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ABSTRACT Recently, there has been a rapid growth of the online auctions in e-commerce platforms,
in which small and/or medium-sized enterprises (SMEs) heavily depend on the advertising systems. In this
paper, we design flexible mechanisms to reduce the competition of SMEs without affecting competitive
large companies in order to maximize the profit of e-commerce platform and to keep the ecosystem
healthy. A probabilistic pricing mechanism design approach is investigated for online auctions. Utilizing
this approach, we introduce the notation of simple mechanisms as a tool for designing new mechanisms.
Based on a simple and a classical, the proposed mechanism probabilistic mechanisms are designed and their
properties are analyzed. Furthermore, we devise two mechanism design algorithms for different application
scenarios. Experiments are presented to demonstrate the flexibility and the effectiveness of the proposed
probabilistic mechanism design approach.

INDEX TERMS Mechanism design, online auctions, randomized mechanisms, e-commerce, computational
experiments, probabilistic mechanism design.

I. INTRODUCTION
According to a report of eMarketer1 in 2016, the Chinese
leading e-commerce platform Alibaba group generates 60%
of online advertisements in China. Compared with the tradi-
tional online advertising services provided by search engines
(e.g. Google AdWords [1]), online advertising auctions in
e-commerce platforms (e.g. Alibaba, Amazon and eBay)
have customers with much bigger purchase potential and
well analyzed buying habits. Most of them are multi-sided
platforms [2]. The e-commerce platform sells impressions
to the advertisers, and the advertisers sell products to the
customers on the platforms. Since the order of products in
natural search results is very much related to the sales vol-
ume, there is very little opportunity to have effective natu-
ral impressions for SMEs. Consequently, the competition of

1eMarketer. Programmatic Ad Spending in China Is Growing Rapidly,
February, 3 2016. http://www.emarketer.com/Article/Programmatic-Ad-
Spending-China-Growing-Rapidly/1013542

auctions in e-commerce platforms is intense and important.
However, the auction mechanisms such as the generalized
first-price [3], the generalized second-price [4], [5], and the
VCG [6]–[8] have been designed according to the clas-
sical auction theory emphasizing competition resulting in
the dropout of SMEs unless their budgets can afford large
bids. Therefore, highly competitive advertising auctions will
reduce the diversity of products of the e-commerce platforms
and the attractiveness to the customers from the long term.

In order to keep the entire e-commerce industry growing it
is crucial to maintain a large basis of participants regardless
of their sales by reducing the competition of SMEs while
encouraging the competition of large enterprises. A reason-
able approach to deal with this issue is to adopt random-
ization [9], [10] in determining the winner of the auction
and her charge. Normally, in a standard single item auction
mechanism, the object will always be awarded to the bidder
with the highest bid. This is not guaranteed in nonstandard
mechanism [11] such as randomized mechanisms [10], [12].

10782
2169-3536 
 2017 IEEE. Translations and content mining are permitted for academic research only.

Personal use is also permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.

VOLUME 5, 2017



J. Zhang et al.: Probabilistic Mechanism Design for Online Auctions

However, since most auctions utilized by e-commerce
platforms currently are not truthful,2 (e.g. generalized second
price), inappropriate randomization not only break the equi-
libriums of the original mechanism and make the advertising
system unstable, but also hurt the interests of large enterprises
and the e-commerce platform.

The objective of our mechanism design problem consist
of two main parts: the winning rate of the bidders with low
valuations (i.e. the SMEs) and the profit of the platform.
We also try to reduce the social loss. In this paper, we pro-
pose a probabilistic approach to design balanced auctions
for the e-commerce platform by introducing randomization.
Moreover, we develop a method to select the collection of
mechanisms in order to make sure rational bidders do not
have to change their bidding strategies when adopting the
probabilistic mechanisms. The contributions of this paper
can be summarized as follows: (1) A probabilistic price
mechanism design approach is proposed for online auctions.
(2) The notation of simple mechanisms is introduced such
that the probabilistic combination of a classical and a sim-
ple mechanism will keep the original equilibriums. (3) Two
kinds of probabilistic price mechanisms are developed for e-
commerce platforms.

The rest of this paper is organized as follows. Next section
reviews related works. Section III describes our mechanism
design problem and gives a preliminary analysis to classi-
cal first-price and second-price auctions. We will find it is
very important for e-commerce platforms to consider the
winning rate of bidders with low valuations. The probabilis-
tic mechanism design approach is presented and used to
develop particular mechanisms in Section IV. Based on the
results of Section IV, Section V offers instantiated algorithms
and reports computational experiments to evaluate the pro-
posed probabilistic mechanisms for long-running auctions.
Section VI concludes the paper.

II. RELATED WORK
Auction has been widely regarded to be effective and efficient
for scarce resource allocation. There is a long history which
can be traced back even to the age of the ancient Babylon [11].
Traditionally, it is employed mainly to sell valuable goods
like antiquities, artifacts, jewelry, etc. Later it is applied to
determine the allocation and price of the property right of
land, mine, and state-owned enterprise, even to more abstract
rights such as radio spectrum operation [13] and greenhouse
gas emission allowance.3 Recently, Internet became fantas-
tic for selling both tangible (e.g., ebay [14] ) and virtual
goods (e.g., Google AdWords [1], [3], ridesharing [15], and
crowdsourcing [16]). Online auction became one of the most
successful sectors of the Internet industry and it has triggered
a new wave of research on auction theory.

2A truthful auction encourages bidders to bid their true valuations.
However, the non-truthful GSP mechanism is much easier to understand
for a non-professional advertiser, and is employed by many e-commerce
platforms.

3The EU Emissions Trading System. http://ec.europa.eu/clima/
policies/ets/index_en.htm

From the point of view of scarce good allocation, effi-
ciency is the central issue discussed in most of the classi-
cal researches based on the seminal paper of Vickrey [6].
In that paper, Vickrey showed the equivalence of the first-
price and second-price auctions in term of expected profit.
Later, Myerson [17] proved this property in a more gen-
eral setting and it is now widely referred as the revenue
equivalence theorem (RET) in the auction related litera-
tures. In the same paper, the optimal auction mechanism
for single good is derived based on the RET. Many other
researchers have extended these classical results in different
directions, such as multiple goods, risk aversion (for both
seller and bidder sides), bidder value correlation and affili-
ation, bidder asymmetry, non-commitment, deadlines and so
forth [18]–[23].

Randomized mechanisms are well known for assignment
problems. As a generalization of deterministic mechanisms,
random serial dictatorship mechanism [9] and probabilis-
tic serial mechanism [24] were introduced by the ran-
domization of the ordering process. The idea is to regard
each object as a continuum of probability shares [25].
Conitzer and Sandholm [10] modeled mechanism design as
an optimization problem to find a randomized mechanism
with a probability distribution over the outcome set in order to
maximize the auctioneer’s objective. In their definition of ran-
domized mechanism with payments, the outcome is random-
ized and the payment selection function is deterministic. In a
subsequent research [26], self-interested automated mech-
anism was designed to maximize the profit of the seller.
Randomization is also employed for double auctions [27].
After the bids are submitted, they use the Trade reduc-
tion (TR)mechanismwith probability p, and theVCGmecha-
nismwith probability 1−p. In [12], bid-independent auctions
are introduced for analyzing randomized truthful auctions.
Note that, since the mechanisms considered in [12] and [27]
are all truthful, the probabilistic combination will keep the
equilibrium bidding strategies. However, if the auctions
are not truthful, bidders need to investigate new strategies.
In e-commerce platforms, we need to investigate randomized
mechanisms without the truthful assumption.

III. NOTATIONS AND CURRENT PRACTICE
In this section we define our research problem and provide a
preliminary analysis of classical first-price (FP) and second-
price (SP) mechanisms [11]. We consider an auction with
sealed price bids for N bidders with single object (e.g. a key-
word) for a single-round sale, where N ≥ 2.
(1) Bidder-i assigns a value of Xi to the object to represent

the maximum amount of money4 she wants to pay for it.
It is assumed that Xi, i = 1, 2, . . . ,N , are independent
and identically distributed random variables on the inter-
val B = (0,+∞) according to a distribution function F .

4Besides the real valuation of the object by the bidder, budget [28], [29]
is another critical factor affects the maximum amount of money. Generally,
SMEs will have smaller X . We also assume the bidders are indistinguishable
from the perspective of the e-commerce platform.

VOLUME 5, 2017 10783



J. Zhang et al.: Probabilistic Mechanism Design for Online Auctions

Bidder-i knows her actual valuation xi, and others know
the distribution. Bidder-i submits bid bi to the e-commerce
platform. b = [b1, . . . , bN ]T ∈ BN , x = [x1, . . . , xN ]T ∈ BN .
(2) The allocation rule is a function L(b) : BN → {0, 1}N ,

showing that with the bidding vector b, the object is allocated
to bidder-i if Li(b) = 1 and Lj(b) = 0, j 6= i. In this case,
we say bidder-i wins. We simplify the payment rule as a
function C(b) : BN → BN to denote the cost of bidder-i to
be Ci(b). Note that, if bidder-i is charged by Ci(b̄) > xi, the
allocation will fail. Thus, a mechanism M = (L,C) can be
definedwith an allocation rule L and a payment ruleC . If both
L and C are deterministic, the mechanism is deterministic.
Then, for a deterministic mechanism M = (L,C),

the profit of the e-commerce platform is
∑N

i=1 Ci(b). Suppose
the auction is with individual rationality. Then, each bidder-i
bids so as to maximize her expected payoff

5i(x, b) = xiLi(b)− Ci(b). (1)

Define winning rate to be the probability a bidder wins
in long-term. Since SMEs depend on the sponsored auction
heavily, assuming a bidder cannot change the total clicks
(which is not related to the advertising system very much)
her impressions can be determined by her winning rate.
Hence, she cannot obtain enough impressions to survive if
she has a very small winning rate. We assume a bidder will
have to leave the e-commerce platform if she has a very
small winning rate less than a constant entrance threshold θ .
For example, an advertiser with θ = 0.1% may leave the
e-commerce platform if she wins less than 100 bids after
100000 trials.

The classical FP and SP mechanisms are defined as:
Definition 1 (First Price Mechanism, FP [11]): First

price auction MI
= (LI,C I) allocates the object to the

bidder with highest bid, and charge her with the highest bid.
Definition 2 (Second Price Mechanism, SP [11]): Second

price auction MII
= (LII,C II) allocates the object to the

bidder with highest bid, and charge her with the second
highest bid.

We can also set a reserve price r . If the payment is less
than r , we will charge the winner with r .
The strategy of a rational bidder i is a function bi = βi(xi) :

B → B from her valuation to the bid. We focus on the
symmetric case of bidders, i.e., all the bidders employ the
same strategy β in the game. According to the results in [11],
it is a symmetric equilibrium strategy with FP to bid

βI(xi; r = 0) = xi −
∫ xi

r

F(ξ )N−1

F(xi)N−1
dξ, (2)

which is a monotonic function of the valuation xi. With SP,
it is a weakly dominate symmetric equilibrium strategy to bid

βII(xi; r = 0) = xi, (3)

which is also monotonic. Hence, suppose all the bidders
employ the equilibrium strategy, the winning rate of bidder-i
with either FP or SP mechanisms equals to the probability

that she has the highest valuation xi:

pA(xi; r = 0) = F(xi)N−1, (4)

where A = I or II. We denote AP as FP or SP for short.
FP/SP and any standard single object auction mechanisms

with allocation rule LI = LII have an important characteristic
in common: ‘‘first-price’’ wins. Thus, the winning rate of a
rational bidder is positive correlated with her valuation, i.e.
bidders with lower valuations will have lower winning rate.
However, insufficient winning rate will hurt the enthusiasm
of the bidders with low valuations (SMEs). Consider a mech-
anism MA. Assume bidder-i has relatively low valuation
xi with Pr(X ≤ xi) = F(xi) = 1/5, her winning rate
pA(xi; r = 0) = 1/5N−1 will be very small when N is
large. In e-commerce platforms, less enterprises means less
attractiveness. FP and SPwill reduce the platform’s long-term
profit. In this research, our task is designing mechanisms in
order to increase the winning rate of a SME to at least θ if her
original winning rate pA(xi; r) < θ and xi ≥ r .
Hence, there are four kinds of stakeholders. (1) Customers

like more kinds of products to choose, hence more enter-
prises are desired in the platform. (2) SMEs need sufficient
impressions and higher winning rates. (3) A large enterprise
wants to maintain the high payoff. Hence, (4) the platform
will design a mechanism to help SMEs without reducing
too much profits of the platform and the large enterprises.
A reasonable solution is to introduce randomization to the
classical mechanisms giving consideration to the interests
of stakeholders. In order to reduce the migration cost, the
original equilibrium strategies of rational bidders should be
the equilibrium of the new mechanisms.

IV. PROBABILISTIC MECHANISM DESIGN
In this section, we introduce a probabilistic approach to
design mechanisms incorporating both the interests of the
bidders with low valuations and the platform.

A. SIMPLE MECHANISMS
In order to utilize standard (‘‘first-price’’ wins) mechanisms
such as FP and SP to have higher profit, while increasing the
winning rate of bidders with low valuations slightly, we intro-
duce randomization to design mechanisms. Suppose we have
a mechanism M1 (e.g., FP), we will find a mechanism M0
and a discrete probability distribution λ̄ = (λ1, λ0) over
the two mechanisms. The platform announces λ̄ and two
base mechanisms to all the bidders. First, ask the bidders
to provide their bids b = (b1, . . . , bN ); And then choose a
price mechanism randomly from the mechanisms according
to the distribution λ̄; Finally, select the winner and decides
the price using the selected mechanism. Next, we focus on
finding a mechanism M0 and the distribution such that the
new mechanism will hold the same equilibrium strategies for
the bidders with M1.
Formally, we can define a new mechanism with existing

mechanisms Mj, j = 1, 2, . . . ,M , and a discrete probability
distribution λ̄ = (λ1, . . . , λM ), with

∑M
j=1 λj = 1, λj ≥ 0, for
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j = 1, . . . ,M . Then, mechanismM = (M1, . . . ,MM ; λ̄) is
with Pr(M =Mj) = λj, for j = 1, . . . ,M .
After a bidding contract is established and the randomly

selected pricemechanisms isMj, the randomizedmechanism
M acts in the same way as the selected mechanism keeping
properties such as the winner of the auction and the payment.
Hence, the linearity of the conditional expectation operator
implies the following property.
Lemma 1: Consider mechanisms Mj, j = 1, . . . ,M,

and assume that the bidders bid b1, . . . , bN . The expected
payoff of bidder-i with respect to mechanism M =

(M1, . . . ,MM ; λ̄) equals

E[5i(x, b)] =
M∑
j=1

λjE[5
j
i(x, b)], (5)

where 5j
i is the payoff of bidder-i with mechanism j.

Based on the above proposition, we can estimate the
equilibrium strategies and the expected payment for bid-
ders with the new mechanism, hence the expected profit.
Thus, given user valuation distribution F and proper base
mechanisms Mj, j = 1, . . . ,M , we can design mech-
anisms by selecting parameters λ̄. The proposed mecha-
nism will maintain part of the properties of the original
mechanisms and have new characteristics influenced by the
parameters λ̄.

Hence, we introduce a kind of mechanism without com-
petition to help SMEs. If both the expected values of
the allocation rule and the payment rule are independent
to the bids, we call it a simple mechanism. For exam-
ple, one of the simplest simple mechanisms always allo-
cates the object to bider-1 and charge her with a constant
price 0.

Following the definition of a simple mechanism, higher
bid will not ensure the winning of a bid. Thus, we can
combine a classical and a simple mechanism to increase the
winning rate of SMEs. According to Lemma 1, we have the
following theorem that if we combine an existing mechanism
with a simple mechanism, the original equilibrium is also an
equilibrium of the new mechanism.
Theorem 1: Consider mechanism M = (M1,M2; λ̄),

where M1 is a simple mechanism. Suppose, for any N bid-
ders,M2 leads to an equilibrium b = (b1, . . . , bN ), then b is
also an equilibrium ofM.

The proof of Theorem 1 can be found in the appendix
section. Considering the probabilistic combination of a stan-
dard mechanism (e.g. FP or SP) and a simple mechanism,
the new mechanism will keep the equilibrium of the original
mechanism. This property ensures that rational bidders do
not have to change her bid while λ̄ is changing. Thus,
we can utilize Theorem 1 to design mechanisms based on
existing mechanisms (truthful or not) to reduce the migra-
tion cost and acquire better performance. Moreover, we can
adjust λ̄ during the long-term operation of the auction
without influencing the equilibrium. Next, we employ the
above probabilistic mechanism design approach to define the

Equal-Possible mechanism without competition, i.e. a simple
mechanism.5

Definition 3 (Equal-Possible Mechanism, EP): Let Mj,
j = 1, . . . ,N be deterministic mechanisms with
Lj(b) = 1, and Cj(b) = r such that mechanism Mj
will always let bidder-j win, and charge her for r. Let
λ̄ = (1/N , . . . , 1/N ), then we call the probabilistic com-
bination M0

= (M1, . . . ,MN ; λ̄) an equal-possible (EP)
mechanism.

EP mechanismM0 is quite different with the ‘‘first-price-
win’’ mechanisms such as FP and SP. Most of the bidders
(xi ≥ r) will have the same winning rate,

p0(xi; r) =
1
N
· 1+

1
N
· 0+

1
N
· 0+ · · · =

1
N
. (6)

Thus, EP can be much more friendly to bidders with low
valuations (SMEs) compared with the competitive FP and
SP mechanisms, since those bidders are at a disadvantage
in the competition. Note that, if a rational bidder’s valuation
xi < r , she will not pay for her winning bid, and has 0
payoff. Hence, r is actually a reserve price of the proposed
EP Mechanism. With the purpose to reduce the difficulty for
SMEs, we would always assume that the reserve price r is
with a very small value. Next, we will present a brief analysis
of the EP mechanism.

A remarkable feature of EP is that any bidding vector
b = (b1, . . . , bN ) can be the equilibrium of the game. This is
because for any bidder, changing her bid will not increase her
payoff, her winning rate or any mathematical characteristic in
the meaning of the expected valuation.

The payoff of bidder-i is also independent with her bid bi.
If xi ≥ r , she has 1/N probability to get positive payoff

50
i (x, b; r) = xi − r . (7)

The expected payment of bidder-i with xi ≥ r is the
product of her winning rate and the constant payment

m0(xi; r) =
1
N
· r +

1
N
· 0+

1
N
· 0+ · · · =

r
N
. (8)

The expected payoff of bidder-i with xi ≥ r is

π0(xi; r) =
1
N
· E[xi − m0(xi)|xi ≥ r]+

1
N
· 0+ · · ·

=
1
N
· [1− F(r)][xi − r]. (9)

Thus, the expected profit of the seller is

R0(r) = N · E[m0(v)] = N ·
∫
∞

0
m0(x)f (x) dx

= N ·
∫
∞

r

r
N
f (x) dx = r[1− F(r)]. (10)

5Simple mechanisms can be useful in practice. By introducing additional
parameters to the pricing rules, we can design simple mechanisms easily to
adapt different scenarios. For example, in online auction settings, we can
employ the advertising quality score qi as the mechanism distribution in
Definition 3, i.e. λ̄ = (q1/

∑
j qj, . . . , qN /

∑
j qj). The proposed simple

mechanism will give advantage to bidders with higher quality score.
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Since FP and SPmechanismswill sell the object withmuch
higher price than the reserve price with a big chance, with
the same reserve price r , the expected profit of the seller
with respect to the EP mechanism is much smaller than the
FP and SP mechanisms. However, EP can be beneficial to
the e-commerce platform from the long term with carefully
designed probability distribution.

B. PROBABILISTIC MECHANISMS
In the following, we will take the EP mechanism and the
classical FP or SP as base mechanisms, and try to find proper
distribution λ̄ over the mechanisms to balance the interest
of the bidders with low valuations (SMEs) and the seller
(e-commerce platform) to develop probabilistic mechanisms
for e-commerce platforms.
Definition 4 (Probabilistic First Price Mechanism, pFP):

Let MI be the FP mechanism, and M0 be the EP
mechanism. For λ̄ = (1 − λ, λ), λ ∈ (0, 1),
we define the probabilistic first price (pFP) mechanism
asMpI

= {MI,M0
; λ̄}.

Definition 5 (Probabilistic Second Price Mechanism,
pSP): Let MII be the SP mechanism, and M0 be the EP
mechanism.For λ̄ = (1 − λ, λ), λ ∈ (0, 1), we define
the probabilistic second price (pSP) mechanism as MpII

=

{MII,M0
; λ̄}.

We use pAP to denote probabilistic first-price mech-
anism (pFP) MpI or probabilistic second-price mecha-
nism (pSP) MpII. Denote MpA(r1, r2, λ) for short with
r1, r2 ∈ B the reserve prices of the AP and the EP respec-
tively, r2 ≤ r1, and λ̄ = (1− λ, λ).
Utilizing Theorem 1, the symmetric equilibrium strategy

of the rational bidders can be obtained. Then we can estimate
the expected payoff of bidders, the winning rate of bidders,
and the expected profit of the e-commerce platform with the
parameters r1, r2 and λ̄ = (1− λ, λ).
Suppose the user valuation distribution is F , we employ

the probabilistic mechanism MpA(r1, r2, λ). Bidder-i with
valuation xi ≥ r2 has λ/N probability to get positive payoff
from EP,

5
pA
i (x, b; r1, r2, λ) = xi − r2.

If xi ≥ r1, she has 1− λ probability to get payoff from AP

5
pA
i (x, b; r1, r2, λ) = xiLAi (b)− C

A
i (b).

According to Theorem 1, if xi ≥ r1, we have the symmetric
equilibrium bidding strategy of MpI,

βpI(xi; r1, r2, λ) = βI(xi; r1). (11)

The symmetric equilibrium bidding strategy of MpII is

βpII(xi; r1, r2, λ) = βII(xi; r1). (12)

A rational bidder with valuation xi < r2 will never have a
chance to win. Bidding truthfully bi = xi is an equilibrium
strategy of bidder-i with valuation r2 ≤ xi < r1, since lower
bid (less than r2) will cause him lose the λ/N probability

to win. And, if she reduce her bid to r2 ≤ bi < xi, she will
not have higher expected payoff or winning rate.

With both probabilistic mechanisms pAP, the winning rate
of bidder-i is

ppA(xi; r1, r2, λ)

= p0(xi; r2)λ+ pA(xi; r1)(1− λ)

=

 λ/N + (1− λ)F(xi)N−1, xi ∈ [r1,∞),
λ/N , xi ∈ [r2, r1),
0, otherwise.

(13)

Her expected payoff is

πpA(xi; r1, r2, λ)

= λπ0(xi; r2)+ (1− λ)πA(xi; r1)

=


λ/N [x − r2][1− F(r2)]

+(1− λ)[ξG(ξ )
∣∣∣x
r1
−
∫ x
r1
yg(y)dy], xi ∈ [r1,∞),

λ/N [x − r2][1− F(r2)], xi ∈ [r2, r1),
0, otherwise.

(14)

where g(y) := (N − 1)F(y)N−2Ḟ(y), G(y) := F(y)N−1 is
the distribution of YN−11 (the highest value among the N − 1
remaining bidders).

Then, the expected profit of the e-commerce platform is

RpA(r1, r2, λ)

= R0(r2)λ+ RA(r1)(1− λ)

= λr2[1− F(r2)]+ (1− λ)N
[
r1[1− F(r1)]F(r1)N−1

+

∫
∞

r1
y[1− F(y)]g(y) dy

]
. (15)

Now, we have constructed two families of probabilistic
pricing mechanisms without the ‘‘first-price-win’’ allocation
rule. The equilibrium strategies are the same as the classical
FP or SP mechanisms if we don not change the original
reserve price r1. The proposed mechanisms consist of the
following three parameters.
The competitive reserve price r1, i.e. the reserve price of

the original AP. Increasing the reserve price (smaller than the
optimal reserve price r̄ as [11]) of AP mechanisms raise the
expected profit. However, it also comes with some draw-
backs. Firstly, it may have a detrimental effect on efficiency;
Secondly, it introduces deadweight social loss; What’s more
important, in real-world auctions, higher reserve price will
exclude SMEs, and is not healthy for long-term selling.
Hence, in most of the search auctions, the reserve price has a
small value.
The subsidy reserve price r2, i.e. the reserve price of EP.

From the intuitively point of view, r2 should have a small
value, since EP is employed to raise the winning rate of
SMEs. Rational bidders with valuation smaller than r2 will
not have the chance to win. Hence, r2 is the reserve price of
the probabilistic mechanisms. However, when r2 ≤ x < r1,
the bidder can still have positive winning rate. Thus, with the
help of subsidy reserve price, the e-commerce platform can
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increase the competitive reserve price r1 and decrease r2 to
get higher profit.
The mechanism distribution λ̄ can be used to adjust the

level of competition of the probabilistic mechanism. For the
extreme cases, when λ̄ → (1, 0), the probabilistic mecha-
nism is actually an AP mechanism, which has the highest
competition level; when λ̄ → (0, 1), it degenerate to an EP
mechanism without competition.

C. DESIGN OF PARAMETERS
In this section, we investigate the properties of the proposed
probabilistic mechanisms with different parameters, and try
to find a way to balance the interests of the bidders with
different valuation and the e-commerce platform.

The invariance of the symmetric equilibrium of the mech-
anisms can be guaranteed by Theorem 1. Other major perfor-
mance indexes of a probabilistic mechanism for e-commerce
platforms are the winning rate of bidders with low valuations
(SMEs), the expected payoff of bidders and the expected
profit of the e-commerce platform. In the following, we will
discuss these performance indexes respectively.

1) WINNING RATE
The subsidy reserve price r2 is a direct factor of winning rate
of SMEs, since a rational bidder with valuation xi < r2 has no
chance to win a bid with bi ≤ xi. Suppose the base-line is AP
mechanismMA(r) with a small reserve price r . The smallest
positive winning rate of bidders is pA(xi; r) = F(r)N−1,
xi = r . In contrast, MpA(r1, r2, λ) will guarantee that the
winning rate of bidder-i is more than λ/N if xi ≥ r2, and
zero otherwise. It means that r2 > r is not acceptable, since
the new mechanism fail to increase the winning rate of SMEs
with r ≤ xi < r2.

Assume r = r2. We will adjust the parameters r1, r2, and λ
to analysis their effects on different performance indexes, and
then compare the probabilistic mechanism MpA(r1, r2, λ)
with the base-line MA(r2).

a: EFFECT OF λ
In order to analyze the effect of λ on the winning rate, we con-
sider the partial derivative of the winning rate according to
Eq.(13),

∂ppA

∂λ
(xi; r1, r2, λ) =

 1/N − F(xi)N−1, xi ∈ [r1,∞),
1/N , xi ∈ [r2, r1),
0, otherwise.

(16)

Define ξ1 ∈ B to satisfy

1/N − F(ξ1)N−1 = 0, (17)

F(ξ1) = (1/N )1/(N−1). It can be verified that (1/N )1/(N−1)

is monotonous with respect to N ≥ 2, hence F(ξ1) ≥
(1/2)1/(2−1) = 1/2, which means ξ1 is with a relatively high
value. According to the distribution, the valuations of half of
the bidders are less than ξ1.

Hence, we set r1 ≤ ξ1. The winning rate of a SME with
r2 < xi < ξ1 is increasing with respect to λ, and the winning
rate of a large enterprise with xi > ξ1 is decreasing with
respect to λ. Hence, we have the following proposition to
describe the effect of λ on the winning rate of bidders.
Lemma 2: Consider mechanism MpA(r1, r2, λ) and the

base-line mechanismMA(r1). r2 ≤ r1 ≤ min{r̄, ξ1}.
(1) The winning rate of a bidder with xi < ξ1 is increasing

with respect to λ. Moreover, the winning rate satisfies
ppA(xi; r1, r2, λ) > pA(xi; r1).

(2) The winning rate of a bidder with xi > ξ1 is decreasing
with respect to λ. Moreover, the winning rate satisfies
ppA(x; r1, r2, λ) < pA(x; r1).

Lemma 2 shows that, in order to increase the winning rate
of SMEs, we can try to increase λ.

b: EFFECT OF RESERVE PRICES
We introduce the indicator w(xi; r1, r2, λ) := ppA(xi; r1,
r2, λ)− pA(xi; r2) of the difference between the winning rate
of a bidder with valuation xi considering the proposed mech-
anismMpA(r1, r2, λ) and the base-line mechanismMA(r2).
The two mechanisms have the same reserve price r2. We will
find parameters to increase the winning rates of SMEs.

w(xi; r1, r2, λ) =

 λ/N − λF(xi)
N−1, xi ∈ [r1,∞),

λ/N − F(xi)N−1, xi ∈ [r2, r1),
0, otherwise.

(18)

Note that ξ1 satisfies Eq.(17). Hence, if r1 > ξ1, ξ1 ∈ [r2, r1),
and w(ξ1; r1, r2, λ) = 0. Define ξ2 ∈ B to satisfy

λ/N − F(ξ2)N−1 = 0, (19)

F(ξ2) = (λ/N )1/(N−1) < (1/N )1/(N−1) = F(ξ1). Since F is
monotonous, we have ξ2 < ξ1 for any 0 < λ < 1. When λ
is very small with fixed N , ξ2 can be small too. For example,
when N = 2, F(ξ2) = λ/2 << 1/2. For more competitive
markets, N is larger, then ξ2 can be with a higher value. For
any fixed λ > 0, when N →∞, ξ2→ supB. Thus, we have
the following Lemma to show the effects of the reserve prices
on the winning rate of bidders.
Lemma 3: Consider mechanism MpA(r1, r2, λ) and the

base-line mechanismMA(r2). r2 ≤ r1 ≤ min{r̄, ξ1}.
(1) If r1 < ξ2 or equivalently,

λ > NF(r1)N−1, (20)

then p pA(xi; r1, r2, λ) > pA(xi; r2) for r2 < xi < ξ1.
(2) If r1 = ξ2 or equivalently,

λ = NF(r1)N−1, (21)

then p pA(xi; r1, r2, λ) > pA(xi; r2) for r2 < xi < ξ2.
(3) If r2 < ξ2 < r1 or equivalently,

λ > NF(r2)N−1, (22)

λ < NF(r1)N−1, (23)

then p pA(xi; r1, r2, λ) > pA(xi; r2) for r2 < xi < ξ2.
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FIGURE 1. Case (1), r1 < ξ2. Higher winning rates for SMEs.

FIGURE 2. Case (2), r1 = ξ2. Higher winning rates for SMEs.

The proof can be found in the appendix section. Lemma 3
shows that, there exists parameters r1, r2, λ such that the
winning rate of SMEs (ppA(xi; r1, r2, λ), r2 < xi < ξ2) can be
improved. Note that, for highly competitive markets, ξ2 can
be very large, hence we can choose proper λ to meat the
conditions Eq.(20), Eq.(21) and Eq.(22).

In Figure 1-3, we demonstrate the winning rates of bidders
with different valuations. The red lines labeled ‘‘pSP’’ are
with the probabilistic mechanism MpII(r1, r2, λ). The blue
lines labeled ‘‘SP-1’’ are with the SP mechanism MII(r1).
And the green lines labeled ‘‘SP-2’’ are with the SP mecha-
nismMII(r2). We consider the valuation uniform distributed
over [0, 1], N = 5, r2 = 0.1, λ = 0.02. In this example,
ξ1 = (1/5)1/4 ≈ 0.669 > 1/2 and ξ2 = (0.02/5)1/4 ≈
0.251 < 1/2.We set r1 to be 0.2, 0.251 and 0.28, respectively.

For Case (1) that r1 = 0.2 < ξ2, as is shown in Figure 1,
bidders with low valuations (0.1 < xi < 0.3 in the figure) will
be benefited using the probabilistic mechanism. For Case (2)
that r1 = ξ2 = 0.251, as is shown in Figure 2, bidders
with low valuations will be benefited except the ones with
xi = r1 (0.1 < xi < 0.251 and 0.251 < xi < 0.3 in the
figure). Actually, we can extend the range of valuations to

FIGURE 3. Case (3), r1 > ξ2. Higher winning rates for SMEs.

FIGURE 4. Lower winning rates for large enterprises.

B = (0, 1], and except for xi = r1 bidders with 0.1 < xi <
ξ1 = 0.669 will have increased winning rate. We name these
two cases SME-friendly to indicate that almost all the bidders
with low valuations have higher winning rates. SME-friendly
mechanisms are with

λ ≥ NF(r1)N−1. (24)

For Case (3) that r1 = 0.28 > ξ2, as is shown in Figure 3,
bidders with very low valuations (0.1 < xi < ξ2 = 0.251
in the figure) will be benefited, while the winning rates of
bidders with medium valuations (0.251 < xi < r1 =
0.28 in the figure) will be reduced. However, if we select
λ carefully, all the bidders with xi ≥ r2 are with winning
rates above the entrance threshold θ . We name Case (3) semi
SME-friendly, since some of bidders with medium valuations
will have lower winning rates compared with the original
AP mechanism.

As is shown in Figure 4, the winning rates of bidders
with high valuations (xi > ξ1 = 0.669 in the figure) will
be slightly reduced. We also have the following theorem
to show the effect of the probabilistic mechanism on large
enterprises is limited.
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Theorem 2: Consider mechanismMpA(r1, r2, λ), and the
base-line mechanisms MA(r1) and MA(r2). r2 ≤ r1 ≤
min{r̄, ξ1}. The winning rate of bidder-i with xi > ξ1 satisfies

ppA(xi; r1, r2, λ) < pA(xi; r1) = pA(xi; r2)

ppA(xi; r1, r2, λ) ≥ [1− λ(1−
1
N
)]pA(xi; r2).

The proof can be found in the appendix section. Theorem 2
shows that the reduction of winning rates of large enterprises
can be acceptable, if λ is small.

2) PAYOFF OF BIDDERS
Although winning rate is very important for SMEs,
the expected payoff is the critical performance index for most
bidders. Hence, it is not acceptable to reduce the expected
payoff of large enterprises significantly. Fortunately, we have
the following proposition.
Theorem 3: Consider mechanismMpA(r1, r2, λ), and the

base-line mechanism MA(r1). r2 ≤ r1 ≤ min{r̄, ξ1}. The
expected payoff of bidder-i with xi ≥ ξ1 satisfies

πpA(xi; r1, r2, λ) < πA(xi; r1),

πpA(xi; r1, r2, λ) ≥ (1− λ)πA(xi; r1).
The proof is straightforward according to Eq.(14). Theo-

rem 3 shows that the reduction of a large enterprise’s expected
payoff can be acceptable, if λ is small and r1 ≈ r2.

3) PROFIT OF PLATFORM
Assuming all the bidders employ the symmetric equilibrium
strategy, the expected profit of the e-commerce platform is
one of the most important performance indexes of a pricing
mechanism. Following Eq.(15), we have the following result.
Theorem 4: Consider mechanismMpA(r1, r2, λ), and the

base-line mechanisms MA(r1) and MA(r2). r2 ≤ r1 ≤
min{r̄, ξ1}. The expected profit of the e-commerce platform
satisfies

RpA(r1, r2, λ) ≥ (1− λ)RA(r1) ≥ (1− λ)RA(r2).
Theorem 4 shows that there exists an acceptable lower

bound of the expected profit of the e-commerce platform,
if λ is small. In the following we will report our results
for higher profit compared with the original AP mechanism.
By calculating the partial derivatives of each parameters,
we have the following properties.
Lemma 4: Consider mechanism MpA(r1, r2, λ). r2 ≤

r1 ≤ min{r̄, ξ1}. The expected profit of the e-commerce
platform is decreasing with respect to λ, increasing with
respect to r1, and increasing with respect to r2.
According Lemma 4, utilizing probabilistic mechanism

MpA(r1, r2, λ), the e-commerce platform can try to increase
r1 and r2 or decrease λ to get higher profit. However, chang-
ing r1, r2 or λ will also influence performance indexes such
as the winning rate of bidders with low valuations. Thus,
we need to compare the probabilistic pricing mechanismwith
the base-line mechanism MA(r2) to find proper parameters
for both the seller and the bidder sides.

FIGURE 5. Contour-profit lines and semi SME-friendly condition.

We introduce the indicator u(r1, r2, λ) = RpA(r1, r2, λ) −
RA(r2) of the difference between the expected profits with
MpA(r1, r2, λ) and MA(r2). As we can see, the two mecha-
nisms have the same reserve price.We try to find a probabilis-
tic mechanism such that w(xi; r1, r2, λ) ≥ 0 for small xi to be
SME-friendly or semi SME-friendly, while u(r1, r2, λ) ≥ 0,
i.e., to increase the winning rate of SMEs without loss of
profit.

For any r1 ≤ r̄ , we define a contour-profit line of λ and r2,
satisfying u(r1, r2, λ) = 0, or equivalently,

λ =
RA(r1)− RA(r2)
RA(r1)− R0(r2)

. (25)

We have the following property.
Lemma 5: Consider mechanism MpA(r1, r2, λ), and the

base-line mechanism MA(r2). For 0 < r1 ≤ min{r̄, ξ1},
if u(r1, r∗, λ∗) = 0, and

RA(r1)− RA(r2)
RA(r1)− R0(r2)

≤
RA(r1)− RA(r∗)
RA(r1)− R0(r∗)

, ∀0 ≤ r2 ≤ r1,

then,

λ∗ = NF(r∗)N−1. (26)
The proof of Lemma 5 can be found in the appendix

section. In Figure 5, there are three contour-profit lines with
r1 = 0.15, 0.18 and 0.20 respectively. The intersection points
of Eq.(25) and Eq.(26) are r2 = r∗ and λ = λ∗.

On one hand, according to Lemma 3, if we choose param-
eters in the left of the green line in Figure 5, it is semi
SME-friendly. On the other hand, according to Lemma 4 and
Lemma 5, if we have selected r1, and choose parameters
below the corresponding red line in Figure 5, the expected
profit of the e-commerce platform will be reduced compared
with the base-line AP with the same reserve price r2. Hence,
the existence of semi SME-friendly mechanisms without
profit-loss can be find in the following theorem.
Theorem 5: Consider mechanismMpA(r1, r2, λ), and the

base-line mechanismMA(r2). If r2 ≤ r1 ≤ min{r̄, ξ1} and

NF(r2)N−1 < λ ≤
RA(r1)− RA(r2)
RA(r1)− R0(r2)

, (27)
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the probabilistic mechanism MpA(r1, r2, λ) is semi
SME-friendly, and the expected profit of the e-commerce
platform satisfies RpA(r1, r2, λ) ≥ RA(r2).

The proof of Theorem 5 is straightforward after the proof
of Lemma 3 and Lemma 5. We will present such mechanisms
in Section V.

Suppose there exists r1, r2, λ, such that the probabilistic
mechanism MpA(r1, r2, λ) is SME-friendly without profit-
loss. Then, according to Lemma 5,

λ ≤ sup
r2

{RA(r1)− RA(r2)
RA(r1)− R0(r2)

}
= NF(r2)N−1 ≤ N (r1)N−1.

The last inequality leads to r1 = r2. However, if r1 = r2,

λ =
RA(r1)− RA(r2)
RA(r1)− R0(r2)

= 0.

Hence, there is no SME-friendly probabilistic mechanism
without profit-loss.
Theorem 6: Consider mechanism MpA(r1, r2, λ) and the

base-line mechanism MA(r2). There is no probabilistic
mechanism such that

• the e-commerce platform has higher expected profit, and
• the mechanism is SME-friendly.

D. PRINCIPLES OF PROBABILISTIC MECHANISM DESIGN
Now, we can employ the theorems in this section to design
probabilistic mechanisms.

(1) According to Theorem 1, we can design probabilistic
mechanisms by finding proper parameters r1, r2 and λ.

(2) Although the probabilistic mechanismswill bring dead-
weight loss, Theorem 2, Theorem 3 and Theorem 4 guarantee
that if λ is very small, the loss will be small too.We can design
SME-friendly mechanisms with λ social loss compared with
the original mechanism.

(3) Theorem 5 shows the existence of semi SME-
friendly mechanism without profit-loss by construction.
Hence, we can also design such mechanisms according to
inequalities (27).

V. ALGORITHMS AND EXPERIMENTS
In this section, we employ the probabilistic approach to
design mechanisms which ensure the bidders with low val-
uations can get higher winning rate compared with FP/SP
mechanism. We also assume an advertiser will leave the
e-commerce platform if her winning rate is lower than
the entrance threshold θ = 0.1%. Consider an auction
with N = 5 rational bidders whose valuations uniformly
distributed in [0, 1], and take SP MII(r) as the base-line
mechanism. If r = 0.1, the winning rate of bidder-i with
xi = 0.1 is 0.19. Since F(0.178)N−1 ≈ θ , the winning rates
of about 17.8% bidders are lower than the entrance threshold
θ = 0.1%.
The first mechanism is designed to be SME-friendly

with profit-loss. It increases the winning rate (not less
than θ ) of SMEs, and decreases the expected profit of the

FIGURE 6. The winning rate over bidder’s valuation. (Alg 1).

e-commerce platform. The second mechanism aims the
SME-friendly property without loss of profit.

A. ALGORITHMS
1) SME-FRIENDLY MECHANISM WITH PROFIT-LOSS
Algorithm 1 proposed a SME-friendly probabilistic mecha-
nism based on the base-line SP mechanism MII(r), and try
to reduce the loss of the seller.

We design the algorithm according to Lemma 3, and The-
orem 2, 3, 4. If F(r)N−1 < θ , for example r = 0.1, MII(r)
will turn about 17.8% advertisers off the platform. Our task
is to increase the winning rate of bidders with low valuations
to θ . Let r2 ← r , λ← Nθ , and F(r1) = (λ/N )1/(N−1). The
results are shown in Figure 6-7.

Algorithm 1 SME-Friendly Mechanism With Profit-
Loss
Data: MII(r), F ,N , θ
Result:MpII(r1, r2, λ)
r2← r ;
λ← Nθ ;
r1← FindRoot {FN−1(r1) = θ, r1};
Return MpII(r1, r2, λ).

Since r1 = ξ2, the proposed mechanism is SME-friendly
according to Lemma 3. As is shown in Figure 6, bidders with
low valuations (e.g., 0.1 < xi ≤ 0.3 in this figure) will have
higher winning rates using Algorithm 1 (red line) compared
with the base-line SP mechanism (blue line). The winning
rates of bidders with xi > 0.1 (90% advertisers compared
with about 82.2% of SP) are higher than the entrance thresh-
old θ = 0.1%.
Figure 7 presents the expected profit of the e-commerce

platform with respect to different reserve prices r of the base-
line SPmechanisms, r ∈ [0, 0.178]. Aswe can see, the expect
profit of the e-commerce platform reduces slightly.

The proposed mechanism defined by Algorithm 1 is
SME-friendly. Compared with the base-line SP mechanism,
the proposed pSP keeps 9.5% more advertisers stay, causes
less than 0.4841% profit loss of the platform and less than
0.161% payoff loss of large enterprises. It can be used as an
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FIGURE 7. The expected profit over reserve price. (Alg 1).

alternative to second price auctions for e-commerce platforms
to grow the user group.

2) SEMI SME-FRIENDLY MECHANISM
WITHOUT PROFIT-LOSS
Algorithm 1 reduces the profit of the e-commerce platform
slightly. Algorithm 2 designs a semi SME-friendly proba-
bilistic mechanism based on the base-line SP mechanism
MII(r), and keep the expected profit the same as the original
one.

We designs the algorithm according to Theorem 5.
If F(r)N−1 < θ , set r2 ← r , λ ← Nθ , and choose r1
such that u(r1, r2, λ) = 0. According to Theorem 5, r1, r2, λ
satisfy the inequalities (27). Hence it is SME-friendly without
profit-loss. In the experiment, we set r = r2 = 0. The results
are in Figure 8.

Algorithm 2 Semi SME-Friendly Mechanism
Without Profit-Loss
Data:MII(r), F ,N ,θ
Result:MpII(r1, r2, λ)
r2← r ;
λ← N · θ ;
r1← FindRoot
{λR0(r2)+ (1− λ)RII(r1) = RII(r2), r1};
Return MpII(r1, r2, λ).

As we can see from Figure 8, although the reserve price
of SP is r = 0, bidders with 0 < xi < 0.178 do not
have enough impressions. They will have higher winning
rate using Algorithm 2. The winning rate of all the bidders
are higher than θ = 0.1%. Moreover, the expected profits
with the two mechanisms are the same. If the expected profit
is a critical performance index of the e-commerce platform,
the proposed mechanism helps SMEs with 0 < xi < 0.178
without any profit-loss, and reduces the winning rate of bid-
ders with 0.178 < xi < 0.396.

This mechanism mainly aims demonstrating the proba-
bilistic approach for budget limited platforms. According to
Theorem 5, we can also design probabilisticmechanismswith
higher expected profit compared with the base-line SP with

FIGURE 8. The winning rate over bidder’s valuation. (Alg 2).

FIGURE 9. Remaining players comparison.

the same reserve price. However, this will impact the winning
rate of medium valuation bidders, and is not suggested.

B. COMPUTATIONAL EXPERIMENTS
Next, we conduct computational experiments to evaluate the
performance (profit of the e-commerce platform) of SP with-
out reserve prices (r2 = 0) and the corresponding proba-
bilistic pSP mechanism according to Algorithm 1. Suppose
there are 50 active advertisers in the platform. Averagely,
N = 10 of them bid for an impression opportunity of a user-
click. For simplicity, for each user-click, we choose 10 bid-
ders randomly. Assume a bidder will employ the symmetric
equilibrium strategy to the user-click, and she will leave the
e-commerce platform if the average winning rate is less than
θ = 0.1% after her 10000 trials. We simulate for 100000
user-clicks, and present the results in Figure 9-10.

Since we want to keep the diversity of the e-commerce
platform, the number of remaining players is a performance
index in our computational experiments. In Figure 9, after
about 49k trials, some bidders have accumulated more than
20000 bids, and starts to record the winning rates. Hence,
we can see rapid drawdown with both mechanisms. Overall,
pSP keeps more (20/50) bidders in the e-commerce platform,
and outperforms SP (0/50).
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FIGURE 10. Profits comparison.

The profits of the e-commerce platform with SP and pSP
are shown in Figure 10. In the first 49k trials, the profits of
both mechanisms are close. Later, the profit of SP increases
faster than pSP, since the dropout of SMEs. However, after
about 75k trials, the remaining players of SP vanish because
of the intense long-term competition. The proposed pSP
mechanism outperforms SP with both performance indexes
in the computational experiments. Different distributions of
valuation and different base mechanisms (FP/pFP) lead to
similar results.

C. DISCUSSION AND MANAGERIAL INSIGHTS
The winning rate of SMEs and the expected profit of the
e-commerce platform are the two most important perfor-
mance indexes of a pricing mechanisms for e-commerce plat-
forms. In order to balance the two conflicting interests, only
the reserve price can be adjusted in classical first-price and
second-price mechanisms. This constraint is highly relaxed in
our method by introducing additional parameters. In practice,
the simple mechanisms can be regarded as fine tunings of the
original one. The e-commerce platform can adopt the proba-
bilisticmechanism equipedwith proper parameters (e.g., with
very small λ) to bring better performance for SMEswhile still
keeping some desired qualities of the orginal one.

The e-commerce platform can also design mechanisms
through tuning variable λ and r2 utilizing the probabilistic
approach in more complex scenarios while not changing the
equilibriums. Thus, it provides a practical approach for real-
world applications, which are involvedwith highly dynamical
and non-truthful mechanisms.

VI. CONCLUSIONS
In this paper, we propose a probabilistic approach to design
advertising mechanisms for e-commerce platforms. Simple
mechanisms are introduced as useful tools for designing
probabilistic mechanisms to keep the original equilibrium.
We designed two kinds of probabilistic mechanisms based on
the classical first-price and second-price mechanisms. Prop-
erties of the proposed probabilistic mechanisms pFP and pSP
are then investigated. Furthermore, we also implement two

algorithms to help design mechanisms for different applica-
tion scenarios. Experiment results demonstrate the flexibility
and performance of the proposed probabilistic approach for
e-commerce platforms.

Another desirable property of the proposed probabilistic
approach is that the new mechanism will not change the
equilibrium when using simple mechanisms as the proba-
bilistic combination. This can be useful if the e-commerce
platform wants to change the mechanism without affecting
the strategies of bidders. When building highly dynami-
cal mechanisms, we can employ probabilistic mechanisms
with sufficient numbers of parameters to get better perfor-
mance ([30]) and do not have to concern the changing of
equilibriums. Moreover, the proposed probabilistic approach
for mechanism design is not limited for a generalization of
first-price or second-price mechanism. Our analysis suggests
new probabilistic mechanisms based on existence ones for
multiple purpose.

APPENDIX
Proof of Theorem 1: Consider mechanism M2, denote

the equilibrium strategy of the bidders β̄. Suppose all the bid-
ders except bidder-i follow the original equilibrium strategy
of mechanismM2, then the expected payoff of bidder iwhen
bidding the amount bi is

E[5i(x, b)]

= λ1E[51
i (x, b)]+ λ2E[5

2
i (x, b)]

= λ1E[51
i (x, β̄(x1), . . . , β̄(xi−1), bi, β̄(xi+1), . . . , β̄(xN ))]

+λ2E[52
i (x, β̄(x1), . . . ,β̄(xi−1), bi, β̄(xi+1), . . . ,β̄(xN ))]

≤ λ1E[51
i (x, β̄(x1), . . . , β̄(xN ))]

+ λ2E[52
i (x, β̄(x1), . . . , β̄(xN ))].

The inequity holds, since a) the expected payoff of a simple
mechanism can be determined by the allocation rule and the
payment rule, and is independent with b, and b) β̄ is an
equilibrium strategy of M2.
Hence, β is an equilibrium of the probabilistic pric-

ing mechanism (M1,M2, λ̄) for any λ̄. The proof is
completed. �

Proof of Lemma 3: (1) Since r1 < ξ1, we have
F(r1)N−1 < F(ξ1)N−1 = λ/N . Since w(x) is decreasing
when r2 < x < r1, for r2 < x < r1, w(x; r1, r2, λ) > 0.
w(ξ1) = λ/N − λF(ξ1)N−1 = λ[1/N − F(ξ1)N−1] = 0.
Since w(x) is decreasing when x ≥ r1, for r1 ≤ ξ1,
w(x; r1, r2, λ) > 0. The proof is completed for Case (1).
(2) Since w(x) is decreasing when r2 < x < r1, and

w(r1−) = w(ξ2−) = λ/N − F(ξ2−)N−1 = λ/N −
F(ξ2)N−1 = 0, for r2 < x < ξ2, w(x) > 0. The proof is com-
pleted for Case (2). Moreover, for r2 = ξ2 < x < ξ1, we also
have w(x) > 0. Hence, in Case (2), ppA(xi; r1, r2, λ) >

pA(xi; r2) for almost all the bidders with r2 < x < ξ1.
(3) Since w(x) is decreasing when r2 < x < r1, ξ2 < r1,

and w(ξ2−) = λ/N − F(ξ2−)N−1 = λ/N − F(ξ2)N−1 = 0,
for r2 < x < ξ2, w(x) > 0. The proof is completed
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for Case (3). For the same reason, we know that if ξ2 < x <
r1, w(x) < 0. If r1 < x < ξ1, w(x) > 0. �

Proof of Theorem 2: (1) Since w(x) is decreasing when
x > ξ1 > r2, and w(ξ1) = λ/N − λF(ξ1)N−1 = λ[1/N −
F(ξ1)N−1] = 0, if x > ξ1, ppA(xi; r1, r2, λ) < pA(x; r1).
(2) Since pA(xi; r2) > 0,

ppA(x; r1, r2, λ)
pA(x; r2)

=
λ/N + (1− λ)F(x)N−1

F(x)N−1

=
λ

NF(x)N−1
+ 1− λ ≤

λ

N
+ 1− λ

= 1− λ(1−
1
N
).

The proof is completed. �
Proof of Lemma 5: Define

h1(r1, r2) :=
RA(r1)− RA(r2)
RA(r1)− R0(r2)

,

h2(r2) := NF(r2)N−1.

We will show that if r satisfies ∂h1/∂r2(r1, r) = 0, then
h1(r1, r2) ≤ h1(r1, r), and h1(r1, r) = h2(r).

∂h1
∂r2

(r1, r)

=
−ṘA(r)[RA(r1)− R0(r)]+ Ṙ0(r)[RA(r1)− RA(r)]

[RA(r1)− R0(r)]2

=

[
− NF(r)N−1[RA(r1)− R0(r)]+ [RA(r1)− RA(r)]

]
·
1− F(r)− rf (r)
[RA(r1)− R0(r)]2

= u(r1, r, h2(r)) ·
1− F(r)− rf (r)
[RA(r1)− R0(r)]2

.

Since r ≤ r̄ , 1 − F(r) − rf (r) > 0, ∂h1/∂r2(r1, r) = 0 is
equivalent to

u(r1, r, h2(r)) = 0,

h2(r) =
RA(r1)− RA(r)
RA(r1)− R0(r)

= h1(r1, r).

Next, we will show that u(r1, r2, λ) is decreasing with
respect to r2 along λ = h2(r2). It can be verified that,

∂u
∂λ

(r1, r2, λ) = r2[1− F(r2)]− r1[1− F(r1)]F(r1)N−1

−

∫
∞

r1
y(1− F(y))g(y) dy ≤ 0,

∂u
∂r2

(r1, r2, λ) = [λ− N · F(r2)N−1][1− F(r2)− r2f (r2)].

Define h3(r1, r2) = u(r1, r2, h2(r2)), it is decreasing with
respect to r2, since

∂h3
∂r2

(r1, r2)

=
∂u
∂r2

(r1, r2, h2(r2))+
∂u
∂λ

(r1, r2, h2(r2))
∂h2
∂r2

(r2)

= 0+
∂u
∂λ

(r1, r2, h2(r2))Ng(r2) ≤ 0.

If r2 ≤ r , h3(r1, r2) ≥ h3(r1, r). Hence,

u(r1, r2, h2(r2)) ≥ u(r1, r, h2(r)) = 0,
h1
r2
(r1, r2) = u(r1, r2, h2(r2))

·
1− F(r2)− r2f (r2)
[RA(r1)− R0(r2)]2

≥ 0.

If r2 ≥ r , h3(r1, r2) ≤ h3(r1, r). Hence,

u(r1, r2, h2(r2)) ≤ u(r1, r, h2(r)) = 0,
h1
r2
(r1, r2) = u(r1, r2, h2(r2))

·
1− F(r2)− r2f (r2)
[RA(r1)− R0(r2)]2

≤ 0.

To conclude, ∂h1/∂r2 is 0 when r2 = r , and it is non-
negative when r2 ≤ r , and non-positive when r2 ≥ r . Hence
r2 = r maximize h(r1, r2), and h1(r1, r) = h2(r). The proof
is completed. �

Proof of Theorem 5: Since NF(r2)N−1 < λ, the mecha-
nism is semi SME-friendly.

∂u
∂λ

(r1, r2, λ) = r2[1− F(r2)]− r1[1− F(r1)]F(r1)N−1

−

∫
∞

r1
y(1− F(y))g(y) dy ≤ 0.

Hence, u(r1, r2, λ) ≥ u(r1, r2, h1(r1, r2)) = 0. Thus,
RpA(r1, r2, λ) ≥ RA(r2). The proof is completed. �
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