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Abstract—As known, conventional sphere detection (SD) ob-
tains lower computational complexity compared to the optimal
maximum-likelihood (ML) detection. However, its computational
complexity is still high especially for low Signal-to-Noise Ratio
(SNR) region. Therefore, in this paper, a new low-complexity
sphere detection algorithm is proposed for differential unitary
space-time modulation systems with multiple antennas. The main
idea of the proposed algorithm is to constraint the searching
radius of the sphere by a heuristic SNR-dependent factor.
The use of this factor provides a much reduced computational
complexity and a near-optimal performance, and it keeps the
complexity low over the entire range of SNRs. Furthermore, the
benefits are expected to be more and more evident and useful
with the increasing number of antennas, i.e., massive multiple-
input multiple-output (MIMO) systems. Finally, the simulation
results further demonstrate the advantages of the proposed low-
complexity detection algorithm.

I. INTRODUCTION

Generally, the capacity of wireless communications system

can be substantially enhanced by employing multiple anten-

nas. However, coherent detection generally requires perfect

channel state information (CSI), which is difficult to be

obtained especially for multiple antenna systems and fast

varying mobile environments. This motivates the development

of noncoherent detection strategies. Differential space-time

modulation (DSTM) has thus attracted considerable attentions,

which was first proposed with orthogonal constellations [1].

Besides, a general framework for differential unitary space-

time modulation (DUSTM) with finite-group properties have

been introduced in [2], which could simplify the transmitter

modulation and constellation design.

DUSTM generalizes the traditional single-antenna differen-

tial phase-shift keying (DPSK), but it has 3 dB performance

reduction than its coherent counterpart. To overcome this

disadvantage, multiple-symbol differential detection (MSD)

has been proposed for M-ary phase-shift keying (MPSK) mod-

ulation system with an additive white Gaussian noise (AWGN)

[3]. MSD jointly deals with N + 1 consecutive received

symbols to detect N transmitted data symbols. Multiple-

symbol differential sphere decoding [4] has been proposed

to remove the error floor result and to reduce the decoding

complexity by using conventional differential detection. When

the Schnorr-Euchner (SE) enumeration is used, the complexity

could be significantly reduced compared with the Maximum-

Likelihood (ML) detection. However, the detection complexity

is still high for its practical implementation.

Nowadays, multiple-input multiple-output (MIMO) has at-

tracted much more attention due to its great improvements

in spectral efficiency and transmission reliability. MIMO has

been incorporated into some wireless broadband standards,

such as LTE and Wi-Fi. Furthermore, massive MIMO tech-

nique has been one of the key technologies for 5G network

[5]–[10]. That is because the fact that the more antennas the

transmitter/receiver is equipped with, the more the possible

transmitted signal paths and the better the performance in

terms of link reliability and data rate. However, the cost of

massive MIMO system is increased hardware consumption,

system complexity and energy consumption of signal pro-

cessing at transmitter and receiver. Therefore, low complexity

detection algorithms are pursuing.

In this paper, a Low-Complexity Sphere Detection (LC-SD)

is proposed to achieve lower complexity and almost the same

performance as the conventional SE SD for MIMO DUSTM

system. The main idea is coming from the characteristics of the

traditional SD algorithm, that is, the computational complexity

is very high for low Signal-to-Noise Ratio (SNR)s and getting

lower for high SNRs. Thus, the sphere radius during searching

process is scaled by a heuristic SNR-dependent factor. The

proposed LC-SD overcomes the drawback of traditional SDs

for DUSTM systems, which is high complexity for low SNRs.

Further, the new proposed LC-SD achieves a quasi-optimal

performance, while obtaining low complexity for the entire

SNR region. The proposed LC-SD is thus a competitive

detection algorithm for DUSTM system with large number

of antennas, i.e. massive MIMO system.

The rest content of this paper is organized as follows.

Section II introduces the system model of multiple antenna

DUSTM system. In Section III, the ML detection and conven-

tional SD are introduced. The low-complexity sphere detection

is proposed and demonstrated in Section IV. Simulation results

and discussions are given in Section V. Finally, conclusions

are drawn in Section VI.
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Fig. 1. MIMO system model.

II. SYSTEM MODEL

A. System Model

In this paper, a Nr ×Nt multiple-antenna system with Nt

transmit and Nr receive antennas (Fig. 1) is considered. The

received signal at the receiver Y[τ ] can be given by

Y[τ ] =
√
γH[τ ]X[τ ] +N[τ ], (1)

where the Nt×Nt matrix X[τ ] denotes the transmitted signals.

In this matrix, row indexes represent different antennas, while

column indexes represent time instants τNt, . . . , τNt+Nt−1.

Further, in order to satisfy the average power of each column

to be 1, X[τ ] needs to be reasonably normalized. Here, the

elements of H[τ ] and N[τ ] are channel state information (CSI)

matrix and channel noise matrix, respectively. Both of the

above two matrices are assumed to be identically complex

Gaussian CN (0, 1), and also be assumed to be independent

across both space and time domain. γ represents the average

SNR at each receiver antenna. Here, X[τ ] is modulated by

DUSTM, which would be described in the follow subsection.

B. Differential Unitary Space-Time Modulation

Based on the principle of DUSTM, the transmitted signal

X [τ ] is created by a finite group G = {Gl, l = 0, 1, . . . , L−1},
where Gl is a unitary Nt ×Nt matrix. G contains L = 2RNt

elements, where R denotes the number of bits per channel use.

At time instant τNt, the transmitted RNt bits are modulated

to an L-ary symbol b[τ ], which is generated from the symbol

set G. The τ -th transmitted block is thus encoded as

X[τ ] = X[τ − 1]Gb[τ ], (2)

where X[0] = INt
, and the diagonal constellations

have the form Gl = (G1)
l, where G1 =

diag
[

e
j2πν1

L , . . . , e
j2πνNt

L

]

, l = 0, 1, . . . , L − 1. The integers

νi ∈ {0, 1, . . . , L − 1} for 1 ≤ i ≤ Nt and G are a cyclic

group under matrix multiplication. Without loss of generality,

ν1 is set to be 1 and ν = [1, ν2, . . . , νNt
], which could be

referred to [2].

III. DIFFERENTIAL DETECTION

As usual, DUSTM for MIMO communications does not

need to know the CSI at either transmitter or receiver. In

this section, main differential detection methods would be

introduced.

A. ML Detection

As known, the maximum-likelihood (ML) could obtain the

optimal performance for common MIMO system. Similarly,

ML detection algorithm [11] for diagonal constellation is given

as

b̂ML[τ ] = arg min
l
‖Y[τ ]−Y[τ − 1]Gl‖2

= arg max
l

Nt
∑

i=1

B2
i cos

[

(νil − φi)2π
L

]

, (3)

where

Bi =











Nr
∑

k=1

yk,i[τ ]y
∗

k,i[τ − 1]











1/2

φi =
L

2π
arg

(

Nr
∑

k=1

yk,i[τ ]y
∗

k,i[τ − 1]

)

.

The complexity of ML detection exponentially increases with

the growing number of transmit antennas and L. To reduce

the computational complexity, the lattice viewpoint is adopted;

thus, Eq. (3) could be derived by

b̂latt[τ ] = â1 mod L, (4)

where â = arg min
a∈ZNt ‖Ra−z‖2, z = [B1φ1, . . . , ]

T and

r = [r1, r2, . . . , rNt
] =











B1 0 . . . 0
B2ν2 B2L . . . 0

...
...

. . .
...

BNt
νNt

BNt
L . . . 0











.

Consequently, the detection of DUSTM system with multiple

antennas could be finished by SD algorithms for low compu-

tational complexity and near-optimal performance.

B. Sphere Detection

As described in Section III-A, to overcome the exponential

and high complexity of ML detection, the SD algorithm [12]

and its variants have been designed to reduce the computation-

al complexity, which could also be used by the demodulation

of differential space-time modulation for both single and

multiple antenna systems.

The main idea of the conventional SD is to restrict the

search space for detection from all the constellation points

to a hypersphere with a certain searching radius d around the

received signal. This idea has been efficiently realized by the

Fincke-Pohst (FP) SD and SE SD [13], [14].

For example, a search tree for 4 layers (Nt = 4) is given

in Fig. 2. The search process starts from layer 1 to layer 4
because matrix R is an lower-triangular matrix, and the SD

algorithm firstly detects the 1-th element a1 in the transmitted

signal vector a = [a1, a2, . . . , aNt
]T . The accumulated cost ci

of the nodes at the i-th layer is derived by

ci =
i
∑

k=1





i
∑

j=1

rk,jaj − zi





2

, (5)
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Fig. 2. An example of tree search SD algorithm

where aj ∈ Z, Z is the index set of modulated symbol set

G. Thus, there are m = 4 layers, called the depth of the

search tree, and it is assumed that each node has 2 child nodes.

When the SD algorithm visits a node i and its partial cost ci
exceeds d2, then the partial tree emanating from the node is

removed totally from further searches. That is, the partial tree

is discarded without further searching, and we refers to this

activity as the pruning of node i. Clearly, this pruning process

does not discard the optimal solution and saves complexity.

Therefore, the SD achieves the same performance with the

optimal ML detection, while it obtains significant complexity

reduction. However, the complexity of the conventional SD

algorithms is still high for multiple antenna DUSTM systems,

especially for low SNRs. This disadvantage affects the prac-

tical implementation of SD for the MIMO systems with large

number of antennas, i.e. massive MIMO systems. That is the

main motivation of this paper.

IV. LOW-COMPLEXITY DIFFERENTIAL SPHERE

DETECTION

In this paper, a new low-complexity sphere detection algo-

rithm for differential space-time code with multiple antennas is

proposed. The main new idea is to constrain the search radius

by a heuristic SNR-dependent factor ψ(γ). The use of this

scaling factor offers a near-ML performance, while keeping

the computational complexity low over the entire range of

SNRs.

A. Algorithm Design

This LC-SD detector uses a scaling function to derive the

new searching radius dLC−SD via

d2LC−SD = ψ(γ)× d2, (6)

ψ(γ) =
γ

γ + δ
, (7)

where dLC−SD denotes the searching radius of the proposed

LC-SD, γ is the SNR of the DUSTM system, d is the radius

of the conventional SD, and δ is a predefined constant for a

required trade-off between performance and complexity. Due

to the limit

lim
γ→∞

γ

γ + δ
= 1, (8)

the performance of the proposed LC-SD algorithm reverts to

that of the conventional SD when the SNR γ is sufficiently

high. However, it could acquire significant complexity reduc-

tion for low SNRs with near-optimal performance.

For the initial radius d2LC−SD0
, it could be derived by two

methods. Firstly, the initial radius could be derived by [13]

d2LC−SD0
=

γ

γ + δ
× αnσ2. (9)

Otherwise, we could directly search the tree for the first path,

and then define the total cost of this path as the initial radius.

Detailed introduction could be referred to [13].

Algorithm 1: The LC-SD Algorithm

Input : γ, δ, z, R

Output: b̂latt

1 Initialize the searching radius dLC−SD =∞ and set

the root a0 (layer k = 1) as the start node;

2 for depth k ← 1 to Nt do

3 Expand the current node, creating all its

successors Z in the k-th layer, which satisfy
(

∑k
j=1 rk,jaj − zk

)2

≤

d2LC−SD −
k−1
∑

i=1

(

i
∑

j=1

ri,jaj − zi
)2

; And prune all

the other successors;

4 Sort the elements in Z by an increasing order of

all the branch weights ci in this layer, where

ci =
(

ri,iai +
∑i−1

j=1 ri,jaj − zi
)2

and ai ∈ Z;

5 for every element ai do

6 if ai is not a leaf node, then let ai be the

current node, k = k+1 and go back to line 3;

7 else if ai is a leaf node (k = Nt), and if its

cost is lower than d2LC−SD, keep it as the

best solution and update

d2LC−SD = ψ(γ)d2LC−SD by (7).

8 end

9 end

10 Output b̂latt = â1 mod L

B. Computational Complexity

Similar to the conventional SD detection algorithms, the

exact computational complexity analysis of the proposed

LC-SD algorithm is also infeasible because of the random

update of the radius in the searching process. Because the

computations of each node in the search tree are similar,

thus in this paper, the computational complexity of the LC-

SD is measured by the average number of nodes visited in

the whole searching for the detected symbol. This average
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Fig. 3. Complexity comparison for different δ in Nt = 4, Nr = 1 system.

number of nodes visited is related to the number of antennas

of the system, the initial radius and the noise variance. By

considering the number of nodes visited at all the search

layers, the expected computational complexity of the proposed

LC-SD is evaluated by

Complexity(Nt, γ, d
2) =

Nt
∑

k=1

χk, (10)

where χk is the number of nodes visited at the k-th layer

within the hypersphere of radius dLC−SD.

Some remarks on the proposed LC-SD for DUSTM are as

follows:

1) The proposed LC-SD obtains lower computational com-

plexity than the conventional SE SD, especially for the

low SNR region, while preserving a near-ML perfor-

mance for both the low SNR and the high SNR region.

2) It effectively reduces the computational complexity for

low SNRs, and still maintains low complexity for high

SNRs, which is particularly beneficial for hardware im-

plementation.

3) The proposed LC-SD achieves a flexible trade-off be-

tween performance and complexity by adjusting the pa-

rameter δ. The effects of the constant δ in (7) would

be discussed in detail in Section V. For adjusting δ, the

conventional SD can be used as a guide. When the SNR is

large enough, the SD already has a very low complexity,

and further complexity reductions do not appear possible.

Therefore, a smaller δ may be chosen so that the LC-SD

performs very close to the conventional SD in the high

SNR region.

V. SIMULATION RESULTS

In this section, it is assumed that the channel matrix remains

approximately constant in one DUSTM block and the fading

channels are independent among all antennas. However, we

assume that the channel changes from one block to another

block. Furthermore, binary data are transmitted and modulated

to the diagonal modulation.
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Fig. 4. Performance comparison for different δ in Nt = 4, Nr = 1 system.

How computational complexity varies as a function of the

SNR γ is an important issue. In Fig. 3, the number of nodes

visited by the proposed LC-SD with different δ are compared

with that of the conventional SE SD. This figure shows that the

proposed LC-SD for DUSTM has the following advantages.

Firstly, LC-SD significantly reduces the complexity complexi-

ty compared to the conventional SE SD. For example, LC-SD

with δ = 20 saves about 40% complexity compared to the

conventional SE SD when SNR = 10 dB. In contrast to SE

SD (60 nodes visited), LC-SD with δ = 20 visits only 25
nodes at 0 dB. This complexity reduction gets smaller if the

SNR increases as shown in Fig. 3. Secondly, with increased

value of the parameter δ, the complexity reduction is becoming

larger, especially for low SNRs. Thirdly, LC-SD achieves a

roughly fixed and reduced complexity across the whole SNR

region, which is useful for its hardware implementation.

To verify the trade-off between complexity and perfor-

mance, the performance of the proposed LC-SD is thus exam-

ined in Fig. 4. LC-SD prunes nodes by using SNR-dependent

scaling of the hypersphere searching radius, resulting in sub-

optimal detection performance. However, the symbol error

rate (SER) curves are almost the same with the conventional

SE SD. Clearly, LC-SD achieves a near-optimal performance

for low SNR and high SNR region. Consequently, by jointly

considering performance and computational complexity, the

proposed LC-SD with different δ outperforms the conventional

SE SD. By jointly considering performance and complexity,

it is clear to find that the proposed LC-SD could achieve

a flexible trade-off between performance and complexity by

adjusting δ. For the following results, we set δ = 20 for a

suitable trade-off between performance and complexity.

Fig. 5 shows that the proposed LC-SD with δ = 20 achieves

a near-ML performance for different numbers of transmit

antennas in DUSTM system. Furthermore, with an increasing

number of antennasNt, the SER performance is clearly getting

better. For example, at an SER = 10−3, the LC-SD with

Nt = 5 achieves 4dB performance gain than that of the LC-

SD with Nt = 2. Further, it is worthy to mention that the

proposed LC-SD always achieves a near-optimal performance
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compared to the conventional SE SD for different number of

antennas.

The computational complexity for different number of

transmit antennas is given in Fig. 6. The proposed LC-SD

achieves significant complexity reduction than the SE SD

for different DUSTM systems. For example, for Nt = 5
and SNR= 10 dB, the proposed LC-SD achievers about 40%
complexity reduction. Thus, for low SNRs, the proposed LC-

SD reduces the computation complexity while preserving a

near-optimal performance, especially for the DUSTM systems

with a large number of transmit antennas. This is expected to

be very helpful for the practical implementation of DUSTM

with large number of antennas.

VI. CONCLUSIONS

This paper proposed a low-complexity sphere detection

with reduced computational complexity, and near-optimal

performance for multi-antenna differential unitary space-time

modulation system. By tightening the searching radius with a

heuristic SNR-dependent factor, the proposed LC-SD not only

performs similar to the conventional sphere detection in terms

of SER but also saves computational complexity. Furthermore,

the proposed LC-SD also achieves a flexible trade-off between

performance and complexity by adjusting δ in the heuristic

SNR-dependent factor. With increasing number of antennas,

the complexity reduction would be more useful for its practical

implementation. The simulation results confirmed the advan-

tages of the proposed LC-SD, which provides a near-optimal

performance and low computational complexity for the whole

SNR region.
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