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Abstract
Purpose – The purpose of this paper is to develop a dual peg-in-hole insertion strategy. Dual peg-in-hole insertion is the most common task in
manufacturing. Most of the previous work develop the insertion strategy in a two- or three-dimensional space, in which they suppose the initial yaw
angle is zero and only concern the roll and pitch angles. However, in some case, the yaw angle could not be ignored due to the pose uncertainty of
the peg on the gripper. Therefore, there is a need to design the insertion strategy in a higher-dimensional configuration space.
Design/methodology/approach – In this paper, the authors handle the insertion problem by converting it into several sub-problems based on the
attractive region formed by the constraints. The existence of the attractive region in the high-dimensional configuration space is first discussed.
Then, the construction of the high-dimensional attractive region with its sub-attractive region in the low-dimensional space is proposed. Therefore,
the robotic insertion strategy can be designed in the subspace to eliminate some uncertainties between the dual pegs and dual holes.
Findings – Dual peg-in-hole insertion is realized without using of force sensors. The proposed strategy is also used to demonstrate the precision
dual peg-in-hole insertion, where the clearance between the dual-peg and dual-hole is about 0.02 mm.
Practical implications – The sensor-less insertion strategy will not increase the cost of the assembly system and also can be used in the dual peg-
in-hole insertion.
Originality/value – The theoretical and experimental analyses for dual peg-in-hole insertion are proposed without using of force sensor.

Keywords Attractive region, Peg-in-hole, Sensor-less

Paper type Research paper

1. Introduction

Peg-in-hole insertion is a frequently performed automated
mechanical assembly task. The objective of the task is to
achieve the insertion from an unknown initial peg-in-hole
configuration to a geometrical goal region under some
constraints. It is generally believed that high-precision peg-in-

hole insertion can only be achieved by a precision robot with
the guidance of force sensors or by using flexible wrists.

1.1 Peg-in-hole insertion using force sensor
Obviously, the advantages of using force sensor are earlier
contact detection and/or precisely force control, which will help
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the robot to achieve high-precision peg-in-hole insertion when
the inaccuracy of manipulator positioning exceeds assembly
tolerances. In other words, with the aid of force sensory signals,
it is possible to establish the mapping from the force/torque
signals to the peg-in-hole configurations, as they enable us to
design various force-feedback controllers for planning the
robot’s motion.
The need for force responsiveness in assembly has been

recognized for more than 30 years. The studies of Inoue (1974)
and Whitney (1982) have been recognized as important
examples of force sensory feedback manipulations; since then,
many sensor-based strategies have been developed. Skubic and
Volz (2000) used force-based contact states to describe
qualitatively how contact was being made with the environment.
When a change occurs in qualitative, discrete state constitutes an
event and triggers a new control command to the robot, which
moves the assembly toward a new contact formation. Astuti and
Mccarragher (1996) modeled the assembly process as a hybrid
dynamic system consisting of a discrete event system and a
continuous time system, and then proposed a discrete event
controller (DEC) synthesis methodology resulting in
convergence in a minimum number of events. Newman et al.
(1999) addressed the problem of force-responsive automated
assembly which includes contact stability, the force
responsiveness, etc. In their work, the robot was controlled to be
responsive to the forces and accelerations and capable of
regulating its endpoint dynamics on demand. De Schutter et al.
(1987) realized a peg-in-hole insertion with active force feedback
involving fragile and medium-sized workpieces; in the assembly,
the interaction forces were used to modify or even generate the
desired trajectory of the robot. Huang and Schimmels (2004)
addressed the design of the appropriate admittance matrix for
force assembly of a polyhedral rigid body. They identified the
conditions that restricted the admittance behavior for each of the
various one-point and two-point contact cases and ensured that
the motion reduced part misalignment. Lange et al. (2010) used
feed-forward controller to improve the accuracy of the assembly
and also ensured the fastest possible response to external
disturbances. Their method was applied to assembly wheels to a
car body. Shirinzadeh et al. (2011) presented a robot-based
height adjustmentmethod for the assembly of cylindrical pairs. In
their work, the peg-in-hole strategy was used by decreasing the
contact forces between the manipulator and the fixture. Lefebvre
et al. (2005) developed a Bayesian estimator to estimate the
position and orientation inaccuracies of contacting objects during
force-controlled compliant motion, in which the estimation is
based on position, velocity and force measurements. Robuffo
Giordano et al. (2008) computed a setup and robot motion that
maximizes regions of attraction in which the robot was
impedance controlled, using internal torque sensors instead of a
wrist force sensor. Sathirakul and Sturges (1998) enumerated
possible contact states of dual peg-in-hole insertion, and derived
geometric conditions and force-moment equations for static-
equilibrium states of dual peg insertion. Thus, they obtained the
taxonomy of dual-peg insertions. Fei and Zhao (2005) analyzed
the assembly contact and geometric conditions of a dual peg-in-
hole in three dimensions. With the static equilibrium equations,
the relationship between forces and moments for maintaining
each contact state was derived.

However, there are also some limits to the application of the
force sensor inmanufacturing. For example:
� a sensor system increases the initial cost to the system;
� a sensor reduces the robustness and reliability of the whole

system; and
� moreover, in certain cases, the states measured by sensors

may be different from that ground truth (Qiao and Zhang,
2000).

Due to the high cost and maintenance difficulty of high-
precision sensors, many tedious works still need to be done
manually or with low-precision sensors. Therefore, research
on low-precision systems that use few sensors or even no
sensors to achieve high-precision tasks are very important for
manufacturing.

1.2 Peg-in-hole insertion without force-sensor
On the other hand, manipulation without force-sensor has been
investigated for many years. Some works focus on eliminating
the uncertainty of the system based on limited sensor
information. The purpose of insertion without force-sensor is
to find a region from which a peg can be guided to the goal by
using a unique input based on the constraints of the
environment rather than by using force sensor.
Lozano-Pérez et al. (1984) outlined a pre-image approach to

directly incorporate the effect of uncertainty within the
planning process. The pre-image approach first computes the
pre-image of a goal, then recursively backchains and computes
the pre-image of the pre-image, and so forth. In this fashion, the
planner determines a chain of pre-images specifying a sequence
of motion commands guaranteed to reach the goal. Erdmann
(Erdmann, 1986; Erdmann and Mason, 1988) formed the
fundamental theory of back-projection approach and applied to
peg-in-hole strategy. The back-projection of a desired goal
consists of all those points that are guaranteed to reach the goal.
In addition, all points from which a trajectory could reach an
undesirable point were also marked as undesirable. Chen et al.
(2009) applied a soft servo strategy to achieve the tight-
tolerance assembly with the compliance of the robot and the
environment, that is, industrial robots can be made compliant
to the environment when the control loop gains are reduced,
which is a so-called soft servo capability. Balkcom et al. (2002)
derived an algorithm that determined the external wrenches
consistent with constraints on the contact interactions between
two rigid planar bodies, and then used it to create sensorless
plans that guaranteed that a workpiece was correctly inserted
into a fixture. Robertsson et al. (2012) presented a method of
doing force control without a force sensor in which the motor
current was evaluated to detect when a phase of the assembly
strategy had been completed. Polverini et al. (2016) proposed
an active compliance admittance-basedmethod combined with
trajectory generation to perform the insertion task, in which the
trajectory generator is merged together with robot position/
velocity controller. Their method relies on the model-based
sensor-less observer of interaction forces and is no need of
external force sensor. Matsuno et al. (2004) inserted a long peg
into a tandem shallow hole using search trajectory generation
without force feedback. In their insertion system, the input is
the desired position of a gripping point. A manipulator
recognized the availability of insertion operation, and if the
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insertion operation is available, the manipulator continued the
task keeping a trajectory; otherwise, the manipulator searches
the correct posture of the peg.
Manipulation without force-sensor should bring some

benefits:
� it deduces the initial cost of the assembly system; and
� it can avoid effect of sensor noise on the accuracy of the

insertion.

However, there are also some difficulties in assembly without
force sensor, such as how to make sure that the planned path is
exactly compliant to the desired contact state, especially when
the configuration space of such a contact state is hard to
describe analytically due to high dimensionality. Most of the
previous peg-in-hole insertion methods are outlined in a two-
or three-dimension configuration space, where some degrees of
freedom of the peg are ignored.

1.3 The purpose of this work
Dual peg-in-hole insertion is a common task in the industry
assembly task such as the assembly of reducers, engine cylinder,
etc. Most of the previous work analyzed the insertion in a two-
or three-dimension space, in which they suppose the initial yaw
angle is zero and only concern only roll angles. However, in
some cases, both roll and pitch rotations could be taken into
account due to the position uncertainty of the peg on the
gripper. Therefore, we need to design the insertion strategy in a
higher dimensional configuration space.
In our previous work (Qiao et al., 2015), we formed a

constraint region in an environment to eliminate the
uncertainty of the system and achieve single peg-in-hole
insertion; we called this region as the “attractive region in
environment”. In this paper, we aim to push the attractive
region method to dual peg-in-hole insertion, and consequently,
some theorems, to judge the existence of the attractive region in
dual peg-in-hole insertion, are proposed.
To the best of our knowledge, there is few work that discuss

the sensor-less dual peg-in-hole insertion. To deal with the
problem, themajor contributions of this paper are as follows:
� a sensor-less dual peg-in-hole insertion strategy is

developed based on the attractive region formed by the
constraints;

� the proposed method is applied to the assembly of two
eccentric shafts of a reducer into the supporting flange;
and

� the decomposition of the high-dimension attractive region
into its sub-attractive region in the low-dimension space is
presented.

The rest of the paper is organized as follows. Section 2
discusses the construction of the attractive region formed in
the configuration space of assembly system. In Section 3, we
decompose the high-dimensional configuration space into
several low-dimensional ones and then design the insertion
strategy based on the sub-space. In Section 4, an example of
dual peg-in-hole insertion is presented to explain the
proposed method, and two experiments are conducted to
illustrate the proposed method. Section 5 concludes the
paper.

2. Analysis of the dual peg-in-hole insertion

2.1 Definition of the attractive region
Assume that there is a non-linear system:

_X tð Þ ¼ f X tð Þ; u tð Þð Þ (1)

where X tð Þ 2 U � Rn is the state vector, u tð Þ 2 V � Rm is the
input vector and f : U � V 7!Rn is a function defined in
arbitrary subsets of the n-dimensional real number set Rn.
For all, X tð Þ 2 X � U, if there exists a special function

g : X 7!R1 satisfying the following properties:
� C1. g Xð Þ ¼ g X0ð Þ when X ¼ X0, g Xð Þ > g X0ð Þ when

X 2 fU �X0 g;
� C2. g Xð Þ has continuous partial derivatives with respect to

all the components ofX; and
� C3. dg Xð Þ=dt < 0 whereX 2 fU �X0 g.
Then, the system is stable in the region X, which is called the
“attractive region” (Qiao et al., 2015). The special function
g(X ) is the attractive function.
It should be noted that the input vector u(t) is a state-

independent input. We now explain the concept of an
“attractive region” by using a dynamical system. Let us
consider the example of a bean and bowl from the viewpoint of
a dynamical system. As illustrated in Figure 1, if the goal is to
make the bean reach the bottom of the bowl, then no matter
where the initial position of the bean is, with gravity, it would
eventually reach the bottom of the bowl. In this case, the
position of the bean can be treated as the state of a system, and
the bowl as some constraints formed by the environment.
Under the effect of gravity, which is a state-independent input
to the system, the state would finally converge to the goal
region. In this process, it should be noted that the size of the
goal region is smaller than that of the initial region; that is, the
uncertainty of the system is eliminated.

2.2 Construction of the attractive function
Here, we discuss the construction of the attractive function for
dual peg-in-hole insertion.
To develop strategies for robotic dual peg-in-hole insertion,

it is useful to analyze the total allowable range of the pegs
considering the constraints from the holes. For simplicity, we
use the direction cosines of the axes of the two pegs, i.e. the
cosines of the angles between the zp-axis and the three
coordinate axes of the H-frame, to represent the orientation of
the dual pegs. It should be noted that we usually use Euler
angles to represent the robot’s end-effector orientation. It
should also be noted that we can also transform the Euler

Figure 1 Example of an attractive region in the motion region
of a bean under the constraints of a bowl
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angles to the direction cosines of the pegs. The lowest point of
the peg is usually the point on the end surface of the peg that
has theminimum zpl in theH-frame, as shown in Figure 2.
� The H coordinate frame is fixed to the plane passing

through the upper surface of the two holes; Oh is defined
as the center of the line passing through the centers of the
two holes on the upper surface, OhYh is defined as the line
passing through the centers of the two holes, OhZh is the
line along the axis of the hole in the upward direction, and
OhXh is the line perpendicular toOhYh andOhZh.

� The P coordinate frame is fixed to the plane passing through
the end surface of the two pegs; Op is defined as the center of
the end surface of the two pegs,OpYp is the line parallel to the
projection ofOhYh on the end surface of the two pegs,OpZp is
the line along the axis of the peg in the upward direction, and
OpXp is the line perpendicular toOpYp andOpZp.

The pose of the dual pegs in theH-frame is described by (xp, yp,
zp, u px, u py, u pz), where xp, yp, zp represent the position ofOp on
theH-frame, and (u px, u py, u pz) are the angles between the axis
of the dual pegs, i.e. zp-axis, and the three coordinate axes of
the H-frame. The computation of the contact points between
the dual-peg and the dual-hole is described in Appendix.
Figure 3 describes several contact states between the dual-

peg and dual-hole. Figure 3(a) shows a one-point contact state
in which the side surface achieves contact between the right peg
and the right hole. Figure 3(b) shows a two-point contact state
in which the projection shows the state that the bottom surface
of the right peg is in contact with the right hole, and the lowest
point of the right peg is inside the right hole. Figure 3(c) shows
a three-point contact. The projection shows the state in which
the bottom surface of the right peg is in contact with the right
hole, and the lowest point of the right peg is inside the right
hole. Figure 4(d) shows a six-point contact. The projection
shows the state in which the bottom surfaces of the pegs are in
contact with the holes, and the lowest point of the right peg is
inside the right hole. In Figure 3(b)-(d), the blue solid lines
denote the hole, and the red dot lines denote the projection of
the pegs. The contact points aremarked with a black dot.
Once the contact points are obtained, we can establish a

deterministic function of the height of Op, i.e. z, respect to the
pose (xp, yp, u px, u py, u pz), which is an attractive function in a
six-dimensional configuration space, as expressed follows:

z ¼ g xp; yp; u px; u py; u pzð Þ (2)

However, the design of robotic manipulation in very high-
dimensional spaces is obviously quite difficult. In general,
converting the higher-dimensional problems into a set of lower-

dimensional ones can be used to solve the problem. In this
work, the seven-dimensional space is converted into several
subspaces; hence, dual peg-in-hole insertion can be designed in
these low-dimensional configuration spaces.

3. Dual peg-in-hole insertion

In this section, we convert the six-dimensional configuration
space into a set of subspaces. Then, we can build the sub
attractive functions and design the dual peg-in-hole insertion.
We assume that the function g(xp,yp,u px,u py,u pz) be a smooth
function with continuous first- and second-order partial
derivatives with respect to all components. Thus, we can get the
following sub attractive functions as follows.

3.1 Sub attractive function g1;i
In equation (2), we set (u px,u py,u pz) = (u i

px,u
i
py,u

i
pz) that are

some fixed angles. Denote the sub function g1,i by:

Figure 2 Coordinate frame used in the dual peg-in-hole
insertion system
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Figure 3 Example of the contacts between the pegs and the holes
in which the black points denote the contact points

Peg

Hole

X

Y

Oh

Lowest 

Contact

Oh

Peg

Hole

X

Y
Op X

Y

Oh

Peg

Hole

XOp

X

YY

Oh

Hole

X

Y Y
Op X

Peg

(a)

(b)

(c)

(d)

Notes: (a) One-point contact;
(b) two-point contact; (c) three
-point contact; (d) six-point contact

Dual peg-in-hole insertion

Jianhua Su et al.

Industrial Robot: An International Journal

Volume 44 · Number 6 · 2017 · 730–740

733

D
ow

nl
oa

de
d 

by
 I

N
ST

IT
U

T
E

 O
F 

A
U

T
O

M
A

T
IO

N
, M

r 
R

ui
 L

i A
t 0

4:
04

 0
1 

N
ov

em
be

r 
20

17
 (

PT
)



g1;i ¼ g xp; yp; u px; u py; u pz
� �ju px ;u py ;u pz¼u i

px ;u
i
py ;u

i
pz

(3)

Under fixed (u i
px,u

i
py,u

i
pz), three contact configurations

possibly exist between the pegs and the holes when we adjust
the pose of the dual peg-in-hole:
� Neither of the two pegs have contact points with the two

holes.
� The left peg has no contact point with the left hole, but the

right peg has contact points with the left hole.
� Both the pegs have contact points with the two holes.

As an example, we set u px=p /3, u py=0, u pz = 0. Thus, when
contact points exist between the left peg and the left hole, we
can obtain the following equations:

xp 1 x0 � 1ð Þ2 1 0:5yp 1 yð Þ2 ¼ 6 (4)

xp 1
ffiffiffi
3

p
yp=21 0:5zp 1 z ¼ 0 (5)

xp � 1ð Þ2 1 yp2 ¼ 6 (6)

zp 2 0; h½ � (7)

From equations (4)-(7), we can established a deterministic
function of the height of Op, i.e. z, respect to the translation
along xh- and yh-axis, i.e. (x,y). An example of the graph of the
function is shown in Figure 4, which also presents the analysis
of the relations between the configuration in the attractive
region and the physical contact state of the dual pegs and dual
holes. The three states, i.e. State-1, State-2 and State-3,
describe three contact states between the dual-peg and the
dual-hole.
The steps to eliminate the uncertainties of the dual pegs

along the xh-, yh- directions are as follows. In State-1 and State-
2, the right peg has one or two contact points with the right
hole; this is related to the configuration near the bottom of the
attractive region. In State-3, the right peg has three contact
points with the right hole; this is related to the configuration on
arrival at the bottom of the attractive region. In this case, the
uncertainties of the right peg along the xh-, yh- directions are
eliminated by the constraints of the right hole. In other words,
g1,i reaches itsminimum.
Figure 4(a) shows the graph of the attractive region that the

dual-peg moves along xh and yh-axis with fixed (u i
px, u

i
py, u

i
pz);

Figure 4(b) reports that the right peg has one contact points
with the right hole, which corresponds to State 1; Figure 4(c)
reports that the right peg has two contact points with the right
hole when wemove it along -yh direction, which corresponds to
State 2; Figure 4(d) reports that the right peg has three contact
points with the right hole when we move it along -xh direction;
this is related to the configuration on arrival at the bottom of the
attractive region. In Figure 4(b)-(d), the left show the
projection of the dual-peg on the hole in which the blue solid
lines denote the hole and the red dot lines denote the projection
of the pegs. The contact points aremarkedwith red dot.
The minimum of sub-function g1,i means that, under fixed

orientation (u i
px,u

i
py,u

i
pz), the motion of the peg along xh- and

yh-axes are constrained by the hole. It should be noted that the
peg is able tomove along xh- and yh-axes again if its orientations
(u px,u py,u pz) are changed. In this case, we should continuously
push the new sub-function g1,i11 to reach to its minimum, as
illustrated in the following step.

3.2 Sub-attractive function g2;j
Sub-function g2,j is defined as:

gg2;j u px; u py
� � ¼ min

u i
px;u

i
py

g1;i
� �

(8)

Figure 5 shows the graph related to equation (8). Each
configuration in the attractive region is determined by the
minimumof sub-function g1,i under different angles u px, u py.

Figure 4 (a) The graph of the attractive region that the dual-peg
moves along xh and yh-axis with fixed (u

i
px, u

i
py, u

i
pz);

(b) corresponds to State 1; (c) corresponds to State 2; (d) relates
to the configuration on arrival at the bottom of the attractive region
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The steps to eliminate the uncertainties of the dual pegs
related to the dual holes are as follows. In State-4, the two
pegs have three contact points with the two holes: the right
peg and right hole have three contact points, and the left peg
and right hole have no contact point. To achieve four contact
points shown in Figure 5(c), we need to adjust angles (u px,
u py). At the new orientation, we can make g2,j approach to
State-5, which is related to a six-point contact-state, as shown
in Figure 5(d). In this case, the right peg has three contact
points with the right hole, and the left peg has three contact
points with the left hole. Figure 5(a) shows the graph of the
attractive region with changing u px and u py. Figure 5(b)
shows that the right peg and right hole have three contact

points, and the left peg and right hole have no contact point.
Notice that Figure 5(b) corresponds to State-4 of the
attractive region. Figure 5(c) shows that the right peg and
right hole have three contact points, and the left peg and right
hole have one contact point when we rotate the dual-peg
around xh-axis. Notice that Figure 5(c) corresponds to State-
5 of the attractive region. Figure 6(d) shows that the right peg
and right hole have three contact points, and the left peg and
right hole have three contact point when we rotate the dual-
peg around yh-axis. Notice that Figure 5(d) corresponds to
State-6 of the attractive region.
The minimum of sub-function g2,j means that, under fixed

orientation u j
pz, the rotation of the peg around xh- and yh- axes

are constrained by the hole.

3.3 Sub-attractive function g3
Sub-function g3 is defined as:

g3 u pz
� � ¼ min

u j
pz

g2;j
� �

(9)

An example of the graph of g3 is shown in Figure 6. Each
configuration on the curve is determined by theminimumof sub-
function g2,j under different angles u pz. The bottom of the curve
represents the minimum of g3, which implies that the motions of
the peg along xh-, yh-axes, and the rotations around xh-, yh-axis

Figure 5 (a) The graph of the attractive region with changing u px

and u py. (b) shows three contact points; (c) shows four contact
points; and (d) shows there are six contact points

Figure 6 (a) The graph of the attractive region with changing u pz;
(b) shows that both the right peg-in-hole and the left peg-in-hole
have three contact points, which corresponds to State-7; and (c) shows
that the dual-peg has been inserted into the dual-hole,
which corresponds to State-8 of the attractive region
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are constrained by the hole. Finally, g3 reaches its minimum,
which corresponds to the state in which the dual pegs have been
inserted into the dual holes, as shown inFigure 6(d).

3.4 Computational complexity
The construction of the attractive regions generally needs to
traverse all the possible state of the dual peg in the
configuration space. Thus, the time complexity of the proposed
algorithm is of O(N21N21N1) for a five-dimensional input
data, while direct calculation of attractive region has a
complexity of O(N5).
To illustrate the proposed strategy and show the efficiency of

the dual peg-in-hole insertion, experiments on the assembly of
a typical dual peg-in-hole with 0.02 mm clearance, and the
assembly of a cycloid reducer are presented in the next section.

4. Experiments

To validate our approach, we have implemented two peg-in-
hole insertion tasks. Experiment 1 shows a typical dual peg-in-
hole insertion in which the radius of the peg is about 19.98 mm
while that of the hole is 20.00 mm with a clearance about 20
mm. Experiment 2 describes that two eccentric shafts in the
reducer are inserted into the two holes in the supporting flange.
The lower circle radius of the conical eccentric shaft is about
24.96 mm while that of the hole in the supporting flange is
25.00mmwith a clearance about 40 mm.

4.1 Experiment on dual peg-in-hole
This experiment is performed by a 6-DoFs YASKAWA robot
with position repeatability of 0.06 mm. A force/torque sensor is
mounted on the end-effector of the robot to record the inserting
force. It should be noted that the force signal is not used for
control but only used to record the inserting force. The radius of
the peg is about 19.98mmwhile that of the hole is 20.00mmwith
a clearance about 20 mm. With such a small clearance, it is hard
to insert the peg directly using of the position controlmethod.
We repeat the insertion experiment 30 times with the

proposed sensor-less assemblymethod, in which we get 100 per
cent success rate. In Figure 7, the inserting process is briefly
described follows:
Remark: It should be noted that, it is hard to achieve the

assembly of 0.02 mm clearance parts by the robot with position

repeatability of 0.06 mm only using of position feedback. Two
errors will prevent the insertion:
1 the error between the actual goal pose and the ideal goal

pose of the dual-hole; and
2 the motion error of the robot end-effector.

The “attractive region” formed by the dual-hole could be used
to eliminate the pose uncertainties of the dual-peg related to the
dual-hole. In other word, we do not need the dual-peg arrive to
a precision goal position but only need to arrive to the “mouth”
of the region.
In the experiment shown in Figure 8, we set soft floating

function on 4, 5 and 6 axis, and then rotate the dual-peg around
xh- yh- and zh-axis meanwhile move along zh-axis. Thus, the
constraints of the dual-hole would lead the dual-peg transfer
from the surface of the attractive region to its minimum, as
described in Figures 4(a), 5(a) and 6(a).
In the following, we compare the proposed method with force-
guided method. We measure the contact forces and torques of
the end-effector in inserting as shown in Figures 9 and 10.
Figure 9 shows results of the time evolution of the obtained

contact force vector components (Fx, Fy, Fz, Mx, My, Mz) of
the robot using of the sensor-less method. It can be observed
that Fx, Fy and Fz exhibit steps, which indicate occurrences of
contact between the peg and the receptive part. The whole
inserting time is about 6 s.
Figure 10 shows results of the time evolution of the obtained

contact force vector components (Fx, Fy, Fz, Mx, My, Mz) of
the robot using of the force-guided method. The whole
inserting time is about 100 s.
Notice that Fei and Zhao (2005) assume that the rotation

angle of the dual-peg around the axis of the dual-peg is zero, i.e.
u z = 0; thus, the analysis of the insertion is in a three-
dimensional configuration space. In their experiment, the
clearance between the dual-peg and dual-hole is about 0.1mm,
where the radius of the hole is 10 mm and the radius of the peg
is 9.9mm.Themaximumof the inserting force is about 200N.
In this work, we take the uncertainties of u z into account;

thus, the analysis of the insertion is in a six-dimensional
configuration space. In our experiment, the clearance between
the dual-peg and dual-hole is about 0.02 mm, where the radius
of the hole is 20mm and the radius of the peg is 19.98mm.The
maximum of the inserting force is about 100 N and the
inserting time is about 6 s. The major advantage of our method
is the low-cost of the assembly system without using of force
sensors.

4.2 Experiment on assembly of the cycloid reducer
Manufacturing of reducers, which are widely used in robotics
systems, is an important task in the robot manufacturing
industry. Each reducer is assembled from thirty components
in which the dual peg-in-hole insertion is an important and
difficult task in the assembly. As shown in Figure 11, there
are two eccentric shafts in the reducer, which need to be
inserted into the two holes in the supporting flange. The max
radius of the cone roller is about 24.96 mm while that of the
hole in the supporting flange is 25.00 mm with a clearance
about 40 mm.
Our experiments are performed by a 6-DoFs robot of Googol

Technology Ltd., which is equipped with a four-pin pneumatic

Figure 7 The insertion steps

Initial tilt angle of the dual-peg is  
θpx = 170.3, θpx = –3.6, θpx = 162.1 

Move the tilted dual-peg to the mouth of the
dual-hole until its motion along Zh-axis is
prevented by the dual-hole.  

Set soft floating function on 4, 5, and 6 axes, then
rotate the dual-peg around Xh-, Yh- and Zh -axis,
meanwhile move the along Zh-axis.  

Finally, the dual-peg has been inserted into the 
dual-hole  
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gripper. The pose error of the supporting flange on the gripper
is larger than 1 mm. Thus, it is difficult to realize the dual peg-
in-hole insertion (the precision is less than 1 mm) by relying
only on the precision of the robot itself.
Initially, as shown in Figure 12(a), we fix the orientation of

the dual-hole, and then move it along the xh, yh and zh
directions until its motion along zh axis is prevented by the
dual-peg.
Next, as shown in Figure 12(b), we decrease the angles (u px,

u py) meanwhile move the robot end-effector along zh direction
until the motion is prevented by the dual-peg. In this case, we
achieve a six-point contact state, which means that the
translation uncertainties along the xh and yh-directions and the

rotation uncertainties around the zh-axis are eliminated by the
constraints of the dual-hole.
Then, as shown in Figure 12(c), we rotate the angle u pz,

meanwhile move the dual-hole along Zh-directions until the
dual-hole are fully inserted into the dual-peg, that is, all the
uncertainties of the dual-hole and dual-peg are eliminated by
the constraints of the dual-peg.
In this work, we provide a solution to deal with the high-

dimensional insertion problem by converting it into several

Figure 8 Insertion of the dual-peg into the dual-hole Figure 9 The force/torque in inserting using sensor-less method

Figure 10 The force/torque in inserting using force-guided method

Figure 11 A case of dual peg-in-hole insertion
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subproblems. We present a decomposing method to convert
the high-dimensional configuration space into a set of
subspaces. In each subspace, robotic manipulation is designed
to eliminate some uncertainties between the pegs and the holes.
Hence, we can find manipulation in a low-dimensional
configuration space that would achieve dual peg-in-hole
insertion. The proposed strategy is used to demonstrate the
precision assembly of dual-peg and dual-hole. We also perform
two experiments to show the efficiency of the strategy.
The advantage of the sensor-less assembly method is that we

achieve high-precision tasks without force sensors, as that
would deduce the initial cost of the assembly system and can
avoid effect of sensor noise on the accuracy of the assembly.
However, the decomposition method requires the shape of

the initial space should be a convex shape. For example, we can
deal with the cylinder peg-in-hole with the method due to the
attractive region formed in the insertion of cylinder peg is a
convex shape. It is difficult to design the insertion strategy
based on the decomposition method for irregular peg, as the
attractive region formed in the insertion of irregular peg is
usually a non-convex shape.

In the future work, we will give the conditions of which shape
attractive region can be decomposed.
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Appendix

Computation of the contact points

Without loss of generality, we assume that Pl xp � d; yp; zpð Þ is
a point on the side surface of the left peg and that
Pr xp 1 d; yp; zpð Þ is a point on the side surface of the right peg
in the P-frame, where d is the distance from the center of the
peg to Op. u pz; u py; u pzð Þ are the angles between the zp-axis
and the three coordinate axes of the H-frame. Hence, we
can obtain the new expressions of Pl and Pr in theH-frame.
Denote the new coordinates of point Pl in the H-frame by

x0pl ; y
0
pl ; z

0
pl

� �
, which are given by:

x0pl ¼ xp � cu pycu pz 1 yp � su pxsu pycu pz – cu pxsu pzÞ
�

þ zp � cu pxsu pycu pz 1 su pxsu pzÞ1 x0
�

(A1)

y0pl ¼ xp � cu ysu z 1 yp � ðsu pxsu pysu pz 1 cu pxcu pzÞ
þ zp � ðcu pxsu pysu pz�su pxcu pzÞ1 y0 (A2)

z0pl ¼ �xp � su py 1 yp � su pxcu py 1 zp � cu pxcu py 1 z0 (A3)

where cu is cosu and su is sinu , (x0, y0, z0) is the position of
the origin of the P-frame, i.e.Op, in theH-frame.
In addition, a point xh; yhð Þ on the edge of the left hole

should satisfy the conditions:

xh � dð Þ2 1 yh2 ¼ Rh
2; zh ¼ 0 (A4)

A point xp; ypð Þ on the edge of the end surface and the side
surface of the left peg satisfies the conditions:

xp � dð Þ2 1 yp2 ¼ Rp
2; zp 2 0; h½ � (A5)

When contact points exist between the left peg and the left
hole, we can obtain the following from equations (A1)-(A5):

axxp 1 bxyp 1 cxzp 1 x0 � d½ �2 1 ayxp 1 byyp 1 cyzp 1 y0½ �2 ¼ Rh
2

(A6)

�az � xp 1 bz � yp 1 cz � zp 1 z0 ¼ 0 (A7)

xp � dð Þ2 1 yp2 ¼ Rp
2 (A8)

zp 2 0; h½ � (A9)

where:

Dual peg-in-hole insertion

Jianhua Su et al.

Industrial Robot: An International Journal

Volume 44 · Number 6 · 2017 · 730–740

739

D
ow

nl
oa

de
d 

by
 I

N
ST

IT
U

T
E

 O
F 

A
U

T
O

M
A

T
IO

N
, M

r 
R

ui
 L

i A
t 0

4:
04

 0
1 

N
ov

em
be

r 
20

17
 (

PT
)

http://www.emeraldinsight.com/action/showLinks?doi=10.1108%2FIR-07-2016-0186&crossref=10.1007%2Fs00170-010-2705-4&isi=000286200400029&citationId=p_21
http://www.emeraldinsight.com/action/showLinks?doi=10.1108%2FIR-07-2016-0186&crossref=10.1017%2FS0263574704000578&isi=000227078300009&citationId=p_7
http://www.emeraldinsight.com/action/showLinks?doi=10.1108%2FIR-07-2016-0186&crossref=10.1007%2Fs00170-010-2705-4&isi=000286200400029&citationId=p_21
http://www.emeraldinsight.com/action/showLinks?doi=10.1108%2FIR-07-2016-0186&crossref=10.1109%2FTRO.2004.833804&isi=000228335600012&citationId=p_11
http://www.emeraldinsight.com/action/showLinks?doi=10.1108%2FIR-07-2016-0186&crossref=10.1109%2FTRO.2004.833804&isi=000228335600012&citationId=p_11
http://www.emeraldinsight.com/action/showLinks?doi=10.1108%2FIR-07-2016-0186&crossref=10.1115%2F1.3149634&isi=A1982NM09500009&citationId=p_23
http://www.emeraldinsight.com/action/showLinks?doi=10.1108%2FIR-07-2016-0186&crossref=10.1115%2F1.3149634&isi=A1982NM09500009&citationId=p_23
http://www.emeraldinsight.com/action/showLinks?doi=10.1108%2FIR-07-2016-0186&crossref=10.1109%2FROBOT.2004.1307975&citationId=p_13
http://www.emeraldinsight.com/action/showLinks?doi=10.1108%2FIR-07-2016-0186&crossref=10.1109%2FROBOT.2004.1307975&citationId=p_13
http://www.emeraldinsight.com/action/showLinks?doi=10.1108%2FIR-07-2016-0186&crossref=10.1109%2FICRA.2016.7487161&citationId=p_15
http://www.emeraldinsight.com/action/showLinks?doi=10.1108%2FIR-07-2016-0186&crossref=10.1109%2FICRA.2016.7487161&citationId=p_15
http://www.emeraldinsight.com/action/showLinks?doi=10.1108%2FIR-07-2016-0186&crossref=10.1017%2FS0263574798000393&isi=000074730800008&citationId=p_20
http://www.emeraldinsight.com/action/showLinks?doi=10.1108%2FIR-07-2016-0186&crossref=10.1109%2F56.800&citationId=p_6
http://www.emeraldinsight.com/action/showLinks?doi=10.1108%2FIR-07-2016-0186&crossref=10.1109%2FROBOT.2010.5509659&citationId=p_10
http://www.emeraldinsight.com/action/showLinks?doi=10.1108%2FIR-07-2016-0186&crossref=10.1109%2FROBOT.2010.5509659&citationId=p_10
http://www.emeraldinsight.com/action/showLinks?doi=10.1108%2FIR-07-2016-0186&crossref=10.1243%2F0954405001518044&citationId=p_17
http://www.emeraldinsight.com/action/showLinks?doi=10.1108%2FIR-07-2016-0186&crossref=10.1109%2F70.897788&citationId=p_22
http://www.emeraldinsight.com/action/showLinks?doi=10.1108%2FIR-07-2016-0186&crossref=10.1109%2FTRO.2004.829495&isi=000224478500002&citationId=p_8
http://www.emeraldinsight.com/action/showLinks?doi=10.1108%2FIR-07-2016-0186&crossref=10.1109%2F70.897788&citationId=p_22
http://www.emeraldinsight.com/action/showLinks?doi=10.1108%2FIR-07-2016-0186&crossref=10.1177%2F027836498400300101&isi=A1984SQ45800001&citationId=p_12
http://www.emeraldinsight.com/action/showLinks?doi=10.1108%2FIR-07-2016-0186&crossref=10.1177%2F027836498400300101&isi=A1984SQ45800001&citationId=p_12
http://www.emeraldinsight.com/action/showLinks?doi=10.1108%2FIR-07-2016-0186&crossref=10.1177%2F027836498600500102&isi=A1986C354100002&citationId=p_5
http://www.emeraldinsight.com/action/showLinks?doi=10.1108%2FIR-07-2016-0186&crossref=10.1177%2F027836498600500102&isi=A1986C354100002&citationId=p_5
http://www.emeraldinsight.com/action/showLinks?doi=10.1108%2FIR-07-2016-0186&crossref=10.1109%2FTMECH.2014.2375638&isi=000360831900029&citationId=p_16
http://www.emeraldinsight.com/action/showLinks?doi=10.1108%2FIR-07-2016-0186&crossref=10.1109%2FTMECH.2014.2375638&isi=000360831900029&citationId=p_16


ax ¼ cu pycu pz; bx ¼ su pxsu pycu pz�cu pxsu pz;

cx ¼ cu pxsu pycu pz 1 su pxsu pz;

ay ¼ cu ysu z; by ¼ su pxsu pysu pz 1 cu pxcu pz;

cy ¼ cu pxsu pysu pz�su pxcu pz

az ¼ �su py; bz ¼ su pxcu py; cz ¼ cu pxcu py

We can solve equations (7)-(10) to obtain the contact points
between the dual pegs and dual holes. Similarly, we can obtain
the contact points between the right peg and the right hole.

Decomposition of the attractive region

Set u x ¼ u �
x, u y ¼ u �

y, u z ¼ u �
z, where u

�
x, u

�
y, u

�
z is treated as a

constant vector. The minimum of g x; y; u �
x; u

�
y; u

�
z

� �
is denoted

by g x�; y�; u �
x; u

�
y; u

�
z

� �
, as expressed in equation (2):

g x�; y�; u �
x; u

�
y; u

�
z

� � ¼ min
x;y2U1

g x; y; u �
x; u

�
y; u

�
z

� �
(A10)

Assume that DTTg u �
x; u

�
y; u

�
z

� �
> 0, where T ¼ x; yð Þ, DTT

denotes the second-order partial derivative with respect to x,
y. Thus, the solution to the minima of function
g x; y; u �

x; u
�
y; u

�
z

� �
, (x, y), can be computed from equation (3):

DTg x; y; u x; u y; u zð Þ ¼ 0 (A11)

where DT is the first partial derivative with respect to T = (x, y).
If DTg x; y; u �

x; u
�
y; u

�
z

� �
is continuous, then there exists an

open set U1 containing x�; y�ð Þ, an open set U2 containing
u �
x; u

�
y; u

�
z

� �
, and a differentiable mapping:

f : u �
x; u

�
y; u

�
z

� � ! x�; y�ð Þ (A12)

Therefore, equation (4) can be expressed as:

g f u �
x; u

�
y; u

�
z

� �
; u �

x; u
�
y; u

�
z

� � ¼ min
x;y2U1

g x; y; u �
x; u

�
y; u

�
z

� �
(A13)

Let:

g1;i x; yð Þ ¼ g x; y; u i
x; u

i
y; u

i
z

� �
(A14)

g2 u x; u y; u zð Þ ¼ g f u x; u y; u zð Þ; u x; u y; u z
� �

(A15)

Thus, the function g(X) is converted into a set of sub-
functions, g1,i and g2.
Similarly, the sub-functions g2 still can be converted a set of

sub-functions g2, j and a sub-function g3, as follows:

g2; j u x; u yð Þ ¼ g xarg; yarg; u x; u y; u
j
z

� �
(A16)

g3 u zð Þ ¼ g xarg; yarg; u arg
x ; u arg

y ; u z
� �

(A17)

where:

xarg; yarg
� � ¼ arg min

x;y2U1

g1;i x; yð Þ ¼ arg min
x;y2U1

g x; y; u i
x; u

i
y; u

i
z

� �

(A18)

u arg
x ; u arg

y
� � ¼ arg min

u x ;u y2U2

g2;i u x; u yð Þ

¼ arg min
u x;u y2U2

g xarg; yarg; u x; u y; u
j
z

� �
(A19)

We can claim that the set of sub-functions are also attractive
regions, as:
Theorem a1: All its sub-functions g1,i and g2 are attractive

functions, if the function g is an attractive function.
Proof: Following we will prove that g2 satisfies the conditions

(C1-C3):
� g2(R) = g2(R0) when R = R0 and g2(R) > g2(R0) when R=

R0 are obvious due to g(X) is a deterministic function.
� Obviously, g2 has continuous partial derivatives with

respect to (u x,u y,u z).
� From:

dg T ;Rð Þ
dt

< 0 in X� T0;R0f g (A20)

dg2
dt

¼
d min

T2U1

g T ;R�ð Þ
	 


dt
¼

min
T2U1

d g T ;R�ð Þð Þ
dt

< 0 (A21)

We know that:
Therefore, dg2/dt< 0 inU2 – {R0}.
As g2 satisfies conditions (C1)-(C3), it is an attractive func-

tion in U2. Similarly, we can prove that g1,i is an attractive
function inU1.
Remark: We use a simple three-dimensional graph to explain

the construction of the high-dimensional attractive region with
its low-dimensional sub-functions. In Figure A1, g1,i and g1,i -1
are two cut profiles on the domain. g2 constitutes of the mini-
mum of g1,i (i = 1,. . ., n). From Theorem a1, we can know that
g1,i and g2 are attractive functions.
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Figure A1 Illustration of the construction of the attractive function
with its sub-functions
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