−T

Now the original two-step policy iteration which requires
the system dynamics is converted to a single-step model-free
equation. [10] pointed out that if control input us satisﬁes
certain PE condition as they provided, the solution to (8) is
uniquely determined by u0 ’s value V0 and its improved policy
u1 deﬁned by (5) and (6).
Similarly, as for the optimal value V ∗ and the optimal
policy u∗ , we plug them into (8) to replace V0 and u0 , u1 , and
the following complete-model-free HJB equation is formed
V ∗ (x(t)) − V ∗ (x(t − T ))
 t

 ∗T
2u Rus − u∗ T Ru∗ + Q dτ = 0
+

(9)

Compared to the original HJB equation, the novel equation is
completely independent of any dynamics, neither f nor g.
IV.

In general, it is difﬁcult or impossible to give an analytical
solution to the HJB equation even for simple cases. An efﬁcient
approach is iteratively solving the problem based on policy
iteration (PI), which involves a policy evaluation step
[∇V (i) ]T (f + gu(i) ) + Q + [u(i) ]T Ru(i) = 0,
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t−T

and the optimal policy is formulated by
∗

III.

(6)

According to the literature, keeping iterating the two steps, the
value and policy sequences will converge to V ∗ and u∗ in the
end.
The PI method gives a feasible solution to the HJB equation, but it requires the complete knowledge of the dynamics.
Even the integral reinforcement learning (IRL) technique can
eliminate the dependence on the internal dynamics f , but the
input gain matrix g is still necessary.

1851

C OMPLETE -M ODEL -F REE O FF -P OLICY L EARNING

In order to approximate value functions and policies,
universal approximation property of neural network (NN) is
used here. The closed-loop stability of the system is ensured
by the following assumption about the control input us .
Assumption 1: Suppose the control us is a stabilizable
input such that the closed-loop system remains in the compact
set Ω for any starting state x(0) ∈ Ω0 , where Ω0 ⊆ Ω.
According to the Weirstrass high-order approximation theorem, the smooth value function V is uniformly approximated
on Ω by
V (x) = WcT φc (x) + εc (x)

(10)

where Wc ∈ RKc represent the ideal coefﬁcients and Kc
denotes the hidden neuron number. φc (x) ∈ RKc is the
basis function vector. εc (x) ∈ R is the approximation error.
Similarly, a smooth control policy u is uniformly approximated
on Ω by
u(x) = WaT φa (x) + εa (x)

(11)

where Wa ∈ RKa ×m , φa (x) ∈ RKa , and εa (x) ∈ Rm . Ka
denotes the hidden neuron number in the actor. We make the
following assumptions about the critic and actor NNs.
Assumption 2: a. The critic and actor NN approximation
errors are bounded on the compact Ω so that
εc  < εc max ,

εa  < εa max

b. The critic and actor NN basis functions are bounded so that
φc (x) < φc max ,

φa (x) < φa max

A. Complete-model-free policy evaluation
Given an admissible policy u0 , deﬁne its value V0 in the
form of (10) and its improved policy u1 in the form of (11).
After inserting the value and action NNs into the completemodel-free equation (8), we get


εPE (t) = WcT φc (t) − φc (t − T )
 t 

2φTa Wa R(us − u0 ) + Q + uT0 Ru0 dτ (12)
+
t−T

where εPE is the residual error caused by NN approximation
errors, deﬁned by
 t
εPE (t) ≡ −εc (t) + εc (t − T ) −
2εTa R(us − u0 )dτ
t−T

A critic and an actor NNs are built to approximate V0 and u1 .
Let Ŵc be the estimate of Wc and Ŵa be the estimate of Wa .
A policy evaluation error is formulated


e1 (t) =ŴcT φc (t) − φc (t − T )
 t 

2φTa Ŵa R(us − u0 ) + Q + uT0 Ru0 dτ
+

The gradient descent method is applicable to form a continuous adaptation of the estimations Ŵc and Ŵa with the target
of minimizing the square error 21 e21 . However, reviewing the
deﬁnition of the TD error, it consists of two parts: the current
estimations Ŵc , Ŵa , and the system data (σ1 , η1 , p1 , s1 ).
These data, following (f + gus ), is totally independent of
the estimations, making them repeatedly utilizable to form the
TD errors and the adaptation. As per the above, we resort to
the ideal of experience replay and employ the past data to
form the tuning of Ŵc and Ŵa . Suppose a set of history data
N
{(σ1 (tj ), η1 (tj ), p1 (tj ), s1 (tj ))}j=1 are stored, where
σ1 (tj ) = φc (tj ) − φc (tj − T )
 tj


2 R(us − u0 ) ⊗ φa dτ
η1 (tj ) =
tj −T
tj


p1 (tj ) =

Qdτ
tj −T
tj


s1 (tj ) =

tj −T

uT0 Ru0 dτ

and N is the data set size. The experience-replay adaptive law
for model-free policy evaluation has
Algorithm 1:
˙
Ŵc = −

α
N +1

σ1 (t)
ŴcT σ1 (t) + vec(Ŵa )T η1 (t)
m21 (t)
+ p1 (t) + s1 (t)

N

+
j=1

σ1 (tj )
ŴcT σ1 (tj ) + vec(Ŵa )T η1 (tj )
m21 (tj )

t−T

Using Kronecker product ⊗, the above equation is rewritten
as


e1 (t) =ŴcT φc (t) − φc (t − T )
 t


T
+ vec(Ŵa )
2 R(us − u0 ) ⊗ φa dτ
t−T
 t
T
+
(Q + u0 Ru0 )dτ

+ p1 (tj ) + s1 (tj )
(14)
˙
vec(Ŵa )
=−

α
N +1

t−T

where vec(·) indicates the vectorizing operator that transforms
a matrix into a vector by stacking all its elements along the
column direction. If deﬁne
σ1 (t) = φc (t) − φc (t − T )
 t


2 R(us − u0 ) ⊗ φa dτ
η1 (t) =
t−T
 t
p1 (t) =
Qdτ
t−T
 t
s1 (t) =
uT0 Ru0 dτ
t−T

then we have
e1 (t) = ŴcT σ1 (t) + vec(Ŵa )T η1 (t) + p1 (t) + s1 (t) (13)
Error e1 represents the reinforcement signal, a continuous-time
counterpart of temporal difference (TD) error in RL.
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η1 (t)
ŴcT σ1 (t) + vec(Ŵa )T η1 (t)
m21 (t)
+ p1 (t) + s1 (t)

N

+
j=1

η1 (tj )
ŴcT σ1 (tj ) + vec(Ŵa )T η1 (tj )
m21 (tj )
+ p1 (tj ) + s1 (tj )


(15)

where m1 is deﬁned as m1 (t) = σ1T (t)σ1 (t) + η1T (t)η1 (t) +
1
1 2 for normalization.
Theorem 1: Given an admissible policy u0 , let Wc be the
ideal critic coefﬁcients of V0 , Wa be the ideal actor coefﬁcients
of u1 , and Ŵc and Ŵa be the estimations of Wc and Wa . Let
ρ1 ≡ [σ1T , η1T ]T and assume signal ρ̄1 ≡ ρ1 /m1 is persistently
exciting. Let Assumptions 1 and 2 hold. Under the tuning laws
provided by (14) and (15), the errors W̃c = Wc − Ŵc and

W̃a = Wa −Ŵa converge exponentially to a residual set around
zero.

εHJB (t) ≡ −εc (t) + εc (t − T )
 t


− 2εTa Rus + 2εTa RWaT φa + εTa Rεa dτ
+

Proof: Deﬁne a Lyapunov candidate
1 T −1
1
W̃ α W̃c + vec(W̃a )T α−1 vec(W̃a )
2 c
2
Its time derivative has
˙ )
˙ + vec(W̃ )T α−1 vec(W̃
L̇ = W̃ T α−1 W̃
L1 =

1

c

c

a

t−T

and εHJB is bounded as the NN basis functions and approximation errors are bounded.

a

To identify the unknown Wc and Wa , deﬁne the critic and
actor NNs to output the approximation

After substituting (12) into (13), we have
e1 (t) = −W̃cT σ1 (t) − vec(W̃a )T η1 (t) + εPE (t)
Note that the above relationship holds for any time index tj .

T
Let Z̃1 = W̃cT , vec(W̃a )T
and then
˙ =
W̃
c

N

+
j=1

˙ )=
vec(W̃
a

α
N +1
N

+
j=1

σ1 (tj )
−Z̃1T ρ1 (tj ) + εPE (tj )
m21 (tj )

Under the representation of Kronecker product, deﬁne
σ2 (t) = φc (t) − φc (t − T )
 t
(Rus ) ⊗ φa dτ
μ2 (t) =
t−T
 t
(φTa ⊗ R) ⊗ φa dτ
D2 (t) =
t−T
 t
p2 (t) =
Qdτ

η1 (tj )
−Z̃1T ρ1 (tj ) + εPE (tj )
m21 (tj )

1
λmin (H̄1 )Z̃1 2 + εPE max Z̃1 
N +1

and let
ρ̄1 (tj )ρ̄T1 (tj )

η2 (t) = 2μ2 (t) − 2D2 (t)vec(Ŵa )

j=1

Whenever Z̃1  >
is complete.

(18)

t−T

where
H̄1 ≡ ρ̄1 (t)ρ̄T1 (t) +

(17)

t−T

η1 (t)
−Z̃1T ρ1 (t) + εPE (t)
m21 (t)

N

û∗ (x) = Ŵa φa (x)

e2 (t) = ŴcT [φc (t) − φc (t − T )]
 t 

2φTa Ŵa Rus − φa Ŵa RŴaT φa + Q dτ
+

After inserting into L̇1 , we yield
L̇1 ≤ −

V̂ ∗ (x) = Ŵc φc (x)

Consequently an HJB error is formulated

σ1 (t)
−Z̃1T ρ1 (t) + εPE (t)
m21 (t)

α
N +1

where

(N +1)εPE max
,
λmin (H̄1 )

L̇1 is negative. The proof

From the analysis in Theorem 1, the convergence rate is
determined by λmin (H̄1 ) which can be 
improved by maxiN
mizing the minimum eigenvalue of H1 ≡ j=1 ρ̄1 (tj )ρ̄T1 (tj ).
So during the learning process, we can continually update the
history set through replacing some old data by the latest one
when such replacement results in an increase in the minimum
eigenvalue of H1 .

Then e2 is rewritten as
e2 (t) = ŴcT σ2 (t) + vec(Ŵa )T η2 (t)

+ vec(Ŵa )T D2 (t)vec(Ŵa ) + p2 (t)

Besides, under the current estimation Ŵc and Ŵa , for arbitrary
moment tj the past data form the errors
e2 (tj ) = ŴcT σ2 (tj ) + vec(Ŵa )T η2 (tj )

+ vec(Ŵa )T D2 (tj )vec(Ŵa ) + p2 (tj )

B. Model-free adaptive optimal learning
Now back to the major interest in this paper, an adaptive
optimal algorithm is presented here. Let the optimal value V ∗
and the optimal policy u∗ be expressed by NNs in the form of
(10) and (11). Combining with the complete-model-free HJB
equation (9) we yield
εHJB (t) = WcT [φc (t) − φc (t − T )]
 t

 T
2φa Wa Rus − φa Wa RWaT φa + Q dτ
+

(16)

t−T

1853

where
η2 (tj ) = 2μ2 (tj ) − 2D2 (tj )vec(Ŵa )
and σ2 (tj ), μ2 (tj ), D2 (tj ), p2 (tj ) are deﬁned in the same way
as (18) but with time index tj .
The complete-model-free adaptive optimal algorithm with
experience replay is designed on the basis of a history data
N
set {(σ2 (tj ), μ2 (tj ), D2 (tj ), p2 (tj ))}j=1 with the following

(σ2 (t), μ2 (t), D(t), p2 (t)) if the minimum eigenvalue of H2 =

N
T
j=1 ρ̄2 (tj )ρ̄2 (tj ) is maximized.

tuning
Algorithm 2:
˙
Ŵc = −

α
N +1

In order to identify the unknown parameters, some signals
are required to remain persistently exciting. An effective approach to such condition is adding small exploratory sinusoids
consisting of various frequencies into the stabilizable control
input us .

σ2 (t)
ŴcT σ2 (t) + vec(Ŵa )T η2 (t)
m22 (t)
+ vec(Ŵa )T D2 (t)vec(Ŵa ) + p2 (t)

N

+
j=1

σ2 (tj )
ŴcT σ2 (tj ) + vec(Ŵa )T η2 (tj )
m22 (tj )
+ vec(Ŵa )T D2 (tj )vec(Ŵa ) + p2 (tj )
(19)

˙
vec(Ŵa )
=−

α
N +1

η2 (t)
ŴcT σ2 (t) + vec(Ŵa )T η2 (t)
m22 (t)

V.

N
j=1

η2 (tj )
ŴcT σ2 (tj ) + vec(Ŵa )T η2 (tj )
m22 (tj )
+ vec(Ŵa )T D2 (tj )vec(Ŵa ) + p2 (tj )

ξ cos

(20)
1
In this case we have m2 (t) = σ2T (t)σ2 (t)+η2T (t)η2 (t)+1 2 .


Theorem 2: Let Wc be the ideal critic coefﬁcients of V ∗ ,
Wa be the ideal actor coefﬁcients of u∗ , and Ŵc and Ŵa be the
estimations of Wc and Wa . Let ρ2 ≡ [σ2T , η2T ]T and assume
signal ρ̄2 ≡ ρ2 /m2 is persistently exciting. Let Assumptions 1
and 2 hold. If the integral interval T satisﬁes the requirement
as described in the sequel and NN weights are appropriately
initialized, the errors W̃c = Wc − Ŵc and W̃a = Wa − Ŵa
converge exponentially to a residual set in the neighbor of zero
under the tuning laws provided by Algorithm 2.
Proof: The proof is similar to the Theorem 1 so we omit
the detailed proving process. Deﬁne the Lyapunov candidate
L = 1 W̃ T α−1 W̃c + 12 vec(W̃a )T α−1 vec(W̃a ) and let Z̃2 =
2 T 2 c
T
W̃c , vec(W̃a )T . Then the Lyapunov time derivative has
L̇2 ≤ −

 2  
1 − εT
λmin (H̄2 )Z̃2  + Z̃2  εHJB max
N +1
N

100 (x1 −ξ 100 sin 100 )
x3
1−ξ 2 cos2 100

1−ξ 2 cos2

x3
100

where ξ = 0.2. The cost function is selected as Q(x) = xT x
and R = I4×4 . The critic and actor basis functions are selected
as

φc (x) = x21 , x1 x2 , x1 x3 , x1 x4 , x22 , x2 x3 , x2 x4 , x23 , x3 x4 ,
T
x24 , x41 /100, x42 /100, x43 /100, x44 /100

T
φa (x) = x1 , x2 , x3 , x4 , x31 /100, x32 /100, x33 /100, x34 /100
which is sufﬁcient for the problem. As the system is unstable
and the problem is complicated, a policy evaluation phase is
necessary. The given admissible policy is u0 (x) = 0.2x1 −
0.3x3 − 0.8x4 , and the online control input is us (t) = u0 (t) +
e(t) where e is the exploratory signal. After the convergence
of the policy evaluation phase, the adaptive optimal tuning is
applied sequentially. The learning rate α is set to 100 and the
initial state is [20, −20, 20, −20]T . The size of the experience
set selects 25.
The result of the algorithm is presented in Figs. 1 and 2.
The vertical red lines in Fig. 2 represent the moments when
the replacement in history data set happens. Note that the
minimum eigenvalue is signiﬁcantly improved with our update
criterion, which is conducive to the convergence of the critic
and actor. The ﬁnal NNs weights are

where εT is a small constant and
H̄2 ≡ ρ̄2 (t)ρ̄T2 (t) +

E XPERIMENT

The nonlinear system for simulation is the rotational/translational actuator (RTAC) nonlinear bench-mark problem [8] whose dynamics can be written as
⎡
⎤
⎡
⎤
x2
0
x2
⎢
⎥
x3
4 sin x3
+ξ
−x
1
100
100
⎢
⎥ ⎢ −ξ cos 100x ⎥
x3
3
⎢
⎥ ⎢ 1−ξ2 cos2 100
⎥
1−ξ 2 cos2 100
ẋ = ⎢
⎥+⎢
⎥u
x4
⎢
⎥ ⎣
0
⎦
⎣
⎦
x2
x3
x
1
4
3

+ vec(Ŵa )T D2 (t)vec(Ŵa ) + p2 (t)
+

The convergence in Theorem 2 declares that an appropriate
initialization of Ŵc and Ŵa is necessary as the proof requires
Z̃2 to be bounded. A policy evaluation process by Algorithm
1 prior to Algorithm 2 is reasonable so that the critic and
actor NNs are learned to a set of satisfying weights. After that,
the adaptive optimal learning is applied. As for some simply
cases, like self-stable problems, such prior policy evaluation is
dispensable as long as the NN weights are initialized close to
zero.

ρ̄2 (tj )ρ̄T2 (tj )

j=1

So the estimation error Z̃2 converges exponentially to the
HJB max
residual set Z̃2  < (N +1)ε
. The proof is complete.
λmin (H̄2 )

Ŵc = [13.2231, −0.9938, 0.1575, −2.5530, 13.3389,
2.8515, 5.4878, 1.8679, 2.4937, 2.3408, 0.0025,
− 0.0004, −0.0004, 0.0106]T

During the adaptive optimal learning under (19) and
(20), we can accelerate the process by letting one of
the old data in the history set be replaced by the latest

Ŵa = [1.2278, −0.0796, −0.9997, −1.8687, −0.0049,
− 0.0029, −0.0002, 0.0054]T
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