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Condition and Strategy Analysis for Assembly
Based on Attractive Region in Environment

Rui Li and Hong Qiao , Senior Member, IEEE

Abstract—Automatic assembly with high precision is an
essential step in robotic manipulation. It is still a difficult
problem due to various complicated requirements, such as
less contact force, irregular shapes of the parts, sensing
information understanding in complex environment, etc. In
the previous work, the concept of attractive region in en-
vironment (ARIE) was proposed, which helps to achieve
high-precision manipulation with low-precision systems by
using the constraints formed by the environment. In this
paper, the general relation between the physical space and
the configuration space for the robotic assembly system
will be analyzed, the strategies of using ARIE to achieve
high-precision peg-hole assembly will be provided, and fur-
thermore, practical examples for industrial applications will
be given, which further illustrates the usefulness of the con-
cept.

Index Terms—Attractive region in environment (ARIE),
flexible assembly, robotic assembly system, sensorless ma-
nipulation.

I. INTRODUCTION

HOW TO implement an intelligent robotic assembly system
is a key problem in industrial applications. In practical

application, this can be a very difficult problem due to various
requirements. For example, the contact force between the robot
and parts should be as small as possible to prevent damages to
the parts, the shape of parts to be assembled may be irregular,
and therefore, the process of assembly must be investigated and
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designed, and there are also cases where high-precision sensing
is not available during the assembly process.

For years, researchers have studied the modeling of the peg
and hole, analyzed the contact states during insertion, and in-
vestigated the strategies for specified assembly parts [1], [2]. In
recent years, researchers have made great efforts in analyzing
manual manipulations to solve the following problems.

1) Using vision/force/laser sensors, the environment and
parts of the system can be modeled with high preci-
sion. Then, based on the model and comprehension of the
environment, relative decisions can be made to achieve
high-precision manipulation.
It should be noted that in such case, modeling requires
high-precision information of the parts, which adds an
extra cost to the system (this procedure can be seen as
“information → decisions”).

2) By using the flexibility of hand and the constraints formed
by the environment and parts, the uncertainty of the sys-
tem can be reduced, and then high-precision manipulation
can be achieved with a low-precision system (this proce-
dure can be seen as “constraint → decisions”) [3], [4].

Various sensor-based approaches have been widely used in
robotic assembly applications. Force/torque sensing informa-
tion has been commonly applied in the robotic assembly system
to eliminate the small error in the pose of the parts. Shirinzadeh
et al. synthesized force/moment information to identify the
contact states of a cylindrical pair and developed strategies
for minimum-contact-force insertion [5]. Kim et al. proposed
a shape recognition algorithm and a hole detection algorithm
based on a six-axis force/torque sensor system [6]. Jakovljevic
et al. presented a methodology for generating a fuzzy inference
mechanism, which analyzed the force sensing information to
determine the contact state of the peg and hole [7].

Image information has also helped in peg-hole assembly.
Huang et al. realized the dynamic compensation in high-speed
assembly through high-speed cameras [8]–[10]. Chang et al.
installed and tested a high-precision automatic visual-servo mi-
croassembly system, which was implemented for micropeg
alignment, micropeg transportation, and peg-in-hole assem-
bly [11].

Recently, three-dimensional (3-D) sensing technologies, such
as laser, photoelectric, red, green, blue-depth (RGB-D), and
multiview stereo vision sensors, have been investigated in the
robotic assembly systems [12], [13]. However, sensor-based
approaches usually require high-precision sensors to improve
the precision of the system, which results in the increase of cost.
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In addition, some information cannot be acquired directly from
existing sensors.

From another aspect, sensorless approaches have also been
investigated for years. Remote center compliance (RCC) and
flexible wrist incorporate compliant motion for error correction
during assembly. In these years, different kinds of RCC devices
have been developed and equipped in robotic assembly tasks.
Simunovic [14] and Whitney and Rourke [15] analyzed the uti-
lization and design principles of the flexible wrists. Jain et al.
demonstrated ionic polymer metal composite (IPMC) fingers
based microgripper, in which compliance was added to the sys-
tem to help achieve micropeg-in-hole assembly [16], [17]. The
RCC devices are low cost and reliable for the peg-in-hole as-
sembly. However, the RCC-based method has some problems
as follows.

1) It is no longer effective or useful when the contact status
of the peg and hole is complex.

2) The materials of the assembly parts are limited.
Recently, vibration has been introduced to help eliminate

the deviation in assembly system. Baksys et al. discussed the
possibility of introducing vibration into the process of passive
compliance to help achieve assembly task [18]. Kilikevicius and
Baksys found that the vibratory excitation allowed preventing
the balance between the insertion force and frictional force to
avoid jamming and wedging [19]. Sadauskas et al. further ana-
lyzed the method for alignment of the parts using high frequency
vibrations [20], [21]. However, it remains a problem on how to
set proper dynamic system parameters to make alignment pro-
cess stable and reliable.

For the control of the part-mating process, there have been
many related works. Impedance control and force/position con-
trol are often considered in such systems. Natale designed a force
controller for industrial robot to achieve part-mating tasks. A
systematic design procedure to compute structures and param-
eters of the controller was devised [22]. The main limitation
of this method is the performance of the industrial robot ap-
plied in the robotic system. Chen et al. developed soft servo
strategy for a high-precision assembly automation system [23].
Compared with force control methods, the contact forces can
be controlled directly and greater part location errors can be
eliminated. However, the proposed method may result in failure
since it could generate larger contact forces than allowed. Kwak
et al. studied the method to elimination of unnecessary contact
state for robotic assembly tasks [24]. They used graph to de-
scribe the contact state and discovery unnecessary contact state.
Takahashi proposed a passive alignment principle for very high
precision robotic assembly. In this method, they used compli-
ance control in directions of two axes to enable compliance to
perform the mating action while keeping contact force between
the assembly parts [25]. The method made it possible to achieve
the assembly task with a robot whose precision does not meet
the task requirement. But the shape of the assembly parts cannot
be generalized.

In the previous work, the mathematical definition of attractive
region in environment (ARIE) was discussed, and the condition
of the existence of ARIE in different configuration space was
analyzed [26]. A vision-based peg-hole insertion system with
specialized pushing device was designed [27]. In this paper,

TABLE I
DEFINITION OF NOTIONS

Symbol Definition

Oh Xh Yh Zh Coordinate frame fixed to the hole, where Oh is defined as the
center of the upper surface of the hole, Oh Yh is defined as the
line from Oh along the wrist of the robot to the base of the
robot, OhZh is along the axis of the hole upwards and OhXh

is perpendicular to OhYh and OhZh and satisfies the right
hand rule.

S solid The solid part around the hole as shown in Fig. 1.
Shole The hole as shown in Fig. 1.
Speg The peg as shown in Fig. 1.
Op The center of the end surface of the peg.
Lp The lowest point on the peg along OhZh -axis in OhXh YhZh

frame.
C free The free configuration space of the peg.
Ωpeg The constrained region of the peg in configuration space.[
•

]
The boundary of •.

(
•

)
The inner part of • (The boundary is not included).

C P peg The set of contact points of the peg and hole on the peg.
C P hole The set of contact points of the peg and hole on the hole.
traj(p) The enclosed trajectory formed by a certain point p .

the conditions and strategies of using ARIE to achieve flexible
and reliable assembly operation will be given, and an industrial
robot-based peg-hole insertion strategy will be implemented.

The rest of this paper is arranged as follows. In Section II,
the formation of ARIE in assembly systems will be illustrated.
In Section III, the relation between the shape of constrained
region in configuration space and that of the peg and hole in
physical space will be analyzed. In Section IV, several assembly
strategies will be given through the analysis of the ARIE formed
for different assembly parts. In Section V, a detailed application
of the ARIE in two types of peg-hole assembly of rot-vector
(RV) reducer for industrial manufacturing will be given.

II. ARIE FORMED IN PEG-HOLE ASSEMBLY TASKS

In this section, some coordinate frame and symbols will be
introduced to illustrate the formation of ARIE in peg-hole as-
sembly tasks. Some notations are defined in Table I.

As shown in Fig. 1, a coordinate frame OhXhYhZh is
fixed on the hole. Base point Oh of the coordinate is defined
as the center of the upper surface of the hole, axis OhZh

is along the axis of the hole upwards, and axes OhXh and
OhYh are orthogonal in the upper surface of the hole. The axes
OhXh , OhYh , and OhZh satisfy the right-hand rule with them.
Similarly, a coordinate frame OpXpYpZp is attached to the peg.
Base point Op of the coordinate is defined as the center of the
lower surface of the peg, axis OpZp is along the axis of the peg
upwards, and axes OpXp and OpYp are orthogonal in the upper
surface of the hole. Then, the configuration of the peg in the
OhXhYhZh -frame can be described as Ppeg = (pph , Rph) =
[|OhOp |Xh

, |OhOp |Yh
, |OhOp |Zh

, θXh
, θYh

, θZh
]T , where

pph = [|OhOp |Xh
, |OhOp |Yh

, |OhOp |Zh
]T ∈ R3 is the posi-

tion vector of the peg and Rph ∈ SO(3) is the orientation
of the peg frame relative to the hole frame, which can be
parameterized as RPY angles θph = [θXh

, θYh
, θZh

]T =
[〈−−−→OpZp,

−−−→
OhXh〉, 〈−−−→OpZp,

−−−→
OhYh〉, 〈−−−→OpZp,

−−−→
OhZh〉]T .
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Fig. 1. Left: Oh Xh Yh Zh Coordinate frame established for the peg-hole system. Right: Constrained region formed by the round-peg and round-hole
in configuration space when the rotational angles of the peg are fixed. According to Definition 1, the constrained region is an ARIE.

Fig. 2. Structure of an ARIE-based robotic manipulation system.

In the peg-hole assembly process, the environment con-
straints Cenv is the set of all of the contact states of
the peg and hole: Cenv = {Ppeg ∈ SE(3) | [Speg] ∩ [Ssolid] �=
φ, (Speg) ∩ (Ssolid) = φ}, where [•] means the boundary of •,
and (•) means the inner part of •, as described in Table I. It is
noted that Cenv describes the geometry of the boundary of the
free configuration space of the peg. According to the definition
in [26], if there exist a region Ω in the free configuration space
of the peg, the boundary of which is formed by the environment
constraints, and a state-independent input can be found under
which the state will converge to a stable point, then the region
Ω is an ARIE.

For an intuitive understanding, Fig. 1 displays an ARIE in R3

formed by round peg and round hole given a fixed orientation of
the peg. It can be seen that ARIE constructs the relation between
the environment constraint with the state of the system, which
makes it possible to design manipulation strategies for robotic
systems.

The structure of an ARIE-based robotic manipulation system
is depicted in Fig. 2. On the top level, the existence of ARIE
in the targeted system should be investigated. If so, strategies
could be designed based on the geometry of the environment
constraints. Correspondingly, the motion planning and control
can be determined according to the strategy.

III. RELATION BETWEEN ARIE IN CONFIGURATION SPACE

AND ASSEMBLY PARTS IN PHYSICAL SPACE

In this section, the theoretical analysis on the relation between
the shape of constrained region in configuration space and that of

assembly parts in physical space will be given. For convenience,
peg-hole insertion is taken as an example of assembly tasks.
The relation between the physical space and the configuration
space, the shape of the hole and that of the constrained region,
and the shape of the peg and that of the constrained region will
be separately discussed.

A. Relation Between the Physical Space and the
Configuration Space

For clearance and better understanding, the coordinate frames
used in the peg-hole system will be introduced. As stated
in Section II, OhXhYhZh frame is attached to the hole and
OpXpYpZp frame is attached to the peg, respectively. The con-
figuration of the peg can be described in OhXhYhZh frame as

Ppeg = [|OhOp |Xh
, |OhOp |Yh

, |OhOp |Zh
, θXh

, θYh
, θZh

]T Δ=
[x, y, z, θXh

, θYh
, θZh

]T ∈ Cenv ⊂ SE(3).
The free configuration space Cfree of the peg is defined as the

set of configurations of the peg that satisfy the rigid constraint

Cfree =
{

Ppeg ∈ SE(3)
∣∣∣
(
Speg

)
∩

(
Ssolid

)
= φ

}
. (1)

The constrained region of the peg formed by the hole is

Ωpeg = {Ppeg ∈ Cfree |Speg ∩ Shole �= φ} . (2)

Fig. 1 gives an intuitive illustration of notions defined above. It
can be seen that Speg, Ssolid, and Shole are defined in the physical
space, which represent the objects; Ppeg and Ωpeg are defined
in the configuration space, which represent regions formed by
different constraints.

B. Relation Between Geometry of Hole and
Constrained Region

Lemma 1: If there exists a contact point between the peg and
hole in the physical space, then the corresponding configurations
of the peg are on the boundary of the constrained region of the
peg in the configuration space.

Proof: Suppose cp is a contact point between the peg and
hole in the physical space. That is, cp ∈ CP peg ∩ CP hole, then
cp ∈ [Speg] ∩ [Shole] ⊂ Speg ∩ Shole.



LI AND QIAO: CONDITION AND STRATEGY ANALYSIS FOR ASSEMBLY BASED ON ATTRACTIVE REGION IN ENVIRONMENT 2221

Let the configuration of the peg be Ppeg, which corresponds
to cp. Then, according to the definition of Ωpeg, it follows that
Ppeg ∈ Ωpeg.

On the other hand, since cp ∈ [Shole], for any ε > 0, there is a
cp1 ∈ (Ssolid)(which means cp1 /∈ Shole) such that the distance
between cp and cp1 is ε. That is, cp can be moved to cp1 in a
distance ε away from the hole. Since the configuration of the
peg Ppeg is continuous with respect to the movement of cp, the
configuration P 1

peg of the peg corresponding to cp1 is not in Ωpeg

(this is because cp1 ∈ Speg but cp1 /∈ Shole). That is, P 1
peg /∈ Ωpeg.

Therefore, Ppeg ∈ [Ωpeg], which is the boundary of Ωpeg.
Theorem 1: For the peg of which the orientation Rph is fixed,

the shape of the upper surface of the constrained region is that
of the upper surface of the hole if the lowest point Lp of the peg
is a unique point.

Proof: As proven in Lemma 1, if the peg touches the hole,
then the configuration of the peg satisfies Ppeg ∈ [Ωpeg].

It can be concluded that Ppeg ∈ Ωpeg, and Speg ∩ Shole �= φ.
If the orientation Rph of the peg is fixed, the configuration of
the peg Ppeg can be represented in R3 configuration space with
respect to [x, y, z]T , as illustrated in Fig. 1.

It can be seen that the mouth (upper surface) of [Ωpeg] is
made up of the configurations P ∗

peg of the peg of which the z-
component is the maximum in Ωpeg. In such case, P ∗

peg ∈ Ωpeg,
and Speg ∩ Shole �= φ. Therefore, there exists at least one contact
point between the peg and the hole. Let the contact point(s) be
CP peg, CP hole. Since the z-component of the peg is maximum,
the contact point(s) on the peg CP peg has to be within the
lowest point(s) of the peg Lp , and the contact point(s) on the
hole CP hole has to be within the upper surface of the hole, that
is, CP peg ⊆ Lp , and CP hole ⊆ Upper[Shole]. Given the above
equations, it can be concluded that CP peg = Lp .

Suppose that the lowest point of the peg Lp is a unique
point, then CP peg = Lp = p; ∴ CP hole can be any point in
Upper[Shole].

Furthermore, if the lowest point of the peg touches the mouth
of the hole, which means Lp ∈ Upper[Shole], then it can be
concluded that P ∗

peg ∈ Upper[Ωpeg], and the shape of the mouth
of [Ωpeg] is the shape of the trajectory of Lp [that is, traj(Lp)],
and

Lp ∈ Upper [Shole] → traj (Lp) = Upper [Shole] .

Finally, it can be concluded that the shape of Upper[Ωpeg] is
the same as that of Upper[Shole]. �

This theorem can be intuitively illustrated as Fig. 1. If the
lowest point of the peg Lp is a unique point, then the shape
of the mouth (upper surface) of the constrained region is the
trajectory of Lp , which moves along the mouth of the hole.
Therefore, the shape of the mouth of the constrained region is
exactly the same as that of the mouth of the hole.

Remark 1: Theorem 1 reveals the relation between the shape
of the mouth of constrained region and that of the hole. This
theorem explains why force sensor may not work effectively
in cases where the lowest point Lp touches the mouth of the
hole. No matter where the peg is, the force/torque information

collected by the sensor will not change since the contact relation
does not change.

C. Relation Between Geometry of Peg and Constrained
Region

In Section III-B, the relation between the shape of the hole
and the constrained region has been explained. In this part,
the relation between the shape of the peg and the constrained
region will be discussed. Three different cases, i.e., round-
peg-round-hole insertion, convex-polygon-peg-round-hole in-
sertion, and convex-polygon-peg-convex-polygon-hole inser-
tion will be considered.

For the configuration of the peg Ppeg = [x, y, z, θXh
, θYh

,
θZh

]T , if the rotational angles are fixed, the configuration of
the peg can be represented in R3 configuration space with re-
spect to [x, y, z]T . Suppose z is given satisfying Ppeg ∈ Ωpeg,
then the configuration of the peg will form a constrained region
in R2 configuration space, the boundary of which is made up
of the trajectories of the contact points of the peg and hole,
according to Lemma 1.

Theorem 2: For round-peg-round-hole insertion, if the ori-
entation Rph of the peg is fixed and the translational position z
is given, then the shape of the cross sections of the constrained
region parallel to XhOhYh plane is made up of three parts: two
arcs, which are part of the mouth of the hole, and a curve, which
is relevant to both the hole and peg.

Proof: If the peg touches the hole, the configuration of the
peg satisfies Ppeg ∈ [Ωpeg]. It can be concluded that Ppeg ∈
Ωpeg, CP peg = Speg ∩ Shole �= φ, CP hole = Speg ∩ Shole �= φ.
According to the constraint of rigid body, the contact point(s)
on the hole satisfies CP hole ⊆ [Shole] or CP hole ⊆ Upper[Shole].
For high-precision peg-hole insertion, the clearance between the
parts is very small. If the fixed orientation Rph is not zero, then
only CP hole ⊆ Upper[Shole] holds (see [1]).

Suppose the z-component of the peg is given, the con-
tact point(s) on the peg satisfies CP peg ⊆ [Proj(Sz

peg)], where

(Upper[Shole]) ∩ Speg
Δ= Proj(Sz

peg), in which (Upper[Shole])
means the inner part of the mouth of the hole in XhOhYh plane
[as shown in Fig. 3(a)], and Proj(Sz

peg) means the cross sec-
tion of the peg cut by (Upper[Shole]), given the z-component of
the peg.

It can be proven that Proj(Sz
peg) is made up of a line segment

(when the end surface of the peg is a plane) and an elliptical
arc. According to Lemma 1, it is known that the boundary of
the cross section of the constrained region parallel to XhOhYh

plane is the set of configurations that the peg touches the hole.
That is, [Proj(Sz

peg)] ∩ Upper[Shole] �= φ.
To analyze the shape of the boundary of the cross section of

the constrained region, the contact points should be found first.
The shape of the boundary of the cross section of the constrained
region can be given as

traj
(
Proj

(
Sz

peg

))
=

⋃
i

traj
(
CP i

)
.

There are two cases of the position of the contact points that
should be considered, respectively.
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Fig. 3. Shape of the cross section of the constrained region paral-
lel to Xh Oh Yh plane is the shape of the trajectory of Proj(Sz

peg) for
(a) round-peg-round-hole insertion and (b) convex-polygon-peg-round-
hole insertion (the cuboid is taken as an example).

Case 1: If the line segment touches the hole, the contact point
is the end point.

Proof: Let the line segment be AB, and assume that there is a
contact point P ∈ AB and P �= A,P �= B. Then, AB may be 1)
tangent to, or 2) intersecting to the mouth of the hole. If 1) holds,
then P is the tangent point and A /∈ Shole, B /∈ Shole, where the
rigid constraint is not satisfied; and if 2) holds, then P is the
intersecting point and A /∈ Shole, B ∈ Shole(or A ∈ Shole, B /∈
Shole), where the rigid constraint is not satisfied, either.

Therefore, if the line segment touches the hole, the contact
point has to be the end point of the segment.

Case 2: If the elliptical arc touches the hole, the contact point
is the tangent point.

Proof: This holds for the reason that if the elliptical arc and
the mouth of the hole intersects, then the end points of elliptical
arc have to be on the different sides of the hole. Note that “the
elliptical arc is tangent to the mouth of the hole in an arbitrary
point P ” means that, the gradient of the elliptical arc on P is
the same with that of the mouth of the hole on P .

Given Case 1 and Case 2 above, the shape of the boundary of
the cross section of the constrained region can be formulated as

traj
(
Proj

(
Sz

peg

))
= traj (A)
∪ traj (B)
∪ ⋃

j

traj
(
Pj

tangent

)
,

where A, B are the end points of the line segment, and Pj
tangent

is the jth tangent point of the elliptical arc and the mouth of the
hole. This can be illustrated in Fig. 3(a).

Theorem 3: For convex-polygon-peg-round-hole insertion,
if the orientation Rph of the peg is fixed and the translational
position z is given, then the shape of the cross sections of the
constrained region parallel to XhOhYh plane is made up of n
arcs, which are part of the mouth of the hole, where n is the
number of vertexes of the cross section of the peg.

Proof: The proof of this theorem is the same as above except
that the cross section of the peg Proj(Sz

peg) is a convex polygon,
and only Case 1 of Theorem 2 holds. Therefore, the contact
point(s) CP peg are all vertexes of Proj(Sz

peg). According to
Theorem 2, the trajectory of Proj(Sz

peg) is

traj
(
Proj

(
Sz

peg

))
=

⋃
i

traj
(
CP i

)

=
n⋃

i=1
traj

(
P i

vertex

)

[as shown in Fig. 3(b)] where P i
vertex is the ith vertex point of

Proj(Sz
peg). �

Theorem 4: For convex-polygon-peg-convex-polygon-hole
insertion, if the orientation Rph of the peg is fixed and the
translational position z is given, then the shape of the cross sec-
tions of the constrained region parallel to XhOhYh -plane is a
convex polygon, of which the sides are all parallel to the sides
of the mouth of the hole.

Proof: The proof of this theorem is the same as above except
that the shape of the mouth of the hole is a convex polygon, in
which case the contact point may be within the line segment,
if the line segment is parallel to the side of mouth of the hole.
According to Theorem 3, the trajectory of Proj(Sz

peg) is

traj
(
Proj

(
Sz

peg

))
=

⋃
i

traj
(
CP i

)

=
m⋃

i=1
traj

(
P i

vertex

)
.

Remark 2: Theorems 2–4 analyze the relation between the
shape of the peg and that of the cross section of constrained
region parallel to XhOhYh plane. In general, the shape of the
cross section of constrained region is determined by the shape of
the peg and the hole. It is found that when the contact points are
the vertexes of the cross section of the peg Proj(Sz

peg), the shape
of the cross section of constrained region is still determined by
the shape of the mouth of the hole. Furthermore, when the
contact point is a fixed point on the peg, the trajectory of this
point forms a curve on the boundary of constrained region,
which is part of the shape of the hole; on the other hand, when
the contact point is a fixed point on the hole, the trajectory of
this point forms a curve on the boundary of constrained region,
which is part of the shape of the peg.
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Fig. 4. Illustration of Theorem 5. The curve from P 1 ′
peg to P 2 ′

peg describes
either the shape of the peg or that of the hole, which indicates either the
peg or the hole is nonconvex.

Theorem 5: For convex-peg-convex-hole insertion, if the ori-
entation Rph of the peg is fixed, then there exists an ARIE in
the R3 configuration space of the peg.

Proof: For convex peg Speg and convex hole Shole, that is
Speg → convex, and Shole → convex. If the rotational angles
of the peg are fixed, then the configuration of the peg can be
represented in R3 configuration space with respect to [x, y, z]T .

As shown in Fig. 4, suppose that the constrained region
of the peg in R3 configuration space is not convex, that is
Ωpeg → nonconvex, then there exist P 1

peg ∈ Ωpeg, P 2
peg ∈ Ωpeg

and a real number t0 ∈ (0, 1) satisfying P 0
peg = (1 − t0)P 1

peg +
t0P

2
peg /∈ Ωpeg. Since P 1

peg ∈ Ωpeg, P 0
peg /∈ Ωpeg, and Ωpeg is

continuous, there should exist a point P 1 ′
peg = (1 − t1

′
)P 1

peg +
t1

′
P 0

peg ∈ [Ωpeg]. Similarly, there should exist a point P 2 ′
peg =

(1 − t2
′
)P 2

peg + t2
′
P 0

peg ∈ [Ωpeg].
Therefore, there should exist a curve l from P 1 ′

peg to P 2 ′
peg.

According to Lemma 1, l is a set of configurations of the peg
in which the peg touches the hole. According to Remark 2,
l indicates either the peg or the hole is nonconvex, which is
inconsistent with the assumed condition that the peg and hole
are all convex. Therefore Ωpeg should be convex.

Finally, according to [24, Th. 2], since the constrained region
Ωpeg is convex, it is an ARIE. �

Remark 3: Theorem 5 interprets the existence of ARIE in
assembly systems. If the parts are convex, then there will always
exist an ARIE, which can be utilized for strategy investigation
for the insertion process.

Remark 4: Theorems 1–5 reveal the geometry relation be-
tween constrained region in R3 configuration space and as-
sembly parts in physical space. For peg-hole assembly tasks,
it is possible to determine the direction of a state-independent
input u for the configuration of the peg Ppeg, given the ge-
ometry of the boundary of the ARIE, and then Ppeg will con-
verge to a stable point with the effect of u. Therefore, ARIE
bridges the geometry analysis with the dynamics of the assem-
bly system from the perspective of robotic manipulation strategy
design.

IV. STRATEGY INVESTIGATION FOR PEG-HOLE ASSEMBLY

USING THE CONCEPT OF ARIE

In this section, the strategy of using the ARIE to find a valid
assembly process will be presented. Assembly strategies for
round-peg-hole insertion and convex-polygon-peg-hole inser-
tion will be discussed separately.

Fig. 5. (a) Two-step insertion strategy for round-peg and round-hole.
Step 1: A constant force in vertical direction is applied to push the peg
into three-point contact state. Step 2: keep the force applied, and ro-
tate the peg around Oh Xh -axis or Oh Yh -axis step by step to finish the
insertion. (b) Two-step insertion strategy for convex-polygon-peg and
convex-polygon-hole. Step 1: A constant force in vertical direction is ap-
plied to push the peg into the strictly stable state. Step 2: Rotate the
peg around its rotational axis to eliminate Δθz and then keep the force
applied, and rotate the peg around the Oh Xh -axis or Oh Yh -axis step by
step to finish the insertion.

A. Strategy for Round-Peg-Hole Insertion

Because of the rotational symmetry of the round peg, the
initial uncertainty of the configuration of the peg is ΔPpeg =
[Δx,Δy,Δz,Δθx,Δθy , 0]T . A two-step strategy can be de-
signed based on ARIE.

Step 1: Rotate the peg around OhXh -axis or OhYh -axis by
θr , which guarantees the existence of ARIE with the assump-
tion that |θpeg|x  Δθx, |θpeg|y  Δθy . Keep the orientation
Rph of the peg fixed, and then there exists an ARIE in R3

configuration space C
Rp h (θp h =θr )
free .

To eliminate the uncertainty of Δx, Δy, and Δz, a constant
input u along the negative direction of OhZh -axis can be de-
signed in C

Rp h (θp h =θr )
free . As shown in Fig. 1, if the state of the

peg is within the initial range (the upper mouth of the ARIE),
then it will converge to the stable point with the effect of u.
Since there exists only one strict stable point in the configura-
tion space of round-peg and round-hole system, the uncertainty
of Δx, Δy, and Δz is eliminated.

Step 2: Rotate the peg around OhXh -axis (or OhYh -axis)
by −θr to eliminate the uncertainty of Δθx and Δθy . During
the rotation process, keep the force applied, and rotate the peg
around OhXh -axis or OhYh -axis step by step, until |θ| = 0.
Then, the peg will be pushed into the hole, and the uncertainty
of Δθx and Δθy is eliminated. The whole procedure is shown
in Fig. 5(a).

B. Strategy for Convex-Polygon-Peg-Hole Insertion

When assembling a convex polygon peg into the hole, the
initial uncertainty of the configuration of the peg is ΔPpeg =
[Δx,Δy,Δz,Δθx,Δθy ,Δθz ]T , where Δθz means the devia-
tion angle about the rotational axis of the peg. To eliminate Δθz ,
the rotational angle of the peg should be considered.
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Fig. 6. Relation between deviation angle and insertion depth. This
relation changes according to the contact type of the peg and hole,
which means whether the peg touches the edge or the corner of the
upper surface of the hole. For different shapes of peg and hole, there
may exist 2-D ARIE. As shown above, for triangle-peg and triangle-hole,
when the peg touches the corner of the upper surface of the hole, there
exists a 2-D ARIE.

Step 1: Rotate the peg around OhXh -axis or OhYh -axis by
θr , which guarantees the existence of ARIE with the assumption
that |θpeg|  Δθx, |θpeg|  Δθy . Keep the orientation Rph of
the peg fixed, and then there exists an ARIE in R3 configuration
space C

Rp h (θp h =θr )
free .

Step 2: Rotate the peg around its rotational axis to eliminate
Δθz . Finally, keep the force applied, and rotate the peg around
OhXh -axis or OhYh -axis step by step until |θ| = 0. Then, the
peg will be pushed into the hole, and the uncertainty of Δθx and
Δθy is eliminated. The whole procedure is shown in Fig. 5(b).

Remark 5: To eliminate Δθz , the orientation of the hole
should also be considered. When rotating the peg around its
rotational axis, the insertion depth changes. And the relation
between the deviation angle and insertion depth is related to the
contact type of the peg and hole, which means whether the peg
touches the edge or the corner of the upper surface of the hole.
As shown in Fig. 6 , for different shapes of peg and hole, there
may exist 2-D ARIE for a certain orientation of the hole, which
can be utilized to eliminate Δθz .

Remark 6: According to the strategies discussed above, it
should be noted that there are some perquisite requirement for
the robotic manipulator.

1) The manipulator has the ability to keep the orientation of
the object fixed while moving.

2) The manipulator has the ability to move along the Zh -
axis in a compliant manner while the position of the object
along Xh - and Yh -axis is not controlled.

Remark 7: In industrial application, chamfer is widely used
for assembly tasks, which helps the initial stage of the insertion
process. However, chamfer requires additional machining pro-
cess of the parts, and chamfer cannot lower the requirement for
the precision of the robotic system. On the other hand, introduc-
ing chamfer to the insertion process can be seen as a method that
enlarges the initial range of the ARIE. For example, assume that
the radius of the hole is rhole and the radius of the upper surface
of the chamfer is rc (rc > rhole), then the initial range where
the peg can be inserted with the ARIE-based strategy would be
enlarged from rhole to rc .

V. APPLICATION: USING ARIE TO ACHIEVE PART ASSEMBLY

FOR RV REDUCER

As proven in Section III, attractive regions in environment
widely exist in assembly systems. One application of example
is the assembly of RV reducer. RV reducer is a new kind
of planetary reducer that has excellent features, e.g., high
torque density, high shock load capability, high rigidity, high
precision, etc.; therefore, it is widely used in robotic and other
high-precision systems.

RV reducer is made up of the following key components: 1)
case; 2) shaft and hold flange; 3) eccentric crankshaft; 4) RV
gears; and 5) input and spur shafts.

In this paper, the strategy for crankshaft-bearing insertion
and the input shaft insertion will be proposed, which is the
main difficulty of the whole assembly task. The eccentricity
of the crankshaft and the gear part of the input shaft add the
complexity of the process. The computer aided design (CAD)
models of crankshaft and the input shaft are shown in Fig. 7(a).

During the real experiment, it is noted that the velocity of
the end effector should be confined within a certain range Vsafe,
which guarantees a damage-free contact. Since the proposed
method is model based, it is easy to determine a “safe distance”
ε. The velocity of the end effector should be reduced to v ∈ Vsafe

before the end effector enters the “safe distance.”
In this application, the assembly process will be first analyzed

in a simulation environment, and then the strategy will be applied
to the laboratory experiments to illustrate the effectiveness of
the method. The whole process of the assembly is illustrated in
Algorithm 1.

A. Analysis in the Simulation Environment for the
Assembly System

In this paper, the assembly process is simulated with
MSC.ADAMS. Automated dynamic analysis of mechanical sys-
tems (ADAMS) is a multibody dynamics simulation software,
which is capable of calculating the pose (position and orienta-
tion), motion (velocity and acceleration), contact (contact force
and contact points), etc.

In the simulation, the CAD model should be imported first
and then the initial conditions should be set for the assembly
parts. For simplicity, the parts to be assembled (the eccentric
crankshaft and the input shaft) will be set in the state of uniform
motion with a proportional controller.

The coordinate frames are defined as follows.
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Fig. 7. (a) CAD models for the eccentric crankshaft-bearing insertion
and the input shaft insertion. Left: The diameter of the lower part of the
crankshaft is 9.75 mm, and the inner diameter of the bearing is 9.80
mm. Right: The diameter of the input shaft is separately 29.50 mm,
26.50 mm, and 22.50 mm (from top to bottom), and the inner diameter of
the upper surface of the flange is 30.00 mm. (b) Experimental setup for
crankshaft-bearing assembly. (c) Experiment setup for input shaft case
assembly.

Algorithm 1: ARIE-based algorithm for peg-hole insertion.
Require:

Model information Speg and Shole.
Ensure:

Possible assembly strategy.
1: Generate the constrained region of the peg Ωpeg and
determine the existence of ARIE in Rn , where n is the

number of dimension of the configuration space of the
peg. Let Ω∗

peg = Ωpeg;
2: if Ω∗

peg → ARIE then
3: repeat
4: Find/Design a state-independent input u(t).
5: Construct the trajectory of the peg

with u(t) applied.
6: until ΔPpeg = 0
7: else
8: Project Ωpeg in Rn to subspaces Ω̂peg and determine

the existence of ARIE. Let Ω∗
peg = Ω̂peg. Goto Step 2;

9: end if

1) For the Crankshaft: The coordination frame for the
crankshaft and the hole has been established in [24], as shown
in Fig. 7(a), and the strategy has also been discussed. When the
suitable θz is selected, the process reduces to a typical peg-hole
insertion problem.

Fig. 8. (a) X -, Y -, and Z -component of the position of the center point
of the lower surface of the crankshaft Op . t < 12 s is the first phase.
The crankshaft is pushed by a state-independent force to move along
the boundary of the ARIE. When t = 12 s, the crankshaft is at the low-
est point of the ARIE. t ≥ 12 s is the second phase. As time passes,
the uncertainty of the crankshaft is all eliminated and the insertion is
achieved. (b) X -, Y -, and Z -component of the contact force between
the crankshaft and the bearing, and the velocity of the crankshaft in the
Oh Zh direction.

2) For the Input Shaft: The base coordinate frame
OhXhYhZh is fixed on the upper surface of the case. The base
points of coordinates Op ′ Xp ′ Yp ′ Zp ′ and OpXpYpZp are corre-
sponding to the positions of upper and lower surface centers
of the input shaft, respectively. The pose of the input shaft in
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Fig. 9. Whole process of the simulation of crankshaft-bearing insertion where the initial position of Op is (5,−5, 10). (i)–(iv) First phase. The
rotational angles of the crankshaft are fixed and a state-independent force is applied in the vertical direction, which pushes the crankshaft to the
three-point contact state. (v)–(viii) Second phase. The crankshaft is gradually rotated along the Zh -axis and the insertion is finally achieved.

OhXhYhZh frame can be represented as

Pin =
[
|OhOp |Xh

, |OhOp |Yh
, |OhOp |Zh

, θXh
, θYh

, θZh

]T

Δ= [x, y, z, θXh
, θYh

, f(θz )]
T ∈ Cfree ⊂ SE(3).

The input shaft is rotational symmetric about Zp -axis. There-
fore, the position of input shaft [x, y, z]T is not changed by θz

and the constrained region formed by input shaft and the case is
similar to a convex-peg-convex-hole ARIE.

As mentioned in Section IV-A, the assembly process of the
parts can be divided into two phases. In each phase, the uncer-
tainties will be eliminated within the pose of the shaft in different
degrees of freedom (DoF). In this process, a state-independent
force is applied along the Zh -axis, and the state of the shaft will
finally converge to the stable point.

B. Analysis of the Assembly Process Based on
MSC.ADAMS

In this section, the crankshaft and bearing is taken as the
example to illustrate how to achieve the insertion in ADAMS-
based simulation environment. The main process of the assem-
bly is made up of two phases. The position of the center point of
the lower surface of the crankshaft is shown in Fig. 8(a) and the
contact force between the crankshaft and the bearing is depicted
in Fig. 8(b).

1) In the First Phase (t < 12 s): The crankshaft starts
with a fixed orientation by θr (Note that θr is selected by ex-
perience. The smaller the θr is, the less time the process will
spend; the larger the θr , the deeper the strict stable point will be
in the constrained region, which guarantees the effectiveness.
Usually 5◦ ≤ θr ≤ 10◦.) across the OhXh -axis (or OhYh -axis).
And the crankshaft is pushed by the assigned state-independent
force to the stable point of the ARIE. In this phase, the contact
occurred at time t = 9 s, when the peg started touching the hole.
After that, the peg will switch one-point contact to two-points
contact, and finally three-points contact, which corresponds to
the strict stable points in the R3 configuration space. In this
phase, the contact force in all directions is very small since a
low velocity vz = −2 mms−1 is set.

Fig. 10. Whole process of (a) crankshaft-bearing assembly and
(b) input shaft case assembly.

2) In the Second Phase (t > 12 s): The crankshaft will
be gradually rotated back, and then the rotational uncertainty
will be eliminated.

In this phase, there is only one hopping point at t = 13 s. At
that time, the uncertainty of the crankshaft is eliminated and the
peg is pushed vertically into the bearing.

In the analysis above, it can be seen that there is a simple
relation between the velocity of the assembly parts and the
contact force. Therefore, in the real environment if there is
requirement for less stress during the assembly process, the
set value of the velocity should be set smaller to achieve the
assembly.

Fig. 9 shows the process of crankshaft-bearing insertion in
simulation environment for RV reducer assembly with different
initial positions.

C. Experiment

To illustrate the effectiveness of the proposed strategy, two
experiments are implemented with a Funuc M-6iB, which is a 6-
axis industrial robot with repeatability of ±0.08mm. The exper-
imental setup is shown in Fig. 7(b) and (c). For the crankshaft-
bearing insertion, the bearing is fixed on the workspace, and the
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TABLE II
EXPERIMENTAL RESULTS OF RELIABILITY

No. of Exp. Peg Diameter [mm] Hole Diameter [mm] Clearance [mm] Strategy No. of Trial No. of Success Success Ratio [%]

1. 9.75 9.80 0.05 Intuitive 50 31 62
(Crankshaft) (Bearing) ARIE-based 50 50 100

2. 29.50, 26.50, 22.50 30.00 0.50, 3.50, 7.50 Intuitive 50 40 80
(Input shaft) (Case) ARIE-based 50 49 98

crankshaft is placed in a set position. The 6-DoF robot with a
2-pin gripper will grab the crankshaft and then put it into the
bearing. For the input shaft-case insertion, the case is fixed on
the workspace, and the input shaft is placed in a set position.
The 6-DoF robot with a 2-pin gripper will grab the input shaft
and then put it into the case. The vision sensor is optional for
locating the initial position of the crankshaft and the input shaft.

Combined with the strategy designed in configuration space,
and the contact force analysis from the simulation stage, the
assembly for crankshaft-bearing and input shaft case can be
achieved.

It should be noted that to realize the proposed strategy, the
robotic system should possess the following properties.

1) It should have some kind of “soft float” function, which
means the manipulator could hold some freedoms of de-
gree fixed during the movement.

2) It should have the ability to confine the maximum output
force applied to the end effector so that it would not
damage the assembly parts.

The whole process is shown in Fig. 10(a) and (b).
1) Assembly for Crankshaft and Bearing: The main dif-

ference between the simulation and the practical experiment is
that the lower part of the crankshaft is gear-like. Since the con-
tour of the side surface of the crankshaft is still cylindrical, it
makes little difference in the real insertion process.

The steps for assembling the crankshaft are as follows.
1) The crankshaft is rotated across the x-axis by 10°.
2) The crankshaft is pushed by a state-independent force

along the z-axis to the initial contact state.
3) Keep applying the force. The crankshaft is then pushed

to the stable contact state.
4) The crankshaft is rotated back to achieve the insertion.
2) Assembly for Input Shaft and Case: The main

difficulty for the insertion of input shaft is that the lower part
is layered with regressive radius. Using backprojection, several
ARIEs can be found in the different steps of the insertion
process.

The steps for assembling the input shaft are as follows.
1) To insert the first layer to the case, the input shaft is

rotated across the x-axis by 10°.
2) The input shaft is pushed by a z-axis state-independent

force to the initial contact state. Keep applying the force.
The input shaft is then pushed to the first stable contact
state where the first layer is inserted.

3) Keep applying the force, hold the translational DoFs un-
fixed, and rotate the input shaft back to the second stable
contact state.

4) Repeat the process to finish the insertion of the third layer.
To illustrate the reliability of the ARIE-based strategy,

each experiment was conducted 50 times and compared with
the intuitive strategy, which means that the peg would be
pushed into the hole vertically. Through all experiments, the
initial positional and rotational uncertainty was set randomly
satisfying |Δθ| < 1.5◦ and |Δx| < 0.50 mm. As shown in
Table II, the intuitive strategy got only 62% success ratio
for crankshaft-bearing insertion since the repeatability of the
robot cannot meet the requirement of the clearance of the
parts. With the initial uncertainty, jamming occurred inevitably
during the insertion process. On the other hand, ARIE-based
strategy achieved high reliability by means of the environment
constraint and the properties of the robotic system.

VI. CONCLUSION

In this paper, the relation between the physical space and the
configuration space for the robotic assembly system has been
discussed. First, a series of theorems and proofs have been given
to illustrate the general relation between the shape of the con-
strained region in configuration space and the geometry of the
assembly parts in physical space. The existence of ARIE has
been proven for convex-peg-convex-hole system, which can be
used to achieve high-precision assembly. Second, the strategy
investigation based on ARIE has been analyzed for round-peg-
round-hole, and convex-polygon-peg-convex-polygon-hole in-
sertion. A two-step strategy can be made to achieve the insertion.
Third, an application of two types of peg-hole assembly for RV
reducer with the concept of ARIE has been proposed. Based on
the analysis and simulation, the experiments have verified the
validity of the concept of ARIE and the ARIE-based strategy
for part assembly.

In the future work, the concept is expected to be applied to
more areas, such as service industry, where the ability to per-
form flexible manipulation is of great importance and is the
basis to realize human–robot interaction with safety and relia-
bility. In this work, ARIE focuses on the compliance formed by
constraints of the environment. In the future work, ARIE-based
method is expected to be integrated with coarse sensing infor-
mation to increase the generality and robustness of the system,
which could further helps to achieve low-cost and high-precision
robotic systems.
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