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Abstract. This paper establishes an adaptive dynamic programming
algorithm based neuro-control scheme for nonlinear systems with
unknown input constraints. The control strategy consists of an online
nominal optimal control and a neural network (NN) based saturation
compensator. For nominal systems without input constraints, we develop
a critic NN to solve the Hamilton-Jacobi-Bellman equation. Hereafter,
the online approximate nominal optimal control policy can be derived
directly. Then, considering the unknown input constraints as saturation
nonlinearity, NN based feed-forward compensator is employed. The ulti-
mate uniform bounded stability of the closed loop system is analyzed
via Lyapunov’s direct method. Finally, simulation on a torsional pendu-
lum system is provided to verify the effectiveness of the proposed control
scheme.

Keywords: Adaptive dynamic programming · Unknown input con-
straints · Continuous-time nonlinear systems · Stabilizing control ·
Neural networks

1 Introduction

Optimal control problem has been paid considerable attention to nonlinear sys-
tems in the control community. To achieve this objective, adaptive dynamic
programming (ADP) algorithm was developed [1] with the aid of NNs forward-
in-time. In recent few years, ADP algorithms were developed further to deal
with control problems for continuous-time systems [2], discrete-time systems [3],
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trajectory tracking [4], uncertainties [5] and external disturbances [6], time-delay
[7], fault-tolerant [8], zero-sum games [9], event-triggered systems [10], etc.

Specially, input constraints are often emerged in many practical systems.
They may cause control performance reduction or unstable of the closed-loop
system. In order to solve these problems, some ADP methods have been pro-
posed in recent years [11–13]. We can see that most of existing results were con-
cerned with nonlinear systems subject to input constraints with available limited
bounds, which are always necessary to design the ADP based control methods
directly or indirectly. However, outputs of the actuators may bias or suddenly
abrupt in many practical systems. It implies that the bounds of the actuators
are uncertain or unknown, which results in application difficulties. Therefore,
the optimal control strategy for nonlinear systems in this case is required to
be further considered. Thus, this paper establishes an ADP based neuro-control
scheme for nonlinear systems in the presence of unknown input constraints.

2 Problem Statement

Consider nominal continuous-time nonlinear systems as

ẋ = f(x) + g(x)u, (1)

where x ∈ R
n is the system state vector, u ∈ R

m is the control input vector,
f(·) and g(·) are locally Lipschitz and differentiable in their arguments with the
initial state x(0) = x0 and f(0) = 0. System (1) is stable in the sense that there
exists a continuous control u to stabilize the system asymptotically.

In the presence of unknown input constraints, (1) can be turned to

ẋ = f(x) + g(x)τ, (2)

where τ = [τ1, τ2, . . . , τm]T ∈ R
m is the actual applied control input of (2). It

arranges between its lower and upper limits, i.e.,

τi = sat(ui) =

⎧
⎨

⎩

uimax, ui > uimax,
ui, uimin ≤ ui ≤ uimax,

uimin, ui < uimin,
(3)

where i = 1, 2, . . . ,m, uimax and uimin are the unknown upper and lower limit
bounds, respectively.

The control objective is to develop an ADP based neuro-control scheme for
nonlinear systems subject to unknown input constraints, and ensure all the sig-
nals of the closed-loop system to be ultimate uniform bounded (UUB).

3 Online Approximate Optimal Controller Design
and Stability Analysis

3.1 Online Nominal Optimal Control

For nominal nonlinear system (1), a feedback control un(x) ∈ Ψ(Ω) will be
designed by finding the stabilizing nominal control un(x) which minimizes the
infinite-horizon cost function given by
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V (x0) =
∫ ∞

0

U(x(s), un(s))ds, (4)

where U(x, un) = xTQx + uT
nRun is the utility function, U(0, 0) = 0, and

U(x, un) ≥ 0 for all x and un, in which Q ∈ R
n×n and R ∈ R

m×m are positive
definite matrices. If the cost function (4) is continuously differentiable, then the
infinitesimal versions of (4) is the so-called nonlinear Lyapunov equation

0 = U(x, un) + ∇V (x)ẋ.

Define the Hamiltonian as

H (x, un,∇V (x)) = U(x, un) + (∇V (x))T (f(x) + g(x)un). (5)

The optimal cost V ∗(x) of (4) can be derived by solving the HJB equation

0 = min
un(x)∈Ψ(Ω)

H (x, un,∇V ∗(x)) (6)

with V ∗(0) = 0, and ∇V ∗(x) denotes the partial derivative of the cost function
V ∗(x) with respect to x, i.e., ∇V ∗(x) = ∂V ∗(x)

∂x . If the solution V ∗(x) of (6)
exists, the optimal control can be obtained by

u∗
n(x) = −1

2
R−1gT(x)∇V ∗(x). (7)

By simple transformation of (7), we have

(∇V ∗(x))T g(x) = −2 (u∗
n(x))T R. (8)

The cost function V (x) will be approximated via NN as

V (x) = WT
c σc(x) + εc(x), (9)

where Wc ∈ R
l1 is ideal weight vector, σc(x) ∈ Rl1 is the activation function,

l1 is the number of neurons in the hidden-layer, and εc(x) is the approximation
error of the NN. Then, the partial gradient of V (x) along with x is

∇V (x) = (∇σc(x))T Wc + ∇εc(x), (10)

where ∇σc(x) = ∂σc(x)
∂x ∈ R

l1×n and ∇εc(x) are gradients of the activation
function and the approximation error, respectively. Thus, the Hamiltonian can
be expressed as

H (x, un,Wc) = U(x, un) +
(
WT

c ∇σc(x) + ∇εc(x)
)
ẋ. (11)

Combining (6) with (11), we obtain

U(x, un) + WT
c ∇σc(x)ẋ = ecH , (12)
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where ecH = −∇εc(x)ẋ is the residual error caused by NN approximation.
The critic NN can be approximated by

V̂ (x) = ŴT
c σc(x), (13)

where Ŵc is the estimation of Wc. Then, we have the gradient of V̂ (x) as

∇V̂ (x) = (∇σc(x))T Ŵc. (14)

Thus, the approximate Hamiltonian can be derived by

H
(
x, un, Ŵc

)
= U(x, un) + ŴT

c ∇σc(x)ẋ = ec. (15)

Define W̃c = Wc − Ŵc. From (11) and (15), one has

ec = ecH − W̃T
c ∇σc(x)ẋ. (16)

To minimize the objective function Ec =
1
2
eTc ec, the weight approximation error

should be updated by

˙̃Wc = − ˙̂
Wc = lc

(
ecH − W̃T

c θ
)

θ, (17)

where θ = ∇σc(x)ẋ. Thus, Ŵc can be updated by

˙̂
Wc = −lcecθ, (18)

where lc > 0 is the learning rate of the critic NN.
Thus, according to (7) and (9), the ideal nominal control policy is

un(x) = −1
2
R−1gT(x)

(∇σT
c (x)Wc + ∇εc(x)

)
. (19)

It can be approximated as

ûn(x) = −1
2
R−1gT(x)∇σT

c (x)Ŵc. (20)

Theorem 1. For nonlinear system (1), if the weight vector of the critic NN
is updated by (18), then the approximation error of the weight vector can be
guaranteed to be UUB.

Proof. Select the Lyapunov function candidate as

L1 =
1

2lc
W̃T

c W̃c. (21)
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Its time derivative is

L̇1 =
1
lc

W̃T
c

˙̃Wc

= W̃T
c

(
ecH − W̃T

c θ
)

θ

= W̃T
c ecHθ −

∥
∥
∥W̃T

c θ
∥
∥
∥
2

≤ 1
2
e2cH − 1

2

∥
∥
∥W̃T

c θ
∥
∥
∥
2

. (22)

Assume ‖θ‖ ≤ θM , where θM > 0. Hence, L̇1 < 0 as long as W̃c lies outside of
the compact set

ΩW̃c
=

{

W̃c :
∥
∥
∥W̃c

∥
∥
∥ ≤

∥
∥
∥
∥

ecH

θM

∥
∥
∥
∥

}

.

Therefore, according to Lyapunov’s direct method, the approximation error of
the weight vector is UUB. This completes the proof.

3.2 Neural Network Based Unknown Input Constraint
Compensation

To tackle the affection of unknown input constraints, NN based compensator is
designed in detail as feed-forward control loop in this subsection. The constraint
nonlinearity δ(x) = u − τ = [δ1, δ2, . . . , δm]T ∈ R

m is introduced as

uδi(x) = ui − τi

=

⎧
⎨

⎩

ui − uimax, ui > uimax,
0, uimin ≤ ui ≤ uimax,

ui − uimin, ui < uimin,
(23)

where i = 1, 2, . . . ,m.
Thus, the constrained nonlinear system (2) can be transformed into

ẋ = f(x) + g(x)(u − δ), (24)

which is approximated by a backpropagation NN since δ(x) is unknown, and it
can be expressed by

δ(x) = WT
δ σδ(x) + εδ(x), (25)

where Wδ ∈ R
l2 is the ideal weight vector, σδ(x) ∈ R

l2 is the activation function,
l2 is the number of hidden-layer neurons, and εδ(x) is the approximation error.

Assumption 1. The NN approximation error is bounded, i.e., ‖εδ(x)‖ ≤ εδM ,
where εδM is a positive constant.
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To determine the unknown weight vector Wδ, (25) is approximated by

δ̂(x) = ŴT
δ σδ(x), (26)

where Ŵδ is the approximation of Wδ. It can be updated by

˙̂
Wδ = − ˙̃Wδ = Γδσδ(x)

(
2uT

nR − xTg(x)
)

+ kΓδ ‖x‖ Ŵδ, (27)

where Γδ > 0 and k > 0 are both NN learning rates.
Define δ̃ = δ − δ̂ as the overall NN approximation error. Thus,

δ̃ = W̃T
δ σδ(x) + εδ(x). (28)

Assumption 2. There exists positive constants δM and δm such that ‖Wδ‖ ≤
δM and

∥
∥
∥W̃δ

∥
∥
∥ ≤ δm, respectively.

Hence, the overall control law for nonlinear system (2) can be designed as

u = un + δ̂. (29)

3.3 Stability Analysis

Theorem 2. Consider the nonlinear system with unknown input constraints
(2), the transformed dynamics (24), as well as the Assumptions 1 and 2, all
the signals of the closed-loop system can be guaranteed to be UUB, if the overall
control law is designed as (29), which is composed of the online nominal optimal
control (19) and constraint compensation (26) with the update law (27).

Proof. Select the Lyapunov function candidate as

L2 =
1
2
xTx + V (x) + tr

(
1
2
W̃T

δ Γ−1
δ W̃δ

)

, (30)

where tr(·) is the trace of the matrix. The time derivative of (30) is

L̇2 = xTẋ + V̇ (x) + tr
(
W̃T

δ Γ−1
δ

˙̃Wδ

)

= xT (f(x) + g(x)(u − δ)) + V̇ (x) + tr
(
W̃T

δ Γ−1
δ

˙̃Wδ

)
. (31)

In the existence of constraint nonlinearity, for the second item of (31), we have

V̇ (x) = ∇V T(x)ẋ = ∇V T(x) (f(x) + g(x)u) − ∇V T(x)g(x)δ. (32)

Define δ̃ = δ − δ̂. Then, introduce the overall control law (29), (32) becomes

V̇ (x) = ∇V T(x) (f(x) + g(x)un) − ∇V T(x)g(x)δ̃. (33)
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According to (6), (8) and (29), we have

L̇2 = xT (f(x) + g(x)un) − xTQx − uT
nRun

+
(
2uT

nR − xTg(x)
)
δ̃ + tr

(
W̃T

δ Γ−1
δ

˙̃Wδ

)
. (34)

Since f(x) is locally Lipschitz, there exists positive constants Df such that
‖f(x)‖ ≤ Df ‖x‖. Assume that ‖g(x)‖ ≤ Dg. Thus, (34) becomes

L̇2 ≤ Df ‖x‖2 +
1
2

‖x‖2 +
1
2
D2

g ‖un‖2 − λmin(Q) ‖x‖2

− λmin(R) ‖un‖2 +
(
2uT

nR − xTg(x)
)
δ̃ + tr

(
W̃T

δ Γ−1
δ

˙̃Wδ

)
, (35)

where λmin(·) denotes the minimum eigenvalue of the matrix.
Combining (25), (26) and (27), we have

L̇2 ≤ Df ‖x‖2 +
1
2

‖x‖2 +
1
2
D2

g ‖un‖2 − λmin(Q) ‖x‖2 − λmin(R) ‖un‖2

+
(
2uT

nR − xTg(x)
)
δ̃ − tr

(
W̃T

δ (σδ(x)
(
2uT

nR − xTg(x)
)

+ k ‖x‖ Ŵδ)
)

= −
(

λmin(Q) − Df − 1
2

)

‖x‖2 −
(

λmin(R) − 1
2
D2

g

)

‖un‖2

+
(
2uT

nR − xTg(x)
)
εδ(x) − k ‖x‖ tr

(
W̃T

δ

(
Wδ − W̃δ

))
. (36)

According to Assumptions 1 and 2, and suppose that
∥
∥2uT

nR − xTg(x)
∥
∥ ≤ υ,

(36) becomes

L̇2 ≤ −
(

λmin(Q) − Df − 1
2

)

‖x‖2 −
(

λmin(R) − 1
2
D2

g

)

‖un‖2

+ εδMυ − k ‖x‖ (
δMδm − δ2m

)
. (37)

Let A = λmin(Q) − Df − 1
2
, B = k

(
δMδm − δ2m

)
. From (37), we can con-

clude that L̇2 ≤ 0 when the state x lies outside of the compact set Ωx ={

x : ‖x‖ ≤ −B+
√

B2+4AεδM υ

2A

}

with λmin(Q) > Df +
1
2

and λmin(R) ≥ 1
2
D2

g hold.

It implies that all the signals of the closed-loop system with unknown actuator
saturation can be guaranteed to be UUB. This completes the proof.

4 Simulation Study

Consider a torsional pendulum system [14] with unknown constrained control
input τ ∈ R, which is described as

⎧
⎪⎨

⎪⎩

dθ

dt
= ω,

J
dω

dt
= τ − Mgl sin θ − fd

dθ

dt
,
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Weights of the critic neural network

wc1 wc2 wc3

Fig. 1. Weights of critic neural network

where M = 1
3 kg and l = 2

3 m are the mass and length of the pendulum bar,
respectively. The angle θ and the angular velocity ω are the system states. Let
J = 4

3Ml2, fd = 0.2 and g = 9.8 m/s2 be the rotary inertia, frictional factor and
gravitational acceleration, respectively. τ ∈ R is the actual applied control input
with unknown constraint. In this simulation, it is chosen as

τ = sat(u) =

⎧
⎨

⎩

0.1, u > 0.1,
u, −0.1 ≤ u ≤ 0.1,

−0.1, u < −0.1.
(38)

0 2 4 6 8 10 12 14 16 18 20
Time (s)

-2.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5
Compensated control input

Fig. 2. Compensated control input
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0 2 4 6 8 10 12 14 16 18 20
Time (s)

-0.15

-0.1

-0.05

0

0.05

0.1

Actual control input

Fig. 3. Actual control input

Define x = [x1, x2]
T = [θ, ω]T ∈ R

2 as the state vector of the torsional
pendulum system, whose initial state vector be x0 = [1,−1]T. In this simulation,
the cost function is approximated by a critic NN, whose weight vector is denoted
as Ŵc = [Ŵc1, Ŵc2, Ŵc3]T, and its initial value is chosen as Ŵc0 = [0.6, 0.2, 0.9]T.
The activation function of the critic NN is chosen as σc(x) =

[
x2
1, x1x2, x2

2

]
.

Let Q = 10I2 and R = 10I, where In denotes identity matrix with n dimensions,
the learning rate of the critic NN be lc = 0.0002, the learning rates of the NN
for constraint compensator be Γδ = 0.01 and k = 1, respectively.

0 2 4 6 8 10 12 14 16 18 20
Time (s)

-3

-2.5

-2

-1.5

-1

-0.5

0

0.5

1

1.5

2
System states

x1

x2

Fig. 4. System states



Neuro-control of Nonlinear Systems with Unknown Input Constraints 787

The simulation results are shown as Figs. 1, 2, 3 and 4. From Fig. 1, we
can see that the weights of the critic NN converge to [0.6108, 0.1764, 0.9576]T.
As shown in Fig. 2, the NN based feed-forward compensator (26) is employed
to overcome the negative effect brings by the unknown input constraints. We
can see that the actual control input illustrated in Fig. 3 is limited within the
bounded values. Fortunately, with the proposed ADP based stabilizing control
scheme, the system states are still convergence as Fig. 4.

5 Conclusion

In this paper, a neuro-control scheme of nonlinear systems with unknown input
constraints was developed by using NN compensation based ADP algorithm.
This strategy is utilized to solve the stabilizing problem without any priori
knowledge of the bounds of input constraints, as well as the initial stabiliz-
ing control and the persisting of excitation condition, which are always required
in traditional ADP methods.
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