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In this paper, we focus on developing adaptive optimal regulators for a class of continuous-time nonlin-
ear dynamical systems through an improved neural learning mechanism. The main objective lies in that
establishing an additional stabilizing term to reinforce the traditional training process of the critic neural
network, so that to reduce the requirement with respect to the initial stabilizing control, and therefore,

bring in an obvious convenience to the adaptive-critic-based learning control implementation. It is exhib-
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term performed.

ited that by employing the novel updating rule, the adaptive optimal control law can be obtained with an
excellent approximation property. The closed-loop system is constructed and its stability issue is handled
by considering the improved learning criterion. Experimental simulations are also conducted to verify
the efficient performance of the present design method, especially the major role that the stabilizing

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

As is known, linear optimal regulator design has been studied
by control scientists and engineers for many years. For nonlinear
systems, the optimal control problem always leads to cope with
the nonlinear Hamilton-Jacobi-Bellman (HJB) equation, which is
intractable to solve in general cases. Fortunately, a series of iter-
ative methods have been established to tackle the optimal control
problems approximately [1-3]. For adaptive/approximate dynamic
programming (ADP) [3-9], the adaptive critic is taken as the ba-
sic structure and neural networks are often involved to serve as
the function approximator. Generally speaking, employing the ADP
method always results in approximate or adaptive optimal feed-
back controllers. Note that optimality and adaptivity are two im-
portant criteria of control theory and also possess grea t signifi-
cance to control engineering, such as [10-16]. Hence, this kind of
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adaptive-critic-based optimal control design has great potentials in
various control applications.

In the last decade, the methodology of ADP has been widely
used for optimal control of discrete-time systems, such as
[17-24] and continuous-time systems, like [25-32]. Heydari and
Balakrishnan [18] investigated finite-horizon nonlinear optimal
control with input constraints by adopting single network adaptive
critic designs. Song et al. [19] proposed a novel ADP algorithm
to solve the nearly optimal finite-horizon control problem for
a class of deterministic nonaffine nonlinear time-delay systems.
Mu et al. [21] studied the approximate optimal tracking control
design for a class of discrete-time nonlinear systems based on the
iterative globalized dual heuristic programming technique. Zhao
et al. [22] gave a model-free optimal control method for optimal
control of affine nonlinear systems without using the dynamics
information. Qin et al. [23] studied the neural-network-based
self-learning H,, control design for discrete-time input-affine non-
linear systems in light of ADP method. Zhong et al. [24] developed
the theoretical basis of the new goal representation heuristic dy-
namic programming structure for general discrete-time nonlinear
systems. Vamvoudakis and Lewis [25] proposed an important
actor-critic algorithm to attain the continuous-time infinite hori-
zon nonlinear optimal regulation design. Zhang et al. [26] studied
the approximate optimal control for non-zero-sum differential
games with continuous-time nonlinear dynamics based on single
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network adaptive critics. Modares and Lewis [27] proposed a linear
quadratic trajectory tracking control method for partially-unknown
continuous-time systems based on the reinforcement learning
technique. Na and Herrmann [28] proposed an online adaptive and
approximate optimal trajectory tracking approach with a simpli-
fied dual approximation architecture for continuous-time unknown
nonlinear controlled plants. Bian et al. [29] studied decentralized
adaptive optimal control of a class of large-scale systems and its
application toward the power systems. Jiang and Jiang [30] orig-
inally established the global ADP structure for continuous-time
nonlinear systems. Luo et al. [31] provided the reinforcement
learning solution for HJB equation with respect to the constrained
optimal control problems. Gao and Jiang [32] applied ADP to
design optimal output regulation of linear systems adaptively. This
greatly promotes the development of the adaptive critic control
designs of complex nonlinear systems. However, the traditional
adaptive critic control design always depends on the choice of an
initial stabilizing control, which is pretty difficult to find out in
control practices. Actually, requiring an initial stabilizing control
is a common property of [25,27], which weakens the application
aspect of the adaptive-critic-based design to a certain extent, and
correspondingly, motivates our research greatly. This paper focuses
on developing nonlinear adaptive optimal regulators through an
improved neural learning mechanism. The major contribution lies
in that it constructs a simple reinforced structure to achieve the
nonlinear optimal regulation design adaptively, without requiring
the initial stabilizing controller. Moreover, the stability of the
closed-loop system including the additional stabilizing term is
presented with a simpler proof process. Finally, the important
role that the stabilizing term plays is also verified by simulation
study in detail. This can be regarded as an improvement to the
traditional adaptive critic designs, like [25,27].

The rest of the current paper is organized as follows. The stud-
ied problem is described briefly in Section 2. The improved adap-
tive critic design technique of nonlinear adaptive optimal control
is developed with closed-loop stability analysis in Section 3. The
simulation studies and the concluding remarks are presented in
Section 4 and Section 5, respectively. Incidentally, the main nota-
tions used in the paper are listed as follows. R stands for the set
of all real numbers. R" is the Euclidean space of all n-dimensional
real vectors. R™™ is the space of all n x m real matrices. ||| de-
notes the vector norm of a vector in R" or the matrix norm of a
matrix in R™M_ [, represents the n x n identity matriXx. Amax(-)
and A, (+) calculate the maximal and minimal eigenvalues of a
matrix, respectively. Let €2 be a compact subset of R" and .« (£2)
be the set of admissible control laws on 2. The superscript “T” is
taken for representing the transpose operation and V(-)29(-)/dx is
employed to denote the gradient operator.

2. Problem statement

In this paper, we study a class of continuous-time nonlinear
systems with input-affine form given by

x(t) = f(x(t)) +gx())u(t), (1)
where x(t) € Q c R" is the state variable, u(t) € Q, c R™ is the
control variable, and the system functions f(-) e R" and g(-)
R™M are known matrices and are differentiable in the arguments
satisfying f(0) = 0. In this paper, we let the initial state at t = 0 be
x(0) =X and let x =0 be the equilibrium point. In addition, we
assume that f(x) is Lipschitz continuous on a set €2 in R" which
contains the origin and the nonlinear plant (1) is controllable.

In order to design the optimal feedback control law u(x), we let
Q(x) > 0 when x # 0 and Q(0) =0, set R as a positive definite
matrix with appropriate dimension, take

Ux(t),u(t)) = Q(x(t)) + u" (v)Ru(r)

to stand for the utility function, and then define the infinite hori-
zon cost function as

Jx(t). 1) = / T U, u(r))dr. 2)

Notice here the cost J(x(t), u) is often written as J(x(t)) or J(x) for
simplicity. For an admissible control law u e &/ (2), if the cost
function (2) is continuously differentiable, then the related in-
finitesimal version is the nonlinear Lyapunov equation

0=U(x, u)+ (V&) [f(0) +gx)u]
with J(0) = 0. Next, we define the Hamiltonian of system (1) as

Hx, u, V](x)) = Ux,u) + (VJxX)T[f(x) + gx)ul.

According to Bellman’s optimality principle, the optimal cost func-
tion J*(x)

st = min ft U(r). u(t))dz,

makes sure that the so-called HJB equation
muinH(x, u, Vj*(x)) =0

holds. Similar as [25,30], the optimal feedback control law is com-
puted by

u'(x) =~ Rg OV (0). 3)

Noticing the optimal control expression (3), the HJB equation is in
fact
0 =U u") + (V&) +gx)ur]

= Q@) + (V")) f(0)

— 2 (VT ) TZRET () V) (0. (0) =, )

Eq. (4) is actually H(x,u*, VJ*(x)) =0, which is difficult to get
the solution theoretically. In other words, it is clearly not easy to
obtain the optimal control law (3) for general nonlinear systems,
which inspires us to effectively design a class of approximate opti-
mal control schemes.

3. Approximate optimal control design and its stability

During the approximate control algorithm implementation, the
idea of adaptive critic is adopted with neural network approxima-
tion. Using the universal approximation property, the optimal cost
function J*(x) can be expressed by a neural network with a single
hidden layer on a compact set 2 as

J (%) = ol oc(x) + e (), (5)

where ¢ € Rk is the ideal weight vector that is upper bounded,
Ic is the number of hidden neurons, o(x) € Rlc is the activation
function, and &.(x) € R is the reconstruction error. Then, the gradi-
ent vector is

VI*(x) = (Vo (x) Toc + Ve (x).

Noticing the ideal weight is unknown in advance, a critic network
is developed to approximate the optimal cost function as

Fx) =dlocx), (6)

where &. € Rk denotes the estimated weight vector. Similarly, we
derive the gradient vector as

Vi (x) = (Vo (x)Té.

Considering the feedback formulation (3) and the neural network
expression (5), the optimal control law can be rewritten as

u'(x) = R8T ([ (Vo) Toe + Veen) | @)
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Using the critic neural network (6), the approximate optimal feed-
back control function is

() = 5 R~'g (0 (Vo) Tave. ®)

Based on the neural network formulation, the approximate version
of the Hamiltonian is expressed by

A, 0 (x), VI*(x)) = U(x, 1" (x)) + & Vo X)[ f () + g(x)i* (X()].
9

By consiflering the fact H(x,u*, VJ*(x)) =0, we have e.=H(x,
i*(x), VJ*(x)) and then find that

de .\

525 = VoL () + g0 (0] 2 ¢, (10)
C

where ¢ € Rl and the set containing the elements ¢, ¢,,. Sy

is linearly independent.

Now, we show how to train the critic network and design the
weight vector @, to minimize the objective function E; = O.Seg. Ac-
cording to (9) and (10), we can employ the normalized steepest
descent algorithm

] 1 JE, ¢
we= 7WCW<8@5) BT

to adjust the weight vector, where « > 0 is the learning rate.
Note that in this traditional design technique, we should choose
a special weight vector to create the initial stabilizing con-
trol law and then start the training process. Otherwise, an un-
stable control may result in the instability of the closed-loop
system.

Recently, a new near-optimal control algorithm was proposed in
[33] and then applied for solving several control design problems
[34,35]. Among that, an ADP-based guaranteed cost neural tracking
control algorithm for a class of continuous-time uncertain nonlin-
ear dynamics was developed in [35]. However, the stability proof of
the above results is quite complicated. Inspired by Dierks and Ja-
gannathan [33-35], we introduce an additional Lyapunov function
to improve the critic learning mechanism and adopt it to facilitate
updating the critic weight vector with a novel fashion. Similar as
[34,35], we make the following assumption.

Assumption 1. Consider system (1) with the cost function (2) and
its closed-loop form with the action of the optimal feedback con-
trol (7). Let Js(x) be a continuously differentiable Lyapunov function
candidate that satisfies

Js(0) = (VIsx))T[f(x) + gx)u*(x)] < 0.

Then, there exists a positive definite matrix & € R™" such that

(VIsCO)Tf %) + g)u* (x)] = = (Vs (%) T EVJs (x)
=< _)"min(E)”VJS(X)HZ
is true.

Remark 1. This is a common assumption which was used in the
literature, for instance [26,33-35], in order to facilitate designing
the control law and discussing the closed-loop stability. During the
implementation, Js(x) can be obtained by suitably selecting a poly-
nomial with respect to the state vector, such as Js(x) = 0.5x7x. It is
an experimental choice incorporating engineering experience and
intuition after considering a tradeoff between control accuracy and
computation complexity.

When applying the approximate optimal control law (8) to the
controlled plant and for the purpose of excluding the case that
the closed-loop system is unstable, we can introduce an addi-
tional term to reinforce the training process by modulating the

time derivative of Js(x) along the negative gradient direction with
respect to the weight vector @, as follows:

A[(VIO)T(f(0) + g8 (x))]
- FI)
(00 (%) TA[(VIxNT(f(x) +g(0a* (x))]
__( 0dc > au* (x)

= %Vac(x)g(x)R’lgT(X)V]s(x)~

Therefore, the novel critic learning rule developed in this paper is

formulated as

2 o)

Oc=—O0r———
‘ ‘(1+¢7¢)>

where o5 > 0 is the designed learning constant.

In what follows, we focus on building the error dynamics with
respect to the critic network and investigating its stability. We de-
fine the error vector between the ideal weight and the estimated
value as @¢ = wc — & and then find that @ = —5)5. By using the
tuning rule (11) and introducing two new variables

we derive that the critic error dynamics can be simply formulated
as

e+ %asvoc(x)g(X)R“gT(X)VJS(X), (11)

D = — Acrp] Dc + aC%ecy - %wsV(fc(x)g(x)R’1gT ) Vs (x),
(12)

where the term

et = —(Vec() [ f(x) +g(x)0* (x)]

stands for the residual error arisen in the neural-network-based
approximation process.

For the adaptive critic design, the persistence of excitation as-
sumption is required since we want to identify the parameter of
the critic network to approximate the optimal cost function. Ac-
cording to Vamvoudakis and Lewis [25], the persistence of excita-
tion condition ensures that A, (¢1¢]) > 0, which is significant to
conduct the closed-loop stability analysis in what follows.

Now, the closed-loop stability incorporating the novel learning
mechanism is discussed. Before proceeding, the following assump-
tion is needed, as usually proposed in literature as [26,35].

Assumption 2. The control function matrix g(x) is upper bounded
such that ||g(x)|| < Ag, where Ay is a positive constant. On the
compact set €2, the terms Vo(x), Vec(x), and ey are all upper
bounded such that | Vo (X)|| < Ao, [|Vec(X)|| < Ae, and |ecy| < Ae,
where Ag, Ag, and A, are positive constants.

Theorem 1. For the nonlinear system (1) we suppose that
Assumption 2 holds. The approximate optimal control law is given by
(8), where the constructed critic network is tuned by adopting the
improved rule given as (11). Then, the closed-loop system state and
the critic weight estimation error satisfy uniformly ultimately bounded
stability.

Proof. Let us choose a Lyapunov function candidate formulated
as

Lc(t) = Lcl (t) + LCZ (t),
where
L (t) = % 0, (1) (t), Lea () = a5 (x(1)).

Taking the time derivative to the above Lyapunov function and ac-
cording to (12), we have
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i (®) = 79110 + a2 ey - Sa T Vo 0gOR
2
xg' (X) Vs (x). (13)
Besides, the derivative of L,(t) is
Lea () = a5 (VIs(x) T[f (%) + g0)* (%)]. (14)

For L. (t), we apply the Young’s inequality to the second term
of (13), i.e.,

T 2

! P 1(~T ~ ZecH)

ey < = (W, 01 we+ s
¢2 Cl 2 C¢ ¢] c Cd)%

recall Assumption 2 and the fact ¢, > 1, and then derive that

. 1 - 1
La(©) =~ (e = 5 ) rmin(@10]) 3] + 50222

Qc

S Vo(OBOR g () V(). (15)

Substituting @: = w: — @ to the last term of (15), we have

() =~ (@~ 3 )rmin @181 ] + J0232
— S (V) TEOR™ 8T () (Vo)) o
— s (V) Tg ) (x). (16)

By combining (14) and (16), we can obtain that the overall time
derivative of L¢(t) is

Le(t)

1 ~ 1
<[ (0 = 5 ) Amin(@19T) — 2222 [@cl> + 2322 + 5022

+ots (Vs (%)) T f(x) — %Ots(VJs(X))Tg(X)R’lgT *)(Voe(x) To.
(17)

Recalling the optimal control law in (7), we find that (17) be-
comes

: 1 - 1
e(©) = = [ (o = 3 ) hmin(@10]) = 2202 |15l + 2232 + 5222

+ o5 (Vs GO TLF (%) + g(ou* ()]
1

+ 505(VI()) TgCOR™T () Ve (x). (18)
In light of Assumptions 1 and 2, it follows from (18) that
. 1 . 1
be(0) = = [ (o = 3 ) Pmin(@10]) = 2222 |Gl + 222 + 50222

= 1 -
— UsAmin (B) VI () [1? + Eas)\éks IRTIVISCON. (19)

Performing some basic mathematical operations, (19) can be writ-
ten as

. 1 ~
ie(©) == [ (2 = 5 ) Amin(@19]) — 2222 |2
1 2
+ 0 — ka8 I VA0 = g—zs e IR ]
min \ ~

where the constant term is denoted by

1
Ay = A2+ a2l + A2 IR |2,

16)"min(E)

This comes to a conclusion that, if the inequality

EX >\/ I,
o — 1)}\min(¢l¢1 ) — 2)‘g)‘z27

or

1
4)"min ( E)

_
as)\min ( E)

Vsl > A2he IR + 2

holds, we can accomplish the goal of i (t) < 0. Note that J(x) is
selected as a polynomial and according to the standard Lyapunov
extension theorem [36], we further come to the result that the sys-
tem state x and the critic weight error @, are uniformly ultimately
bounded. This is the end of the proof. O

Remark 2. According to Theorem 1, we observe that the critic
weight error @, is upper bounded by a finite constant such as
lcll < #.. Then, according to (7) and (8), we can clearly find
that

lu (0 — @0 = 3 [RgT O (Vore (o) T + Vee )] |
< S IR A i, + o) & e,

which implies that, the approximate optimal control @*(x) con-
verges to a neighborhood of its optimal value u*(x) with a finite
bound %+, where %, is a positive constant.

4. Simulation verification

In this section, some experimental simulations are conducted
to display the effectiveness of the improved adaptive optimal con-
trol method. Consider a continuous-time nonlinear system with
the following form:

- —X1+X2 0
*= | —0.5% - 0.5%,[ 1 (cos2xy) +2)2] | T | cos(@x) +2 |
(20)

where x = [x1,x;]7, we aim to derive a feedback control law u(x)
to minimize the infinite horizon cost function given by

J(x) = /ow {Q®) +uRu}dr

with Q(x) =x"x and R=1.

We adopt the improved adaptive control algorithm to cope with
the optimal regulation problem, where a critic network should be
built to approximate the optimal cost function. We denote the
weight variable of the neural network as @&¢ = [@¢, ®c2, D3] and
choose the activation function as o¢(x) = [x%,x%,)qxz]T. Addition-
ally, we set the basic learning rate of the neural network as . =5
and select the initial state vector of the controlled nonlinear plant
be xo = [1, -1].

During the implement process of the improved neural learn-
ing algorithm, we bring in a probing noise to guarantee the
persistence of excitation condition. The system state must be per-
sistently excited long enough so as to guarantee the constructed
critic network to learn the optimal cost and also to ensure us to
obtain the optimal control law as accurately as possible. For keep-
ing the stability property, we introduce the additional stabilizing
term and update the weight vector according to the improved
learning rule (11), where Js(x) is chosen as Js(x) = 0.5x"x. When
selecting as = 0.001, the weight of the critic network converges
to [0.4975,1.0013,0.0014]T as shown in Fig. 1. Obviously, we
see that the convergence of the weight elements has occurred
at 550s, so that the probing signal can be turned off after that.
The evolution of the corresponding state trajectory is depicted in
Fig. 2, which displays the adjustment trend in the neural network
learning session.

Using the above converged weight and according to (6) and
(8), the approximate optimal cost function and the approximate
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Fig. 1. Convergence of the weight vector when setting s = 0.001.
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Fig. 2. State trajectories in the learning session.

optimal control law can be expressed by

) 0.49757" [
Fxy=]10013| | x
0.0014 | y.x,
and
vt o T S | | Toos
27 [eos@x+2] | o | | ooo1a
respectively.

For the controlled nonlinear system with the given special
form, using the similar strategy given in [25], the optimal cost
function as well as the optimal control law are J*(x) = O.SX% +x%
and u*(x) = —[cos(2x71) + 2]x,, respectively. In this sense, the op-
timal weight vector should be [0.5,1,0]". Hence, the converged
weight [0.4975,1.0013,0.0014]7 possesses an excellent approxi-
mation ability. Moreover, we can plot the error illustration be-
tween the optimal cost and the approximate one as indicated in
Fig. 3. Similarly, the error of the optimal control law compared
with the approximate state feedback law is exhibited in Fig. 4. We

0.015

Fig. 3. 3D view of the approximation error of the cost function.

0.01
0.005
SIS0
. S SSSSSSSS
| S SSSSSSISRKKS,
TR
% O SO SO S
s S
S
-0.005
-0.01
2

Fig. 4. 3D view of the approximation error of the control input.

can observe that the two approximation errors are pretty close to
zero, which shows a satisfying approximate ability of the neural-
network-based learning algorithm.

For further showing the action of the stabilizing term, we
choose different parameters to observe the convergence process
of the critic weight vector. When we set os =0.01 and still
use Js(x) = 0.5xTx, the weight of the critic network gradually
converges to [0.4763,1.0133,0.0130]" as shown in Fig. 5. If we
continue to enlarge this parameter, the convergence ability be-
comes bad. For instance, when choosing s = 0.1 and using Js(x) =
0.5xTx, the weight vector of the critic network converges to
[0.2656, 1.1288,0.1057]7, which is exhibited in Fig. 6. Although
the weight vectors of Figs. 1, 5, and 6 converge to different val-
ues, there exists a common property, i.e., the weights are all mod-
ulated from a zero vector. This illustrates the fact that the initial
stabilizing control law is indeed not required under the improved
adaptive critic control design.

The state curves of the first 20s with respect to the above
four cases are illustrated in Fig. 7. Therein, the four curves show
the state trajectories obtained by the action of the four different
control laws. The solid line represents the state curve by apply-
ing the approximate optimal control I* derived by the converged
weight [0.4975, 1.0013, 0.0014]". The dash line stands for the state
curve by employing the optimal control u* with the ideal weight
[0.5,1,0]T. The dash-dot line presents the state curve by using the
approximate optimal control ii! derived from the weight vector
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Fig. 7. State trajectories by adopting four difference control laws.

possesses divergent property quickly as time goes on, which is
displayed in Fig. 9. It means that, the approximate state feedback
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derived from the traditional learning algorithm is unable to control
the plant expectedly, which firmly demonstrates the importance
of the stabilizing term. However, we can conclude from the
simulation process that the parameter related to the stabilizing
term should not be chosen too large as well. Consequently, it is
a parameter that must be selected properly during the adaptive
control implementation. It should not be vanished completely
and also is undesirable to set too large. The engineering experi-
ence is required and is also constructive to achieve a satisfying
option.

All the aforementioned simulation results verify the effective-
ness of the improved adaptive optimal feedback control strategy
derived in this paper. Incidentally, the simulation plant (20) just
represents a few nonlinear dynamical systems, where the optimal
control law can be obtained only for the comparison purpose. Ac-
tually, the present method is particularly beneficial to design adap-
tive optimal control for nonlinear systems with more general form.
In such situation, it is difficult to find optimal control laws in ad-
vance, hence it is considerably important to derive approximate
(and adaptive) optimal regulators.

5. Conclusions

The adaptive optimal state feedback control design of nonlin-
ear dynamical systems is studied with an improved adaptive critic
structure. The approximate optimal control law is derived by train-
ing a critic network based on the new learning rule. The stabil-
ity proof of the closed-loop system and the experimental veri-
fication of dynamical systems are carried out. The future work
contains how to reduce the requirement with respect to the sys-
tem dynamics, and then to develop more advanced adaptive op-
timal control techniques for general nonlinear systems (e.g., un-
certain nonlinear systems) through the improved neural learning
mechanism.
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