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Abstract
Purpose: Bioluminescence tomography (BLT) is a promising in vivo optical imaging technique in
preclinical research at cellular and molecular levels. The problem of BLT reconstruction is quite
ill-posed and ill-conditioned. In order to achieve high accuracy and efficiency for its inverse
reconstruction, we proposed a novel approach based on Lp regularization with the Split
Bregman method.
Procedures: The diffusion equation was used as the forward model. Then, we defined the
objective function of Lp regularization and developed a Split Bregman iteration algorithm to
optimize this function. After that, we conducted numerical simulations and in vivo experiments to
evaluate the accuracy and efficiency of the proposed method.
Results: The results of the simulations indicated that compared with the conjugate gradient and
iterative shrinkage methods, the proposed method is more accurate and faster for multisource
reconstructions. Furthermore, in vivo imaging suggested that it could clearly distinguish the
viable and apoptotic tumor regions.
Conclusions: The Split Bregman iteration method is able to minimize the Lp regularization
problem and achieve fast and accurate reconstruction in BLT.
Key words: Bioluminescence tomography (BLT), Lp regularization, Image reconstruction, Split
Bregman method

Introduction
Molecular imaging is a promising tool to visualize the
qualitative or quantitative in vivo measurements of
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physiological and pathological activities at the cellular and
molecular levels [1–4]. Bioluminescence tomography
(BLT), as one of the optical molecular imaging modalities,
has been applied to preclinical cancer research, such as
tumor metastasis detection and antitumor drug evaluation [5,
6], with superb ability in the quantification of ongoing
biological processes. Compared with other tomographic
molecular imaging modalities, such as positron emission

Y. Hu et al.: Lp Regularization for Bioluminescence Tomography

tomography (PET) and magnetic resonance imaging (MRI),
it can offer comparable or even better sensitivity and
specificity, but at a much lower cost. However, to accurately
visualize the 3D distribution of the bioluminescent probe
inside an object from the optical signal detected on its
external surface, one of the challenges is the severe ill-posed
problem in the inverse reconstruction of BLT due to the high
diffusive effect of photon propagation in tissues and the
related insufficient detection of the bioluminescent signal [7,
8]. In order to solve the ill-posed problem, several
regularization methods have been developed to improve
the stability and efficiency for BLT reconstruction, such as
Tikhonov regularization (l2-norm) [9] and Sparse regularization (l1-norm) [10].
The Tikhonov method has been widely used because it is
simple and can be efficiently solved by a conventional
minimization method like the conjugate gradient method [9],
but it frequently causes oversmoothing of the reconstructed
light sources with poor definition of source boundaries [11].
Sparse regularization (l1-norm) is also commonly used along
with compressed sensing (CS) to achieve high-quality reconstruction from a limited amount of samples or measurements
[10]. Therefore, it has been introduced to solve the BLT
reconstruction problem by minimizing an objective function
with a quadratic error term. Convex optimization methods,
such as linear programming and iterative shrinkage, are
adopted to solve the objective function [12–15]. However,
sparse regularization may result in oversparse reconstruction of
the source distribution, which degrades the image quality [16].
In order to solve these problems, we introduced the Lp
regularization based reconstruction algorithm for BLT. The
Lp regularization method combined the merits of l2 and l1
regularization, which can overcome oversmoothing and
oversparsity of the 3D source distribution. Then, the Split
Bregman method is exploited to solve the Lp regularization
problem in order to effectively improve the reconstructed
speed. To evaluate the performance of the proposed method,
we conducted a series of numerical simulations and in vivo
tumor-bearing mouse studies. The conjugate gradient and
iterative shrinkage methods were employed for comparison.
This paper is organized as follows: The BDiffusion
Equation^ section presents the forward photon propagation
model. The BLp Regularization^ and BSplit Bregman Iteration
Algorithm for Lp Regularization^ sections give the reconstruction method based on Lp regularization with the Split Bregman
iterative algorithm. The BResults^ section reports the experimental results to verify the performance of the proposed
method, and we also draw the conclusion in this section.
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high computational burden, which significantly limits its practical
applications in the field of biomedical imaging. To simplify RTE,
when optical properties of photon scattering predominate over
photon absorption in biological tissues, the steady-state diffuse
approximate equation is adopted with the Robin boundary
condition as the forward model for the description of photon
propagation [17, 18]:

−∇⋅ðDðrÞ∇ΦðrÞÞ þ μa ðrÞΦðrÞ ¼ S ðrÞðr ∈ ΩÞ;

ð1Þ



0
ΦðrÞ þ 2A r; n; n DðrÞðνðrÞ⋅∇ΦðrÞÞ ¼ 0ðr ∈ ∂ΩÞ;

ð2Þ

where r ∈ R3 is the location vector. Ω is the region of biological
tissues. D(r) = 1/(3(μ a (r) + μ s ′ (r))) is the optical diffusion
coefficient. μ a (r) is the absorption coefficient, and μ s ′ (r) is
the scattering coefficient. ν is the unit outward normal on
∂Ω, and ∂Ω is the boundary of the biological tissues. Φ(r)
is the photon flux density. S(r) is the internal optical source
distribution.
Given the mismatch between the refractive indices n for Ω and n′
for the surrounding medium, the measured quantity is represented by
the outgoing photon density on the boundary ∂Ω as follows:

QðrÞ ¼ −DðrÞðν⋅∇ΦðrÞÞ ¼

Φðr Þ
ðr ∈ ∂ΩÞ:
2Aðr; n; n0 Þ

ð3Þ

After applying the finite element method (FEM) based on
Eq. (1) and (2), the linear relationship connecting the measured
boundary flux Φm and the unknown source density S in a
heterogeneous medium is established as follows [18]:

AS ¼ Φm :

ð4Þ

where A is an ill-conditioned system matrix.

Lp Regularization
Due to insufficient measurements and the high diffusive nature
of the photon propagation in tissues, the inverse 3D reconstruction of the source distribution is ill-posed. In order to
obtain a unique solution, Lp regularization is introduced to
determine source power density S by minimizing the following
objective function:

J μ ðS Þ ¼

μ
kAS−Φm k22 þ kS kp
2

ð5Þ

Method
Diffusion Equation
The radiative transfer equation (RTE) can describe photon
propagation in biological tissues. However, RTE suffers from a

where 1 G p G 2. μ is the positive regularization parameter balancing
the data fidelity and the regularization term. The proposed Lp
regularization can combine the merits of the isotropic (L2-norm)
and anisotropic (L1-norm) diffusion to avoid oversmoothed and
oversparse reconstruction of the source distribution.
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Split Bregman Iteration Algorithm for Lp
Regularization

The optimization problem of Eq. (10) is equivalent to
optimizing the following constrained problem:

In order to optimize Eq. (5), we exploited an effective Split
Bregman algorithm [18] to solve the optimization problem. The
Bregman iterative algorithm is based on the Bregman distance. The
Bregman distance associated with a convex function E at point ν is
defined as

min kd kp þ

DPE ðμ; νÞ ¼ E ðμÞ−E ðνÞ−hP; μ−νi

ð6Þ

where P is in the subgradient of E at ν. Considering two convex
energy functions E and H, the associated unconstrained minimization problem is given as

min EðS Þ þ λH ðS Þ
S

ð7Þ

μ
kAS−Φm k22 s:t: d ¼ S
2

ð11Þ

According to the Bregman iterative framework defined by
Eqs. (8) and (9), the two simple subproblems of Eq. (11) are
presented as


2

μ
λ
S kþ1 ; d kþ1 ¼ min kd kp þ kAS−Φm k22 þ d−S−bk 2
S;d
2
2

bkþ1 ¼ bk þ S kþ1 −d kþ1

ð12Þ

ð13Þ

Equation (12) can be decoupled into two subproblems, and the
solution of the objective function Eq. (5) is solved in three simple
iterative steps

The above problem is modified by iteratively solving



S kþ1 ¼ min DPE S; S k þ λH ðS Þ
S


¼ min E ðS Þ− Pk ; S−S k þ λH ðS Þ

S;d

ð8Þ

S kþ1 ¼ min
S

2
μ
λ
kAS−Φm k22 þ d k −S−bk 2
2
2

ð14Þ

S



Pkþ1 ¼ Pk −∇H S kþ1

S

μ
kAS−Φm k22
2

ð15Þ

bkþ1 ¼ bk þ S kþ1 −d kþ1

ð16Þ

ð9Þ

In order to solve Eq. (5), we let E(S) = ‖S‖p,
H ðS Þ ¼ μ2 kAS−Φm k22 , thus Eq. (5) can be written as follows:

min EðS Þ þ

2
λ
d kþ1 ¼ min kd kp þ d−S kþ1 −bk 2
d
2

ð10Þ

where μ is the regularization parameter. λ is the Spilt Bregman
iterative algorithm parameter.
The optimal value of d can be computed using adjusted
shrinkage operators for Eq. (15). Thus,

Fig. 1 The heterogeneous cylindrical phantom used in simulations. a The 3D view of the phantom; b the cross section of the
phantom in the z = 0 plane.
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Table 1. Optical parameters for each organ in the heterogeneous cylindrical
phantom
Coefficient

Muscle

Lungs

Bone

Heart

μa (mm−1)
μs′ (mm−1)

0.075
2.178

0.071
2.305

0.032
0.586

0.022
1.129

The absorption and coefficients of the four organs are listed in the first and
second row, respectively [24]

method based on l2-norm regularization and the iterative
shrinkage (IS) method based on l1-norm regularization for
3D source reconstruction. All of the reconstructions were
performed on a computer with Intel(R) Core (TM) i3-4130T
CPU 2.90GHz and 4.00 GB RAM.
In order to demonstrate the reconstruction accuracy of the
proposed method, the location error (LE) was quantitatively
measured in simulation studies, which was defined as
LE ¼

d kþ1 ¼ sign



S kþ1

p



þ bk max 0;

S kþ1

1
p
þ bk −
λ

ð17Þ

833

qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx−x0 Þ2 þ ðy−y0 Þ2 þ ðz−z0 Þ2 , where (x0, y0, z0) is the

actual source center, and (x, y, z) is the reconstructed source
center [19].

Heterogeneous Phantom Simulation

Results
In this section, numerical simulations and in vivo experiments were conducted to evaluate the proposed method
through the comparison with the conjugate gradient (CG)

Heterogeneous phantom stimulation experiments were conducted to test the performance of the proposed method. The
heterogeneous cylindrical phantom was 20 mm in diameter
and 20 mm in height, which contained two sources S1 (6.00,
5.00, 0.00) and S2 (−6.00, −5.00, 0.00), and also consisted
of four types of regions to represent muscle, lungs, bone,
and heart as shown in Fig. 1. The corresponding optical

Fig. 2 Reconstruction results using three different methods. a, d Reconstruction results given by the CG method. b, e
Reconstruction results given by the IS method. c, f Reconstruction results given by the proposed method. Upper row: 3D views
of the reconstruction results. Bottom row: the corresponding tomographic slices from the reconstruction results in the z = 0
plane.
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Table 2. Quantitative results for two sources by different methods
Methods

CG

Reconstructed
position center
(mm)

S1 (6.00, 5.00, 0.00)
S2 (−6.00, −5.00, 0.00)
IS
S1 (6.00, 5.00, 0.00)
S2 (−6.00, −5.00, 0.00)
Proposed S1 (6.00, 5.00, 0.00)
S2 (−6.00, −5.00, 0.00)

Location error (mm) Reconstruction
time (s)

0.0026
0.0017
0.0087
0.0053
0.0015
0.0005

387.128
76.55
23.58

parameters of different organs were set with the inverse
adding-doubling method as listed in Table 1 [20]. The
phantom was discretized into 4564 nodes and 24,333
tetrahedral elements, and the 3D view and the cross section
of the phantom in the z = 0 plane are also shown in Fig. 1a, b,
respectively.
In order to have a better evaluation in the performance of
the proposed method, we compared it with two other
classical and effective reconstruction methods for the
reconstruction of the same data while maintaining the same
termination condition. The conjugate gradient is a very
classical method based on l2-norm regularization to solve the
ill-posed inverse problem. The iterative shrinkage is a very
effective method based on l1-norm regularization because of
the introduction of compressed sensing. Figure 2 shows the
reconstruction results given by the three methods,
including both 3D views (Fig. 2a–c) and the
corresponding tomographic slices extracted from the 3D
data (Fig. 2d–f). These results showed that all three
methods were able to reconstruct the 3D distribution of
the two target sources, but distinct differences were
found in both accuracy and speed.
The reconstructed sources (S1 and S2) given by the CG
method revealed that there was too much scattering in the

two target source regions (Fig. 2a, d), which was a sign of
oversmoothing. It also consumed the most of time
(387.128 s) for obtaining this result, as shown in Table 2.
The IS method spent much less computational time
(76.55 s), but the volumes of the reconstructed sources were
much smaller than they should be (Fig. 2b, e), which was a
sign of oversparsity. This drawback led to the biggest LEs of
the two reconstructed sources among all three methods
(Table 2).
Unlike CG and IS, the proposed method provided the
most accurate reconstruction of both sources with the
shortest computational time (23.58 s), as shown in Table 2.
The volumes of the 3D reconstructed sources, S1 and S2,
were also most similar to the original design of the phantom
(Fig. 2c, f). Obviously, neither oversmoothing nor oversparse reconstruction appeared in the proposed method.

In Vivo Mouse Experiment
To further validate the feasibility of the proposed method in
practical applications, an in vivo experiment on an adult
mouse was performed using an optical and micro-CT dualmodality imaging system previously developed by our group
[21–23]. This hybrid imaging system was employed to
acquire the experimental datasets. The schematic illustration
of the system is shown in Fig. 3, and the manufacturers and
models of the components in the system are listed in
Table 3.
The tumor-bearing mouse model: 4–5-week-old BALB/c
nude mice (n = 3, all female) were purchased from the
Peking University Health Science Center. All experiments
were performed in accordance with the guidelines of the
Institutional Animal Care and Use Committee (IACUC) at
Peking University (permit number 2011-0039). The research

Fig. 3 Schematic diagram of the optical/micro-CT dual-modality imaging system.
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Table 3. The manufacturers and models of the components in the dualmodality system
Device

Manufacturer and model

Cooled CCD
CCD LENSES
X-ray generator

Princeton instruments, PIXIS: 1024
Nikon Nikkor, 50 mm f 1.2
Oxford Instruments, 90 kV UltraBright
Micro-focus Source
Hamamatsu Photonics, C7943CA-02
Flat Panel Sensor
Beijing Zolix Instruments, RAK

X-ray detector
Rotating stage

procedures were approved by IACUC of Peking University.
All image acquisitions were performed with our best effort
to minimize the suffering of the mice. The subcutaneous
tumor model was established by injecting 5 × 106 MDAMB-231-Luc cells (human breast cancer cell line) into the
right upper flanks of nude mice (n = 3). The luciferaseexpressing MDA-MB-231-Luc cell line is suitable for
bioluminescence imaging. Two weeks after tumor cell
injection, the raw optical and CT data of the three mice
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were acquired by the hybrid imaging system. Anterior to the
imaging acquisition, the mice were injected with 0.3 ml
anesthetic at a 0.15 g/ml concentration via intraperitoneal
injection, and then followed with 0.3 ml D-Luciferin bought
from Biotium (CA, Fremont, USA). Photons were emitted
by the oxidation of luciferine by luciferase.
Considering the sparsity characteristic of the source
inside of the tumor tissues, we employed sparse regularization (l1-norm) with the IS method and Lp regularization with
the Split Bregman iteration method for the comparison of
solving the ill-posed problem in BLT and obtaining a unique
and robust solution for each mouse.
The results proved that the proposed method was
successful for BLT reconstructions in all three mice. It can
always find the nearest node of elements to the actual source
inside of tumor tissues, whereas with the same termination
condition, sparse regularization with the IS method only
succeeded in one tumor-bearing mouse. The 3D reconstruction results of the two methods from the same tumor mouse
model are given in Fig. 4. The IS method produced an

Fig. 4 BLT reconstruction results using different methods. a, c Reconstruction results based on sparse regularization with the
IS method. b, d Reconstruction results based on Lp regularization with the Split Bregman method. Upper row: 3D views of the
reconstruction results. Bottom row: 2D sagittal slices showing the optical source distribution inside of the tumor.
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oversparse reconstruction result (Fig. 4a, c), but the
proposed method produced a more reasonable reconstruction
result with better morphological definition of the viable
tumor cell enriched area (Fig. 4b, d).
Figure 4c, d demonstrates one of the sagittal planes of the
3D volume data, which shows the morphological and
intensity distribution of the reconstructed bioluminescent
sources inside of the tumor. The proposed method
revealed that most of the optical sources came from the
periphery of the tumor and formed a ring-shaped area
with much less signal intensity in the center. This
suggested that major apoptosis and necrosis occurred in
the central area of the tumor, and the viable tumor cells
progressed along the peripheral area, which was commonly seen in tumor xenograft mice. Although sparse
regularization with the IS method also reconstructed the
optical source distribution successfully in this case, too
much morphological information was lost due to the over
sparse effect (Fig. 4c).

Discussion
Bioluminescence tomography (BLT) is a promising quantitative molecular imaging technique in preclinical research at
the cellular and molecular level. In this study, we proposed a
new BLT strategy based on Lp regularization and the Split
Bregman method. After a series of simulation comparisons
and in vivo tumor-bearing mice studies, the reconstruction
results proved that Lp regularization can combine the merits
of L1 and L2 regularization and avoid oversmoothing and the
oversparse effect, so that improved overall performance for
the 3D reconstruction of the bioluminescent source distribution was achieved. Furthermore, since the main idea of the
Split Bregman method is to decompose a complex optimization problem into two independent suboptimization problems by introducing an auxiliary variable, the complicated
Lp regularization then became relatively simplified and
easier to implement. Comparing L1 and L2 regularization
using the conventional IS and CG methods, the Split
Bregman iteration was specially designed to minimize the
Lp regularization problem, and it provided the fastest
reconstruction speed and smallest spatial errors.
Although the proposed method demonstrated better
performance than the conventional L1 and L2 regularization
using IS and CG methods, it is still based on finite element
discretization. Therefore, the technique of establishing
discrete meshes of the imaging object plays a critical role
for the application of the proposed method. To further
improve reconstruction accuracy and efficiency, the adaptive
mesh [16] instead of globally uniform discretization will be
investigated in future studies. Besides that, future work will
also include adopting the proposed method for various
preclinical applications, such as early in vivo tumor detection
and quantitative evaluation of therapeutic interventions for
tumor treatment.

Conclusion
In conclusion, the numerical simulation and in vivo mouse
experiment demonstrated that the proposed Lp regularization
and Split Bregman method could achieve a highly accurate
and efficient BLT reconstruction, which provided 3D
quantitative imaging of the bioluminescent source distribution inside of the tumor tissues.
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