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Abstract— This paper investigates a novel fault tolerant
control scheme to handle actuator faults in nonlinear systems
based on policy iteration algorithm with fault observer. The
fault observer is established to estimate the actuator fault, which
is used to construct an improved performance index function
that reflects the fault, regulation and control simultaneously.
With the help of the proper performance index function, the
FTC problem is transformed into an optimal control problem.
By constructing a critic neural network, the Hamilton-Jacobi-
Bellman equation can be solved by using policy iteration algo-
rithm, and then the approximated fault tolerant controller can
be obtained directly. The closed-loop system is guaranteed to be
uniformly ultimately bounded based on the Lyapunov’s direct
method. Simulation example is given to verify the effectiveness
of the developed FTC scheme.

I. INTRODUCTION

IN order to satisfy the requirement of improving produc-

tion efficiency in modern industries, the complex and

large-scale systems are applied increasingly. Consequently,

the demands for reliability and safety of sophisticated control

systems are urgent. As we know, various faults, such as

actuators, sensors and processors, may undergo individually

or simultaneously during operation, which may lead to seri-

ous damage [1]. Among all kinds of malfunctions, actuator

faults are considered as one of the most critical challenges.

Hence, it is important to develop fault tolerant control (FTC)

methods to maintain acceptable system performance.
Great efforts have been made on FTC in recent years.

In general, analytical redundancy based FTC schemes could

be categorized into passive approaches and active ones.

By virtue of passive design, Zhou et al. [2] proposed an

architecture that consisted of performance controller and

robust controller. Deng et al. [3] designed a reliable H∞
fuzzy control to obtain relaxed conditions while both the

asymptotic stability and the prescribed H∞ performance

index of the underlying system ensured. In fact, the in-

sensitivity of passive FTCs depends on their robustness,
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thus they are quite limited to deal with large faults. On

the contrary, active FTC methods present stronger fault

tolerant capability. It should be mentioned that the fault

reconfiguration, fault accommodation and fault compensation

are successful strategies in achieving active fault tolerance

[4]. For example, Zakharov et al. [5] presented a performance

optimization algorithm for controller reconfiguration in fault

tolerant distributed model predictive control for large-scale

systems. Marios [6] presented a learning approach for ac-

commodating fault occurring in nonlinear multi-input-multi-

output dynamical systems. Changes in the system dynamics

due to a fault can be modeled as unknown nonlinear functions

of the measurable state variables. Liu et al. [7] compensated

the fault by backstepping technique and estimated loss of

effectiveness of actuator faults for Markovian jump systems.

As an effective tool to deal with optimal control prob-

lems in nonlinear systems, adaptive or approximate dynamic

programming (ADP) is a useful approximation method to

solve the Hamilton-Jacobi-Bellman (HJB) equation [8]. In

recent years, many excellent results have significantly pro-

moted the development of relevant disciplines greatly, and

value iteration (VI) and policy iteration (PI) are fundamental

algorithms. Al-Tamimi et al. [9] and Liu et al. [10] solved

the HJB equation by using the VI technique. But VI may not

guarantee the control input stable. On the other hand, PI algo-

rithm consists of policy evaluation and policy improvement

can avoid this shortcoming because it begins with a stable

control. Throughout the literature on ADP, many excellent

works have been carried out on various classes of nonlinear

systems, such as continuous-time systems [11], discrete-time

systems [12], nonlinear systems with uncertainties [13] and

constraints [14], data-driven systems [15].

For the FTC problem, only a few results were presented

based on ADP or reinforcement learning methods. Feng et al.

[16] proposed a reconfigurable fault-tolerant deflection rout-

ing algorithm based on reinforcement learning for network

on chip (NoC). Zhu et al. [17] presented a novel approach

to automate recovery policy generation with reinforcement

learning techniques. Yen et al. [18] proposed a supervisor to

perform fault detection, identification and isolation based on

the knowledge stored in a dynamic model bank.

In this paper, a fault tolerant controller based on PI

algorithm is investigated for nonlinear systems with actuator

faults. The observed fault from a fault observer is utilized

to construct the performance index function, which reflects

the actuator fault, regulation and control. By doing so, the

FTC problem is transformed into an optimal control problem.

A critic neural network is employed to approximate the
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improved performance index function, which is utilized to

solve the HJB equation. The closed-loop faulty system is

guaranteed to be uniformly ultimately bounded (UUB) based

on Lyapunov stability theorem. The main contribution of this

paper lies in that: the estimated unknown actuator fault which

is estimated by fault observer can be employed to construct

the improved performance index function, which reflects the

actuator fault, regulation and control. Thus the FTC problem

can be transformed into an optimal control problem.

II. PROBLEM STATEMENT

Consider the following nonlinear system with actuator

fault:

ẋ = f(x) + g(x)(u− ua) (1)

where x ∈ R
n is the system state vector, u ∈ R

m is the

control input vector, f(·) and g(·) are locally Lipchitz and

differentiable in their arguments with f(0) = 0 and ua ∈ R
m

is an additive actuator fault. Here, let x(0) = x0 be the initial

state.

Assumption 1: The differentiable actuator fault ua is un-

known but norm-bounded as ‖ua‖ ≤ δ1 < +∞, where δ1 is

a positive constant.

Since f(·) and g(·) are locally Lipchitz continuous on a

set Ω ∈ R
n, the system (1) with ua = 0 is controllable.

Thus it is desired to find the feedback control policy u(x) to

minimize the infinite horizon performance index function as

J(x0) =

∫ ∞

0

(
ρûT

a (τ)ûa(τ) + U(x(τ), u(τ))
)
dτ (2)

where ρ is a positive constant, U(x, u) = xTQx+ uTRu is

the utility function, U(0, 0) = 0, and U(x, u) ≥ 0 for all

x and u, Q ∈ R
n×n and R ∈ R

m×m are positive definite

matrices, and ûa ∈ R
m is the estimation of the actuator fault

ua. We can see that (2) appropriately reflects the actuator

fault, regulation and control simultaneously.

To obtain an acceptable control performance after the

actuator fault occurs, the designed feedback control must be

admissible. Therefore, before the algorithm is presented, the

definition of admissible control should be introduced.

Definition 1: For system (1) with ua = 0, a control policy

u(x) is said to be admissible, if u(x) is continuous on a set

Ω ⊂ R
n, u(0) = 0, u(x) stabilizes the system, and J(x0) in

(2) is finite for all x ∈ Ω.

For any admissible control policy μ ∈ Ψ(Ω), where Ψ(Ω)
denotes the set of admissible control, if the performance

index function

V (x0) =

∫ ∞

0

(
ρûT

a (τ)ûa(τ) + U(x(τ), μ(τ))
)
dτ (3)

is continuously differentiable, then the infinitesimal version

of (3) is the so-called nonlinear Lyapunov equation

0 = ρûT
a ûa + U(x, μ) + (∇V (x))

T
(f(x) + g(x)μ) (4)

with V (0) = 0, and the term ∇V (x) denotes the partial

derivative of V (x) with respect to x, i.e., ∇V (x) = ∂V (x)
∂x .

Define the Hamiltonian function of the problem and the

optimal performance index function as

H (x, μ,∇V (x)) = ρûT
a ûa + U(x, μ)

+ (∇V (x))
T
(f(x) + g(x)μ)

and

J∗(x0) = min
μ∈Ψ(Ω)

∫ ∞

0

(
ρûT

a ûa + U(x(τ), μ(τ))
)
dτ (5)

Let J∗(x) be the optimal performance index function, then

0 = min
μ∈Ψ(Ω)

H (x, μ,∇J∗(x)) (6)

where ∇J∗(x) = ∂J∗(x)
∂x . If the solution J∗(x) exists and

is continuously differentiable, the optimal control can be

expressed as

u∗(x) = −1

2
R−1gT(x)∇J∗(x). (7)

In general, if the system is fault-free (i.e., ua = 0), the

solution of (6) can be approximated with the PI algorithm

(See Algorithm 1).

By simple transformation, (7) implies

(∇J∗(x))T g(x) = −2 (u∗(x))T R (8)

III. FAULT TOLERANT CONTROLLER DESIGN

A. Equivalence of problem transformation

For system (1), a feedback control policy u(x) should be

presented to handle the FTC problem, such that the closed-

loop system can be guaranteed to be asymptotically stable for

all possible actuator faults ua. In order to achieve this goal,

the FTC problem is transformed into designing an optimal

control law for the fault-free system, i.e., ua = 0, with a

proper performance index function.

Assumption 2: The actuator fault estimation error ea =
ua−ûa is norm-bounded as ‖ea‖ ≤ δ2, where δ2 is a positive

constant.

Theorem 1: Consider system (1), the Assumptions 1 and

2, and the control policy (7), the continuously differentiable

function J∗(x) is a Lyapunov function with the conditions

ρ ≥ λmin(R) and ‖x‖ ≥ 2δa
λmin(Q) satisfied. Furthermore, if

J∗(x) is a solution to the HJB equation (6), then the optimal

control policy (7) can guarantee the closed-loop nonlinear

system with actuator fault (1) to be UUB.

Proof We can proof that u∗(x) in (7) is a solution to

the FTC problem by proofing J∗(x) is a Lyapunov function.

According to (5), we can see that J∗(x) > 0 for all x 	= 0
and J∗(0) = 0, it means that J∗(x) is a positive definite

function. Thus, its time derivative is

J̇∗(x) = (∇J∗(x))T ẋ

= (∇J∗(x))T (f(x) + g(x)u∗)− (∇J∗(x))T g(x)ua.
(9)

From (6), we have

(∇J(x))
T
(f(x) + g(x)u∗) = −ûT

a ûa − U(x, u∗).
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Hence, (9) becomes

J̇∗(x) = −ûT
a ûa − U(x, u∗)− (∇J∗(x))T g(x)ua.

Noticing (8), we have

J̇∗(x) =− ρûT
a ûa − U(x, u∗) + 2u∗TRua

≤− ρûT
a ûa − xTQx− u∗TRu∗ + u∗TRu∗ + uT

aRua

≤− ρûT
a ûa − xTQx+ λmin(R) ‖ua‖2

=− (ρ− λmin(R)) ûT
a ûa − xTQx

+ λmin(R)
(
‖ua‖2 − ûT

a ûa

)
.

From Assumptions 1 and 2, we have

J̇∗(x) ≤ − (ρ− λmin(R)) ûT
a ûa − xTQx+ 2λmin(R)δ1δ2.

Let δa = λmin(R)δ1δ2, thus

J̇∗(x) ≤ − (ρ− λmin(R)) ûT
a ûa − λmin(Q) ‖x‖2 + 2δa.

Hence, we can conclude that J̇∗(x) ≤ 0, i.e., J∗(x) is a

Lyapunov function, if the following conditions hold:{
ρ ≥ λmin(R)

‖x‖ ≥ 2δa
λmin(Q) .

This indicates that x(t) will converge to a small neighbor-

hood. This completes the proof.

In light of Theorem 1, the optimal control policy (7) is

derived to handle the FTC problem for system (1), which

suffers from the actuator fault. Thus, the rest of the problem

is to find the solution of the HJB equation and derive ûa for

constructing the performance index function (3).

B. Fault observer design

In this subsection, the actuator fault ua is estimated by

developing a fault observer.

For system with actuator fault (1), we can develop a fault

observer as

˙̂x = f̂(x̂) + ĝ(x̂)(u− ûa) + L1(x− x̂) (10)

where x̂ is the observation of the system state x, L1 is

the positive definite observer gain and ûa is the estimated

actuator fault which can be updated by

˙̂ua = −L2ĝ
T(x̂)eo (11)

where L2 is a positive definite matrix, and eo = x− x̂ is the

state observation error.

Combining (1) with (10), we have

ėo = ef + eg(u− ua)− ĝ(x̂)(ua − ûa)− L1eo (12)

where ef = f(x) − f̂(x̂) and eg = g(x) − ĝ(x̂) are

the observation errors of nonlinear terms f(x) and g(x),
respectively. And then define w = ef + eg(u− ua).

Assumption 3: w is norm-bounded as ‖w‖ ≤ δ3, where

δ3 is a positive constant.

Theorem 2: For system with actuator fault (1) with as-

sumptions 1 and 3, the fault observation error can can be

guaranteed to be UUB through the developed fault observer

(10) with the adaptive law (11).

Proof Select the Lyapunov candidate function as

Σ1 =
1

2
eTo eo +

1

2
ũT
aL

−1
2 ũa (13)

where ũa = ua− ûa is the estimation error of actuator fault.

Substituting (12) into the time derivative of (13), we have

Σ̇1 = eTo ėo − ˙̂uT
aL

−1
2 ũa

= eTo (ef + eg(u− ua)− ĝ(x̂)(ua − ûa)− L1eo)

− ˙̂uT
aL

−1
2 ũa

≤ δ3 ‖eo‖ − eTo ĝ(x̂)ũa − λmin(L1) ‖eo‖2 − ˙̂uT
aL

−1
2 ũa

=− (λmin(L1) ‖eo‖ − δ3) ‖eo‖
−
(
eTo ĝ(x̂) +

˙̂uT
aL

−1
2

)
ũa. (14)

Substituting the adaptive law (11) into (14), it becomes

Σ̇1 = − (λmin(L1) ‖eo‖ − δ3) ‖eo‖ .
This indicates Σ̇1 < 0 as long as ‖eo‖ > δ3

λmin(L1)
. According

to Lyapunov stability theorem, the fault observation error is

UUB. This completes the proof.

C. Online PI algorithm

In this subsection, an online PI algorithm is introduced to

solve the HJB equation. The PI algorithm, which consists

of policy evaluation based on (4) and policy improvement

based on (7), will converge to the optimal performance index

function and optimal control policy, i.e., V (i)(x) → J∗(x)
and μ(i)(x) → u∗(x) as i → ∞. The iteration process can

be described as

Algorithm 1 Online PI algorithm

1: Let i = 0 and V (0) = 0, begin with an initial admis-

sible control policy μ(0)(x), and select a small positive

constant ε.

2: Let i > 0, based on the control policy μ(i)(x), solve

V (i+1) from

0 = U(x, μ(i)) +
(
∇V (i+1)(x)

)T

(f(x) + g(x)μ(i)).

3: Update the control policy by

μ(i+1) = −1

2
R−1gT(x)∇V (i+1)(x).

4: If
∥∥V (i+1)(x)− V (i)(x)

∥∥ ≤ ε, stop and obtain the

approximated optimal control; else, let i = i + 1 and

return to 2.

D. Neural network implementation

In this section, a single-layer neural network V (x) is

employed to approximate the performance index function as

V (x) = WT
c σ(x) + εc(x) (15)
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where Wc ∈ R
l is the ideal weight vector, σ(x) ∈ R

l is

the activation function, l is the number of neurons in the

hidden-layer, and εc(x) is the approximation error of the

neural network. Then its gradient along with x is

∇V (x) = (∇σ(x))
T
Wc +∇εc(x) (16)

where ∇σ(x) = ∂σ(x)
∂x ∈ Rl×n and ∇εc(x) = ∂εc(x)

∂x ∈
Rn are the gradients of the activation function and the

approximation error, respectively.

Substituting (16) into (4), one can obtain

0 = ρûT
a ûa + U(x, μ) +

(
(∇σ(x))

T
Wc +∇εc(x)

)
ẋ.

Thus, the Hamiltonian function can be expressed as

H (x, μ,Wc) = ρûT
a ûa + U(x, μ) +WT

c ∇σ(x)ẋ

=−∇εc(x)ẋ
Δ
= ecH (17)

where ecH is the residual error due to the neural network

approximation.

The critic neural network can be approximated as

V̂ (x) = ŴT
c σc(x).

Then the gradient of V̂ (x) can be expressed as

∇V̂ (x) = (∇σ(x))
T
Ŵc.

So the approximated Hamiltonian function is obtained as

H
(
x, μ, Ŵc

)
= ρûT

a ûa + U(x, μ) + ŴT
c ∇σ(x)ẋ

Δ
= ec.

Let θ = ∇σc(x)ẋ, we minimize the objective function Ec =
1
2e

T
c ec by the steepest descent algorithm to tune the critic

neural network weight vector Ŵc, which can be updated as

˙̂
Wc = −lecθ (18)

where l > 0 is the learning rate of the critic neural network.

Define the weight approximation error as W̃c = Wc−Ŵc.

By (17) and (18), one has

ec = ecH − W̃T
c θ.

The weight approximation error can be updated as

˙̃Wc = − ˙̂
Wc = l

(
ecH − W̃T

c θ
)
θ. (19)

Hence, according to (7) and (15), the ideal control policy can

be described as

μ(x) = −1

2
R−1gT(x)

(
(∇σ(x))

T
Wc +∇εc(x)

)
.

And it can be approximated as

μ̂(x) = −1

2
R−1gT(x) (∇σ(x))

T
Ŵc. (20)

So the control policy can be derived only depending on the

critic neural network, and the training of the action neural

network is no longer required.

Theorem 3: Consider the nonlinear system (1), the weight

vector of the critic neural network is updated by (19), the

weight approximation error is UUB.

Proof Select the Lyapunov candidate function as

Σ2 =
1

2l
W̃T

c W̃c.

Its time derivative is

Σ̇2 =
1

l
W̃T

c
˙̃Wc

= W̃T
c

(
ecH − W̃T

c θ
)
θ

= W̃T
c ecHθ −

∥∥∥W̃T
c θ

∥∥∥2
≤ 1

2
e2cH − 1

2

∥∥∥W̃T
c θ

∥∥∥2 .
Hence, Σ̇2 < 0 if

∥∥∥W̃c

∥∥∥ >
∥∥∥ ecH

θM

∥∥∥ with assuming ‖θ‖ ≤ θM ,

where θM is a positive constant. According to the Lyapunov’s

direct method, the weight approximation error is UUB. This

completes the proof.

E. Stability analysis

Theorem 4: Assume that the neural network based HJB

solution of the optimal control problem exists, for the con-

sidered system (1), the approximated FTC policy (20) can

guarantee the closed-loop system UUB with the performance

index function (2).

Proof Select the Lyapunov candidate function as

Σ3 =
1

2
xTx+ J∗(x).

Its time derivative is

Σ̇3 = xTẋ+ (∇J∗(x))T ẋ

= xT (f(x) + g(x)(μ− ua))

+ (∇J∗(x))T (f(x) + g(x)(μ− ua))

= xTf(x) + xTg(x)μ− xTg(x)ua

− (∇J∗(x))T g(x)ua + (∇J∗(x))T (f(x) + g(x)μ) .

According to (4), the above formula becomes

Σ̇3 = xTf(x) + xTg(x)μ− xTg(x)ua − (∇J∗(x))T g(x)ua

− ρûT
a ûa − xTQx− μTRμ.

As f(x) is locally Lipchitz, there exists a positive constant

Df , s.t. ‖f(x)‖ ≤ Df ‖x‖. Assume that ‖g(x)‖ ≤ Dg, by

Young’s inequality, we can obtain

Σ̇3 ≤ Df ‖x‖2 + 1

2
‖x‖2 + 1

2
D2

g ‖μ‖2 +
1

2
‖ua‖2

+
1

2
D2

g ‖x‖2 − (∇J∗(x))T g(x)ua − ρûT
a ûa

− λmin(Q) ‖x‖2 − λmin(R) ‖μ‖2

=−
(
λmin(Q)−Df − 1

2
D2

g −
1

2

)
‖x‖2

−
(
λmin(R)− 1

2
D2

g

)
‖μ‖2 + 1

2
‖ua‖2

− (∇J∗(x))T g(x)ua − ρûT
a ûa. (21)
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Substituting (8) into (21), one can obtain

Σ̇3 ≤−
(
λmin(Q)−Df − 1

2
D2

g −
1

2

)
‖x‖2 − ρûT

a ûa

−
(
λmin(R)− 1

2
D2

g

)
‖μ‖2 + 1

2
‖ua‖2 + 2μTRua

=−
(
λmin(Q)−Df − 1

2
D2

g −
1

2

)
‖x‖2

−
(
λmin(R)− 1

2
D2

g −R2

)
‖μ‖2 −

(
ρ− 3

2

)
ûT
a ûa

+
3

2

(
‖ua‖2 − ûT

a ûa

)
.

According to Assumptions 1 and 2, we have

Σ̇3 =−
(
λmin(Q)−Df − 1

2
D2

g −
1

2

)
‖x‖2 + δb

−
(
λmin(R)− 1

2
D2

g −R2

)
‖μ‖2 −

(
ρ− 3

2

)
ûT
a ûa

where δb = 3
2 (2δ1 + δ2)δ2, hence, we can observe that

Σ̇3 ≤ 0 when x(t) lies outside the compact set ‖x‖ ≤
δb

λmin(Q)−Df− 1
2D

2
g− 1

2

if the following conditions hold:⎧⎨
⎩

λmin(Q) ≥ Df + 1
2D

2
g +

1
2

λmin(R)−R2 ≥ 1
2D

2
g

ρ ≥ 3
2 .

Therefore, the state trajectories of the closed-loop system

under FTC input are UUB. This completes the proof.

Remark 1: The stability of the closed-loop system can be

guaranteed as long as the above conditions are satisfied. In-

deed, for the parameters Q and R, the greater their minimum

eigenvalues, the faster the convergence rate is.

IV. SIMULATION STUDY

A torsional pendulum system [12] is employed to examine

the control performance of the proposed FTC scheme. The

dynamic of the torsional pendulum with actuator fault as:{
dθ
dt = ω
J dω

dt = (u− ua)−Mgl sin θ − fd
dθ
dt .

where M = 1
3kg and l = 2

3m are the mass and length

of the pendulum bar, respectively. The current angle θ and

the angular velocity ω are the system states. ua ∈ R is an

unknown actuator fault, here we choose it as

ua =

{
0, 0 ≤ t ≤ 50s

0.3 + 0.5 sin
(
3t/2π

)
, 50s < t ≤ 100s.

Let J = 4
3Ml2 and fd = 0.2 be the rotary inertia and

frictional factor, respectively. Let g = 9.8m
/
s2 be the

gravitational acceleration.

Define x = [x1, x2]
T
= [θ, ω]

T ∈ R
2. Let the initial state

of the torsional pendulum system and the observed state be

x0 = [1,−1]
T

and x̂0 = [2,−2]
T

, and the admissible control

be u = [−0.4,−0.8]x. In this simulation, the performance

index function is approximated by a critic neural network,

whose weight vector is denoted as Ŵc = [Ŵc1, Ŵc2, Ŵc3]
T,

and its initial value is Ŵc0 = [90, 50, 30]
T

. The activation

function of the critic neural network is chosen as σc(x) =[
x2
1, x1x2, x2

2

]
. Let Q = I2, R = I , where In denotes the

identify matrix with n dimensions, the fault observer gain be

L1 = 20× I2, the learning rate of the critic neural network

and actuator fault be l1 = 0.6 and L2 = 20× I , the gain in

performance index function (3) be ρ = 8, respectively. The

initial value of the actuator fault is chosen as ua0 = 1.

0 2 4 6 8 10
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70
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90
Weights of the critic neural network

Time (s)

wc1
wc2
wc3

Fig. 1. The weights of the critic neural network
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−2

−1.5

−1

−0.5

0
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1

1.5

2
Fault estimation

Time (s)

Estimated fault
Actual fault

Fig. 2. The estimated fault based on the fault observer

Figs.1–4 show the simulation results. We can see

in Fig.1, by using the proposed algorithm, the weight

vector of the critic neural network converges to

[77.146516, 36.991126, 48.496729]
T

. Fig.2 shows the

precise estimation performance of the actuator fault, which

is the key point in constructing the performance index

function (3). As shown in Fig.3, the system states under
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Fig. 4. The system input of the proposed FTC scheme

the PI algorithm based FTC are shown for the system,

which suffers from an actuator fault are convergent. Fig.4

illustrates the control input trajectory. We can observe that

after the fault occurs at t = 50s, the control input presents

a change against the fault, so that an acceptable control

performance can be derived. Therefore, we can declare

the effectiveness of the developed PI algorithm based FTC

scheme.

V. CONCLUSION

This paper presents an observer-based PI algorithm for the

FTC problem of a class of nonlinear systems with actuator

faults. With the help of the observed fault from the fault

observer, a novel performance index function is constructed

to account for the system fault, thus the FTC problem can

be transformed into an optimal control problem. A critic

neural network is constructed to solve the improved HJB

equation online, and the approximated optimal controller can

be directly derived. Based on the Lyapunov’s direct method,

the closed-loop system is guaranteed to be UUB. Numerical

simulation is provided to demonstrate the effectiveness of the

proposed scheme.
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