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Improving the Critic Learning for Event-Based
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Abstract—In this paper, we aim at improving the critic learning
criterion to cope with the event-based nonlinear H∞ state feedback control design. First of all, the H∞ control problem is
regarded as a two-player zero-sum game and the adaptive critic
mechanism is used to achieve the minimax optimization under
event-based environment. Then, based on an improved updating rule, the event-based optimal control law and the time-based
worst-case disturbance law are obtained approximately by training a single critic neural network. The initial stabilizing control
is no longer required during the implementation process of the
new algorithm. Next, the closed-loop system is formulated as an
impulsive model and its stability issue is handled by incorporating the improved learning criterion. The infamous Zeno behavior
of the present event-based design is also avoided through theoretical analysis on the lower bound of the minimal intersample time.
Finally, the applications to an aircraft dynamics and a robot arm
plant are carried out to verify the efficient performance of the
present novel design method.
Index Terms—H∞ control, adaptive systems, adaptive/
approximate dynamic programming, critic network, event-based
design, learning criterion, neural control.

I. I NTRODUCTION
DAPTIVITY and robustness are two important criteria
of control theory and they also possess great significance to control engineering [1]–[3]. The wide existence
of uncertain parameters or disturbances of the dynamical
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plant always leads to the necessity of designing robust controllers. Particularly, the H∞ method generally focuses on
constructing the worst-case control law for specified plants,
including additive disturbances or dynamical uncertainties.
From the point of minimax optimization, the H∞ control
problem can be formulated as a two-player zero-sum differential game. In order to obtain a controller that minimizes
the cost function in the worst-case disturbance, it incorporates
the requirement of finding the Nash equilibrium solution corresponding to the Hamilton–Jacobi–Isaacs equation. However,
it is intractable to acquire the analytic solution for general nonlinear systems. This issue is similar to the difficulty of solving
the Hamilton–Jacobi–Bellman equation in nonlinear optimal
regulation design. Fortunately, a series of iterative methods
have been developed to solve the optimal control problems
approximately. Among them, adaptive/approximate dynamic
programming [4] is regarded as a typical representative to
design optimal control adaptively and forward-in-time, where
function approximation architectures, such as neural networks
are often employed.
A. Related Work
In the last decade, the methodology of adaptive/approximate
dynamic programming has gained extensive progress in optimal control for discrete-time systems [5]–[14] and continuoustime systems [15]–[24] with various applications [25], [26].
Specifically, Dierks et al. [5] and Wang et al. [6] developed
a model-free adaptive optimal control technique of nonlinear discrete-time systems by building an identifier network.
Heydari and Balakrishnan [7] investigated finite-horizon nonlinear optimal control with input constraints by adopting single
network adaptive critic designs. Mu et al. [8] provided a novel
air-breathing hypersonic vehicle tracking control scheme based
on adaptive dynamic programming. Mu et al. [9] studied the
approximate optimal tracking control design for a class of
discrete-time nonlinear systems based on the iterative globalized dual heuristic programming algorithm. Li and Liu [11]
investigated optimal control of discrete-time affine nonlinear
systems based on a general value iteration. Zhao et al. [12]
derived approximate optimal output feedback control of nonlinear discrete-time systems by virtue of reinforcement neural
network learning. Modares and Lewis [16] proposed a linear quadratic tracking control method for partially unknown
continuous-time systems based on the reinforcement learning technique. Gao and Jiang [19] applied adaptive dynamic
programming to design adaptive optimal output regulation
of linear systems. Via system transformation and adaptive
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optimal feedback stabilization, the robust control of nonlinear
systems has been studied in [20]–[22]. Wang et al. [22]
developed a new data-based robust optimal control approach
for continuous-time affine nonlinear systems with matched
uncertainties. In addition, the nonlinear H∞ control and the
nonzero-sum game have been investigated under this new
framework [27], [28]. Zhang et al. [27] proposed an online
adaptive policy learning algorithm for designing H∞ state
feedback control for a class of nonlinear discrete-time systems
with unknown dynamics. However, the aforementioned results
are mainly obtained with the traditional time-based design,
which would inevitably cause frequent adjustments of the
actuator state and might result in serious energy consumption
problem. Thus, conducting time/event structure transformation
to fulfil the event-based control has become a new trend from
the point of enhancing the efficiency of feedback design.
As the rapid development of network-based systems, more
and more control loops are closed through some communication mediums. The growing interest in saving the
computational load of networked control systems brings an
extensive attention to the development of event-triggering
mechanism. Within the general framework of event-driven
approaches, the actuators are updated only when certain conditions are satisfied to guarantee the stability performance
and control efficiency of the target plants. Recently, the
event-based adaptive critic control has provided new channels to implement nonlinear adaptive optimal stabilization [29]–[33]. Among them, Zhong and He [30] proposed
an event-triggered adaptive optimal control approach for
continuous-time nonlinear systems without knowing the
internal dynamics. Vamvoudakis et al. [32] proposed a novel
event-triggered optimal tracking control algorithm for nonlinear systems with an infinite horizon discounted cost function.
Zhang et al. [33] studied the H∞ control design problem for
continuous-time nonlinear systems with event-triggered idea
and concurrent learning technique. Under the new framework,
the designed controller is only updated when an event is triggered, thereby reducing the computational burden of both neural network learning and adaptive optimal control processes.
B. Motivations and Structure
To the best of our knowledge, the existing work is mostly
conducted for optimal regulation design [30], [31] or trajectory
tracking [32], which requires an extension to nonlinear zerosum differential game problems with event-based formulation.
Besides, the event-based H∞ control design of [33] depends
on the choice of an initial stabilizing control, which is difficult to find in control practice. Actually, requiring an initial
stabilizing control is a common property of [30]–[33], which
weakens the application aspect of the event-based design to
certain extent, and correspondingly, motivates our research
greatly. This paper focuses on improving the critic learning criterion in order to derive the event-based nonlinear robust H∞
control law. The main contribution lies in that the event-based
design framework is combined with the improved adaptive
critic technique, so as to implement the nonlinear H∞ state
feedback control by incorporating a more suitable learning
algorithm.
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The rest of this paper is organized as follows. A brief
description of the nonlinear H∞ feedback control problem is
provided in Section II. The improved adaptive critic design
technique, involving the novel learning rule of the eventbased nonlinear H∞ control, is developed in Section III with
closed-loop stability analysis and discussion of Zeno behavior. Applications to two practical plants and the concluding
remarks are presented in Sections IV and V, respectively.
Before we end this section, we give a list of notations that
will be used in this paper. R represents the set of all real
numbers. Rn is the Euclidean space of all n-dimensional real
vectors. Rn×m is the space of all n × m real matrices.  · 
denotes the vector norm of a vector in Rn or the matrix norm
of a matrix in Rn×m . In represents the n × n identity matrix.
λmax (·) and λmin (·) calculate the maximal and minimal eigenvalues of a matrix, respectively. Let  be a compact subset
of Rn and A () be the set of admissible controls on .
N = {0, 1, 2, . . . } denotes the set of all non-negative integers. In addition, the superscript “T” is used to indicate the
transpose operation and ∇(·)  ∂(·)/∂x is employed to denote
the gradient operator.
II. P ROBLEM S TATEMENT
Consider a class of continuous-time affine nonlinear systems
with external perturbations described by
ẋ(t) = f (x(t)) + g(x(t))u(t) + h(x(t))v(t)

(1a)

z(t) = Q(x(t))

(1b)

where x(t) ∈  ⊂ Rn is the state vector, u(t) ∈ u ⊂ Rm is
the control vector, v(t) ∈ Rq is the perturbation vector with
v(t) ∈ L2 [0, ∞), z(t) ∈ Rp is the objective output, and f (·),
g(·), and h(·) are differentiable in their arguments with f (0) =
0. We let the initial state at t = 0 be x(0) = x0 and x = 0
be the equilibrium point of the controlled plant. The internal
system function f (x) is assumed to be Lipschitz continuous
on a set  in Rn containing the origin and the system (1a) is
assumed to be controllable.
In the nonlinear H∞ design, we need to derive a feedback control law u(x) such that the closed-loop dynamics is
asymptotically stable and has L2 -gain no larger than , that is
 ∞
 ∞

Q(x(τ ))2 + uT (τ )u(τ ) dτ ≤ 2
v(τ )2 dτ (2)
0

0

where Q(x)2 = xT (t)Qx(t) and Q ∈ Rn×n is a positive definite matrix. If the condition (2) is satisfied, the closed-loop
system is said to have L2 -gain no larger than .
As is known, the H∞ control problem can be formulated
as a two-player zero-sum differential game, where the control input is a minimizing player while the disturbance is a
maximizing one [27], [28], [33]. Note that the solution of H∞
control problem is the saddle point of zero-sum game theory
and is denoted as a pair of laws (u∗ , v∗ ), where u∗ and v∗
are called the optimal control and the worst-case disturbance,
respectively. Let
U(x(τ ), u(τ ), v(τ )) = xT (τ )Qx(τ ) + uT (τ )u(τ ) − 2 vT (τ )v(τ )
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represent the utility function and define the infinite horizon
undiscounted cost function as
 ∞
U(x(τ ), u(τ ), v(τ ))dτ.
(3)
J(x(t), u, v) =
t

For simplicity, the cost J(x(t), u, v) is often written as J(x(t))
or J(x) in the sequel. What we always concern is the cost
function starting from t = 0, which is denoted as J(x(0)) =
J(x0 ). Considering the two-player zero-sum game problem,
the design goal is to find the feedback saddle point solution
(u∗ , v∗ ), such that the Nash condition
J ∗ (x0 ) = min max J(x0 , u, v) = max min J(x0 , u, v)
u

v

v

u

J ∗ (x0 )

holds, where
with the asterisk symbol represents the
optimal cost. For an admissible control u ∈ A (), if the
related cost function (3) is continuously differentiable, then
its infinitesimal version is the nonlinear Lyapunov equation


0 = U(x, u, v) + (∇J(x))T f (x) + g(x)u + h(x)v
with J(0) = 0. Define the Hamiltonian of system (1a) as


H(x, u, v, ∇J(x)) = U(x, u, v) + (∇J(x))T f (x) + gu + hv .
According to Bellman’s optimality principle, the optimal cost
function J ∗ (x) satisfies the so-called Hamilton–Jacobi–Isaacs
equation


min max H x, u, v, ∇J ∗ (x) = 0.
u

v

The saddle point solution (u∗ , v∗ ) satisfies the stationary condition [27], which can be used to obtain the optimal control
law and the worst-case disturbance law as follows:
1
u∗ (x) = − gT (x)∇J ∗ (x)
2
1 T
∗
v (x) = 2 h (x)∇J ∗ (x).
2

(4a)
(4b)

Considering the two formulas in (4), the Hamilton–Jacobi–
Isaacs equation becomes
 


T 
0 = U x, u∗ , v∗ + ∇J ∗ (x) f (x) + g(x)u∗ + h(x)v∗

T
T
1
= xT Qx + ∇J ∗ (x) f (x) − ∇J ∗ (x) g(x)gT (x)∇J ∗ (x)
4
1  ∗ T
T
+
∇J (x) h(x)h (x)∇J ∗ (x), J ∗ (0) = 0.
(5)
42
Note that (5) is known as the classical time-based Hamilton–
Jacobi–Isaacs equation, i.e., H(x, u∗ , v∗ , ∇J ∗ (x)) = 0, which
is difficult to deal with in theory. This inspires us to devise
an approximate control strategy to overcome the difficulty in
what follows.
III. E VENT-BASED N ONLINEAR H∞ S TATE F EEDBACK
W ITH AN I MPROVED C RITIC L EARNING C RITERION
In this section, we focus on the event-based nonlinear H∞
state feedback control design by incorporating an improved
critic learning criterion. The corresponding closed-loop stability with the new updating rule is also investigated.
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A. Event-Based Nonlinear H∞ Feedback Control Method
Under the framework of the event-triggering control mechanism, some appropriate sampling components are often
included to form networked systems. Define a monotonically
increasing sequence of triggering instants {sj }∞
j=0 , where sj is
the jth consecutive sampling instant with j ∈ N. The output
of the sampled-data component is a sequence of the sampled
states and is denoted as x(sj )  x̂j for all t ∈ [sj , sj+1 ). The
gap function between the current state and the sampled state
is defined as ej (t) = x̂j − x(t), ∀t ∈ [sj , sj+1 ) and is called the
event-triggered error function.
In the event-based control design, the triggering instants
are determined by a certain triggering condition. We say an
event is triggered if it is not satisfied at t = sj . In general, the triggering condition is established in terms of the
event-triggered error and a state-dependent threshold. At every
triggering instant, the system state is sampled that resets the
event-triggered error ej (t) to zero, and then, the feedback control law u(x(sj )) = u(x̂j )  μ(x̂j ) is updated. Note that the
control sequence {μ(x̂j )}∞
j=0 can become a continuous-time signal by bringing in a zero-order hold. Hence, this control signal
is actually a piecewise constant function, which is μ(x̂j ) during
any time interval [sj , sj+1 ), j ∈ N.
Note that the feedback control law u is the main acting
controller. Hence, we keep the disturbance law v unchanged
when transforming the time-based module to the event-based
one, which is also for the convenience of stability analysis.
As a result, we apply the event-triggering mechanism to the
control signal and the feedback control law (4a) becomes
 
 
1  
μ∗ x̂j = − gT x̂j ∇J ∗ x̂j
2

(6)

where ∇J ∗ (x̂j ) = (∂J ∗ (x)/∂x)|x=x̂j . Additionally, we state the
following assumption, which is very common in the eventbased control community.
Assumption 1 (See [32], [33]): The state feedback control
law function u(x) is Lipschitz continuous with respect to
the event-triggered error ej (t) such that u(x(t)) − u(x̂j ) ≤
Lu ej (t), where Lu is a positive real constant.
Now, we present the following result to devise a triggering
condition with a suitable threshold to ensure stability.
Theorem 1: For system (1a) with an infinite horizon cost
function defined as in (3), the disturbance law is given
by (4b) while the event-based control is given by (6) for
all t ∈ [sj , sj+1 ) with j ∈ N. If the triggering condition is
defined as


1 − η12 λmin (Q)x2
2
ej (t) ≤ eT =
L2u
  2
μ∗ x̂j
− 2 v∗ (x)2
+
(7)
L2u
where eT is called the threshold and η1 ∈ (0, 1) is a
design parameter, then the closed-loop form of system (1a)
is asymptotically stable.
Proof: The proof is based on the well-known Lyapunov stability theory. Select L1 (t) = J ∗ (x(t)) as the Lyapunov function
candidate. Using (4b) and (6), we write the time derivative
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of L1 (t), i.e., L̇1 (t) = dJ ∗ (x(t))/dt, along the trajectory of
system (1a) as
 

T 

L̇1 (t) = ∇J ∗ (x) f (x) + g(x)μ∗ x̂j + h(x)v∗ (x) .
Clearly, we find that the formula (4) implies
 ∗ T
∇J (x) g(x) = −2u∗T (x)
 ∗ T
∇J (x) h(x) = 22 v∗T (x).
Besides (5) can be written as
 ∗ T
∇J (x) f (x) = −xT Qx + u∗T (x)u∗ − 2 v∗T (x)v∗ (x).

(8a)
(8b)

(9)

According to (8) and (9), we derive that
 
L̇1 (t) = −xT Qx + u∗T (x)u∗ − 2u∗T (x)μ∗ x̂j + 2 v∗T (x)v∗ (x).
Considering Assumption 1, we further obtain
 T  ∗
 

u (x) − μ∗ x̂j
L̇1 (t) = −xT Qx + u∗ (x) − μ∗ x̂j
   
− μ∗T x̂j μ∗ x̂j + 2 v∗T (x)v∗ (x)
≤ −η12 λmin (Q)x2 + η12 − 1 λmin (Q)x2
  2
2
2
+ L2u ej (t) − μ∗ x̂j
+ 2 v∗ (x) .

(10)

Clearly, if the triggering condition (7) holds, (10) implies that
L̇1 (t) ≤ −η12 λmin (Q)x2 < 0 for any x = 0. Hence, the
conditions for Lyapunov local stability theory are all satisfied.
This completes the proof.
Remark 1: According to Theorem 1, it can be found that the
event-based H∞ control design is related to several parameters, especially η1 , which reflects the sample frequency. Hence,
there exists a design procedure involving the intention of the
practitioners.
B. Neural Control Implementation With Improved Rule
The adaptive-critic-based design involving a neural
network architecture provides an important idea to
approximate the optimal controller of general nonlinear
systems [4], [15], [21], [27], [30]. During the neural network
implementation, we denote lc as the number of neurons in
the hidden layer. According to the universal approximation
property, the optimal cost function J ∗ (x) can be reconstructed
by a neural network with a single hidden layer on a compact
set  as
J ∗ (x) = ωcT σc (x) + εc (x)
where ωc ∈ Rlc is the ideal weight vector, σc (x) ∈ Rlc is the
activation function, and εc (x) ∈ R is the reconstruction error.
Then, the gradient vector is
∇J ∗ (x) = (∇σc (x))T ωc + ∇εc (x).
Since the ideal weight is unknown, a critic neural network is
built to approximate the optimal cost function as
Ĵ ∗ (x) = ω̂cT σc (x)
where ω̂c ∈ Rlc denotes the estimated weight vector. Similarly,
we have the gradient vector
∇ Ĵ ∗ (x) = (∇σc (x))T ω̂c .

Adopting the neural network expression, the event-based optimal control law and the time-based worst-case disturbance law
are written as
 
 T
 
1  
(11a)
μ∗ x̂j = − gT x̂j ∇σc x̂j ωc + ∇εc x̂j
2


1
v∗ (x) = 2 hT (x) (∇σc (x))T ωc + ∇εc (x) . (11b)
2
With the use of critic neural network, the approximate values
of the above two laws are
 
 T
1  
μ̂ x̂j = − gT x̂j ∇σc x̂j ω̂c
(12a)
2
1
v̂(x) = 2 hT (x)(∇σc (x))T ω̂c .
(12b)
2
Using the neural network formulation, the approximate
Hamiltonian is written as
 


 
Ĥ x, μ̂ x̂j , v̂(x), ∇ Ĵ ∗ (x) = U x, μ̂ x̂j , v̂(x)


 
+ ω̂cT ∇σc (x) f (x) + g(x)μ̂ x̂j + h(x)v̂(x) .
(13)
Considering the fact that H(x, u∗ , v∗ , ∇J ∗ (x)) = 0, we have
ec = Ĥ(x, μ̂(x̂j ), v̂(x), ∇ Ĵ ∗ (x)). Clearly, we find that


 
∂ec
= ∇σc (x) f (x) + g(x)μ̂ x̂j + h(x)v̂(x)  φ
∂ ω̂c

(14)

where φ ∈ Rlc .
Now, we show how to train the critic network and design
the weight vector ω̂c to minimize the objective function Ec =
0.5e2c . Traditionally, based on (13) and (14), we can employ
the normalized steepest descent algorithm
∂Ec
1
ω̂´ c = −αc 
2
∂ ω̂c
1 + φTφ

= −αc 

φ
1 + φTφ

2 ec

(15)

to adjust the weight vector, where αc > 0.5 represents the
learning rate to be designed and the term (1 + φ T φ)2 is
implemented for normalization. Note that in this traditional
design, we should choose a specified weight vector to create
an initial stabilizing control and then start the training process.
Otherwise, an unstable control may result in the instability of
the closed-loop system.
Inspired by [34]–[36], we introduce an additional Lyapunov
function to improve the critic learning criterion and adopt
it to facilitate updating the critic weight vector. Similar
to [35] and [36], we make the following assumption.
Assumption 2: Consider system (1a) with the cost function (3) and its closed-loop form with the action of the
event-based optimal control (11a) and the time-based worstcase disturbance law (11b). Let Js (x) be a continuously
differentiable Lyapunov function candidate satisfying

 

J˙s (x) = (∇Js (x))T f (x) + g(x)μ∗ x̂j + h(x)v∗ (x) < 0.
Then, there exists a positive definite matrix M ∈ Rn×n such
that the inequality

 

(∇Js (x))T f (x) + g(x)μ∗ x̂j + h(x)v∗ (x)
= −(∇Js (x))T M∇Js (x) ≤ −λmin (M)∇Js (x)2
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is true. Incidentally, during the implementation process, Js (x)
can be obtained by properly selecting a polynomial with
respect to the state vector, such as Js (x) = (1/2)xT x.
When using the event-based approximate optimal control (12a) and time-based approximate worst-case disturbance
law (12b), in order to exclude the case that the closed-loop
system is unstable, that is
(∇Js (x))

T



 

f (x) + g(x)μ̂ x̂j + h(x)v̂(x) > 0

we introduce an additional term to reinforce the training
process by adjusting the time derivative of Js (x) along the
direction of the negative gradient. Based on (12), the gradient
descent operation should be


 

∂ (∇Js (x))T f (x) + g(x)μ̂ x̂j + h(x)v̂(x)
−
∂ ω̂c

 

   T 
∂ (∇Js (x))T f (x) + g(x)μ̂ x̂j + h(x)v̂(x)
∂ μ̂ x̂j
 
=−
∂ ω̂c
∂ μ̂ x̂j


 

T ∂ (∇Js (x))T f (x) + g(x)μ̂ x̂j + h(x)v̂(x)
∂ v̂(x)
−
∂ ω̂c
∂ v̂(x)


    T
1
1
T
=
∇σc x̂j g x̂j g (x) − 2 ∇σc (x)h(x)h (x) ∇Js (x).
2

Therefore, the improved critic learning criterion of this paper
is developed by

    T
φ
1
˙
ω̂c = −αc 
2 ec + αs ∇σc x̂j g x̂j g (x)
T
2
1+φ φ

1
− 2 ∇σc (x)h(x)hT (x) ∇Js (x)

(16)
where αs > 0 is the design constant with respect to the additional stabilizing term. This parameter affects the extent of
the criterion improvement and can be determined by control
practitioners.
Remark 2: The learning rule given in (16) stands for
an efficient improvement to the traditional criterion used
in [30], [32], and [33]. Actually, it is a meaningful combination of the classical rule (15) with the negative gradient.
The primary property lies in that it reduces the requirement
of an initial stabilizing control. Instead, the weight vector of
the critic network can be initialized as zero when carrying out
the control algorithm. This will definitely bring in an obvious
convenience to the learning control implementation.
In what follows, we focus on building the error dynamics
of the critic network and investigating its stability. We define
the error vector between the ideal weight and the estimated
value as ω̃c = ωc − ω̂c and then find that ω̃˙ c = −ω̂˙ c . By using
the tuning rule (16) and introducing two new variables
φ1 =

φ
∈ Rlc , φ2 = 1 + φ T φ
1 + φTφ
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we derive that the critic error dynamics can be written as
φ1
ω̃˙ c = −αc φ1 φ1T ω̃c + αc ecH
φ2


    T
1
1
T
− αs ∇σc x̂j g x̂j g (x) − 2 ∇σc (x)h(x)h (x) ∇Js (x)
2

where the term


 

ecH = −(∇εc (x))T f (x) + g(x)μ̂ x̂j + h(x)v̂(x)

stands for the residual error arisen in the neural-network-based
approximation process [21], [30], [32].
As a special case of adaptive control, for the adaptive critic
design, the persistence of excitation assumption is required
since we want to identify the parameters of the critic network
to approximate the optimal cost function.
Assumption 3 (See [15]): The signal φ1 is persistently
exciting within the interval [t, t + T], T > 0, i.e., there exist
two constants ς1 > 0 and ς2 > 0, such that
 t+T
φ1 (τ )φ1T (τ )dτ ≤ ς2 Ilc
ς1 Ilc ≤
t

holds for all t.
With Assumption 3, the persistence of excitation condition ensures that λmin (φ1 φ1T ) > 0. This property is of great
significance to perform the closed-loop stability analysis.
C. Stability Proof Incorporating the New
Learning Criterion
With the event-triggering mechanism, the closed-loop
system can be considered as an impulsive model. It includes
a flow dynamics for all t ∈ [sj , sj+1 ) and a jump dynamics
for all t = sj+1 with j ∈ N. Next, the asymptotic stability of the closed-loop system is analyzed. Before proceeding,
the following assumptions are required, as usually proposed
in [27], [29], and [33].
Assumption 4: The control function matrix g(x) is Lipschitz
continuous such that g(x) − g(x̂j ) ≤ Lg ej (t), where Lg
is a positive constant and is also upper bounded such that
g(x) ≤ λg , where λg is a positive constant. Similarly, the
disturbance matrix h(x) is also upper bounded as h(x) ≤ λh
with λh being a positive constant.
Assumption 5: On the compact set , the derivative of the
activation function is Lipschitz continuous such that ∇σc (x)−
∇σc (x̂j ) ≤ Lσ ej (t), where Lσ is a positive constant and the
terms ∇σc (x), ∇εc (x), and ecH are all upper bounded such that
∇σc (x) ≤ λσ , ∇εc (x) ≤ λε , and ecH  ≤ λe , where λσ ,
λε , and λe are positive constants.
Theorem 2: For the nonlinear system (1a), we suppose
that Assumptions 4 and 5 hold. The event-based approximate
optimal control law and time-based approximate worst-case
disturbance law are given by (12a) and (12b), respectively,
where the constructed critic network is tuned by adopting the
improved criterion (16). Then, the closed-loop system state
is asymptotically stable and the weight estimation error is
uniformly ultimately bounded if the triggering condition
  2
2
− 2 v̂(x)
xT Qx + μ̂ x̂j
2
ej (t) ≤ êT =
(17)
2
2λL ω̂c
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and the inequality

ω̃c  >

2λ


(2αc − 1)λmin φ1 φ1T − 2λ2g λ2σ

(18)

are satisfied, where λL = L2g λ2σ + L2σ λ2g , αc > 0.5, and λ is
a combined constant term given in (29).
Proof: Choose a Lyapunov function candidate as
L2 (t) = L21 (t) + L22 (t) + L23 (t) + L24 (t)

+ 2λL ω̂c

 
L21 (t) = J ∗ (x(t)), L22 (t) = J ∗ x̂j
1
L23 (t) = ω̃cT (t)ω̃c (t), L24 (t) = αs Js (x(t)).
2
The entire proof consists of two different cases according to
whether the events are triggered or not.
If the events are not triggered, namely, ∀t ∈ [sj , sj+1 ), we
calculate the time derivative of the Lyapunov function L2 (t)
along the trajectory of the impulsive system and obtain
 


T 
L̇21 (t) = ∇J ∗ (x) f (x)+g(x)μ̂ x̂j +h(x)v̂(x)
L̇22 (t) = 0, and

(19)

Besides, the derivative of the last term is

 

L̇24 (t) = αs (∇Js (x))T f (x) + g(x)μ̂ x̂j + h(x)v̂(x) .

(20)

For the term L̇21 (t), based on (4) and (5), we obtain
 
L̇21 (t) = −xT Qx + u∗T (x)u∗ (x) − 2u∗T (x)μ̂ x̂j
− 2 v∗T (x)v∗ (x) + 22 v∗T (x)v̂(x)
  2
 
≤ −xT Qx + u∗ (x) − μ̂ x̂j
− μ̂ x̂j

2

+ 2 v̂(x)

2

where the Young’s inequality has been applied to the term
22 v∗T (x)v̂(x). Considering (4a) and the neural network
expression, the time-based optimal control can be reformulated as


1
(21)
u∗ (x) = − gT (x) (∇σc (x))T ωc + ∇εc (x) .
2
Using the neural network expression of μ̂(x̂j ) and u∗ (x),
i.e., (12a) and (21), it follows from ωc = ω̂c + ω̃c that:
 
u∗ (x) − μ̂ x̂j

2

≤

2

≤ 2λL ej (t) .

Then, we further derive an inequality as follows:
  2
2
L̇21 (t) ≤ −xT Qx − μ̂ x̂j
+ 2 v̂(x)

where

ω̃T φ1
L̇23 (t) = −αc ω̃cT φ1 φ1T ω̃c + αc c ecH
φ2





1
− αs ω̃cT ∇σc x̂j g x̂j gT (x)
2

1
T
− 2 ∇σc (x)h(x)h (x) ∇Js (x).


Recalling Assumptions 4 and 5 and denoting λL = L2g λ2σ +
L2σ λ2g , it yields
2
 
 T
gT x̂j ∇σc x̂j
− gT (x)(∇σc (x))T
 
 2
  
  

= ∇σc x̂j − ∇σc (x) g x̂j + ∇σc (x) g x̂j − g(x)
 
 2
   2
  

≤ 2 ∇σc x̂j − ∇σc (x) g x̂j
+ ∇σc (x) g x̂j − g(x)

  

 T
gT x̂j ∇σc x̂j
− gT (x)(∇σc (x))T ω̂c

 2
+ gT (x) (∇σc (x))T ω̃c + ∇εc (x) .

2

2

ej (t)

2

+ λ2g λ2σ ω̃c 2 + λ2g λ2ε .

(22)

With regard to L̇23 (t), we apply the Young’s inequality to the
second term of (19), recall Assumption 5 and the fact φ2 ≥ 1,
and then derive that
1
1
λmin φ1 φ1T ω̃c 2 + αc2 λ2e
L̇23 (t) ≤ − αc −
2
2





1
− αs ω̃cT ∇σc x̂j g x̂j gT (x)
2

1
− 2 ∇σc (x)h(x)hT (x) ∇Js (x). (23)

Substituting ω̃c = ωc − ω̂c to the last term of (23), we have
1
1
λmin φ1 φ1T ω̃c 2 + αc2 λ2e
L̇23 (t) ≤ − αc −
2
2
 
 T
1
− αs (∇Js (x))T g(x)gT x̂j ∇σc x̂j ωc
2
1
+
αs (∇Js (x))T h(x)hT (x)(∇σc (x))T ωc
22

 

(24)
− αs (∇Js (x))T g(x)μ̂ x̂j + h(x)v̂(x) .
By combining (20), (22), and (24), we can obtain that the
overall time derivative of L2 (t) is
  2
2
2
2
ej (t) − μ̂ x̂j + 2 v̂(x)
L̇2 (t) ≤ −xT Qx + 2λL ω̂c


1
λmin φ1 φ1T − λ2g λ2σ ω̃c 2
−
αc −
2
1
+ λ2g λ2ε + αc2 λ2e + αs (∇Js (x))T f (x)
2
 
 T
1
− αs (∇Js (x))T g(x)gT x̂j ∇σc x̂j ωc
2
1
+
αs (∇Js (x))T h(x)hT (x)(∇σc (x))T ωc .
(25)
22
Recalling the event-based optimal control and worst-case
disturbance law in (11), we find that (25) becomes
  2
2
2
2
ej (t) − μ̂ x̂j + 2 v̂(x)
L̇2 (t) ≤ −xT Qx + 2λL ω̂c


1
λmin φ1 φ1T − λ2g λ2σ ω̃c 2
−
αc −
2
1
+ λ2g λ2ε + αc2 λ2e
2 
 

+ αs (∇Js (x))T f (x) + g(x)μ∗ x̂j + h(x)v∗ (x)
 
 
1
+ αs (∇Js (x))T g(x)gT x̂j ∇εc x̂j
2
1
−
αs (∇Js (x))T h(x)hT (x)∇εc (x).
(26)
22

WANG et al.: IMPROVING CRITIC LEARNING FOR EVENT-BASED NONLINEAR H∞ CONTROL DESIGN

By using Assumptions 2, 4, and 5, it follows from (26) that:
  2
2
2
2
ej (t) − μ̂ x̂j + 2 v̂(x)
L̇2 (t) ≤ −xT Qx + 2λL ω̂c


1
λmin φ1 φ1T − λ2g λ2σ ω̃c 2
−
αc −
2
1
+ λ2g λ2ε + αc2 λ2e − αs λmin (M)∇Js (x)2
2
1
1
(27)
+ αs λ2g + 2 λ2h λε ∇Js (x).
2

Performing some basic mathematical operations, (27) can be
rewritten as
  2
2
2
2
L̇2 (t) ≤ −xT Qx + 2λL ω̂c
ej (t) − μ̂ x̂j
+ 2 v̂(x)


1
λmin φ1 φ1T − λ2g λ2σ ω̃c 2 + λ
−
αc −
2

1
− αs λmin (M) ∇Js (x) −
4λmin (M)
2
1
× λ2g + 2 λ2h λε
(28)
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dynamics is uniformly ultimately bounded, which completes
the proof.
Remark 3: Observing the inequality (18), it is reasonable
to let αc > 0.5 so as to guarantee that the positive term
(2αc − 1)λmin (φ1 φ1T ) − 2λ2g λ2σ is well defined. According to
Theorem 2, we observe that the critic weight error ω̃c is
upper bounded by a finite constant λω̃ , where λω̃ is a positive
number. Then, according to (11a) and (12a), we can find that
 
 
 T
 
1  
μ∗ x̂j − μ̂ x̂j = − gT x̂j ∇σc x̂j ω̃c + ∇εc x̂j
2
is also upper bounded because of the boundedness of the
involving terms of the right-hand side. It means that, the
approximate event-based control μ̂(x̂j ) converges to a neighborhood of its optimal value μ∗ (x̂j ) with a finite bound. The
same property can easily be derived for the disturbance law.
Additionally, the finite bound is related to the bound of ω̃c and
also connected with the initial parameter setting, such as the
learning rate. During the control design, we can choose suitable initial conditions to accomplish acceptable convergence
and stability performance.

where the constant term is
2
2
2 2
1 2 2 αs λε  λg + λh
2 2
λ = λg λε + αc λe +
2
164 λmin (M)

D. Zeno Behavior Exclusion of the Event-Based Design

2

.

(29)

Then, we can find that if the inequalities (17) and (18)
are satisfied, the time derivative in inequality (28) becomes
L̇2 (t) ≤ 0 for any x = 0. In other words, the derivative of the
Lyapunov function candidate is negative during the flow for
all t ∈ [sj , sj+1 ).
If the events are triggered, i.e., ∀t = sj+1 , we derive that
the difference of the chosen Lyapunov function candidate is


L2 (t) = L2 x̂j+1 − L2 x s−
j+1
= L21 (t) + L22 (t) + L23 (t) + L24 (t)
x(s−
j+1 )

with
= lim→0 x(sj+1 −). By considering (17), (18),
and (28), we can find that L̇2 (t) < 0 for all t ∈ [sj , sj+1 ). Since
the system state and cost function are both continuous, we can
derive the following inequalities:


≤0
L21 (t) = J ∗ x̂j+1 − J ∗ x s−
j+1
L23 (t) ≤ 0, where
 

1 
ω̃c x s−
L23 (t) = ω̃cT x̂j+1 ω̃c x̂j+1 − ω̃cT x s−
j+1
j+1
2
and
 


L24 (t) = αs Js x̂j+1 − Js x s−
≤ 0.
j+1



Combining these time difference terms, we can obtain


 

  
L2 (t) ≤ L22 (t) = J ∗ x̂j+1 − J ∗ x̂j ≤ −K ej+1 sj
where K(·) is a class-K function [37] and ej+1 (sj ) = x̂j+1 − x̂j .
This leads to a conclusion that the Lyapunov function L2 (t) is
also decreasing at the triggering instants ∀t = sj+1 .
According to the above two cases, the triggering condition (17) and the inequality (18) guarantee that the closedloop state is asymptotically stable while the critic error

For the continuous-time nonlinear system with an eventbased control input, the jth intersample time can be denoted
as sj+1 − sj . If we define the minimal intersample time as


smin = min sj+1 − sj
j∈N

we know that it might be zero, which may lead to the occurrence of the accumulations of event times. This phenomenon
is named as the infamous Zeno behavior.
Theorem 3: Consider the closed-loop form of the nonlinear
system (1a) with the action of the event-based approximate
optimal control (12a) and the time-based approximate worstcase disturbance law (12b). The minimal intersample time
smin determined by (17) is lower bounded as
1
smin ≥
ln(1 + κmin ) > 0
(30)
κ1
where κ1 and κmin are positive constants.
Proof: We apply the approximate optimal control (12a) and
the disturbance law (12b) to form the closed-loop dynamics
as follows:

 
 T
1
g(x)gT x̂j ∇σc x̂j
ẋ = f (x) −
2

1
T
T
− 2 h(x)h (x)(∇σc (x)) ω̂c .
(31)

By noticing ω̂c = ωc − ω̃c and the fact that the optimal weight
ωc is bounded, we can let ωc  ≤ λω , where λω is a positive number, and then obtain ω̂c  ≤ λω + λω̃ . According to
Assumptions 4 and 5 as well as Theorem 2, we can follow
from (31) that:
 
ẋ = f (x) + g(x)μ̂ x̂j + h(x)v̂(x) ≤ κ1 x + κ2
(32)
where κ1 and κ2 are positive constants with
κ2 =

1 2
1
λg + 2 λ2h λσ (λω + λω̃ ).
2
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Fig. 1. Illustration of the learning and control stages. The stage I mainly
acts as the neural-network-based learning process while the stage II represents
the adaptive control implementation. However, there is a transmission of the
weight vector between them. Note that here, the two triggering thresholds, i.e.,
eT and êT , are not with the same values. They are reflected in the triggering
conditions of the two different design stages.

Taking the time derivative of the triggering error ej (t) yields
ėj (t) = −ẋ for t ∈ [sj , sj+1 ). Based on (32), we can further
obtain
ėj ≤ κ1 x̂j − ej + κ2
≤ κ1 ej + κ1 x̂j + κ2 ,



∀t ∈ sj , sj+1 .

(33)

By solving (33) with the comparison lemma [37] and noticing
the initial condition ej (sj ) = x̂j − x(sj ) = 0, we derive that the
inequality

κ1 x̂j + κ2  κ1 (t−sj )
ej ≤
e
−1
(34)
κ1
holds for any t ∈ [sj , sj+1 ). According to (34), we find that
the jth intersample time satisfies

1 
(35)
ln 1 + κ̄j > 0
sj+1 − sj ≥
κ1
where
κ1 ēT
>0
κ̄j =
κ1 x̂j + κ2
with ēT = ej (sj+1 ) and ej (sj+1 ) = x̂j − x(sj+1 ). Denote
the minimum of κ̄j with respect to all flow interval t ∈
[sj , sj+1 ), j ∈ N as κmin = minj∈N κ̄j > 0. By performing
the minimization operation to both sides of (35), we observe
that the formula (30) is true. This ends the proof.
Remark 4: Theorem 3 shows that smin is lower bounded
by a nonzero positive constant, so that the infamous Zeno
behavior is excluded during the event-based learning control
design. This is similar for the event-based H∞ control implementation. If we consider system (1a) with the disturbance
law (4b) and the event-based optimal control (6), the lower
bound of the minimal intersample time determined by the triggering condition (7) is not equal to zero. This can easily be
proved by noticing that the control matrix, the disturbance
matrix, the optimal feedback controller, and the worst-case
disturbance law are all bounded.
E. Discussions of the General Design Flow
Although two triggering thresholds eT and êT are provided
in Theorems 1 and 2, respectively, they play different roles in
the event-based design stages. Their relationship can be illustrated by a simple diagram, i.e., Fig. 1, where the thick arrow
stands for the transmission of the converged weight vector
after the learning session.

Algorithm 1 Event-Based Nonlinear H∞ State Feedback With
Improved Critic Learning Criterion
1: Set the H∞ performance level  and specify the utility
matrix Q to determine the cost function. Select an appropriate activation function σc (x) and initialize the weight
vector of the critic neural network as zero.
2: Choose the learning rate αc of the traditional gradient
descent term, the parameter αs of the additional stabilizing term, and the constant parameter λL of the triggering
threshold. Then, conduct the weight updating algorithm
by employing the improved critic learning criterion (16)
and the triggering condition (17) with a threshold êT .
3: Keep the converged weight vector unchanged after the
online learning process and then turn to the nonlinear H∞
control implementation once getting the converged weight
vector.
4: Choose the constant parameter Lu and perform the robust
adaptive critic control design by considering the triggering
condition (7) with a threshold eT .
5: Obtain the event-based optimal control law as well as the
worst-case disturbance law and then stop the algorithm.

Note that we additionally introduce a modulating parameter η1 to the triggering threshold (7), in order to emphasize
the adjustability of the event-based H∞ controller. In fact,
such practice just reflects how close the event-based controller
approaches to the time-based control law.
Overall, the event-based nonlinear H∞ state feedback control method comprising the improved critic learning criterion
can be summarized in Algorithm 1.
IV. A PPLICATIONS
There are many successful applications with adaptivecritic-based optimal control design, for various complex
dynamics, such as mechanical systems [8], [30] and power
systems [22], [25]. In this section, some experimental simulations are carried out to demonstrate the effectiveness of
the event-based nonlinear H∞ controller design method. The
applications to a linear aircraft dynamics and then to a
nonlinear robot arm plant are performed, respectively.
A. Application to Aircraft Plant
Consider the dynamics of a continuous-time F16 aircraft
plant used in [36], which is given as
⎡
⎤
−1.01887
0.90506
−0.00215
−1.07741
0.17555 ⎦x
ẋ = ⎣ 0.82225
0
0
−1
⎡ ⎤
⎡ ⎤
0
1
+ ⎣ 0 ⎦u + ⎣ 0 ⎦v
(36)
1
0
where x = [x1 , x2 , x3 ]T is the state variable, u is the control
variable, and v is the perturbation variable. The utility function
is selected as xT Qx + uT u − 2 vT v with Q = 3I3 and  = 6
during the simulation.
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Fig. 2.

Convergence of the weight vector.

Fig. 3.

Triggering condition.

Let the initial system state vector be x0 = [1, −1, 2]T and
construct a critic neural network to approximate the optimal
cost function as
Ĵ ∗ (x) = ω̂cT σc (x) = ω̂c1 x12 + ω̂c2 x1 x2 + ω̂c3 x1 x3 + ω̂c4 x22
+ ω̂c5 x2 x3 + ω̂c6 x32
where the activation function and the weight vector are
written as σc (x) = [x12 , x1 x2 , x1 x3 , x22 , x2 x3 , x32 ]T and ω̂c =
[ω̂c1 , ω̂c2 , ω̂c3 , ω̂c4 , ω̂c5 , ω̂c6 ]T , respectively. In the main simulation process, we set Js (x) = 0.5xT x, αc = 3.5, αs = 0.1,
and λL = 25. Besides, the sampling time is set as 0.1 s. Note
that a probing noise formed as

N (t) = 2e−0.006t sin2 (t) cos(t) + sin2 (2t) cos(0.1t)
+ sin2 (−1.2t) cos(0.5t) + sin5 (t)
+ sin2 (1.12t) + cos(2.4t) sin3 (2.4t)



is employed to satisfy the persistence of excitation condition. Through the simulation, the weight vector converges to
[0.6486, 1.4816, 0.3360, 2.4926, −1.4125, 1.0986]T , which is
depicted in Fig. 2. Observing Fig. 2, we can clearly find that
the initial elements of the weight vector are all set as zero,

Fig. 4.

Sampling period in the learning process.

Fig. 5.

State curve when the additional term is not employed.
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which guarantees that the choice of the initial control law is not
limited to a stabilizing one. Moreover, the triggering condition
and the sampling period in the learning process are displayed
in Figs. 3 and 4, respectively. In fact, we can observe that the
convergence of the weight vector has occurred after 450 s. It is
also worth mentioning that the time-based controller uses 5000
samples of state while the event-based control law only needs
1737 samples, which reduces the controller updates greatly (or
specifically, up to 65.3%) during the learning session.
For comparison, we plot the state curve when the additional
stabilizing term is not employed in Fig. 5. We find that by
using the traditional learning rule (15), the state trajectory does
not possess the proper convergence property as time goes on,
which conversely, verifies the reasonability of the improved
criterion (16).
Next, we set Lu = 5 and choose the sampling time as
0.05 s to evaluate the H∞ control performance. We apply the
obtained control law to the controlled plant (36) for 30 s by
involving a disturbance v(t) = 3e−t cos(t), t > 0. The system
state and the corresponding control input are illustrated in
Fig. 6 simultaneously. These simulation results substantiate
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Fig. 6.

Control performance including the system state and control input.

Fig. 8.

Triggering condition.

Fig. 7.

Convergence of the weight vector.

Fig. 9.

Control performance including the system state and control input.

the effectiveness of the event-based H∞ state feedback control
strategy with respect to the external disturbance.
B. Application to Nonlinear Robot Arm Plant
Consider a single link robot arm and formulate its mechanical dynamics like [38] as
Ḡθ̈ (t) = −M ḡH̄ sin(θ (t)) − Dθ̇ (t) + u(t) + v(t)

(37)

where M = 10 is the mass of the payload, ḡ = 9.81 is the
acceleration of gravity, H̄ = 0.5 is the length of the arm,
Ḡ = 10 is the moment of inertia, D = 2 is the viscous friction,
θ (t) represents the angle position of the robot arm, u(t) denotes
the control input, and v(t) is the perturbation. If we define
x = [x1 , x2 ]T , where x1 = θ and x2 = θ̇ , then the state-space
description of the dynamics (37) can be written as
 
  

x2
0
ẋ1
=
+
(38)
(u + v).
ẋ2
−4.905 sin x1 − 0.2x2
0.1
In this example, we let the initial state of the controlled plant
be x0 = [1, −1]T and choose Q = 3I2 and  = 3. Next,
we design the adaptive critic controller and then evaluate the
event-based H∞ control performance of the dynamical plant.

During the simulation process, the critic network is built
similar in structure as that of Example IV-A, where ω̂c =
[ω̂c1 , ω̂c2 , ω̂c3 ]T and σc (x) = [x12 , x1 x2 , x22 ]T . Note that the
number of neurons in the hidden layer is often determined
by computer experiments. For adjusting the critic network
based on the improved learning criterion, we experimentally
select Js (x) = 0.5xT x, αc = 2.0, αs = 0.6, and λL = 25,
while setting the sampling time as 0.1 s. Note that we also
add the same probing noise as in Example IV-A to guarantee the persistence of excitation condition. The simulation
results of the neural learning phase are shown in Figs. 7 and 8.
Therein, the weight vector of the critic network converges to
[3.4527, −0.9109, 0.8637]T , which occurred after 250 s and
is illustrated in Fig. 7. The variation of the triggering condition is displayed in Fig. 8. Via simulation, it is observed that
the time-based controller requires 3000 samples of the state
while the event-based controller only carries out 1473 samples,
thereby giving rise to a considerable reduction (or specifically,
50.9%) of the data transmission.
At last, we choose Lu = 5 and let the sampling time be
0.05 s to evaluate the H∞ control performance by applying
the obtained control law to the controlled plant (38) for 60 s
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with an external perturbation v(t) = 3e−t cos(t), t > 0 being
introduced. The control performance including the system state
and control input is illustrated in Fig. 9. Both the trajectories
are converged as desired even though there exists a transient
process. All the simulation results further verify the effectiveness of the event-based H∞ state feedback control strategy
derived in this paper.
V. C ONCLUSION
The event-based H∞ control design of nonlinear dynamical
systems is studied with an adaptive critic architecture. The
nonlinear H∞ control problem is transformed into a two-player
zero-sum differential game, which is solved by introducing an
event-based mechanism and adopting the adaptive critic technique with an improved learning criterion. The event-based
approximate optimal control law and time-based worst-case
disturbance law are derived by training a critic network based
on the new learning rule. The stability proof of the closedloop system and the experimental verification of an aircraft
dynamics as well as a robot arm plant are carried out. How to
reduce the requirement of the dynamic information and combine the data-based approach with the event-based formulation
deserves further study.
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