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Abstract
Piezoelectric laminated curved beams or laminated curved smart beams, one of the most popular elements, are widely
used in nano- or micro-electromechanical systems due to their excellent properties such as small volume, lightweight,
and quick response. In this article, the finite deformation of piezoelectric laminated curved beams is analyzed based on
Lagrangian and Eulerian description. The piezoelectric actuating character for the deflection in the curved beams bonded
with piezoelectric film (polyvinylidene fluoride) driving layers is investigated. Choosing the deformed radius of curvature
and tangent slope angle as fundamental parameters, the governing equations of laminated curved smart beams under static mechanical and electrical loadings are derived. First, the equilibrium equations are deduced and decoupled using the
deformed angle of tangent slope as the only variant. And then the analytical solutions of laminated curved smart beams
are presented using harmonic functions. Finally, the static deformations of the laminated curved smart beams are calculated by this method and the finite element method. The results exhibit good consistency and show the validation of the
present method. Circular and spiral beams covered with piezoelectric layers are researched further. Effects of radius,
thickness ratios, and stacking sequence on deflections of the piezoelectric laminated beams are explored as well.
Keywords
Piezoelectric laminated curved beam, piezoelectric effect, finite deformation, variable curvature

Introduction
Laminated composite beams have been popular and
widely applied in many practical fields over the past
few decades. Rapid developments of intelligent microelectromechanical systems (MEMS), such as smart biomedical devices, using piezoelectric laminated curved
beams (PLCB), have been proposed (Clark et al., 2000;
Karami et al., 2010; Schaffer et al., 1994; Susanto,
2008; Susanto and Yang, 2007; Tanaka, 1999; Zhang
et al., 2015). Currently, piezoelectric elements are one
of the most popular and widely available elements to be
used in smart structure applications. These structures
are usually small, lightweight, requiring less power and
respond quickly (Cady, 1946) and produce relatively
high force output (Damjanovic and Newnham, 1992).
Many researchers have demonstrated the advantages of
the use of curved shape piezoelectric components.
Thin-layer composite unimorph ferroelectric driver and
sensor (THUNDER) showed better performance in
inducing high displacements out-of-plane and high
force output (Ounaies et al., 2001; Shakeri et al., 1999;
Yoon et al., 2000). The C-shape piezoelectric actuators

exhibit excellent adaptations for displacements and
forces output (Moskalik and Brei, 1997; Mtawa et al.,
2008).
Numerous literatures of curved beams were reviewed
by Mehdi and Mohamad (Hajianmaleki and Qatu,
2013). However, most of them were restricted to the
study of conventional laminated straight and curved
beams. The documents of PLCB were only a few
papers. The analysis of finite deformation of PLCB is
even rather limited. The finite deformation analysis of
the structures is always related to a few nonlinear equations. For the rods, Green et al. (1974) proposed more
than ten equations for the rod analysis.
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In order to simplify the nonlinear equations, some
assumptions such as unextension of centroid axis, small
shear deformation, and predefined rotation mode were
considered.Goncaves et al. (2010) derived a large displacement and finite rotation formulation for thinwalled beams. The model included finite rotation of the
cross section associated with pre-established cross-section shape function. The results showed good agreement with the results using shell structure analysis
method. Machado (2007) explored the large rotation
effects on the buckling and free vibration behavior of
thin-walled composite beams.
Numerical techniques, such as nonlinear finite element method, are always used to overcome the shortcomings of the nonlinear finite deformation models.
Patel et al. (2003) proposed a shear flexible curved
beam using a nonlinear finite element method based on
field consistency technology. Reismann (2000) studied
the finite deformation of a three-dimensional (3D) slender beam subjected to end loads. The model included
12 coupled nonlinear ordinary differential equations.
Using an iterative shooting method, the problem was
converted to an initial value problem. Zelenina and
Zubov (2000) analyzed the large deformation of beams
under a finite torque load. Using the semi-inverse
method, the 3D nonlinear boundary value problem was
reduced to a two-dimensional (2D) nonlinear boundary
value problem. Mukherjee and Chaudhuri (2002) used
an energy-based electromechanical piezoelectric constitutive law for large deformation analysis of beams. The
displacement fields in their nonlinear finite element
method were based on the first-order shear deformation theory. But the curved beam was not considered.
One of the widely used methods for the laminated
structures is the analytical solution. The exact solutions
can predict precisely the static and dynamical behavior
of the laminates, which are of great value. Yong et al.
(Zhou et al., 2016) presented an analytical method for
small deformations in piezoelectric laminated curved
beam and the secondary piezoelectric effects are investigated using the proposed technique. Atanackovic
(1997) derived the analytical solutions of finitely
deformed beams and columns. Timoshenko (1961)
showed the large deformation of elastic solids. The stability problems of straight beams of large deformation
were also solved. But those are all based on straight
beam theory. Atanackovic (1997) analyzed the finite
deformation of a circular ring under uniform pressure.
Brush and Almroth (1975) investigated the finite deformation stability of a circular ring. They also studied
the stability of nonlinear equilibrium equations for
fluid pressure loading. But Atanackovic, Brush and
Almroth restricted their research only on curved
beams. Lin et al. (2009) used Lagrangian description
together with Eulerian description to derive the analytical solutions of curved beams with variable curvatures.
The bending and point force loads were all considered.
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All the above-cited studies are only restricted to isotropic elastic materials. And later Lin et al. extended their
method to laminated curved beam (Lin and Lin, 2011).
But no piezoelectric materials are included.
In this article, the research of Lin and Lin (2011) is
extended to the finite deformation analysis of smart
laminated curved beams of variable curvatures. The
piezoelectric layers are bonded with the inner and outer
layers of the beam substrate. Both the undeformed or
Lagrangian status and deformed or Eulerian status are
utilized for the finite deformation analysis. Extensibility
of centerline is also considered. The curved beam is
slender enough and the shear deformation effect is
neglected. By choosing the deformed radius of curvature and the angle of tangent slope as basic parameters,
the governing equations of PLCB under static electrical
and mechanical loads are transformed into a system of
equations in terms of the tangent slope angle. All the
quantities of axial force, shear force, rotation angle,
and deformed coordinates of laminated curved beam
are decoupled and expressed as functions of the angle
of tangent slope. The closed-form solutions of various
laminated curved beams such as circular and spiral
beams under voltage and concentrated force loadings
are obtained. The solutions are also compared with the
results obtained using ANSYS. The results are consistent. In the end, effects of radius, thickness ratios, and
stacking sequence on deflections of the PLCB are also
analyzed and explored.

PLCB model
Displacement field and kinematical equations
Consider a 2D slender PLCB of rectangular cross section with width, b, and thickness, h, on a Cartesian
coordinate as shown in Figure 1. The beam is made of
elastic materials and the linear assumption is accepted
even to the finite deformations. The centroid axis of
this 2D slender curved smart beam, either in undeformed state or in deformed state, always lies on X-Y
plane. The following hypotheses are performed:
1.
2.
3.

4.
5.

The cross section is rigid in its own plane, that
is, in the Z-Y plane.
Only the in-plane deformations are considered
(i.e. in the X-Y plane).
The magnitude of the displacement of a point,
or the extension of the axis, or the rotation angle
of any cross section can be sufficiently large.
The shear flexibility is neglected.
No approximation is taken in the curvature
terms.

A differential arc length element on a 2D reference
configuration is adopted to describe the laminated
curved smart beam. The undeformed element with
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once the radius of curvature is assigned, the length
of the differential arc element, dS, in X- and Ydirections is
dX = R(a) cos a da, dY = R(a) sin a da

ð5Þ

where the radius of curvature R(a) is a function of tangent angle a at the undeformed state. Integrating equation (5) once and substituting the coordinates of the
origin point, the undeformed coordinates can be determined. For the deformed differential element ds, the
corresponding radius of curvature is denoted by r(u),
that is
ds = r(u)du

ð6Þ

Similar to the computation of dX and dY, the projected length of ds can be calculated by
dx = r(u) cos u du, dy = r(u) sin u du

Figure 1. Piezolaminated curved beam: (a) deformation of a
deferential element and (b) structure model.

length dS becomes length ds after deformation. The
coordinates of an endpoint (X, Y) in the undeformed
state would change to (x, y) in the deformed state as
shown in Figure 1(a). And then the following expression can be derived (Lin and Lin, 2011)
x = X + u, y = Y + v

u=u  a

ð2Þ

where u is the rotation angle.
Since the strain in the centroid axis is defined by
e0 = (ds  dS)=dS, the ds can be calculated by
ds = (1 + e0 )dS

ð3Þ

The arc length of a differential element, dS, on the
centroidal axis can be expressed as follows
dS = Rda

where the radius of deformed curvature is expressed as
a function of deformed angle u. Integrating equation
(7) once and then substituting the coordinates of a
point in the curved beam, the deformed projected
length can determined. Usually, the pair of coordinates
is given from the displacement boundary conditions.
For instance, a fixed or a hinged end will restrict the
deformation at the point. Others may come from symmetric concerns.
At a distance z from the curved beam central axis,
the undeformed differential element is as follows
dSz = (R(a) + z)da

ð1Þ

where u and v are the horizontal displacement and
the vertical displacement, respectively. The tangent
slope angle at point (X, Y), under undeformed state, is
denoted as a. The tangent slope angle at corresponding
point (x, y), after deformation, is denoted as u. And we
can find

ð4Þ

where R is the radius of curvature which can be a constant or a variable. A constant R denotes the circle.
From many curves, such as ellipse, parabola, cycloid,
spiral, and so on, it is known that the R is a function of
tangent slope angle a. In the undeformed status and

ð7Þ

ð8Þ

and the deformed element is
dsz = (r(u) + z)du

ð9Þ

The strain at a distance of z can be
ez =

(dsz  dSz )
R
Rz du
e0 +
=
dSz
R+z
R + z dS

ð10Þ

Assume z  R so that z/R can be neglected.
Equation (10) can be simplified to
ez = e0 + z

du
dS

ð11Þ

In other words, the curved beam is slender enough.
And the dimension of the beam cross section is much
less than the dimension of the radius of curvature.

Constitutive relationship
Consider a laminated curved thin beam composed of
multi-layers. The layers are arranged on the centroid
plane and the fiber can be in different directions. Since
the beam is thin enough, the effect of shear deformation is neglected.

4
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For the laminated n-layers beam, the stress–strain
relationship of the kth layer with the direction angle g,
which is between the fiber direction and the tangential
direction, is as follows
 11  ½ez 
½sz k = ½Q
k
k

ð12Þ

where sz is the stress component along tangent direction at a distance z from the curved beam centroid axis,
and the elastic stiffness coefficient of the laminated
material is as follows
 11 = Q11 cos4 g + (2Q12 + 4Q66 )
Q
cos2 g sin2 g + Q22 sin4 g

ð13Þ

Figure 2. Sign convention of forces on a curved beam.

and
U1
n12 U2
Q11 =
, Q12 =
,
1  n12 n21
1  n12 n21
U2
Q66 = G12 , Q22 =
1  n12 n21

B11 = b

k =1

ð14Þ
D11 = b

In the above expression, U1 is the longitudinal
Young’s modulus along fiber direction, v12 is the longitudinal Poisson’s ratio, and v21 is the transverse
Poisson’s ratio. U2 is the transverse Young’s modulus
perpendicular to fiber direction, and G12 is the longitudinal shear modulus. The coefficients Q11, Q12, Q22,
and Q66 are the elastic stiffness coefficients.
Assume that the width of the beam cross section is b
and the thickness of the kth layer is tk = zk 2 zk 2 1
(Figure 1). At each cross section, there are n layers from
the outer layer to the inner layer (total thickness, h).
The outermost layer of the curved beam is the first layer
and the innermost layer, the nth layer.
The cross-section resultant force and moment are
obtained by integrating the stress in each layer through
the thickness. Here, the bending moment is positive if it
intends to increase the curvature of the centroid axis.
The positive sign of axial force, N; shear force, FQ; and
moment, M is denoted in Figure 2.
Integrating the stress components, equation (12),
over the cross section, the axial force N is
du
N = A11 e0 + B11
dS

ð15Þ

and the moment resultant M is
du
dS

ð16Þ

where

A11 = b

ðzk
n
X
k=1

zk1

 11  dz
½Q
k

ð17aÞ

 11  zdz
½Q
k

ð17bÞ

 11  z2 dz
½Q
k

ð17cÞ

zk1

ðzk
n
X
k=1

zk1

If piezoelectric layer is considered, the strain, epz , in
the piezoelectricity is as follows
epz = e0 + z

du
+ d31 Ep
ds

ð18Þ

where d31 is the piezoelectric strain constant and Ep is
the electric field in radial direction.
Similar to the calculation of N and M in the elastic
layer, the axial force, Np, and moment, Mp, induced by
piezoelectric effect are as follows
ðzk
n
X

Np = b

k =1

Mp = b

 11  ½d31 Ep  dz
½Q
k
k

ð19aÞ

 11  ½d31 Ep  zdz
½Q
k
k

ð19bÞ

zk1

ðzk
n
X
k=1

zk1

The axial force and moment, equations (15), (16),
(19a) and (19b), in the Laminated Curved Smart Beam
(LCSB) can be rewritten in a matrix form as follows


M = B11 e0 + D11

ðzk
n
X

N
M





A
= 11
B11

B11
D11

( e ) 

0
Np
du +
Mp
dS

ð20Þ

Here, it is noted that if the piezoelectric coefficients,
d31, are 0, we can get: Np = Mp = 0. Hence, the laminated curved beam including piezoelectric materials
will reduce to be one composed of only general elastic
materials.
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relationship of the strain and displacement as well (Lin
and Lin, 2011).

Applications
Consider a cantilever curved smart beam extending
from a = 0 to b. This curved beam can be any one
with various curvatures. A horizontal concentrated
force Fh is applied at the free end (Figure 3). At the
point a = 0 or u = 0, the boundary conditions can be
N (0) =  Fh , FQ (0) = 0

Figure 3. Cantilever curved smart beam under a concentrated
end force.

Static equations
According to the notation and sign convention of axial
force N, moment M together with shear force FQ, external distributed tangential force qa, and radial force qR
as shown in Figure 2, the force balance in the reference
configuration can be
FQ
dFQ
dN
N
dM
+
= FQ
=  qa ,  +
=  qR ,
dS
R
dS
R
dS
ð21Þ

Using coordinate transformation, equation (21) is
the same with the equations derived by Atanackovic
(1997). Note that the equilibrium equations (equation
(21)) and constitutive equations (equation (20)) may
also be expressed in terms of deformed status, that is
FQ
dFQ
dN
qa
N
+
=
,  +
ds
r
r
1 + e0
ds
qR
dM
= FQ
=
,
1 + e0 ds
du
+ Np
N = A11 e0 + B11 (1 + e0 )
ds
du
+ Mp
M = B11 e0 + D11 (1 + e0 )
ds

ð22Þ

It will show later that the configurations are needed
to be mixed in the following solution of the system
equations. The complicated form arises from the term,
1 + e0. This term is retained due to the conservative
field of the external loads. However, this term also
leads to the nonlinear characters of the beam.
It should be noted that the relationship between
strain and displacement is not included in this research.
The deformed coordinates are computed directly.
Hence, it may avoid the error caused by neglecting
higher-order terms of the displacement components. It
would also avoid the difficulty to solve nonlinear

ð23Þ

Suppose the deformed configurations of the curved
beam are used. If there are no distributed loads,
qa = qR = 0, equation (21) can be rewritten as
FQ
dFQ
dN
N
dM
+
= FQ
= 0,  +
= 0,
ds
r
ds
r
ds
du
+ Np
N = A11 e0 + B11 (1 + e0 )
ds
du
+ Mp
M = B11 e0 + D11 (1 + e0 )
ds

ð24Þ

Using equation (6), equations (24a) and (24b) are
changed to
dFQ
dN
+ FQ = 0,  N +
=0
du
du

ð25Þ

And N(a) and FQ(a) can be solved as follows
N = A1 cos (u) + A2 sin (u)

ð26aÞ

FQ =  A2 cos (u) + A1 sin (u)

ð26bÞ

where A1 and A2 are constants which are determined by
given boundary conditions. Substituting boundary conditions, equation (23), into equation (26), the axial and
shear forces can be
N =  Fh cos (u), FQ =  Fh sin (u)

ð27Þ

Integrating equation (24c) once and combining the
boundary condition at the fixed end, a = 0, one can
obtain the following moment expression
ða

M =  R(v)(1 + e0 )Fh sin (u)dv + M0

ð28Þ

0

where M0 is the moment at the fixed.
Consequently, equations (24d) and (24e) can yield
e0 = 

1
(B11 M  D11 N  B11 Mp + D11 Np )
D

ð29aÞ

(A11 M  B11 N  A11 Mp + B11 Np )
du
=
ds
D + B11 M  D11 N  B11 Mp + D11 Np
ð29bÞ
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where D = A11 D11  B211 . Equation (29a) shows that the
induced moment, Mp, can also cause the strain at the
centroid line due to the material properties. Integrating
equation (29b) once, we can get the following
expression
ða

For a cantilever angle-ply symmetric laminated circular arc beam, as shown in Figure 3, the radius is constant, R(a) = R0 , and B11 = 0. Using equation (30), the
rotation angle can be expressed as follows
u= 

(A11 M  B11 N  A11 Mp + B11 Np )
u= 
D + B11 M  D11 N  B11 Mp + D11 Np

ða

(A11 M  A11 Mp )
(1 + e0 )R(v)dv + u0
A11 D11  D11 N + D11 Np

0

ð35Þ

0

ð30Þ

(1 + e0 )R(v)dv + u0

where u0 is a constant determined by boundary condition. For the cantilever beam, u(0) is 0 at a = 0 and
u0 = 0.
From equations (2), (3), (6), and (7), the deformed
coordinates, x, y, of the beam can be

ða
u=

(1 + e0 ) cos (v + u)R(v)dv + x0

ð36aÞ

ð31aÞ
ða

0

v=

ða
y=

(1 + e0 ) cos (v + u)R0 dv + x0  R0 sin (a)

0

ða
x=

Based on equation (33) and the displacement boundary conditions at the fixed end, the displacements u and
v can be

(1 + e0 ) sin (v + u)R(v)dv + y0

ð31bÞ

(1 + e0 )sin(v + u)R0 dv + y0  R0 (1  cos a)

0

ð36bÞ

0

The integration constants can be calculated by applying the fixed end boundary conditions of x = 0, y = 0,
at a = 0. Once e0 and u are calculated using equations
(29a) and (30), the deformed shape of the beam will be
obtained based on equations (31a) and (31b).
The procedures show that there is no need to compute
the displacements directly (Lin and Lin, 2011). Based on
equations (2) and (30), the deformed angle u can be
u=a 

ða

(A11 M  B11 N  A11 Mp + B11 Np )
D + B11 M  D11 N  B11 Mp + D11 Np

0

ð32Þ

(1 + e0 )R(v)dv + u0

And the displacements u and v with the participation
of equations (1), (2), (5), and (31) can be expressed as
8
Ða
Ða
>
>
< u = (1 + e0 ) cos (v + u)R(v)dv + x0  R(v) cos (v)dv
0

0

Ða
Ða
>
>
: v = (1 + e0 ) sin (v + u)R(v)dv + y0  R(v) sin (v)dv
0

0

Laminated curved smart circle beam under
concentrated loading
To validate the presented method, a cantilevered circle
curved smart beam composed of three layers is considered. The matrix, with the thickness 2 mm, of the beam
is the general composite material with the ply angle of
90°. Two isotropic polyvinylidene fluoride (PVDF)
layers, with the thickness of 1 mm of each layer, are
fully bonded with the inner and outer surfaces of the
beam. The material properties of the beam are listed in
Table 1. Let the beam span angle be 60°, that is,
b = 60° and R = 100 mm.
Based on the closed-form solutions listed in equations (36a) and (36b), we present a few graphs to
demonstrate the deformation of the laminated piezoelectric beam (Figure 4) driven by the piezoceramic
actuating layers. Figure 5 shows the displacements
along the beam axis line. Only 5000 V driving voltage
loading is applied. The results are calculated using the

ð33Þ

Suppose the z-coordinates of one piezoelectric layer
in the laminated beam is zpb and zpt. The average strain,
eavp , in the piezoelectric layer is as follows
1
eavp =
zpt  zpb

zðpt



1
 B11 M  D11 N  B11 Mp + D11 Np
D

zpb


z(A11 M  B11 N  A11 Mp + B11 Np )

dz
D + B11 M  D11 N  B11 Mp + D11 Np

ð34Þ

Table 1. Material properties.

Elastic modulus (GPa) Y1
Elastic modulus (GPa) Y2
Shear modulus (GPa) G12
Poisson’s ratio, m12
d31 (m/V)
Dielectric constant
PVDF: polyvinylidene fluoride.

PVDF

Matrix material

2.0
2.0
–
0.29
2450 3 10212
993.6

4.1
0.41
0.18
0.3
–
–

Zhou et al.

Figure 4. Geometry of cantilever beam with b = 60° under
driving electric field.

Figure 5. Displacements along beam axis with only voltage
load.

Figure 6. Displacements along beam axis with force and
voltage loads.

present method and ANSYSÒ large deformation finite
element method. In ANSYS, the plane13 element with
large deflection capability is used and about 412 elements are generated in this study. The results obtained
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using ANSYS and present method are found to be in
excellent agreement.
Figure 6 shows the displacements in the x-direction
and y-direction under 1000 V driving voltage and
1000 N point load applied on the free end. The results,
which are calculated using the present method and
ANSYS large deformation finite element method,
along the beam axis direction are plotted along the
beam axis line. And the solutions are also in good
agreement.
The above results demonstrate the validation of the
present analytical method. The derived equations can
exactly describe the deformations of curved beams
under external loadings. Compared with ANSYS, the
present method is less time-consuming and the exact
expression of displacements in any point of the beam
can be derived. For ANSYS, more than 400 elements
and tens of iterations are used in order to get the converged results.
To investigate the actuating characters of piezoelectricity, the tip displacements of the three-layer beam
with different ply angles, g, in the substrate material are
studied. The material constants are listed in Table 1.
The loads and beam radius are the same as the situation
of Figure 6.
Figure 7 shows the obvious nonlinear between the
tip displacements and the beam substrate ply angle due
to the complexity of the stiffness as listed in equation
(13). The range of the ply angle is from 0 to p/2 and
the curve of the displacements is similar to the sine or
cosine curve. At the same time, the u and v displacements are almost equal because of the couple coefficient of B11 being 0.
Figure 8 shows the tip displacements of the laminated beam with different radii with 1000 V voltage
load and 1000 N concentrated force applied at the free
end. In general, the absolute u-direction displacement is
increasing with the increase in the beam radius due to
the rise of the beam flexibility. But for the v-direction
displacement, it is a little different. When the beam
radius is less than 0.225 m, the v displacement is
increasing with the increase in the beam radius. When
the beam radius is larger than 0.225 m, the v displacement is decreasing until changes to the opposite direction with the increase in the beam radius. With the
increasing of the beam flexibility, the same shearing
force in the beam section can result in increasing displacements in the negative y direction. And it also shows
that the results calculated using present technology and
ANSYS nonlinear finite element method agree well.

Spiral arc laminated beam under concentrated
loading
Consider a spiral cantilever curved beam covered with
piezoelectric PVDF bonded with the inner and outer

8
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Figure 7. Tip displacements with different ply angles of the
beam substrate material: (a) u displacement with different ply
angles and (b) v displacement with different ply angles.

Figure 8. Tip displacements with different circle radii of the
beam: (a) u displacement with different radii and (b) v
displacement with different radii.

layers similar to Figure 4. Suppose the beam spans from
a = 0 to a=b and is fixed at a = 0. The radius, R, of
one point in the beam curve can be

Using equation (33), the displacements of the spiral
beam can be calculated. Figure 9 shows the beam tip displacements in the x- and y-directions. As shown in
Figure 8, the absolute u-direction displacement is increasing with the increase in the value, g0, due to the rise of
the beam flexibility. For the v-direction displacement, it
is more complex. When g0 is less than 0.2 m, the v displacement is increasing with the increase in g0. When g0 is
larger than 0.2 m, the v displacement is decreasing until
changes to the opposite direction with the increase in g0.
At b = 60°, the arc length of the spiral beam is much
lesser than the one of the circle beams. That is to say, the
radius of the curved beam plays a key role in the deformation. For the raising flexibility of the beam, the same
shearing force in the beam section can result in increasing
displacements in the negative y direction.
Figure 10 exhibits the spiral piezoelectric beam displacements with different ply angles. The beam parameters are as follows: g0 = 100 mm, b = 60° and the
loads are the same with the case of Figure 9. As in
Figure 7, the complexity of the beam stiffness leads the
nonlinear property of the tip displacements. And the
radius of the spiral beam is ranging from 0 to 95.5 mm

R = g0 a

ð37Þ

where g0 is the parameter controlling the gap between
consecutive inner and outer arcs of the spiral.
The coordinates of the beam under undeformed state
are (Lin and Lin, 2011) as follows


X = g0 (a sin a + cos a  1)
Y = g0 ( sin a  a cos a)

ð38Þ

Substituting equation (37) in equation (31), the
deformed coordinates are as follows
ða
x=

(1 + e0 ) cos (v + u)g0 vdv + x0

ð39aÞ

(1 + e0 ) sin (v + u)g0 vdv + y0

ð39bÞ

0

ða
y=
0

Zhou et al.

Figure 9. Tip displacements with different g0: (a) u
displacement with different g0 and (b) v displacement with
different g0.

the displacements in the spiral beam are less than the
ones in the circle beam under the same ply angle.
To investigate the stiffness anisotropic property in
the curved beam, the material parameter Ac = Y2/Y1
or Ac = Ep/Y1 is defined. Let the beam geometry shape
and loads are as in Figure 10 except the ply angle being
90°. In the following analysis, the substrate material
Y1 = 4.1 GPa keeps unchanged. Figure 11 shows that
the deflections of the beam free end are almost decreasing linearly as the ratio Ac is increasing due to the rising
of the whole beam stiffness. Free end deflections of the
beam under different piezoelectric material modules are
plotted in Figure 12. We can see that the tip displacements of the beam are nonlinear with the piezoelectric
stiffness Ep, when the beam substrate material module
Y2 is kept constant. For the curved beam when Ep is
larger than 0.7 Y1, the tip displacements vary very small
even as Y2 is changing.
In the curved piezoelectric structures, such as curved
smart actuators, the thickness of the active piezoelectric
and the substrate material, is of importance for
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Figure 10. Tip displacements with different ply angles of the
beam substrate material: (a) u displacement with different ply
angles and (b) v displacement with different ply angles.

their performance (Mtawa et al., 2008). The tip displacements of the laminated spiral beam with different
thickness ratio of piezoelectric layer and matrix material layer are presented in Figure 13. In the analysis, the
substrate material layer keeps 2 mm and the thickness
of the inner and outer piezoelectric layers is equal. The
g0 is 100 mm. The resting geometry and load conditions are similar with Figure 9.
We can see that the nonlinear character exhibits
between the beam free end displacements and the thickness ratio of inner or outer piezoelectric layer and substrate material layer. For the u displacement, the
increasing in the piezoelectric layer thickness means the
decreasing in the actuating force and the increasing in
the beam stiffness. So the mentioned situations lead the
diminishing of the u displacement. When the piezoelectric layer is larger than 0.7 timing the substrate thickness, the deflection of the beam is very small. For the v
displacement, the similar feature shows. When the
piezoelectric layer is 0.1 timing the substrate material
layer thickness, the shear force dominate the v displacement and very small even minus v displacements
appear.
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Figure 11. Tip displacements with different stiffness
anisotropic parameters Ac: (a) u displacement with different Ac
and (b) v displacement with different Ac.

Figure 12. Tip displacements with different stiffness
anisotropic parameters Ac: (a) u displacement with different Ac
and (b) v displacement with different Ac.

One of the advantages of the laminate composite is the
designing property which is useful in the practical applications such as aeronautics field (Shirk et al., 1986). To
explore the effect of the coupling parameter of B11, the
spiral beam with different outer layer ply angles and inner
layer ply angles is investigated. In this analysis, the beam
substrate with 2 mm is divided into two 1 mm layers: the
inner layer of which the radius is smaller and the outer
layer of which the radius is larger. The resting geometry
and load conditions are similar to Figure 10.
Figure 14 plots the beam tip displacements when the
outer layer ply angle arranges from 0° to 90° while setting the inner layer ply angle at five conventional values: 0°, 30°, 45°, 60°, and 90°. We can see that the
displacement curves are alike with Figure 10. As the
outer layer ply angle is increasing, the beam stiffness is
decreasing and the tip displacements become larger.
Figure 15 shows the tip displacements of the laminated beam with different voltage loads and a fixed
400 N concentrated force loaded at the free end. But
the force load has an intersection angle of 30° with the
negative direction of x-axis. And g0 is 200 mm. In general, the absolute u and v displacements are increasing
with the increase in the applied voltages. And it also

shows that the results calculated using present analytical method agree with the data calculated using
ANSYS nonlinear finite element technology.

Conclusion
In this article, the undeformed or Lagrangian status
and deformed or Eulerian status are all utilized to
derive the finite deformation equations of the PLCB.
In the analysis, both the deformed radius of curvature
and the deformed angle of tangent slope are chosen as
parameters. Then, the governing equations of a laminated curved beam experiencing finite deformations
under static electrical and mechanical loadings are
transformed into a set of equations in terms of tangent
slope angle. The static deformation equations considering finite deformations of curved beams covered with
piezoelectric layers are derived. We assume that the
beams are slender enough and the shear deformation
effect is ignored even in the finite deformation state.
The analytical solutions of circular beam spanning 60°
under voltage and force loads are presented. The displacements are compared with the results obtained
using ANSYS. The good agreements are obtained and

Zhou et al.
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Figure 13. Tip displacements with different thickness ratios:
(a) u displacement with different thickness ratios and (a) v
displacement with different thickness ratios.
Figure 15. Tip displacements with different voltage loads: (a) u
displacement with different voltage loads and (a) v displacement
with different voltage loads.

it shows the availability of the presented method. The
laminated spiral beam is analyzed as well. The analytical results indicate that the suitable fiber orientation
angle and stacking sequences can be obtained in order
to satisfy the stiffness requirements in practical
applications.
Declaration of Conflicting Interests
The author(s) declared no potential conflicts of interest with
respect to the research, authorship, and/or publication of this
article.

Funding

Figure 14. Tip displacements with different outer ply angles:
(a) u displacement with different outer ply angles and (b) v
displacement with different outer ply angles.

The author(s) disclosed receipt of the following financial support for the research, authorship, and/or publication of this
article: The corresponding author (Yong Zhou) would like to
acknowledge support in part from the National Natural Science
Foundation of China under Grants 71232006, 61233001;
Finnish TEKES’s Project ‘‘SoMa2020: Social Manufacturing’’
(2015–2017); Hunan Province University Scientific Research
Project (Grant No. 12B054); Chinese Guangdong’s S&T Project
(2014B010118001, 2014A050503004); Chinese Dongguan’s S&T
Project (2013508102018), and Dongguan’s Innovation Talents
Project (Gang Xiong).

12
References
Atanackovic TM (1997) Stability Theory of Elastic Rods. Singapore: World Scientific Publishing.
Brush DO and Almroth BO (1975) Buckling of Bars, Plates
and Shells. New York: McGraw-Hill.
Cady WG (1946) Piezoelectricity. New York: McGraw-Hill.
Clark WW, Smith R, Janes K, et al. (2000) Development of a
piezoelectrically actuated cell stretching device. Proceedings of SPIE 3991: 294–301.
Damjanovic D and Newnham RE (1992) Electrostrictive and
piezoelectric materials for actuators applications. Journal
of Intelligent Material Systems and Structures 3: 190–208.
Goncaves R, Ritto-Correa M and Camotim D (2010) A large
displacement and finite rotation thin-walled beam formulation including cross-section deformation. Computer
Methods in Applied Mechanics and Engineering 199:
1627–1643.
Green AE, Naghdi PM and Wenner ML (1974) On the theory of rods l. Derivations from the three-dimensional
equations. Proceedings of the Royal Society London A337:
451–583.
Hajianmaleki M and Qatu MS (2013) Vibrations of straight
and curved composite beams: a review. Composite Structures 100: 218–232.
Karami MA, Yardimoglu B and Inman DJ (2010) Coupled
out of plane vibrations of spiral beams for micro-scale
applications. Journal of Sound and Vibration 329:
5584–5599.
Lin KC and Lin CW (2011) Finite deformation of 2-D laminated curved beams with variable curvatures. International
Journal of Non-Linear Mechanics 46: 1293–1304.
Lin KC, Lin CW and Lin MH (2009) Finite deformation of 2D curved beams with variable curvatures. Journal of Solid
Mechanics and Materials Engineering 3(6): 877–886.
Machado SP (2007) Geometry non-linear approximations on
the stability and free vibration of composite beam. Engineering Structures 29: 3567–3578.
Moskalik AJ and Brei D (1997) Quasi-static behavior of individual C-block piezoelectric actuator. Journal of Intelligent
Material Systems and Structures 3: 577–587.
Mtawa AN, Sun B and Gryzagoridis J (2008) Effect of substrate to piezoceramic layer thickness ratio on the performance of a C-shape piezoelectric actuator. Sensors and
Actuators A: Physical 141: 173–181.

Journal of Intelligent Material Systems and Structures
Mukherjee A and Chaudhuri AS (2002) Piezolaminated
beams with large deformations. International Journal of
Solids and Structures 39(17): 4567–4582.
Ounaies Z, Mossi K, Smith R, et al. (2001) Low-field and
high-field characterization of THUNDER actuators. Proceedings of SPIE 4333: 399–407.
Patel BP, Ganapathi M, Makhecha DP, et al. (2003) Large
amplitude free flexural vibration of rings using finite element approach. International Journal of Non-Linear
Mechanics 37: 911–921.
Reismann H (2000) Three-dimensional finite inextensional
deformation of a beam. International Journal of Non-Linear Mechanics 35: 157–165.
Schaffer J, Rizen M, L’ltalien GJ, et al. (1994) Device for the
application of a dynamic biaxially uniform and isotropic
strain to a flexible cell culture membrane. Journal of Orthopaedic Research 12: 709–719.
Shakeri C, Bordonaro CM, Noori MN, et al. (1999) Experimental study of THUNDER: a new generation of piezoelectric actuators. Proceedings of SPIE 3675: 63–71.
Shirk MH, Hertz TJ and Weisshaar TA (1986) Aeroelastic tailoring—theory, practice and promise. Journal of Aircraft
23(1): 6–18.
Susanto K (2008) Piezoelectric forceps actuator: theory and
experiments. Review of Scientific Instruments 79: 115106.
Susanto K and Yang B (2007) Modeling and design of a
piezoelectric forceps actuator for meso/micro grasping.
ASME Journal of Medical Devices 1: 30–37.
Tanaka S (1999) A new mechanical stimulator for cultured
bone cells using piezoelectric actuator. Journal of Biomechanics 32: 427–430.
Timoshenko SP (1961) Theory of Elastic Stability. New York:
McGraw-Hill.
Yoon KJ, shin S, Kim J, et al. (2000) Development of lightweight THUNDER with fiber composite layers. Proceedings of SPIE 3992: 57–64.
Zelenina AA and Zubov LM (2000) The non-linear theory of
the pure bending of prismatic elastic solids. Journal of
Applied Mathematics and Mechanics 64(3): 399–406.
Zhang M, Gao T, Wang J, et al. (2015) A hybrid fibers based
wearable fabric piezoelectric nanogenerator for energy harvesting application. Nano Energy 13: 298–305.
Zhou Y, Nyberg T, Xiong G, et al. (2016) Precise deflection
analysis of laminated piezoelectric curved beam. Journal of
Intelligent Material Systems and Structures. Epub ahead of
print 31 January. DOI: 10.1177/1045389X15624797.

