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ABSTRACT
Dictionary learning has important applications in face recog-
nition. However, large transformation variations of face
images pose a grand challenge to conventional dictionary
learning methods. A large portion of misleading dictionary
atoms are usually learned to represent transformation factors,
which will cause ambiguity in face recognition. To address
this problem, this paper proposes a general framework for
transform-invariant basis matrix learning. Speci cally, we
present a transform-invariant dictionary learning method
which explicitly incorporates an appearance consistent error
term to the original objective function in dictionary learning.
The uni ed objective function is effectively optimized in an
alternating iterative way. An ensemble of aligned images
and a discriminative transform-invariant dictionary for sparse
coding can be obtained by solving the formulated objective
function. Experimental results on two public face databases
demonstrate our algorithm’s superiority compared with two
state-of-the-art dictionary learning methods and the recently
proposed transform-invariant PCA method.

Index Terms— Transform-invariant, dictionary learning,
sparse coding, face recognition

1. INTRODUCTION

Sparse coding learns to represent a n-dimensional signal y
with a sparse linear combination of dictionary atoms di ∈ Rn,
where i = 1, 2, ..., N andN is the size of the dictionary. Prac-
tical applications of sparse coding in computer vision includ-
ing image denoising [1] and restoration [2] prove it to be a
powerful model. Recent advances in dictionary learning (DL)
reveal that the dictionary learned directly from observed da-
ta [3] performs better than a prede ned one. The application
of DL on classi cation tasks has also attracted great attention
from the computer vision community recently.
The main purpose of the conventional DL framework is

signal representation rather than signal recognition. However,
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Fig. 1. Dictionary atoms learned by LC-KSVD (left) and our
TIDL method (right) with the largest 16 sparse coding coef-
cients on the LFW subsets. The LC-KSVD dictionary ex-
hibits many transformation-related information, whereas our
dictionary atoms are approximately eye-aligned.

the discriminative power can be obtained with the incorpora-
tion of some sorts of classi cation error term on the original
reconstructive objective function. The learning of discrimi-
native dictionaries can be classi ed into two categories based
on how the classi cation phase is implemented. The rst cat-
egory [4][5] learns a sub-dictionary for each class respective-
ly and concatenates them into a single dictionary. As in the
classi cation stage, they follow the procedure of SRC [6] and
reconstruction error is employed to indicate the classi cation
results. Effective as they are, all these methods involve class
speci c dictionary learning. When dealing with thousands of
classes, the training and subsequent sparse coding stage can
be prohibitively slow.
Another category of methods involves training a single

compact dictionary and then adopting the sparse coding co-
ef cients for classi cation. Most methods belonging to this
category learn a dictionary and a classi er at the same time
with the incorporation of a classi cation error term, as in [7],
the cost function of logistic regression, to the original DL ob-
jective function. Although such a technique is sophisticated,
the resultant objective function is highly complex and hard
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to solve. The methods [8] and [9] incorporate a multi-class
linear classi cation error term and a label consistent term re-
spectively to enforce the discriminative power of the sparse
coding coef cients, and elegantly solve the uni ed objective
function with K-SVD [3] algorithm.
The development of discriminative DL [8][9] indicates it

to be a promising trend for face recognition [10][11]. The DL
framework is robust to illumination, expressions and even dis-
guise and occlusion on face recognition, whereas it is severely
affected by image transformations. Transformation in train-
ing images lead to blurred dictionary atoms accounting for
transformations rather than discriminative structure of face
images. Those atoms can’t provide useful discriminative in-
formation but rather cause ambiguity for the classi cation
task. This issue has caught attention of many researchers in
the computer vision community [12][13][14]. Chen et al. [15]
proposed to learn dictionaries in the radon transform domain
to enforce the rotational invariant property of learned dictio-
naries. Deng et al. [16] derived a Transform-Invariant PCA
(TIPCA) approach for automatic face alignment and repre-
sentation. Improved experimental results prove the signi -
cance of employing transform invariant basis (principal com-
ponents in PCA or dictionary atoms in DL) for face recog-
nition task. However, the TIPCA framework can’t guarantee
recognition rate as it is an unsupervised learning process.
In this paper, we present a transform-invariant dictionary

learning (TIDL) method for face recognition. The proposed
method aims to simultaneously learn a transform-invariant
discriminative dictionary and align the training ensembles. In
virtue of the representative power of DL, the alignment of face
images and the construction of face basis matrix are integrated
into a uni ed objective function. Fig.1 demonstrates a com-
parison of dictionary atoms learned by LC-KSVD [9] and our
method respectively. It is obvious that our dictionary atoms
represent intrinsic structure of human faces that are approx-
imately eye-aligned, whereas the LC-KSVD dictionary con-
tains much transformation related information. Compared to
previous work, this paper’s contributions concentrate on the
following three aspects: (1) we formulate a general frame-
work for learning of transform-invariant basis matrix, and fur-
ther point out that TIPCA is a special case of our general
framework; (2) we explicitly incorporate an appearance con-
sistent error term for learning of a transform-invariant dic-
tionary for face recognition, and develop an alternating opti-
mization approach to ef ciently optimize the objective func-
tion; (3) we conduct experiments on two public face databases
with various transform variations, the result of which validate
our proposed work’s ability in recognizing misaligned faces
with dictionary learning framework .
The rest of the paper is organized as follows: Section 2

proposes a transform-invariant matrix basis learning frame-
work and gives a detailed derivation of the TIDLmethod, Sec-
tion 3 evaluates our proposed method on two public databas-
es, Section 4 concludes this paper with possible future re-

search directions.

2. PROPOSEDMETHOD

For a set of N misaligned face images, we aim to construct a
transform-invariant dictionary for accurate face recognition.
Conventional methods construct dictionary directly from the
misaligned image ensembles, thus learn many transform-
related dictionary atoms. On the other hand, we align the
image ensembles while learning the dictionary. To this end,
we determine a warp τi for each face image Ii in the face
ensembles to get the aligned image Io

i = Ii ◦ τi.

2.1. General Framework for Transform-Invariant learn-
ing

In this section, we propose a general framework for simul-
taneously learning a transform-invariant basis matrix U and
aligning the training images. First we stack each column of
an image Ii as a n-dimensional column vector yi ∈ Rn. Sup-
pose Y is a set ofN images, i.e. Y = [y1...yN ] ∈ Rn×N , and
we want to represent Y as Y = UV , where U = [u1...uk] ∈
Rn×K is the basis matrix, with each column being a basis
vector; and V = [v1...vN ] ∈ RK×N represent the coding
parameters. We can formulate the the learning of U and V as:

< U, V >= argmin
U,V

‖Y − UV ‖
2
F (1)

This is a general representative model for n-dimensional
signals and the basis matrix U can either be a dictionary in
DL or principal components in PCA. By minimizing the re-
construction error ‖Y − UV ‖

2
F subject to certain constraints,

e.g. sparse constraint for V in DL, we can obtain a basis ma-
trix U . To address the problem of aligning misaligned images
or ensembles within the representative model, we explicitly
incorporate the warp implementation Y ◦ τ, τ = [τ1...τN ] for
each training image in the original model, thus we can get
an uni ed objective function which seeks to nd a transform-
invariant basis matrix and warp parameters at the same time:

< U, V, τ >= arg min
U,V,τ

‖Y ◦ τ − UV ‖2F (2)

where Y ◦ τ denotes the image domain transform for all the
images with a set of transformations [τ1...τN ]. After the trans-
formation, we will get a set of aligned images [y1 ◦ τ1...yN ◦
τN ]. It is easy to derive that the TIPCA and TIDL algorithms
are both special cases of this framework. Simply substituting
the basis matrix U with principal components and imposing
orthogonal constraint for the basis matrix in equation (2), we
will get the TIPCA method introduced in [16]. In next sec-
tion, we will give a detailed derivation of the TIDL method.

2.2. Transform-Invariant Dictionary Learning

As discussed above, by substituting the U, V with dictionary
D and sparse coding coef cients X respectively, and impos-
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ing sparsity constraint on each column ofX , we can intuitive-
ly extend the above framework to DL, which is formulated as
follows:

< D,X, τ >= arg min
D,X,τ

‖Y ◦τ−DX‖
2
F s.t.∀i, ‖xi‖0 ≤ T

(3)
where T is the sparsity constraint factor. By iteratively solv-
ing D,X and τ , a transform-invariant dictionary can be
obtained. In TIPCA [16], for fast convergence of its objective
function, they introduce a scheme of using low-to-high di-
mensional eigenspace for alignment. However, in DL, there’s
no explicit indication for the rank of the dictionary atoms as
in PCA. In order to ensure convergence, we propose to im-
pose an appearance consistent error term ‖Y ◦ τ− μ(Y )‖

2
F

on equation (3), where μ(Y ) ∈ Rn×N and each column
of μ(Y ) is the mean of the current aligned image ensem-
bles (also called average face), denoted as μ(y). These two
terms together will force each image yi to align towards
(
∑K

j=1 djxj − μ(y))/2, which is the mean of its sparse re-
construction

∑K

j=1 djxj and the average face μ(y). After
some iterations, the faces will be aligned to the same appear-
ance model.
To obtain a dictionary with discriminative power for face

recognition, we further combine previously proposed label
consistent term [9] and classi cation error term [8] with the
above objective function. A complete version of our proposed
transform-invariant discriminative dictionary learning frame-
work can be formulated as follows:

< D,W,A,X, τ,>= arg min
D,W,A,X,τ

‖Y ◦ τ − DX‖2F

+ ‖Y ◦ τ− μ(Y )‖
2
F + α ‖Q − AX‖

2
F + β ‖H − WX‖

2
F

s.t.∀i, ‖xi‖0 ≤ T
(4)

where ‖Q − AX‖
2
F is the label consistent term [9] to en-

force discriminability of sparse coding coef cients, Q =
[q1...qN ] ∈ RK×N , and qi = [q1i ...q

K
i ]

t = [0...1, 1, ...0]t ∈
RK . The non-zero value of qi only occurs when signal yi
and the dictionary item dk share the same label. A is a linear
transformation matrix. This term enforces an explicit corre-
spondence between dictionary atoms and class labels. The
term ‖H −WX‖

2
F represents the classi cation error,W are

the parameters for a linear classi er H = WX , the non-zero
position of each column inH is adopted to determine the class
label of a certain signal yi, e.g. hi = [0, 0, ...1..., 0, 0]

t ∈ Rm,
where m denotes the number of classes. α and β are scalars
controlling the relative contribution of the corresponding
terms.
The above formulation can be effectively solved by iterat-

ing over a two-step alternating optimization procedure, i.e.
we iteratively optimize over {D,W,A,X} and τ with the
others xed. To begin with, the same initialization setup is
adopted as in [9] to learn a dictionary D for each class using

K-SVD and {W,A,X} can also be computed accordingly.
Next, we would iterative over the following two steps.
Step 1: x {D,W,A,X}, update warp parameter τ (we

use similarity transformation for τ in our implementation). In
this step, equation (4) is reduced to the following form:

< τ >= argmin
τ

‖Y ◦ τ − (DX + μ(Y ))/2‖
2
F

=arg min
[τ1...τN ]

N∑

i=1

(yi ◦ τi − (
∑K

j=1
djxj − μ(y))/2)

(5)

This equation can be obtained with the rst two terms in
(4) written together. This formulation can be seen as a typical
image alignment [17] problem which solves for a τi to reg-
ister each image yi to its template (

∑K
j=1 djxj − μ(y))/2.

Following the convention of inverse compositional algorithm
introduced in [17], this problem can be solved very ef ciently.
Step 2: x τ , update {D,W,A,X} with the following

optimization problem:

< D,W,A,X >= arg min
D,W,A,X

‖Y ′ − DX‖2F + α ‖Q − AX‖2F + β ‖H − WX‖2F
s.t.∀i, ‖xi‖0 ≤ T

(6)

where Y ′ is the aligned image from last step, calculated using
Y ◦ τ with Y and τ from the last step. This optimization
problem can be effectively solved by LC-KSVD algorithm
proposed in [9]. After iterations over the above two steps until
the objective function stops to decrease, nally we can get
a transform-invariant dictionary D, classi er parameters W
and the aligned image ensembles. As for test stage, the probe
images are rst aligned using equation (5) with the learnedD
and aligned training ensembles Yalign, and then sparse codes
of the aligned images are used as the input for classi er H =
WX to yield the classi cation results .

3. EXPERIMENTS AND RESULTS

We evaluate our approach on two public face databases: the
Extended YaleB database [18] and the LFW database [19].
To obtain image ensembles with transform variations, frontal
faces in Extended YaleB database are perturbed with simi-
larity transform using Matlab codes provided in [14]. For
comparison purpose, we also report recognition results using
D-KSVD [8], LC-KSVD [9], TIPCA [16] and PCA [20].

3.1. Results on the Extended YaleB Database

The Extended YaleB database contains face images of 28 in-
dividuals with various poses and illumination conditions [18].
In our experiment, we only use a subset of the database, which
contains 49 frontal face images (images with extreme illumi-
nation conditions are excluded) for each person, of which 30
images are used for training and the rest are used for testing.
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Fig. 2. Face images used in our experiment.

Extended YaleB LFW
Methods Acc±Std(%) Acc(%)
D-KSVD[8] 90.51±0.98 60.00
LC-KSVD[9] 90.15±1.51 62.11
TIPCA[16] 80.06±1.72 43.16
PCA[20] 76.84±1.75 33.68
TIDL 94.17±0.81 80.00

Table 1. Recognition results on the ExtendedYaleB and LFW
database.
To accommodate the frontal face images to our experiments,
we rstly eye-aligned each image to (15, 42) and (65, 42) in
a 100×80 crop with RASL toolbox [14]. Eye-aligned images
are perturbed with similarity transformation to get image en-
sembles with transform variations. To further facilitate the
search of optimal warp parameter with the inverse composi-
tional algorithm, we crop the obtained image to 80× 64, and
resize them to 40×32 for our experiment. As for face features,
we stack each column of the face image to a single colum-
n vector as the input feature. We conduct the experiment 10
times, each time with 20 percent of images perturbed. Fig.2
illustrates some examples of our image ensembles.
The mean and standard derivation of the recognition re-

sults are reported in the second column Table 1, where the
dictionary size is 308 (11 atoms per person) for DL based
methods, the sparsity constraint factor T is set to 25, scalar α
and β are set to 2 and 3 respectively and the number of prin-
cipal components used for recognition is 100 for PCA based
methods. Histogram equalization is implemented in advance
on the image ensembles for all ve methods.
As the results indicate, both our TIDL and TIPCA outper-

form their counterparts, which validate the effectiveness of
our proposed general framework and appearance consistent
error term. By advocating learning a transform-invariant basis
matrix for representation and classi cation, ambiguity caused
by transform-related bases is excluded, thus recognition rate
is improved accordingly. Another fact needed to point out is
that as supervised learning methods, all 3 DL based method-
s outperform the unsupervised PCA based methods in face
recognition task, which justify the importance of learning a
discriminative dictionary.

3.2. Results on the LFW Database

The LFW database is designed for studying the problem of
unconstrained face recognition [19]. Face images in this
database exhibit various poses, illumination, expression vari-
ations, so this database is supposed to be very dif cult for
appearance based recognition methods like DL and PCA. We

Fig. 3. Average faces of 16 persons before and after TIDL
learning, the left are average faces of the original training en-
sembles, the right are that of TIDL aligned ones. More detail
information of the average face is revealed using our method,
e.g. the mouth marked in a black rectangle

evaluate 5 methods on a subset of the LFW database provided
by [14], with images from 19 persons, each have 30 images.
Since the original images already have very large transform
variations, there’s no need to perturb them, but other setups
remain the same with the last experiment on Extended YaleB.
Among all the images, 25 images from each person are used
for training, the other 5 are used for testing.
Recognition results are reported in the third column of Ta-

ble 1. For DL based methods, the dictionary size is 190 (10
atoms per person), the sparsity constraint factor T is set to 15,
scalar α and β are set to 3 and 4 respectively; for PCA based
methods, the number of principal components used for recog-
nition is 100. Although the recognition results are not as sat-
isfying as the last database, they demonstrate the same trend
as analyzed before. A signi cant improvement in detail of the
average faces after employing TIDL can be observed in Fig.3.
This, along with Fig.1 which shows some learned transform-
invariant dictionary atoms, validate the effectiveness of our
algorithm’s learning of transform-invariant dictionaries.

4. CONCLUSIONS

In this paper, we propose a general framework for transform-
invariant basis matrix learning to address the problem of
recognizing face images with large transformation variations.
Speci cally we derive a discriminative TIDL method with
the introduction of an appearance consistent error term to
enforce alignment while learning the dictionary. With its two
main features, transform-invariance and discriminability, our
method outperforms two state-of-the-art discriminative DL
methods and the recently proposed TIPCA method on two
public databases. Future work on this subject might include
developing more robust alignment term and extending this
framework to object classi cation.
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