
  

 

Abstract—Aiming at the special environment of aluminum 
plant a dual-arm robot composed of carrying arm, welding 
arm and sliding rail is developed. It is able to accomplish 
automatic welding a certain amount of steel sheets between 
the two ends of the cathode bus in aluminum electrolytic 
cells. Designed welding robot can be abstracted as a planar 
mechanism with three revolute joints. Position accuracy, 
one of the most significant performance evaluations of an 
industrial robot, is analyzed under joint clearance, drive 
backlash and elastic deformation. Normally joint 
clearances and drive backlash are identified as two 
contributors for positional errors in serial chain 
manipulator. In our model, elastic deformation is taken into 
consideration for higher precision. Deformation differs 
with different position, causing highly coupling degree and 
computation complexity. Experiments about the effects of 
the three influence factors are well conducted. Maximum 
errors influenced by clearance, backlash and deformation 
are estimated at all possible manipulator positions. 

I. INTRODUCTION 

Industrial robots are widely applied in the automobile 
manufacturing, welding, loading and unloading, grinding 
and polishing, assembling, painting and other operation[1, 
2]. Working environment in electrolytic aluminum factory 
is extremely bad: (1) workshop temperature is up to 50 , 
(2) high concentration of dusts contain alumina, asphalt 
and petroleum coke, (3) gas nearby electrolytic tank 
contain a large amount of fluoride, sulfide, carbon 
monoxide, (4) magnetic induction intensity is as high as 
125 Gs. The electrolytic cell cathode bus welding operation 
space is narrow, and the existing automatic welding 
equipment is difficult to be applied. So this job is 
completely relying on manual welding[3].  

Thus this article designs a specified welding robot. 
With the demand of increase of running speed and 
precision, models that consider manipulator as rigid body is 
not sufficient in practice. Since last century, in the theory 
of mechanism, a new branch has been developed rapidly. 
With the effort of a lot of intelligent and diligent 
researchers, research on mechanisms with clearance has 
been in a new stage.  Positional accuracy of our welding 
manipulator is one of the most significant performance 
evaluations. It contributes to placing end effector at 
accurate position in workspace. Joint clearances and drive 
backlash are identified as two contributors for positional 
errors in serial chain manipulator[4]. Joint clearance is 
considered as a factor in robot end position in [5, 6].The 
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factors, friction and temperature,are presented in detail in 
[7]. In particular, H.P.Jawale[8] provides a method for 
considering positional error due to clearance and drive 
backlash in a planar two-DoF serial link manipulator. 
Similarly, we analyses positional error caused by joint 
clearance and drive backlash in a planar three-DoF serial 
link robots. Differently, in particular, elastic deformation is 
added in our model. And composite effects of these three 
parameters are also evaluated. The third factor changes the 
characteristics of mechanism with only clearance. However, 
experiments show that effect of elastic deformation cannot 
be ignored, for which is a great proportion of position 
errors. 

II. KINEMATIC EQUATIONS FOR IDEAL MECHANISM  

A. Mechanical Structure Design 
The structure of the welding robot is shown in Fig. 1. 

Dual-arm robot is designed with a carrying arm and a 
welding arm. Both of them have the same structure with a 
sliding joint and three revolute joints in a plane. For 
kinematic analysis, sliding joint can be computed 
separately. Thus, our design is typically a 3R serial planar 
mechanism, as shown in Fig.1. 

 
Figure 1.  Diagram of welding robot 

B. Forward Kinematics 
Forward kinematics of manipulators is calculating 

positions (x, y) of end effector from joint angles (θ1,θ2,θ3). 
Throughout, the coordinates of point C is by (x, y), which 
by parallel projection on the X and Y axes. 

From Fig.2, the following two equations can be 
derived. 

1 1 2 2 3 3cos cos cosx L L L          (1) 

1 1 2 2 3 3sin sin siny L L L          (2) 

C. Inverse Kinematics 
Inverse kinematics of manipulators is calculating joint 

angles (θ1,θ2,θ3) provided for a position  (x,y,γ) of the end 
effector. 
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Figure 2.  Geometric describtion of the manipulator 

Equation (3) can be obtained directly by applying the 
cosine law to triangle OAB. 

2 2 2 2 cosOB OA AB OA AB OAB   (3) 

1 2

arccos
2

f
L L

              (4) 

2 1( )                   (5) 

2 2 2 2
3 3 1 2( cos ) ( sin )f x L y L L L  (6) 

Equation (4) yield two solutions of Δθ. 

1 2 1 2 1 3cos cos sin sin cosL L L x L
  (7) 

1 2 1 2 1 3cos sin sin cos sinL L L y L
  (8) 

The corresponding values for θ1 can be computed by 
solving equation (7) and (8)  

3                  (9) 

A pair of values of Δθ can be computed, which 
corresponds to θ2 . Equation (5) can be used to computeθ1
and θ3 can be acquired directly from equation(9). 

D. Reachable Space  
In experiments, orientation is neglected. Line motion is 

adapted to move between teaching points. Thus the 
following conclusion must be demonstrated: if P1 and P2 is 
reachable for a planar 3R manipulator, then points on 
segment P1P2 is all reachable. 

Firstly, definition of robot reachable space should be 
noted: set of manipulator end position provided for a pose. 

3( ) :RW p Q R          (10) 

Hereinto, p(θ):Q R3 is forward kinematic map of 
position. 

It can be obtained from reference[9] WR for 3R 
manipulator is a circular ring with inside diameter 
L1-L2-L3and outside diameter  L1+L2+L3 Above 
conclusion is conducted on the conditions: 

1 2 3L L L                (11) 

1 2 3L L L
  

             (12) 

If not demonstration process is similar as 
reference[10].Thus, 3R manipulator reachable space is 
interconnected annulus. If P1 and P2 is reachable, assuming 
that OP1≤OP2. 

SoWP1P2, namely, circular ring with inside diameter OP1 
and outside diameter OP2 satisfies the following equation    

  
1 2P P RW W                 (13) 

Besides points on segment P1P2 must belong to above 
circular ring, namely, 

1 21 2 P PPP W                (14) 

1 2 RPP W
  

               (15) 

In conclusion, points on segment are all reachable for 
3R manipulator. So through line to fulfil motion planning is 
adequate. 

III. JOINT CLEARANCE AND DRIVE BACKLASH 

 The simple single revolute joint is used for description 
of joint clearance and drive backlash in Fig.3. Fig.3(a) 
shows the ideal joint parameters, and Fig.3(b) shows the 
true model caused by clearance and backlash. When joint 
clearance is taken into consideration, the links are added 
with a tiny link without mass at each joint. Degree of 
freedom is increased to four. In contrast, ideal mechanism 
has two degree of freedom. Joint clearance is quantized by 
λ, δ. Besides, drive backlash is dθ with uncertainty in 
direction of motion.  

λ δ dθ

AA

BB

A'A'

B'B'

 

(a)                     (b) 

Figure 3.  (a)Ideal joint parameters (b) True model parameter 

 The position error due to joint clearance  computed  
is as follows: 

' cosA AX X           (16) 
' sinA AY Y           (17) 

The position error due to drive backlash is: 
' cos( )BX l d            (18) 
' sin( )BY l d            (19) 

IV.  ELASTIC DEFORMATION 

Normally manipulator is considered as rigid body. 
However, in our model, connecting link can be out of 
shape under external force and moment. As for 3R 
manipulator, every link has its gravity, causing axial 
tension or compression deformation and bending 
deformation. In the elastic deformation range, above two 
deformations can be considered separately for both of them 
are very tiny. Superposition principle can be applied. 

A. Axial Tension or Compression Deformation 
If a link is exerted by a force F, length of link before 

deforming is l, length after deforming is l’. Then 
longitudinal extension is: 

'l l l                  (20) 
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Experiments based on various materials show that 
longitudinal extension l is proportional to force FN and 
link length l whereas is inversely proportional to cross 
sectional area A.  

NF l
l

EA
                (21) 

Hereinto, E denotes elasticity modulus of a particular 
material. This is the famous Hooke's law, which can be 
used to compute axial tension or compression 
deformation[11, 12]. 

B. Bending Deformation  
To research deformation of link, measurement and 

description of deformation should be discussed firstly. As 
in Fig.4, link AB will bend into AB' under external load. 
We restrict AB', AB' and external load are in a plane. AB' is 
called a deflection curve. Any point C is moved to C', thus 
yielding line shift CC'. For deformation is micro, take care 
that axial shift of point C is neglected. Shift of a point on 
link AB is called deflection of the point. 

x

Y

A B

B'

C

C'

F
 

Figure 4.  Bending deformation of a linkage 

To acquire the deformation curve equation, normally 
integral method works. But in engineering, superposition 
principle is widely applied. Namely, for linear systems, the 
net response at a given place and time caused by two or 
more stimuli is the sum of the responses which would have 
been caused by each stimulus individually. So that if input 
A produces response X and input B produces response Y 
then input (A + B) produces response (X + Y). In this case, 
bending deformation caused by concentrated load, 
concentrated couple and distributed load can be computed 
separately and then counted up together. In our model
three kinds of bending deformation will be considered, 
which is listed in table I. 

TABLE I.  LINK DEFORMATION 

N
o 

Schematic Diagram Deformation 

(1) 
A B F
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qL
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A B Me

L
 

2

2B

ML
EI

 

V. POSITIONAL ERRORS FORMULATION OF WELDING 
ROBOT 

A. Overall Error Model 
Firstly, the ideal position of 3R manipulator end point 

can be acquired from its forward kinematics, namely 
equations (1) (2). X33, Y33 denote the x-coordinate and 
y-coordinate of ideal position. 

Secondly, the true position of 3R manipulator under 
joint clearance, drive backlash and elastic deformation is 
separately as follows. 

11 10 1 1

11 10 1 1

cos
sin

x x

y y
            (22) 

12 11 1 1 1

12 11 1 1 1

cos( )
sin( )

x x l d

y y l d
       (23)           

13 10 1 1 1 1

13 10 1 1 1 1

cos( ) cos
sin( ) sin

x

y

x x l d

y y l d
   

(23) 

23 20 2 2 2 2

23 20 2 2 2 2

cos( ) cos
sin( ) sin

x

y

x x l d

y y l d
 

(24) 

33 30 3 3 3 3

33 30 3 3 3 3

cos( ) cos
sin( ) sin

x

y

x x l d

y y l d
  

(25) 

Besides, let us assume that initial conditions of above 
equation sets are: 

10

10

0
0

x

y
                  (26) 

It is obvious that boundary conditions can be acquired 
from the following relations: 

20 13

20 13

x x

y y
                (27) 

30 23

30 23

x x

y y
                (28) 

To acquire the true positions of end point of 
manipulator, these algebraic equations are sufficient. But 
1x, w1y, w2x, w2y, w3x, w3y is still unknown, which will be 

discussed in details in the following section. x33 ,y33 denote 
the x-coordinate and y-coordinate of ideal position.Thirdly, 
the position error, namely PE, is  

2 2
33 33 33 33( ) ( )PE x X y Y          (29)           

B. Deformation Computation 
Firstly, let us consider two kinds of deformation 

individually. Compression or tension deformation is 
denoted with i (i=1,2,3), and bending deformation is 
denoted with i . i is caused by link and load gravity, 
i maybe composed by three parts: 
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(1)link itself gravity is considered as distributed load;  

(2)subsequent links gravity and manipulator load 
gravity is as concentrated load;  

(3) subsequent links gravity and manipulator load 
gravity exert a torque.Thus according to equation(20) and 
Table I,the following results can be obtained. 

 

3 2 1 1 1

1 1
33

3 2 1 11 1 1

1 1 1 1

1

1 1

( ) sin

( )coscos
8 3

2

w

w

G G G G l
E A

G G G lG l
E A E A

M
E A

 (30) 

3
1 3 3 2 2 3 3

2
2 2 2 2

( cos cos ) ( cos
2

cos ) cos
2

w

l
M G l l G

l
l G

(31) 

Similarly, deformation of link 2 is as below: 

3 2 2 2

2 2
33

3 2 22 2 2 2

2 2 2 2 2 2

( ) sin

( )coscos
8 3 2

w

w

G G G l
E A

G G lG l M
E A E A E A

 (32) 
23

2 3 3 3 2( )cos
2w

l
M G l G l        (33) 

Deformation of link 3 is as below: 

3 3 3 3

3 3
3 3

3 3 3 3 3

3 3 3 3

( sin sin )

cos cos
8 3

w

w

G G l
E A

G l G l
E A E A

    (34) 

Secondly, transfer the above deformation into physical 
quantity in the cartesian coordinate system, that is, from 
i  i to 

cos sin

sin cos
ix i i i i

iy i i i i

 (35) 

( i =1,2,3 ) 

VI. MANIPULATOR MODELING PARAMETERS 
To estimate positional errors, related parameters should 

be determined firstly. These parameters are in table II. Pay 
attention that above parameters is for a particular 
manipulator made of Al material. Besides, cross section 
area and inertia moment are determined according to link 
cross sectional shape. Our model takes it as a circle. If 
another form of manipulator is analysed, consult the 
mechanical engineering handbook for the corresponding 
formula. 

TABLE II.  MODELING PARAMETERS 

Physical 
Quantity 

Letters Computed Result 

Link 1 length l1 400mm 
Link 2 length l2 420mm 
Link 3 length l3 420mm 

Elasticity Modulus E1= E2= E3 71GPa 
Density ρ1=ρ2=ρ3 2.7g/cm3 

Diameter d1=d2=d3 100mm 
Cross Sectional 

Area A1= A2= A3 
2

/ 4id   

Link Gravity G1= G2= G3 ( 1,2,3)jgA l j  

Inertia Moment I1= I2= I3 
2

/ 64id  

VII. EXPERIMENT RESULTS  

A. Effect of Elastic Deformation 
Elastic deformation, as the most important contribution 

of this paper, its influence on max error is firstly 
considered without joint clearance and drive backlash. 
From Fig.5, max error is up to 0.0015mm, which cannot be 
ignored in high precision application. Take care that the 
position error in different place is not the same. Besides, it 
is highly coupled with the other two impact factors, which 
will be seen in the following section. 

 
Figure 5.  Position Errors under elastic deformation 

B. Effect of Joint Clearance and Deformation 
In Fig.6, max positional errors (PE) under only joint 

clearance are still, whereas, PE with extra effect of 
deformation changes with . Besides, for the direction of 
positional error is not in the line, thus the overall effect of 
various factors cannot be acquired simply from addition. 

 
Figure 6.  Effect of joint clearance and deformation 

TABLE III.  EFFECT OF JOINT CLEARANCE AND DEFORMATION 
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Joint 
Clearance 
(mm) 

Deformation 
(No / Yes) 

 
Position 
Errors(mm) 

No Yes 

1 2 3  0 0.0015 
1 2 3  0.0013 0.0054 
2 3 1  0.0013 0.0054 
3 1 2  0.0013 0.0054 
1 2 2  0.0050 0.0093 
2 3 1  0.0050 0.0119 
3 1 3  0.0050 0.0093 

1 2 3  0.0113 0.0208 
Each joint has its own clearance. In our experiment, 

clearance is the same for each, which conforms to the 
industrial practice. In the table III, δj denotes the j th joint 
clearance. In practice, the position errors of 3 joint 
clearance and deformation can be up to 0.0208mm. Besides, 
the impact of deformation is not a constant. The worse is 
the case, the more impact is exerted on the model. 

C. Effect of Drive Backlash and Deformation 
The individual and combined effect of backlash is 

considered as below. The corresponding value is in table 
IV. Direction effect of backlash is considered as below. 
The corresponding value is in table V. 

TABLE IV.  EFFECT OF BACKLASH AND DEFORMATION 

  
 
Joint 
Clearance 
(mm) 

Deformation 
(No / Yes) 

 
Position 
Errors(mm) 

No Yes 

 0 0.0015 
 0.0800 0.1031 
 0.0882 0.1123 
 0.0882 0.1123 
 0.3362 0.3819 
 0.3528 0.3996 
 0.3362 0.3819 

 0.7688 0.8372 

TABLE V.  EFFECT OF DIRECTION OF BACKLASH 

  
 
Joint 
Clearance 
(mm) 

Deformation 
(No / Yes) 

 
Position 
Errors(mm) 

No Yes 

 0 0.0015 
0.7688 0.8372 

 0.7688 0.7790 
 0.7688 0.7882 
 0.7688 0.7988 
 0.7688 0.7988 
 0.7688 0.7882 
 0.7688 0.7790 

 0.7688 0.8372 

 
Figure 7.  Bending deformation of a linkage 

D. Variation of Clearance  
Variation of joint clearance is essential to be modelled 

for position error estimation. Variation in clearance from 
0.005mm to 2mm is calculated, which is shown in Fig.7. 

E. Variation of Backlash 
Variation in backlash from 0.005 to 0.01mm is 

calculated, which is shown in Fig.8. 

 
Figure 8.  Effect of drive backlash 

F. Variation of Manipulator Material 
Variation in material is modelled. Typical results are 

shown in table VI. Take note that the results of rubber is 
tremendously large, which means that the link has been 
destroyed under the tension load. 

TABLE VI.  EFFECT OF MANIPULATOR MATERIAL 

Materials E / GPa / g/m3 PE / mm 
Aluminum 71 2.7 0.0015 

Carbon steel 196~216 7.85 0.0012~0.0014 
Cast Iron 155 7.2 7.4 0.0019~0.0020 

Alloy Steel 190~220 7.82 0.0011-0.0015 
Rubber 0.008 1.3 3211 

G. Variation of Link Length 
Variation in link length is modelled. Typical results are 

shown in Fig.9. As the length of link increases, the positon 
error increase sharply, this means that the link has been 
into plastic deformation even cracked. 
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Figure 9.  Variation of link Length 

H. Variation of Link Shape 
Variation in links shape is modelled. Typical results are 

shown in table VII. All these shapes' area is the same. In 
other words, the same mass of material is consumed. 
Ellipse is best choice for our design whereas, triangle is the 
worst choice. 

TABLE VII.  EFFECT OF LINK SHAPE 

Shape Parameters 
/mm Formulation PE 

/mm 
Circle r=50 4(2 ) / 64r  0.0015 

Ellipse a=41.7 b=60 3 / 4ab  0.0007 
Rectangle b=157.1 h=50 3 /12bh  0.0131 
Triangle b=314.2 h=50 3 /12bh  0.0295 

Joist steel 
B=100 
H=84.8 

b=31.25 h=20 
3 3( ) /12BH bh  0.0014 

VIII. CONCLUSIONS 
Based on the model under joint clearance, drive 

backlash and elastic deformation, positional accuracy of 
welding robot is analysed in details. We draw the following 
four conclusions: 

(1)In different pose, position errors of manipulator, 
under mechanism clearance and elastic deformation is 
always different, because elastic deformation differs with 
manipulator pose. This special nature makes the analysis 
procedure rather complicated. 

(2) Position error under joint clearance, backlash, and 
deformation is not simply sum of position error under the 
above factors individually. This is for the direction of 
positional error is not in a line. 

(3)The impact of deformation on position error is not a 
constant for different model. The worse is the PE, the 
bigger is the impact. 

(4)With the change of joint clearance, drive backlash, 
link length, manipulator material, link shape, etc., the max 
position errors is changed. In design, all these impact 
should be considered to achieve optimal performance. 
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