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Abstract— The correntropy-induced loss (C-loss) function has
the nice property of being robust to outliers. In this paper, we
study the C-loss kernel classifier with the Tikhonov regularization
term, which is used to avoid overfitting. After using the halfquadratic optimization algorithm, which converges much faster
than the gradient optimization algorithm, we find out that the
resulting C-loss kernel classifier is equivalent to an iterative
weighted least square support vector machine (LS-SVM). This
relationship helps explain the robustness of iterative weighted
LS-SVM from the correntropy and density estimation perspectives. On the large-scale data sets which have low-rank Gram
matrices, we suggest to use incomplete Cholesky decomposition
to speed up the training process. Moreover, we use the representer
theorem to improve the sparseness of the resulting C-loss kernel
classifier. Experimental results confirm that our methods are
more robust to outliers than the existing common classifiers.
Index Terms— Correntropy, half-quadratic (HQ) optimization,
kernel classifier, loss function.

I. I NTRODUCTION

I

N THE machine learning field, classification is a fundamental problem and has been widely studied. We consider
binary classification here. In the context of discriminant analysis, the discriminant function f (x) ∈ R is usually learned from
N
, where (x i , yi ) ∈ Rn ×
a given training data set {(x i , yi )}i=1
{±1} (n is feature dimension), by empirical risk minimization
of a loss function l(y, f (x)) [1]–[3]. It is natural to consider
the 0–1 loss function l0−1 (z) = (−z)+ 0 , where z = y f (x)
is the margin variable and (−z)+ = max(0, −z), since it
relates with misclassification rate directly [2], [3]. However,
its optimization is NP-hard [2], [3]. Thus, researchers propose
to use the convex upper bounds of l0−1 (z) in order to alleviate
the computational problem of l0−1 (z) [2], [3]. For example,
the support vector machine (SVM) employs the hinge loss
function lhinge (z) = (1 − z)+ [2]–[4], [6], AdaBoost uses
the exponential loss function lexp (z) = exp(−z) [2], [3],
logistic regression applies the logistic loss function llog (z) =
log(1 + exp(−z)) [2], [3], and ridge regression applies the
least square (LS) loss function lls (z) = (1 − z)2 [2], [6].
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The above classifiers are popular and have been successfully
applied to many applications. However, in some real-world
data sets, the training samples are often contaminated by
noise and some even have wrong labels. These are known as
outliers and they may arise due to mechanical faults, fraudulent
behavior, instrument error, or human error [5], [8]. In this
paper, we consider outliers as the samples that locate in the
other classes and are far away from their own classes due to
feature noise or label noise [4], [5]. Unfortunately, researchers
have shown that the above classifiers, which are based on
the convex loss functions, are not robust to outliers [5], [6]
and their decision boundaries may be seriously influenced by
outliers. The main reason is that the unboundedness of the
above convex loss functions would cause outliers to have large
losses [4]–[7], [16], and as a result, the decision boundaries
of the above classifiers may deviate severely from the optimal
one, which may lead to poor performance. Hence, when there
are outliers in the training data sets, the performance of the
above classifiers is reduced.
A number of methods have been proposed to deal with
outliers and improve the robustness of classifiers. The straightforward methods are data preprocessing methods, which aim
to remove or relabel the suspect training samples [5], [8]–[10].
Data preprocessing methods are usually based on different
heuristics, such as classification, clustering, nearest neighbor,
and information theoretic measures, but they hold the risk
of removing useful training samples. Assigning weights to
the training samples is another popular way to reduce the
detrimental effect of outliers [5], [11], [12]. Different weights
are assigned to different training samples, which can show
their relative importance, and many heuristic weight functions
have been proposed. Alternatively, an important way to tackle
outliers is to construct robust classifiers by using bounded
and nonconvex loss functions [5]. Since the bounded and
nonconvex loss functions place bounded losses on outliers,
they do not overfocus on outliers and then are robust to
outliers [4], [5], [7], [16], [18]. In [4] and [13]–[15], the ramp
loss was used to construct the robust SVM (RSVM). MasnadiShirazi and Vasconcelos [16] proposed the bounded Savage
loss and used it to construct the SavageBoost algorithm,
which was more robust than AdaBoost, RealBoost, and LogitBoost. And Miao et al. [7] further extended their work.
Yang and Hu [17] developed the stagewise LS loss by updating the targets of the training samples, which can approximate the squared ramp loss. In [18], the truncated LS loss
was developed to construct the robust least square SVM
(LS-SVM). Experimental results confirm that the above
approaches are effective in improving the robustness of classifiers to outliers.
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The correntropy-induced loss (C-loss) function [20] is a
bounded, smooth, and nonconvex loss that is robust to outliers,
since it also places bounded losses on outliers [4], [5], [7].
In this paper, we investigate the C-loss kernel classifiers which,
as a result, have the property of robustness to outliers. The
Tikhonov regularization term [21] is used to avoid overfitting.
As far as we know, such regularized C-loss problem has not
been investigated yet, and we find that it is equivalent to an
iterative weighted LS-SVM problem [11] after optimized by
the half-quadratic (HQ) optimization algorithm [22], [23]. The
main contribution of this paper is as follows.
1) We develop the robust C-loss kernel classifier with the
help of HQ optimization algorithm and show that it is
equivalent to an iterative weighted LS-SVM. To the best
of our knowledge, it is the first time that we can explain
the robustness of iterative weighted LS-SVM from the
correntropy and density estimation perspectives.
2) Like LS-SVM, the proposed C-loss kernel classifier has
no sparseness. We suggest to deal with this disadvantage
based on the representer theorem [24], [25]. To be
specific, we first select a subset of the training samples
as support vectors and then rewrite the Tikhonov regularization term using the selected support vectors. The
HQ optimization algorithm can still solve the problem.
3) We experimentally show that the HQ optimization algorithm converges much faster than the gradient optimization algorithm, which is commonly used to optimize the
correntropy-based problems [20], [26], [28]. Besides,
on the large-scale data sets that have low-rank Gram
matrices, incomplete Cholesky decomposition [27] is
employed to further speed up the training process.
In the experiments, we analyze the robustness of the proposed C-loss kernel classifiers on the real-world data sets by
introducing label noise [4], [5], and the results confirm that
they are more robust to outliers than some existing popular
classifiers.
The organization of this paper is as follows. In Section II,
we briefly review correntropy and C-loss so that one has a
general idea about them. Then, we develop the C-loss kernel
classifier with the Tikhonov regularization term in Section III,
along with its relationship with iterative weighted LS-SVM
and speedup method. Considering the sparseness problem of
the proposed C-loss kernel classifier, we improve its sparseness
in Section IV. Experimental results are shown in Section V.
Finally, this paper is summarized in Section VI.

Fig. 1. Loss functions for classification. TLS-2 is short for the truncated LS
loss whose upper bound is 2.

successfully applied to adaptive filtering [33] and pitch detection in speech [34].
Singh et al. [20] derived the C-loss



(1 − z)2
(1)
lC (z) = β 1 − exp −
2σ 2
where β = (1 − exp(−(1/2σ 2 )))−1 is a normalizing constant
which ensures that lC (0) = 1, and σ is window width.
Fig. 1 shows the C-loss functions with different σ values. We
can learn from Fig. 1 that C-loss is a bounded, smooth and
nonconvex loss, and thus, it is robust to outliers [4]–[7], [18].
Compared with the truncated LS loss [18], C-loss is smooth
and differentiable. As Singh et al. [20] proved, C-loss has the
following properties: 1) it is Bayes consistent; 2) it embeds
the higher order statistics of z; and 3) in the space of errors
e = y − f (x), C-loss behaves like L2-norm for small errors,
L1-norm for medium errors, and L0-norm for large errors.
The neural network trained from C-loss was studied in [20].
Inspired by the kernel least-mean-square algorithm [36],
Pokharel and Principe [37] developed the kernel adaptive classifier of C-loss (KACC). In fact, their method is the stochastic
gradient minimization of C-loss. The experimental results
in [20] and [37] show that the above classifiers based on
C-loss can perform well on the real-world data sets. However,
they did not analyze the robustness of C-loss to outliers. In
Section III to Section V, we derive the C-loss kernel classifiers
and experimentally show their robustness to outliers.
III. C-L OSS W ITH THE T IKHONOV R EGULARIZATION
In this section, we derive the C-loss kernel classifier with
the Tikhonov regularization term [21], which is commonly
used to avoid overfitting. We consider the following linear
discriminant function:

II. C ORRENTROPY-I NDUCED L OSS F UNCTION
Correntropy is an information-theoretic metric [26], [28]
and has a close relationship with M-estimation [29]. It has
been used in various applications [26], [30]–[34]. The robust
regression of correntropy was studied in [26]. Jeong et al. [30]
proposed the correntropy minimum average correlation energy
filter for automatic target detection and recognition. Under
the classification framework of sparse representation [35],
He et al. [31], [32] showed the effectiveness of correntropy
in robust face recognition where non-Gaussian and impulsive
noise often exists. In addition, correntropy has also been

f (x) = w T φ(x) + b

(2)

where w is the weight vector, b is the bias term, and φ(x)
is the feature mapping function, which is usually implicitly
represented by a kernel function that satisfies the Mercer
theory [38]. According to the regularization framework of loss
+ penalty [4], [6], [38], the regularized C-loss problem we
consider in this paper is



N

λ
(yi − f (x i ))2
+ w22 (3)
β 1 − exp −
min
2
w,b
2σ
2
i=1

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.
XU et al.: ROBUST C-LOSS KERNEL CLASSIFIERS

3

where λ ≥ 0 is the regularization parameter. The above
problem is equivalent to
max RC1 (w, b)
w,b

(4)

N
exp(−(((yi − f (x i ))2 )/(2σ 2 ))) −
where RC1 (w, b) = i=1
2
(λ/2)w2 , where λ := (λ/β). If RC1 (w, b) is multiplied by
(1/(2πσ N )), we can rewrite (4) as

N
e2
λ
1  1
exp − i 2 −
w22
max
w,b N
2πσ
2σ
4πσ N
i=1

where ei = yi − f (x i ). Based on the Parzen window principle [39], we can interpret (4) as maximizing the regularized
p(e = 0). C-loss was proved to be an invex function in [40].
The gradient optimization algorithm is commonly used to
optimize the correntropy-based problems [20], [26], [28].
Singh et al. [20] and Liu et al. [26] proposed to use the LS or
logistic loss to help find a good initial point for the gradient
optimization algorithm. The gradient optimization algorithm
can also be used here, since C-loss is smooth and differentiable. However, it usually converges very slowly, especially
when the variable dimension is high [41]. Thus, we do not
suggest to use the gradient optimization algorithm to solve (4).
We recognize that the HQ optimization algorithm [22], [23]
can be applied in this case, which has been successfully
used in robust face recognition [31], [32] and robust feature
extraction [42]. In Section III-A, we use the HQ optimization
algorithm to solve (4).
A. Half-Quadratic Optimization for C-Loss
We define a convex function g(v) = −v log(−v)+v, where
v < 0. Based on the conjugate function theory [41], we know
that


(y − f (x))2
(y − f (x))2
− g(v)
(5)
=
sup
v
exp −
2σ 2
2σ 2
v<0
where the supremum is achieved at v
=
− exp(−((y − f (x))2 )/(2σ 2 )) < 0. We put the derivation
of (5) in Appendix A. With (5), we can rewrite RC1 (w, b)
in (4) as
RC1 (w, b)
N

(yi − f (x i ))2
λ
=
sup v i
− g(v i ) − w22
2
2σ
2
i=1 v i <0

N 

λ
(yi − f (x i ))2
= sup
−
g(v
)
− w22
vi
i
2
2σ
2
v≺0 i=1


N

λ
(yi − f (x i ))2
= sup
− g(v i ) − w22
vi
2
2σ
2
v≺0

(6)

i=1

where v ∈ R N and v ≺ 0; the second equation above is
obtained from the fact that v i (((yi − f (x i ))2 )/(2σ 2 )) − g(v i ),
i = 1, 2, . . . , N, are independent functions with respect to v i ,
and the third equation comes from the fact that (λ/2)w22 is
a constant with respect to v i . Using (6), we derive that (4) is
equivalent to
max RC2 (w, b, v)

w,b,v≺0

(7)

N
2
2
where RC2 (w, b, v) =
i=1 (v i (((yi − f (x i )) )/(2σ )) −
2
g(v i ))−(λ/2)w2 . Now, we can use the alternating optimization method to optimize (7). To be specific, given (w, b), we
optimize over v, and then given v, we optimize over (w, b).
First, suppose that we are given (ws , b s ) (the superscript s
denotes the sth iteration), (7) becomes

N 
s
2

 s
s (yi − f (x i ))
(8)
max
− g vi
vi
v s ≺0
2σ 2
i=1

v is (((yi

where
− f s (x i ))2 )/(2σ 2 )) − g(v is ), i = 1, 2, . . . , N,
are independent functions with respect to v is . According to (5),
the analytical solutions of (8) are


(yi − f s (x i ))2
s
v i = − exp −
< 0, i = 1, 2, . . . , N.
2σ 2
(9)
Second, after we obtain v s , we can get (ws+1 , bs+1 ) by solving
the following problem :1
max
w,b

N

v is
λ
(yi − w T φ(x i ) − b)2 − w22
2
2σ
2

(10)

i=1

which can be rewritten as
1 T
1
e e + w22
w,b,e 2λ
2
T
s.t. y −  w − b1 = e
min

λσ 2 ,

(11)

where λ :=
=

1 is a vector of all
ones, and  = [φ(x 1 ), φ(x 2 ), . . . , φ(x N )]. Notice that (11)
is a weighted LS-SVM [11] and 0 < −v i < 1 can show the
relative importance of the training samples. The Lagrangian
of (11) is
1
1 T
e e + w22 + α T( y − e − T w − b1)
L(w, b, e, α) =
2λ
2
N
where α ∈ R are the Lagrange multipliers. The corresponding conditions for optimality are [11]
⎧
∂ L(w, b, e, α)
⎪
= 0 ⇒ w = α,
⎪
⎪
⎪
∂w
⎪
⎪
⎪
∂ L(w, b, e, α)
⎪
⎪
⎨
= 0 ⇒ 0 = α T 1,
∂b
(12)
∂ L(w, b, e, α)
⎪
−1 α,
⎪
⎪
=
0
⇒
e
=
λ
⎪
⎪
∂e
⎪
⎪
⎪
∂
L(w,
b, e, α)
⎪
⎩
= 0 ⇒ y = e + T w + b1.
∂α
After elimination of w and e, we obtain the following solution:

   
(λ−1 + K ) 1
α
y
=
(13)
b
0
0
1T
diag(−v s )

02 ,

where K = T  is the Gram matrix, K i j = φ(x i )T φ(x j ) =
k(x i , x j ), and k(x i , x j ) is a kernel function. Since w = α,
the linear discriminant function (2) becomes
f (x) =

N


αi k(x, x i ) + b.

i=1
1 We omit the superscript s + 1 for the reason of clarity.
2 diag(·) is an operator that converts a vector into a diagonal matrix.

(14)
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Algorithm 1 HQ Optimization Algorithm for (4)
Input:
N ; σ of C-loss; the kernel
The training dataset {(x i , yi )}i=1
function k(·); the regularization parameter λ; and the
iteration number S.
Output: α and b in (14).
1: Construct the Gram matrix K ;
2: Set s := 0 and initialize v s ;
3: while s < S do
4: Construct  from v s ,  = diag(−v s );
5: Obtain (α s+1 , b s+1 ) by solving (13);
6: Update v s+1 based on (9) and (14);
7: Set s := s + 1;
8: end while
9: return α = α s and b = b s .

To summarize, (9) and (13) form the HQ optimization algorithm for (4), and Algorithm 1 summarizes the above optimization procedure. In fact, (9) is a negative weight function
and (13) is the solution to a weighted LS-SVM problem [11].
Hence, Algorithm 1 corresponds to an iterative weighted
LS-SVM. In Algorithm 1, v 0 can be initialized by either
setting it to −1 [15], [18] or using some weight functions [12].
In practice, we can try a number of different initializations
and choose the one that gives the highest RC1 (w, b) [6], [14].
Proposition 1 states that Algorithm 1 converges.
Proposition 1: The sequence {RC2 (ws , b s , v s ), s
=
1, 2, . . .} generated by Algorithm 1 converges.
Proof: According to (6), we know that RC2 (w, b, v) ≤
RC1 (w, b) ≤ N, i.e., RC2 (w, b, v) is upper bounded. Based
on (8) and (10), we have
RC2 (ws , b s , v s ) ≤ RC2 (ws+1 , b s+1 , v s )
≤ RC2 (ws+1 , b s+1 , v s+1 )
which means that the sequence {RC2 (ws , b s , v s ), s = 1, 2, . . .}
is nondecreasing. Consequently, we conclude that the sequence
{RC2 (ws , b s , v s ), s = 1, 2, . . .} of Algorithm 1 converges.
In the experiments, we will show that the gradient optimization algorithm generally converges much more slowly
than the HQ optimization algorithm. Here, we call the
C-loss kernel classifier using the HQ optimization algorithm
KCC-HQ for short. According to the above derivation, we
know that KCC-HQ is equivalent to an iterative weighted
LS-SVM. In Section III-B, we compare KCC-HQ with the
existing iterative weighted LS-SVM [11].
B. KCC-HQ and Iterative Weighted LS-SVM
We know from Section III-A that KCC-HQ is equivalent
to an iterative weighted LS-SVM and at the sth iteration, we
learn from (9) that its weight function is


(yi − f s (x i ))2
ii = −v is = exp −
2σ 2
∞

(−1) j
=
(es )2 j .
(15)
(2σ 2 ) j j ! i
j =0

In fact, iterative weighted LS-SVM has already been studied
in [11] and their weight function is
⎧


⎪
if eis /σ̂ s  ≤ c1
⎪1, 

⎪
⎨ c − es /σ̂ s 


2
i
(16)
ii =
, if c1 < eis /σ̂ s  ≤ c2
⎪
c2 − c1
⎪
⎪
⎩ −4
10 ,
otherwise
where σ̂ s is a robust estimation of the standard deviation of
eis , and c1 and c2 are given constants (usually, c1 = 2.5 and
c2 = 3). The main differences between (15) and (16) are as
follows.
1) Equation (15) is continuous and smooth while (16) is
not.
2) Equation (15) can embed the higher order statistical
information of eis , while (16) just uses the first and
second-order statistical information.
3) In (15), σ of C-loss controls all the updating behaviors
of weights and we can choose σ according to the
C-loss bound. However, in (16), σ̂ s , c1 and c2 have to
be estimated or given, which not only is heuristic, but
also makes the model selection more difficult.
We think that our weight function (15), which is derived from
C-loss, is more principled than the existing heuristic weight
function (16). Iterative weighted LS-SVM is known as a robust
classifier, which is heuristic, but Suykens et al. [11] did not
give a solid explanation about its robustness. However, we
can explain the robustness of KCC-HQ, which is also an
iterative weighted LS-SVM, from the correntropy and density
estimation perspectives as follows.
1) Correntropy is a robust similarity measure, which is
closely related to M-estimation [29]. And its resulting
bounded C-loss is robust to outliers, which can be seen
from Fig. 1. According to the derivation in Section III-A,
we know that KCC-HQ obtained from Algorithm 1
is a good approximation to the solution of (3),
which is based on C-loss. These ensure the robustness
of KCC-HQ.
2) According to the Parzen window principle [39], (4) can
be viewed as maximizing the regularized p(e = 0).
Since outliers cannot influence p(e = 0) much,
(4) is robust to outliers. Thus, its resulting classifier
KCC-HQ, which is an iterative weighted LS-SVM, is
a robust classifier.
As far as we know, this is the first time that the robustness of
iterative weighted LS-SVM is explained from the correntropy
and density estimation perspectives.
On the large-scale data set, it is time-consuming to
solve (13), since its computational complexity is O(N 3 ).
In Section III-C, we suggest to use incomplete Cholesky
decomposition to speed up the training process of KCC-HQ.
C. Incomplete Cholesky Decomposition
The computational complexity of Algorithm 1 is O(S N 3 ),
which indicates that KCC-HQ is time-consuming on the
large-scale data sets. Fortunately, this computational complexity can be reduced. According to Proposition 1,
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Algorithm 2 Incomplete Cholesky Decomposition With Symmetric Pivoting
Input:
The Gram matrix K ; the rank number m of G.
Output: The permutation matrix P ∈ R N×N and the lower
triangular matrix G ∈ R N×m such that P K P T ≈ GG T .
1: Initialize P := I ∈ R N×N , where I is an identity matrix;
i := 1;
2: while i ≤ m do
3: find j ∗ : j ∗ = arg max j =i:N K j j , where i : N is a
sequence from i to N with an interval 1;
4: matrix permutation: Pi,1:N ↔ P j ∗ ,1:N ; K i,1:N ↔ K j ∗ ,1:N
and K 1:N,i ↔ K 1:N, j ∗ , where the notation K a1 :a2 ,a3 :a4
refers to the matrix extracted from K by taking the rows
from a1 to a2 and columns from a3 to a4 ;
T
5: u := K i:N,i − K i:N,1:i−1 K i,1:i−1
;
−14
6: if u 1 < 1 × 10
then
7:
Pi,1:N ↔ P j ∗ ,1:N ; K i,1:N ↔ K j ∗ ,1:N and K 1:N,i ↔
K 1:N, j ∗ ;
8:
break;
9: end if
√
10:
K i:N,i := u/ u 1 ;
11: for j = i + 1 : N do
12:
K j j := K j j − u 2j −i+1 /u 1 ;
13: end for
14: i := i + 1;
15: end while

16: G = tril K 1:N,1:i−1 , where tril(·) is an operator that
extracts the lower triangular part of a matrix;
17: return P and G.

Cholesky decomposition, P K P T ≈ GG T , where P is the
permutation matrix, G ∈ R N×m is the lower triangular matrix,
and m is the rank which is smaller than N. Define K ≈ GG T ,
where G := P T G, and K λ = λ−1 + K ≈ λ−1 + GG T .
We learn from (13) that
⎡
⎤
1T K λ−1 y  −1 
−1
  ⎢ K λ y − T −1 K λ 1 ⎥
⎢
⎥
1 Kλ 1
α
⎥.
(17)
=⎢
⎢
⎥
T −1
b
1 Kλ y
⎣
⎦
1T K λ−1 1

we know that RC2 (w, b, v) is improved step by step.
In other words, given v s , we do not have to get the
exact solution (ws+1 , b s+1 ) of (10) as long as we can
get an approximate solution (ŵs+1 , b̂s+1) that satisfies
RC2 (ŵs , b̂s , v s ) ≤ RC2 (ŵs+1 , b̂s+1, v s ). Notice that v s+1
is still updated according to (9). In this way, we can
obtain a sequence {RC2 (ŵs , b̂s , v s ), s = 1, 2, . . .}, where
(ŵs , b̂s ) is an approximate solution of (10), which satisfies
RC2 (ŵs−1 , b̂s−1 , v s−1 ) ≤ RC2 (ŵs , b̂s , v s−1 ). Based on Proposition 1, we know that {RC2 (ŵs , b̂s , v s ), s = 1, 2, . . .} still
converges. There are several methods that can be used to get
an approximate solution of (10), such as Nyström approximation [43], [44] and incomplete Cholesky decomposition [27].
Here, we apply incomplete Cholesky decomposition to reduce
the computational complexity.
Incomplete Cholesky decomposition is a popular low-rank
matrix decomposition method, which can help extend kernel learning methods to large-scale problems [27]. In order
to achieve a good approximation to the positive semidefinite matrix K , we need to greedily select the column at
each iteration, such that the approximation of K obtained
by adding that column is the best. Hence, symmetric pivoting is necessary during incomplete Cholesky decomposition [45]. Algorithm 2 shows the incomplete Cholesky
decomposition with symmetric pivoting. After incomplete

IV. I MPROVING THE S PARSENESS OF KCC-HQ

According to the Sherman–Morrison–Woodbury formula [45],
K λ−1 ≈ (1/λ)−(1/λ2 )G(I +(1/λ)G T G)−1 G T , where
(I + (1/λ)G T G) ∈ Rm×m . Using (17), we can get an
approximate solution [α̂ T , b̂]T to (13) with the computational
complexity of O(m 3 ). Note that the incomplete Cholesky
decomposition of K needs to be done only once and its
computational complexity is O(m 2 N) [45]. Hence, after using
incomplete Cholesky decomposition, the computational complexity of Algorithm 1 is reduced to O(m 2 N + Sm 3 ). But
we should notice that incomplete Cholesky decomposition
only works efficiently for the low-rank K and if K is of
high rank, using it may bring more computational cost.
In our experiments, we show that the solutions obtained
through incomplete Cholesky decomposition can easily satisfy
RC2 (ŵs−1 , b̂s−1, v s−1 ) ≤ RC2 (ŵs , b̂s , v s−1 ) when K has
a low rank. We call KCC-HQ using incomplete Cholesky
decomposition KCC-HQIC for short.
Sparseness is a good property of a classifier, but we learn
from (12) that KCC-HQ has no sparseness. In Section IV,
we propose to improve the sparseness of KCC-HQ using the
representer theorem [24], [25].

Like LS-SVM [11], [46], KCC-HQ has no sparseness.
To tackle the sparseness problem of LS-SVM,
Suykens et al. [11] proposed a pruning procedure based
on the spectra of α values, which can reveal the relative
importance of the training samples. Moreover, the stagewise
LS loss [17], [47] is another method for improving the
sparseness and robustness of LS-SVM. In this section, we
suggest to investigate the sparseness problem of KCC-HQ
under the framework of the representer theorem [24], [25].
The representer theorem in [24] and [25] states that the
optimal solution of (11) can be characterized by w = α,
which is essentially one of the conditions for optimality
in (12). Hence, a popular way to solve the sparseness problem
in LS-SVM is to select a subset
 R of the training samples
to represent w, i.e., w =
x i ∈R αi φ(x i ) [48]. In fact,
this idea has also been applied to SVM in order to reduce
its computational complexity [49], [50]. Experimental results
in [48]–[51] confirm that this idea is effective in saving the
training and testing time as well as maintaining the comparable
performance.
If we substitute w = α into (11), we have
1
1 T
e e + α T K α
min
α,b,e 2λ
2
s.t. y − K α − b1 = e.
(18)
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TABLE I

Equation (11) and (18) have the same solution and the proof
is Appendix B. If we substitute w = α into (4), we get the
following problem:


N

(yi − f (x i ))2
λ
max
exp −
(19)
− αT K α
2
α,b
2σ
2

E XPERIMENTAL D ATA S ETS

i=1


where f (x i ) = Nj=1 α j k(x i , x j )+b. Since (18) is equivalent
to (11), we know that (4) and (19) have the same solution if
the HQ optimization algorithm described in Section III-A is
used to optimize both of them. According to the representer
theorem [24], [25], we select
 a subset R of the training
samples and substitute w = x i ∈R αi φ(x i ) into (4) instead.
Then, we get a problem which is similar to (19)


N

λ
(yi − f (x i ))2
max
− α T K RRα
exp −
(20)
2
α,b
2σ
2
i=1

where α ∈ R NR (NR is the sample number of R), K RR
is
 the Gram matrix among the samples in R, and f (x i ) =
x j ∈R α j k(x i , x j ) + b. We also use the HQ optimization
algorithm in Section III-A to solve (20)

N 

(yi − f (x i ))2
λ
max
−
g(v
)
− α T K RRα.
(21)
vi
i
2
α,b,v≺0
2σ
2
i=1

Given (α s , b s ), v is = − exp(−(((yi − f s (x i ))2 )/(2σ 2 ))).
Given v s , (21) becomes3
1
λ
min (K Rα + b1 − y)T (K Rα + b1 − y) + α T K RRα
α,b 2
2
(22)
where  = diag(−v s ), λ := λσ 2 , and K R ∈ R N×NR is a
submatrix of K whose columns correspond to the samples
RR =
in R. We define K̄ R = [K R, 1], ᾱ = [α T , b]T and K
[K RR, 0; 0T , 0], where 0 is a vector of all zeros. Then, the
solution to (22) is achieved by
T
RR)ᾱ = K̄ T  y.
 K̄ R + λ K
( K̄ R
R

(23)

To summarize, v is = − exp(−(((yi − f s (x i ))2 )/(2σ 2 )))
and (23) form the HQ optimization algorithm for (20). Similar
to Algorithm 1, we need to solve (23) at each iteration,
3 ), which can be
but its computational complexity is O(NR
much smaller than O(N 3 ) if (NR/N) is small. We call the
kernel classifier here the reduced KCC-HQ (RKCC-HQ).
Although R is selected in advance, we still call the samples
in R the support vectors and treat ρ = (NR/N) as the
support vector ratio of RKCC-HQ. One common problem with
RKCC-HQ is how to select a subset R. The simplest method
is to select a subset R from the training samples randomly.
Smola and Schölkopf [48] proposed to construct a compressed
representation by greedy matrix approximation. Baudat and
Anouar [51] developed a greedy algorithm for estimating
a relevant subset, which can form the bases in the kernel
feature space. In our opinion, how to select R is beyond the
scope of this paper and in our experiments, we use random
sampling.
3 Here, we omit the superscript s + 1 of (α s+1 , bs+1 ) too.

V. E XPERIMENTAL R ESULTS
In this section, we carry out experiments to show the
performance of our methods. Table I shows the experimental
data sets, which come from [52]–[54]. Like [4], [13]–[16],
[18], and [19], we introduce label noise into the training data
set in order to study the robustness of our methods. Label noise
is a kind of outliers [5], [8], which is the process that pollutes
labels of samples. In this paper, we consider two different
types of label noise, namely, symmetric and asymmetric label
noise [5], [19]. Symmetric label noise means that the same
percentage of labels in each class is randomly flipped into
the others. And asymmetric label noise means that labels
are randomly flipped from one class into the other but not
vice versa. As classes in each data set are balanced, we only
use accuracy, which is the percentage of correctly classified
samples, to measure the classification results. First, we would
like to present toy examples to intuitively show the robustness
of KCC-HQ to outliers.
A. Toy Examples
We generate artificial data sets with outliers in Fig. 2, where
squares are negatives and crosses are positives. There are three
cases in Fig. 2 and in each case, the outlier moves from (−2, 0)
to (−10, 0) so that we can intuitively show how the outlier
influences the decision boundaries of LS-SVM, SVM, and
KCC-HQ. The linear kernel is used. For KCC-HQ, σ = 0.5,
λ = 0.1, S = 3, and we initialize v 0 by using the following
weight function [12]:
−v i0 =

2
1 + exp(ηx i − x̄2 )

where we set η = 0.2 and x̄ is the class center of the class
that x i belongs to. For LS-SVM [46] and SVM [52], their
regularization parameters are 10 (equal to (1/λ)). In each
case of Fig. 2, the decision boundaries of LS-SVM and SVM
are seriously influenced by the outlier when it moves from
(−2, 0) to (−10, 0), which shows that LS-SVM and SVM are
not robust to outliers. Besides, it is interesting to learn from
Fig. 2(f) that the output of SVM even becomes a constant
due to the outlier, which suggests that the SVM classifies
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TABLE II
VALUES OF RC1 (w, b) A CROSS THE I TERATIONS U SING THE G RADIENT,
HQ, AND HQIC O PTIMIZATION A LGORITHMS . T HE C OMPUTATION
T IME AND m/N ( FOR HQIC) A RE A LSO S HOWN . G RAD R EPRE SENTS THE G RADIENT O PTIMIZATION A LGORITHM

Fig. 2. Linear decision boundaries of LS-SVM, SVM, and KCC-HQ on the
artificial data sets with outliers, where squares are negatives and crosses are
positives. N− denotes the number of negatives and N+ denotes the number
of positives. (a) N− > N+ . (b) N− > N+ . (c) N− = N+ . (d) N− = N+ .
(e) N− < N+ . (f) N− < N+ .

all the samples into a single class. However, in each case
of Fig. 2, the decision boundaries of KCC-HQ remain the
same, since C-loss only places bounded losses on outliers,
which confirms that KCC-HQ is robust to outliers. Compared
with the classifiers based on the unbounded and convex loss
functions, we intuitively show through Fig. 2 that KCC-HQ,
which is based on the bounded and nonconvex C-loss, is more
robust to outliers.

Fig. 3. Improvement of RC1 (w, b) across the iterations using the gradient
optimization algorithm. (a) Splice (D4). (b) Spambase (D5).

B. Comparison of Optimization Algorithms
In this section, for the same problem (4), we experimentally
compare the convergence behaviors among the gradient, HQ,
and HQ with incomplete Cholesky decomposition (HQIC)
optimization algorithms. The Gaussian kernel k(x i , x j ) =
exp(−γ x i − x j 22 ) is used and σ = 0.5. For the gradient
optimization algorithm, we choose the solution of LS-SVM
as its initial point [20], [26], backtracking line search [41] is
used to select the stepsize, and its iteration number is 150.
For HQ, S = 4 and v 0 = −1, and for HQIC, S = 5 and
v 0 = −1. Table II shows the comparison results on the binary
data sets. Compared with HQ, the gradient optimization algorithm converges much more slowly. Its final objective values
even could not reach the objective values of HQ at the second
iteration. Fig. 3 shows the improvement of RC1 (w, b) across
the iterations using the gradient optimization algorithm on the
Splice (D4) and Spambase (D5) data sets. We can see that
it improves RC1 (w, b) only a little at most of the iterations.

But HQ can improve RC1 (w, b) a lot within the first 3
iterations. HQIC converges faster than HQ on the Spambase (D5), a5a (D6), Satimage (D7), Marketing (D8), and a6a
(D11) data sets. But it does not perform well on the German
Credit (D3), Splice (D4), Ring (D9), and SensIT (D10) data
sets, because their Gram matrices are of high rank. Besides,
we also know from Table II that if the Gram matrix has a
low rank, the requirement of HQIC, RC2 (ŵs−1 , b̂s−1 , v s−1 ) ≤
RC2 (ŵs , b̂s , v s−1 ), can be satisfied easily. To summarize,
compared with the gradient optimization algorithm, HQ is
more efficient, and HQIC can further improve the efficiency
on the data sets whose Gram matrices are of low rank.
By balancing the computational complexity and the convergence behaviors of HQ and HQIC, we propose to set
S = 3 for HQ and HQIC. And the following experimental
results will further confirm that KCC-HQ, KCC-HQIC, and
RKCC-HQ with S = 3 can give satisfactory performance.
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TABLE III

TABLE V

L OSS B OUNDS OF C-L OSS W ITH D IFFERENT σ VALUES

T ENFOLD C ROSS -VALIDATION R ESULTS OF KCC-HQ
AND RKCC-HQ ON THE S PAMBASE D ATA S ET W ITH
15% S YMMETRIC L ABEL N OISE [mean(std)]

TABLE IV
T ENFOLD C ROSS -VALIDATION A CCURACIES OF KCC-HQ W ITH
D IFFERENT σ VALUES . T HE B EST R ESULTS A RE H IGHLIGHTED
IN B OLD [mean(std)%]

information about outliers, which usually have large |e| values.
But on the data sets without outliers, p(e = 0) should be
estimated in a wide error range so that the density estimation is
more stable and can include more information of e. In general,
if there is a certain percentage of outliers in the data set, we
propose to set σ around 0.5, and otherwise, we propose to set
σ around 2.
D. Effectiveness of RKCC-HQ

Fig. 4. Margin distributions of KCC-HQ on the Pima data set with 15%
symmetric label noise (σ = 0.5). (a) First iteration. (b) Third iteration.

C. Effect of σ in C-Loss
For C-loss, σ is in charge of its loss bound. In this section,
we study the classification results of KCC-HQ with different
σ values so that we have an idea about how to select σ .
The Gaussian kernel is used and v 0 = −1. Except σ , the
other hyperparameters are tuned by fivefold cross validation
on the training data set. Table III shows the loss bounds of
C-loss with different σ values. We do the experiments on the
data sets without label noise and with 15% symmetric label
noise, which means that for each class, 15% of its labels are
randomly flipped into the other class. Table IV shows the
tenfold cross-validation results. We can find out that on the
data sets without label noise, KCC-HQ with σ = 2 generally
performs the best and on the data sets with 15% symmetric
label noise, KCC-HQ with σ = 0.5 usually performs the
best. Based on the Parzen window principle, KCC-HQ can
be regarded as the classifier that maximizes the regularized
p(e = 0), which is shown in Fig. 4. In Fig. 4, we can see
that on the Pima data set with 15% symmetric label noise, the
margins of KCC-HQ at the third iteration accumulate more
around 1, from which we can derive that p(e = 0) at the third
iteration is greater than p(e = 0) at the first iteration. When
σ = 0.5, p(e = 0) is estimated in a narrow error range and
when σ = 2, p(e = 0) is estimated in a wide error range.
We think that on the data sets with outliers, p(e = 0) should
be estimated in a narrow error range so that it contains less

As we know, KCC-HQ has no sparseness. In order to
overcome this disadvantage, we derive RKCC-HQ based on
the representer theorem in Section IV. In this section, we
compare RKCC-HQ to KCC-HQ so as to show its effectiveness. The Gaussian kernel is used, σ = 1 and v 0 = −1.
Except ρ = (NR/N) in RKCC-HQ, the other parameters of
both methods are tuned by fivefold cross validation on the
training data set. ρ = (NR/N) in RKCC-HQ varies from 0.1
to 1 with an interval 0.1. We introduce 15% symmetric label
noise into the training data set. Table V shows the tenfold
cross-validation results of both methods on the Spambase
data set. We perform paired t-test [6] between the accuracies of the two methods at the 5% significance level. And
there are no significant differences between RKCC-HQ and
KCC-HQ, even when ρ = 0.1. When we compare the training
and testing time, we can find out that RKCC-HQ is much
faster when ρ ≤ 0.5. When ρ ≥ 0.7, RKCC-HQ becomes
T  K̄
more time-consuming since now the computation of K̄ R
R
T
and K̄ R y also becomes time-consuming. In some cases,
T  K̄
RR in (23) is singular and we propose to
K̄ R
R + λK
get an approximate solution by adding a diagonal matrix
with small positive elements. To summarize, RKCC-HQ is
effective in reducing the training and testing time as well
as maintaining the comparable performance if ρ is properly
selected.
E. Comparison of Robustness
In this section, we compare robustness between our methods
and the other state-of-the-art classifiers. First, we would like
to list all the classifiers and their parameter settings so as to
make the comparison clear as follows.
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1) LS-SVM [46].
2) The iterative weighted LS-SVM proposed by
Suykens et al. [11]. We call this method
SIWLS-SVM for short. As Suykens et al. suggested
in [11], c1 = 2.5, c2 = 3, and the iteration number is 2.
3) SVM [38], [52].
4) Core vector machine (CVM), which can efficiently scale
up SVM training [55]. We use the TANAGRA software
[56] to implement CVM and set its ε = 10−5 throughout
the experiments.
5) Robust SVM (RSVM) [4], [13]–[15]. We use the outlierpath algorithm4 [15] to optimize RSVM.
6) Three-layer neural network of C-loss (NN-Closs), which
is studied in [20]. Conjugate gradient method [41] is
used to train NN-Closs and the hard switching scheme
is applied here [20].
7) KACC [37], which uses stochastic gradient method to
minimize C-loss.
8) KCC-HQ, which is studied in Section III-A. v 0 = −1
in the following experiments.
9) KCC-HQIC, which is studied in Section III-C. According to the results in Section V-B, we only run KCCHQIC on the Spambase (D5), a5a (D6), Satimage (D7),
Marketing (D8), and a6a (D11) data sets, since they are
medium-size data sets and their Gram matrices are of
low rank. (m/N) = 0.4 and v 0 = −1 in the following
experiments.
10) RKCC-HQ, which is presented in Section IV. ρ =
(NR/N) = 0.3 and v 0 = −1 in the following experiments.
Among the above classifiers, LS-SVM, SVM, and CVM are
commonly used baselines. SIWLS-SVM and RSVM are two
popular robust classifiers. NN-Closs and KACC are selected
so that the different classifiers of C-loss can be compared
together. For multiclass classification, LS-SVM, SIWLS-SVM,
SVM, RSVM, KCC-HQ, and RKCC-HQ adopt the “oneagainst-one” approach [52], while NN-Closs and KACC use
the “one-of-K” approach. The Gaussian kernel is used in all
the kernel classifiers. Except RSVM, the hyperparameters of
classifiers, including σ in C-loss, are tuned by fivefold cross
validation on the training data set. For RSVM, as the authors
suggested in [15], we use a validation data set to tune its
hyperparameters. We randomly select 20% of the training
samples to form a validation data set. In order to compare
the robustness of different classifiers, we artificially introduce
symmetric and asymmetric label noise into the training and
validation data sets. We consider 15% and 25% label noise
levels. For example, 15% symmetric label noise means that
for each class, 15% of its labels are randomly flipped into the
other classes; 15% asymmetric label noise means that we pick
a pair of classes first, and then, 15% of the majority class labels
are flipped into the minority class. Table VI shows the tenfold
cross-validation results of all the classifiers. The Friedman
test with the Nemenyi posthoc test [57] is used for statistical
analysis. It is a nonparametric test ,which is commonly used
to compare multiple classifiers over multiple data sets. Fig. 5
4 The C++ code: http://www-als.ics.nitech.ac.jp/code/index.php?FrontPage

9

shows the critical difference (CD) diagrams of the Friedman
test with the Nemenyi posthoc test at the 5% significance
level. The lower the rank is, the better the classifier is.
And if the difference between the ranks of two classifiers is
greater than CD, their performance is significantly different.
In Fig. 5, groups of classifiers that are not significantly
different are connected by a thick line.
1) LS-SVM, SIWLS-SVM, and KCC-HQ: We learn from
Fig. 5 that both SIWLS-SVM and KCC-HQ perform better
than LS-SVM at all the label noise levels, which confirms
that SIWLS-SVM and KCC-HQ are more robust than LSSVM. We know from Section III-B that KCC-HQ is also an
iterative weighted LS-SVM whose weight function is different from that of SIWLS-SVM. Fig. 5 shows that KCC-HQ
performs better than SIWLS-SVM and their performance is
significantly different at the 15% symmetric, 25% symmetric,
and 25% asymmetric label noise levels, which proves that
the heuristic weight function (16) may not be good. Fig. 6
shows the weight distributions of SIWLS-SVM and KCC-HQ
after the first iteration on the Australian (D1) data set with
15% asymmetric label noise. We learn from Fig. 6(a) that
the weights of SIWLS-SVM mainly locate in [0.9, 1], while
Fig. 6(b) shows that the weights of KCC-HQ are much
smoother. In our opinion, the superiority of KCC-HQ over
SIWLS-SVM is due to the continuous and smooth weight
function (15), which can embed the higher order statistical
information.
2) SVM, CVM, RSVM, and KCC-HQ: SVM and CVM
are two popular classifiers in practice. Compared with
LS-SVM, their performance is better in the presence of
outliers. However, we learn from Table VI that they are still
sensitive to outliers, since they both apply the unbounded loss
functions. Fig. 5 confirms that KCC-HQ is more robust than
SVM and CVM. In order to improve the robustness of SVM,
researchers propose to develop RSVM, which is based on
the bounded ramp loss. Fig. 5 shows that RSVM has better
performance than SVM, but worse performance than KCC-HQ
which, we think, is partially due to the nondifferentiable property of the ramp loss that makes its optimization problem more
difficult.
3) NN-Closs, KACC, and KCC-HQ: KCC-HQ performs
significantly better than NN-Closs and KACC at all the label
noise levels. Among these three classifiers, NN-Closs performs
the worst, since it has the lowest rank in each case as
shown in Fig. 5. We think that the poor performance of
NN-Closs is due to its complex nonconvex optimization problem. Besides, it is also not easy to determine the iteration
number at which the training criterion of NN-Closs is switched
to the C-loss criterion. In our opinion, it is the stochastic
optimization property of KACC that makes it perform worse
than KCC-HQ.
4) KCC-HQ, KCC-HQIC, and RKCC-HQ: We learn from
Table VI that the performance of KCC-HQIC is comparable with KCC-HQ. In other words, on the large-scale data
sets whose Gram matrices are of low rank, we can use
incomplete Cholesky decomposition to speed up the training
process of KCC-HQ. KCC-HQ generally has higher accuracy
than RKCC-HQ. However, we know from Fig. 5 that there
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TABLE VI
T ENFOLD C ROSS -VALIDATION A CCURACIES OF A LL THE C LASSIFIERS ON THE D ATA S ETS W ITH L ABEL N OISE . T HE B EST R ESULTS A RE
H IGHLIGHTED IN B OLD [mean(std)%]. (a) 15% S YMMETRIC L ABEL N OISE . (b) 25% S YMMETRIC L ABEL N OISE .
(c) 15% A SYMMETRIC L ABEL N OISE . (d) 25% A SYMMETRIC L ABEL N OISE

is no significant difference between KCC-HQ and RKCCHQ at all the label noise levels. In addition, RKCC-HQ
even performs slightly better than KCC-HQ at the 25%
symmetric label noise level. Hence, if we care about the
training and testing time, RKCC-HQ would be a better
choice. Finally, Table VI and Fig. 5 confirm that KCC-HQ,

KCC-HQIC, and RKCC-HQ with S = 3 can give satisfactory
performance.
According to the above experimental results, we come
to the conclusion that compared with the existing common
classifiers, KCC-HQ, KCC-HQIC, and RKCC-HQ, which are
based on C-loss, are more robust to outliers.
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robustness of our methods with the existing common
classifiers, and find that they are more robust to outliers.
According to the experimental results, if we care about the
training and testing time in practice, we propose to use
RKCC-HQ.
In the future, as C-loss is not monotonic, we are going
to deal with this drawback in the way which is similar to
the stagewise LS loss [17], [47]. Besides, we will also apply
correntropy and the HQ optimization algorithm to the robust
regression problems.
A PPENDIX A
D ERIVATION OF (5)
According to the definition of conjugate function [41], the
conjugate function g ∗ (u) of g(v) = −v log(−v) + v, where
v < 0, is
Fig. 5. CD diagrams of the Friedman test with the Nemenyi posthoc test
at the 5% significance level. Groups of classifiers that are not significantly
different are connected. (a) 15% symmetric label noise. (b) 25% symmetric
label noise. (c) 15% asymmetric label noise. (d) 25% asymmetric label noise.

g ∗ (u) = sup{uv − g(v)} = sup{uv + v log(−v) − v}
v<0

v<0

(24)

where v is the optimization variable. Since uv + v log(−v) −
v is a concave function with respect to v, we can easily
obtain the solution of (24) by setting the derivative of uv +
v log(−v) − v to 0
u + log(−v) = 0 ⇒ v = − exp(−u) < 0.
Then, (uv + v log(−v) − v)|v=− exp(−u) = exp(−u). Hence,
we derive that
g ∗ (u) = sup{uv + v log(−v) − v} = exp(−u)
v<0

Fig. 6. Weight distributions of SIWLS-SVM and KCC-HQ after the first
iteration on the Australian (D1) data set with 15% asymmetric label noise.
(a) SIWLS-SVM. (b) KCC-HQ.

VI. C ONCLUSION
C-loss is a bounded, smooth, and nonconvex loss
function that is robust to outliers. In this paper, we develop
the robust C-loss kernel classifier with the Tikhonov
regularization term, which is used to avoid overfitting.
After using the HQ optimization algorithm [22], [23],
which converges much faster than the gradient optimization
algorithm, we find that the resulting kernel classifier,
KCC-HQ, is equivalent to an iterative weighted LSSVM. But different from the existing iterative weighted
LS-SVM [11], the weight function of KCC-HQ has the
advantages of continuity, smoothness, and employing the
higher order statistical information. This relationship also
helps explain the robustness of iterative weighted LS-SVM
from the correntropy and density estimation perspectives.
On the large-scale data sets which have low-rank Gram matrices, we suggest to use incomplete Cholesky decomposition
to speed up the training process of KCC-HQ. Since
KCC-HQ has no sparseness, we derive its sparse
kernel classifier, RKCC-HQ, based on the representer
theorem [24], [25]. In the experiments, we compare the

where the supremum is achieved at v = − exp(−u) < 0. If
we let u = (((y − f (x))2 )/(2σ 2 )), we have that


(y − f (x))2
(y − f (x))2
g∗
v + v log(−v) − v
= sup
2
2σ
2σ 2
v<0


(y − f (x))2
= exp −
2σ 2
where the supremum is achieved
− exp(−(((y − f (x))2 )/(2σ 2 ))) < 0.

at

v

=

A PPENDIX B
E QUIVALENCE B ETWEEN (11) AND (18)
Proof: On the one hand, we assume that (w∗ , b∗ , e∗ ) and
are the primal and dual solutions of (11), then (α ∗ , b∗ , e∗ )
is a feasible point of (18). On the other hand, we also assume
that (α, b, e) is the solution of (18), and if we make w = α,
then (w, b, e) is a feasible point of (11). It follows that:
α∗

1 ∗ T ∗ 1 ∗ T
1 ∗ T ∗ 1 ∗ 2
(e ) e + w 2 =
(e ) e + (α ) K α ∗
2λ
2
2λ
2
1 T
1 T
e e + α K α
≥
2λ
2
1
1 T
e e + w22 .
=
2λ
2
Thus, we conclude that (w, b, e) is also optimal for (11).
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