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Abstract: This study presents an observer-based robust adaptive type-2 (T2) fuzzy tracking control scheme for the longitudinal
dynamics of flexible air-breathing hypersonic vehicles. The control scheme is composed of three parts, namely an uncertain
dynamics approximator, a reduced-order adaptive state observer, and command filter-based backstepping altitude and velocity
controllers. First, the approximator is implemented by utilising interval T2 fuzzy logic systems for approximating unknown vehicle
dynamics in the control scheme. Then, the reduced-order adaptive state observer is designed by the combination of the
approximator and output state feedback techniques, which guarantee the estimation of unmeasurable states as well as
uncertain dynamics identification. By using the linear matrix inequalities technique, a new condition for obtaining the gains of the
state observer is presented. Next, on the basis of the designed approximator and state observer, the altitude and velocity
tracking controllers are constructed by command-filtered backstepping control approach which avoids the explosion of
complexity in conventional backstepping design. Thorough stability analysis of the closed-loop systems is conducted. Nominal
and comparison simulation studies considering parametric uncertainty, incomplete state measurement, and measurement
noises are carried out, illustrating the effectiveness of the proposed control scheme.

1 Introduction
Air-breathing hypersonic vehicles (AHVs), as an economical and
reliable method for access to space, have been investigated for
decades since its emergence. Compared to the rocket, AHVs have
several advantages such as direct access to Earth orbit without the
use of separate boosting stages [1, 2]. In recent years, the
technology of AHVs keeps rapid development and achieves great
success in, for example, National Aeronautics and Space
Administration's (NASA's) X-43A, X-51A experimental vehicle [3,
4]. However, strong coupling effects, significant uncertainties, and
uncertain flexible effects during hypersonic flight make the
tracking control problem of AHVs become a challenge [5].

In the recent researches, the longitudinal model of flexible
AHVs (FAHVs) [6] has received more attention because it not only
inherited the conciseness of the rigid-body model developed by the
NASA Langley Research Center [7–9], but also had the flexible
vibrations and couplings characteristics. On the basis of the
flexible vehicle model, many published studies on the flight control
design such as sliding mode [10–12], neural network [13–15], and
fuzzy-based techniques [16–18] have been reported. Among the
above literatures, it is worth noting that the approaches in [10–17]
decomposed the HV models into velocity and altitude subsystems,
where backstepping control method was utilised since a strict-
feedback non-linear system was derived from altitude dynamics
and had advantages of systematic controller design procedure and
handling the unmatched uncertainty. However, the backstepping
design faces the problem of ‘explosion of complexity’ caused by
the tedious analytic computations of time derivatives of the virtual
control input. To overcome such problem, the dynamic surface
control (DSC) technique is introduced in backstepping design [19,
20]. The key of DSC technique is utilising a first-order filter to
calculate time derivatives of the virtual control input at each step of
the backstepping approach. Nevertheless, this DSC technique takes
no account of the errors arose from the filter. As an alternative, the
command-filtered backstepping design was proposed to deal with
such problem by introducing the compensation signals for reducing
the errors caused by command filter [21, 22].

On the other hand, incorporating the fuzzy logic system (FLS)
approach, many efforts have been made to design the observers or
controllers for further improving the robustness of systems such as
sensor fault isolation and reliable control [23, 24], disturbance
rejection control [25], fault-tolerant control [26], adaptive fuzzy
control [22, 27–30] etc. Actually, the FLSs applied in most
literatures about the adaptive fuzzy control depend on the classical
FLSs, namely type-1 FLSs (T1-FLSs) which are developed on the
basis of T1 fuzzy sets. The value of membership functions in T1
fuzzy sets is a crisp number in [0, 1] which does not allow for any
uncertainties about membership functions. To overcome such
shortcoming of T1-FLS, type-2 FLSs (T2-FLSs) are proposed [31,
32]. Unlike T1-FLSs, T2-FLSs are based on T2 fuzzy sets which
are characterised by a fuzzy membership function, that is, the
membership value for each element is a fuzzy set in [0, 1]. Hence,
the membership functions of T2 fuzzy sets are three dimensional
and it is the new third dimension that makes T2-FLS having the
potential to outperform its T1 counterpart. Furthermore, the grades
of secondary membership functions in T2 fuzzy sets can be simply
set to 1 and the so-called interval T2-FLSs (IT2-FLSs) are
developed [31] which owes the benefits of lower computational
expense when compared with general T2-FLSs. Recently, based on
the universal approximation property of the IT2-FLSs, several
intervals T2 fuzzy adaptive control approaches were developed in
the flight control [33, 34], tracking control of surface vessels [35],
and power system control [36]. A direct adaptive T2-FL controller
was designed for HVs where IT2-FLSs were used to approximate
the dynamic inversion control signals in [33]. Considered the
uncertain changes induced by variable geometry inlet, in [34], an
adaptive IT2 fuzzy sliding mode controller was designed for HVs
and IT2-FLSs were adopted to approximate non-linear parts
including the uncertain changes. The results in the above literatures
show that in the presence of large model uncertainties, the IT2
fuzzy adaptive control approach performs better than the T1
counterpart. Hence, in this work, to better handle the uncertainties
in vehicle model, the approximator adopted in the fuzzy adaptive
control technique is an IT2-FLS.

Conventional tracking controllers of FAHVs are mainly based
on the full-state feedback strategies (i.e. the full states of AHV are
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available for controller) due to the ease of design. Unfortunately,
accurate measurements of the flight path angle (FPA) and the angle
of attack (AOA) are costly and difficult especially when FAHVs
fly at high altitude and Mach numbers [7]. Hence, the realistic case
of only partial states available for feedback is considered in this
paper. It is obvious that the key to solve the output feedback
control problem is to design a state observer which can estimate the
ummeasurable states accurately [19, 27, 28, 37]. Similarly, in
output feedback control of HVs, various observers including
sliding mode observer [38, 39] and tracking differentiator-based
observer [40] were proposed to estimate the FPA and AOA.
However, the stability analysis of the closed-loop system with the
observer proposed in [38–40] was not conducted. By applying the
small-gain theorem, a comprehensive stability analysis of output
feedback backstepping control for the HV was presented in [41],
but only rigid-body model of FAHVs was considered, which did
not contain enough fidelity required to capture much of the
hypersonic flight characteristics such as the aero-elastic propulsion
coupling, the structural flexibility effects, and so on. Reduced-
order observers were proposed by applying the adaptive technique
in [42, 43], but the robustness of these observers needs to be
further improved. So, it is desirable to further study the output
feedback tracking control problem of the FAHVs.

From the above analysis, the output feedback tracking control
problem of HVs via observer-based robust adaptive T2 fuzzy
control approach has not been investigated yet in the existing
literature, which motivates our study. Therefore, this paper will
make a new attempt to design a robust output tracking control
scheme for FAHVs. First, by regarding the flexible effects as
system uncertainties, the longitudinal dynamics of FAHV are
decomposed into velocity subsystem and altitude subsystem.
Secondly, in order to improve the robustness of reduced-order state
observer, IT2-FLS is applied in it to approximate the uncertain
terms in dynamics. This newly established reduced-order fuzzy
state observer can deal with the state estimation as well as system
identification. Next, observer-based command-filtered
backstepping control is applied to the velocity and altitude
subsystem of FAHV, which avoids the problem of ‘explosion of
complexity’. Through stability analysis, it is demonstrated that the
proposed control scheme guarantees the stability of the systems
and the convergence of the tracking errors. Finally, the efficiency
of the presented control scheme is tested by simulation. By
comparing to existing achievements, the main merits of the
proposed approach include:

(i) Compared to the parameter adaptive control method [42], less
model knowledge is required for the proposed controllers and
observer design by employing the IT2-FLS-based adaptive control
technique.
(ii) By designing a reduced-order state observer, the control
problem of incomplete state measurement is solved, and also the
reduced-order form of the observer decreases the total order of the
closed-loop system.
(iii) The proposed control scheme constructs the state observer and
tracking controllers simultaneously, instead of constructing the
observer and controller separately, which is known as the
separation principle. Moreover, a novel stability condition is
derived for the closed-loop system by using the Lyapunov stability
theory and linear matrix inequalities (LMIs) technique.

2 Description of the FAHV model
The equations of the longitudinal dynamics of the FAHV were
derived using Lagrange's equations and included flexibility effects
by modelling the vehicle as a single flexible structure with mass-
normalised mode shapes, which are described as follows [6]:

V̇ = (T cos α − D)/m − g sin γ (1)

ḣ = Vsin γ (2)

γ̇ = (L + T sin α)/(mV) − g cos γ /V (3)

α̇ = q − γ̇ (4)

q̇ = M /Iyy (5)

η̈i = − 2ξiωiη̇i − ωiηi + Ni i = 1, 2, 3. (6)

where V , h, γ, α, q are the velocity, altitude, FPA, AOA, and pitch
rate, respectively. η = [η1, η̇1, η2, η̇2, η3, η̇3]T represents the first
three flexible modes of the fuselage. m, Iyy, g, ξi, and ωi denote the
vehicle mass, moment of inertia, gravitational acceleration,
damping ratio, and flexible mode frequency, respectively. The
control inputs include the elevator deflection δe, fuel canard
deflection δc, and equivalence ratio ϕ, which enter through the
forces and moment. The lift L, drag D, thrust T, pitch moment M,
and generalised forces Ni are given as [6]

L = q̄SCL(α, δe, δc, η), (7)

D = q̄SCD(α, δe, δc, η), (8)

T = q̄S[CT , ϕ(α)ϕ + CT(α) + CT
η η], (9)

M = zTT + q̄Sc̄CM(α, δe, δc, η), (10)

Ni = q̄S(Ni
α2

α2 + Ni
αα + Ni

δeδe + Ni
δcδc + Ni

0 + Ni
ηη) i = 1, 2,

3,
(11)

where S, q̄, and c̄ present reference area, dynamic pressure, and
mean aerodynamic chord, respectively. The aerodynamics
functions in (7)–(11) are given as follows by using curve-fitted
approximations:

CT , ϕ(α) = CT
ϕα3

α3 + CT
ϕα2

α2 + CT
ϕαα + CT

ϕ

CT(α) = CT
3 α3 + CT

2 α2 + CT
1 α + CT

0

CM(α, δe, δc, η) = CM
α2

α2 + CM
α α + CM

δeδe + CM
δcδc

+CM
0 + CM

η η

CL(α, δe, δc, η) = CL
αα + CL

δeδe + CL
δcδc + CL

0 + CL
ηη,

CT , ϕ(α) = CT
ϕα3

α3 + CT
ϕα2

α2 + CT
ϕαα + CT

ϕ

CT(α) = CT
3 α3 + CT

2 α2 + CT
1 α + CT

0

CM(α, δe, δc, η) = CM
α2

α2 + CM
α α + CM

δeδe + CM
δcδc

+CM
0 + CM

η η

CL(α, δe, δc, η) = CL
αα + CL

δeδe + CL
δcδc + CL

0 + CL
ηη,

3 Control-oriented uncertain model
Some simplifications of the FAHV model are made from a control
design prospective. First, as presented in [38, 39], the flexible
states are treated as perturbations to the system and only rigid-body
dynamics (1)–(5) are employed for control scheme design.
However, the full states dynamics (1)–(6) including the flexible
dynamics are adopted to evaluate the control scheme in the
simulation. Then, for eliminating the non-minimum phase
behaviour, the elevator deflections are ganged up with the canard
deflection as δc = kecδe, where kec = − CL

δe/CL
δc [39]. Consequently,

the fuel equivalence ratio ϕ and elevator deflection δe are left to be
determined as the control inputs.
 
Assumption 1: During the actual cruise flight, the FPA and AOA
have a quite small value. Therefore, the following approximations
hold [42]:

sin γ ≃ γ, sin α ≃ α, cos γ ≃ 1, cos α ≃ 1.
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Assumption 2: The AOA is small enough to make the thrust term
T sin α be much smaller than L in (3), namely T sin α ≪ L. Hence,
the term T sin α can be ignored in (3) during the flight [42].

Considering the above assumptions, a simplified control-
oriented uncertain model is obtained as below equations:

V̇ = FV + gVϕ (12)

ḣ = Vγ (13)

γ̇ = Fγ + gγα (14)

α̇ = Fα − gγα + gαq (15)

q̇ = Fq + gqδe (16)

where FV = f V + ΔV, Fγ = f γ + Δγ, Fα = f α + Δα, Fq = f q + Δq,
with

f V = q̄S
m [CT(α) − (CD

α2
α2 + CD

αα + CD
δe

2
δe

2 + CD
δeδe

+CD
δc

2
δc

2 + CD
δcδc + CD

0 − CT , ϕ(α)ϕ + CT
ϕϕ)] − gγ,

gV = q̄S
m CT

ϕ, f γ = q̄S
mV [CL

αα + CL
δeδe + CL

δcδc + CL
0] − g

V ,

gγ = q̄S
mV CL

α, f α = − ( f γ + Δγ), gα = 1,

f q = q̄S
Iyy

{zT(CT
ϕα3

ϕ + CT
3 )α3 + [zT(CT

ϕα2
ϕ + CT

2 ) + c̄CM
α2]α2

+[zT(CT
ϕαϕ + CT

1 ) + c̄CM
α ]α + [zT(CT

ϕϕ + CT
0 ) + c̄CM

0 ]},

gq = q̄c̄S
Iyy

(CM
δe + kecCM

δc) .

and Δk, (k = V , γ, α, q) are the lumped uncertainties in each
channel. The lumped uncertainties consist of the external and
internal disturbances caused by the flexible dynamics disturbances,
coefficient uncertainties, and control-oriented modelling errors etc.
Although simplified, the control-oriented uncertain model (12)–
(16) does retain the main dynamic features of FAHVs and
providing analytical convenience for control scheme design as
well.
 
Remark 1: It is noted that in the model of the HV there exists
strong coupling between the equivalence ratio ϕ of the engine and
the AOA α in the expression of thrust T defined in (9). In addition,
under the action of thrust, the effect of the coupling terms spreads
to the flight dynamics of the V, γ, and q channels as described in
(1), (3), and (5), respectively. However, according to Assumption
2, the impact of the coupling terms in gamma channel is quite
limited which can be ignored directly in (14). Furthermore, to deal
with the coupling terms in velocity and pitch rate channels, in the
following section, the IT2-FLSs are used to approximate FV and Fq
for compensating the effect of coupling terms.

To ensure the control signals are non-singular and bounded, the
following assumption is made, which is naturally guaranteed in
actual flight.
 
Assumption 3: The functions gi, i = V , γ, q are bounded in (12)–
(16) during the flight of vehicle to ensure the corresponding control
signals are non-singular and bounded [34].

4 IT2-FL system

4.1 Brief introduction of IT2-FLS

An IT2-FLS consists of five parts: the rule base, fuzzifier, fuzzy
inference engine working on fuzzy rules, type reducer, and
defuzzifier [31, 32]. As the extensions of T1-FLS, IT2-FLSs have
some characters which differ from T1-FLS: (i) in the input part of
IT2-FLS, the crisp inputs are fuzzified into IT2 fuzzy sets, instead
of T1 fuzzy sets in T1-FLSs. (ii) In the output processing part of
IT2-FLS, a type reducer is required for transforming the output of
the inference engine which are IT2 fuzzy sets into T1 fuzzy sets.
On the basis of the above characters, IT2-FLS can handle the
uncertain factor better than T1-FLSs by using the IT2 fuzzy sets
[33–36].

The rule base for an IT2-FLS is comprised of a collection of
fuzzy IF–THEN rules of the following form:

Ri: IF x1 is G
~

1
i and⋯and xp is G

~
p
i ,

THEN y is H
~ i i = 1, …, M .

where x = [x1, …, xp]T and y are the inputs and output of the IT2-
FLS, respectively. G

~
j
i , ( j = 1, …, p) and H

~ i are the corresponding
IT2 fuzzy sets. M is the number of the rules.

Through singleton fuzzification, product inference, centre-
average defuzzification, and centre-of-sets type reducer, the IT2-
FLS can be described as

Ycos = [yl, yr] = ∫
y1

⋯∫
yM∫f 1⋯∫

f M
1/

∑i = 1
M f i(x)yi

∑i = 1
M f i(x)

,

where yi is the centroid of H
~ i. f l

i, f r
i are determined by the firing

values of the upper and lower membership functions in antecedent
T2 fuzzy sets. By Karnik–Mendel algorithm, the points yl and yr
can be obtained as

yl =
∑i = 1

M f l
i(x)yi

∑i = 1
M f l

i(x)
yr =

∑i = 1
M f r

i(x)yi

∑i = 1
M f r

i(x)
.

Define θ = [y1, y2, …, yM]T, φ(x) = (ξl(x) + ξr(x))/2, ξl(x) = [ξl
1,

ξl
2, …, ξl

M]T, ξr(x) = [ξr
1, ξr

2, …, ξr
M]T, where ξl

i = f l
i/∑i = 1

M f l
i and

ξr
i = f r

i /∑i = 1
M f r

i. Hence the defuzzfied output is

y = yl + yr
2 = θT(ξl(x) + ξr(x))

2 = θTφ(x) . (17)

4.2 IT2-FLS-based approximator

It is proven that IT2-FLS is a universal approximator [44], which
implies that an IT2-FLS has the approximation capability for any
continuous smooth function on a compact set. It is noted that the
expressions of the unknown dynamics FV, Fγ, Fα, Fq in (12)–(16)
are quite complicated and their computation is time-consuming.
Hence we can use the IT2-FLS to approximate the unknown
dynamics FV, Fγ, Fα, Fq and get F^

k, k = V , γ, α, q instead. The F^
k

can be expressed as

F^
k(xk |θk) = θk

Tφk(xk), (k = V , γ, α, q), (18)

where xk is the FLS input. Define the optimal parameter vectors θk
∗

as

θk
∗ = arg min

θk ∈ Θk
sup

xk ∈ χk
Fk − F^

k(xk |θ) k = V , γ, α, q, (19)

where χk and Θk are compact regions for xk and θk, respectively.
Also, the IT2-FLS minimum approximation errors ηk and
approximation errors ρk are defined as
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ηk = Fk − F^
k(xk |θk

∗) k = V , γ, α, q, (20)

ρk = Fk − F^
k(xk |θk) k = V , γ, α, q, (21)

 
Assumption 4: On the basis of the approximation capability of IT2-
FLS, there exist known constants η̄k and ρ̄k, k = V , γ, α, q, such
that ηk ≤ η̄k, ρk ≤ ρ̄k [28].

On the basis of the minimum approximation errors ηk defined in
(20), systems (12)–(16) can be transformed to

V̇ = F^
V(xV |θV

∗ ) + gVϕ + ηV, (22)

ḣ = Vγ, (23)

γ̇ = F^
γ(xγ |θγ

∗) + gγα + ηγ, (24)

α̇ = F^
α(xα |θα

∗) − gγα + gαq + ηα, (25)

q̇ = F^
q(xq |θq

∗) + gqδe + ηq . (26)

5 Control scheme design
We consider the issue that only the output states, namely V , h, q,
are available for control design. To address this issue, an observer-
based robust adaptive T2 fuzzy tracking control scheme is
constructed. This control scheme is composed of a reduced-order
adaptive fuzzy state observer; command-filtered-based
backstepping altitude and velocity controllers. For obtaining the
estimation of the unmeasurable states, the reduced-order adaptive
fuzzy state observer with the IT2-FLS-based approximator
technique is first constructed. On the basis of the estimation states
from observer, the command-filtered-based backstepping
controllers are designed for the altitude subsystems (23)–(26) and
the velocity subsystem (22). Finally, the stability of the proposed
control scheme is analysed by using the Lyapunov stability theory
and LMIs technique. The overall structure of the control scheme is
shown in Fig. 1. 

5.1 Observer designs for FPA and AOA

Since the FPA and AOA are not available, the reduced-order
adaptive fuzzy state observer is constructed as follows:

γ^̇ = F^
γ(xγ |θγ) + gγα^ + lo_γ(ḣ/V − γ^), (27)

α^̇ = F^
α(xα |θα) − gγα^ + gαq + lo_α(ḣ/V − γ^), (28)

where γ^ is the estimate of γ, α^  is the estimate of α, gγ is a function
defined in (14), F^

γ(xγ |θγ), F
^

α(xα |θα) are the approximations of the
unknown functions Fγ, Fα by IT2-FLS, and lo_γ, lo_α are the gains
of the observer to be designed, respectively.
 
Remark 2: Unlike the observer designed in [7, 38], the proposed
observer does not need whole model information for its
construction due to the use of IT2-FLSs for approximating the
unknown dynamics in the system model. Moreover, the order of
the closed-loop system decreased because of the reduced-order
form of the observer.

Define the observer errors as γ~ = γ − γ^ and α~ = α − α^ .
Subtracting (27) and (28) from (24) and (25), one has

γ~̇ = gγα~ − lo_γγ~ + θ
~

γ
Tφγ + ηγ, (29)

α~̇ = − gγα~ − lo_αγ~ + θ
~

α
Tφα + ηα, (30)

where θ
~

γ = θγ
∗ − θγ, θ

~
α = θα

∗ − θα are adaptive parameter errors.
Define e = [γ~, α~]T, L = [lo_γ, lo_α]T. Then (29) and (30) are
equivalent to

ė = Aoe − LCoe + Bo_γ(θ
~

γ
Tφγ + ηγ) + Bo_α(θ~α

Tφα + ηα), (31)

where Ao =
0 gγ

0 −gγ
, Co = [1 0], Bo_γ = 1

0 , Bo_α = 0
1 .

Consider the Lyapunov candidate function Wo = eTPe, P > 0.
In view of (31), the derivative of Wo is

Ẇo = eT[(Ao − LCo)TP + P(Ao − LCo)]e

+2eTP[Bo_γ(θ
~

γ
Tφγ + ηγ) + Bo_α(θ~α

Tφα + ηα)] .
(32)

By using the following inequalities:

2eTPBo_γ(θ
~

γ
Tφγ + ηγ) = 2eTPBo_γθ

~
γ
Tφγ + 2eTPBo_γηγ

≤ 2eTPTPe + θ
~

γ
Tθ

~
γ + η̄γ

2,

2eTPBo_α(θ~α
Tφα + ηα) = 2eTPBo_αθ

~
α
Tφα + 2eTPBo_αηα

≤ 2eTPTPe + θ
~

α
Tθ

~
α + η̄α

2 ,

we have

Ẇo ≤ eT[(Ao − LCo)TP + P(Ao − LCo) + 4PTP]e

+θ
~

γ
Tθ

~
γ + θ

~
α
Tθ

~
α + η̄γ

2 + η̄α
2 .

(33)

From (33), we know that if the terms θ
~

γ, θ
~

α are bounded and the
following inequality holds:

(Ao − LCo)TP + P(Ao − LCo) + 4PTP < 0, (34)

then the observation errors converge to a small neighbourhood of
origin.

In view of (34), it is difficult to be applied directly because Ao
changes within a certain range during the flight. For this reason, by
using the convex principle we get a sufficient condition for (34) in
terms of LMIs. First, noting that in Assumption 3, gγ is assumed to
be bounded. Hence, let ḡγ ≥ gγ ≥ gγ > 0, where ḡγ is the upper
bound and gγ is the lower bound [34]. Then, the matrix Ao can be
rewritten as a convex combination of the polytope vertices

Ao = ∑
i = 1

2
μ(i)Ao

(i), (35)

where

Ao
(1) =

0 ḡγ

0 −ḡγ
Ao

(2) =
0 gγ

0 −gγ
,

for all i ∈ {1, 2}, μ(i) > 0, and ∑i = 1
2 μ(i) = 1. Next, by using the

following lemma, we can obtain a sufficient condition for (34).
 
Lemma 1: If there exist positive-definite matrix P ∈ ℜn × n and
matrix R ∈ ℜn × 1 satisfying the following inequalities:

Fig. 1  Structure of the control scheme
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− 1
4 I P

P A(i)TP − CTRT + PA(i) − RC
< 0, (36)

for all i ∈ (1, 2, …, N), where I ∈ ℜn × n is an identity matrix, A(i)

and C are known matrices of appropriate dimensions, then the
matrix L = P−1R makes inequality (37) hold

(A − LC)TP + P(A − LC) + 4PTP < 0, (37)

where A = ∑i = 1
N μ(i)A(i), μ(i) > 0, i ∈ (1, 2, …, N), and

∑i = 1
N μ(i) = 1.

 
Proof: By convex principle, it is easy to verify that the following
inequality can be obtained from (36):

∑
i = 1

N
μ(i) − 1

4 I P

P A(i)TP − CTRT + PA(i) − RC
< 0, (38)

where μ(i) > 0, i ∈ (1, 2, …, N) and ∑i = 1
N μ(i) = 1.

Since A can be written as A = ∑i = 1
N μ(i)A(i), (38) can be rewritten as

− 1
4 I P

P ATP − CTRT + PA − RC
< 0. (39)

Next using Schur complement lemma, (39) is equivalent to

ATP − CTRT + PA − RC + 4PTP < 0. (40)

Substituting R = PL into (40), it yields (37) which implies that
(36) is the sufficient condition for (37). Thus the proof of Lemma 1
is complete. □
 
Remark 3: Lemma 1 is an important tool for proving the stability
of the closed-loop system given in the later section. In addition, the
gains L of the proposed observer can be obtained by solving LMIs
(36) as setting N = 2, A(1) = Ao

(1), A(2) = Ao
(2), C = Co which are

defined in (35).
 
Remark 4: The computational complexity in solving (36) mostly
depends on {[n(n + 1)]/2} + n and N which represent the number
of the elements of matrices P ∈ ℜn × n, R ∈ ℜn × 1 and LMIs
conditions needed for checking, respectively. In the case of
designing the proposed observer, the corresponding LMI has the
low computational complexity due to P ∈ ℜ2 × 2, R ∈ ℜ2 × 1, and
N = 2, which imply that it can be easily calculated via LMI control
toolbox.

5.2 Altitude controller design

According to the altitude dynamics described in (2), the command
of is given by

γd = arcsin
−kh(h − hd) − kI∫0

t(h − hd) dt + ḣd

V . (41)

Notably, h − hd can be regulated to zero exponentially if
kh > 0, kI > 0 and γ → γd [45]. Hence, in the following section, a
control law is designed to make γ track γd. Owing to that the actual
value of FPA is unmeasurable, we use the estimated value γ^ from
the observer to replace FPA. Then, a new altitude output feedback
controller is designed by using the command filter backstepping
technique in the following three steps.

Step 1: Using (27), the dynamics of the FPA tracking error
eγ = γ^ − γd can be obtained as

ėγ = (θγ
T + θ

~
γ
T)φγ(xγ) + ηγ − ργ + gγα^ + lo_γ(ḣ/V − γ^) − γ̇d .

Design the virtual control input as

α^ d
0 = 1

gγ
[ − kγeγ − θγ

Tφγ(xγ) − lo_γ(ḣ/V − γ^) + γ̇d

−η̄γ tanh(η̄γēγ /κ)],
(42)

where positive constants kγ, κ are the design parameters and ēγ will
be defined later. It is noted that the term η̄γ tanh(η̄γēγ /κ) in (42) is
designed to reduce the influence of the minimum approximation
error ηγ. The adaptation function of θγ is chosen as

θ̇γ = βγēγφγ(xγ) − σγ(θγ − θ′γ), (43)

where βγ > 0, σγ > 0, and θ′γ are the design parameters.
To avoid the calculation of the virtual control signal derivatives,

we pass α^ d
0  through a command filter to generate new signals α^ d

and α^̇ d. For removing the effect of the filter error, we introduce the
compensating mechanism and design the compensating signals.
Define ξγ as the compensating signal which satisfies

ξ̇γ = − kγξγ + gγξα + gγ(α^ d − α^ d
0 ), (44)

where ξα is a compensating signal which will be defined in the next
step.

Then, the compensated FPA tracking error can be written as
ēγ = eγ − ξγ and its dynamics is

ė̄γ = − kγēγ + θ
~

γ
Tφγ + gγ(α^ − α^ d − ξα) + ηγ

−η̄γ tanh(η̄γēγ /κ) − ργ .
(45)

Step 2: Now, α^ d which generated from the command filter becomes
the new variable to be tracked. Define eα = α^ − α^ d. Invoking (28),
the dynamics of eα is

ėα = (θα
T + θ

~
α
T)φα(xα) + ηα − ρα − gγα^ + gαq

+lo_α(ḣ/V − γ^) − α^̇ d

where θ
~

α = θα
∗ − θα. Taking q as a virtual control and define

qd
0 = 1

gα
[ − kαeα − θα

Tφα(xα) + gγα^ − lo_α(ḣ/V − γ^) + α^̇ d

−η̄α tanh(η̄αēα/κ) − gγeγ],
(46)

where the positive constants kα are the design parameter and ξq will
be defined later. In addition, the corresponding adaptation function
of θα is selected as

θ̇α = βαēαφα(xα) − σα(θα − θ′α), (47)

where βα > 0, σα > 0, and θ′α are the design parameters.
Similarly, let qd

0 pass the filter to derive qd and q̇d. Define ξα as
the compensating signal and it satisfies

ξ̇α = − kαξα − gγξγ + gαξq + gα(qd − qd
0) , (48)

where ξα is a compensating signal which will be defined in the next
step.

Then, the compensated AOA tracking error is expressed as
ēα = eα − ξα. Moreover, the derivative of ēα is obtained as follows:

ė̄α = − kαēα + θ
~

α
Tφα + gα(q − qd − ξq) − gγēγ + ηα

−η̄α tanh(η̄αēα/κ) − ρα .
(49)
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Step 3: Define eq = q − qd, θ
~

q = θq
∗ − θq. Then, we can obtain the

derivative of eq as follows:

ėq = θq
Tφq(xq) + θ

~
q
Tφq(xq) + ηq + gqδe − q̇d .

Next, choose the feedback control law δe, the adaptive law of θq
and the compensating signal ξq as

δe = 1
gq

( − kqeq − θq
Tφq(xq) + q̇d − η̄q tanh(η̄qēq/κ) − gαeα), (50)

θ̇q = βqeqφq(xq) − σq(θq − θ′q), (51)

ξ̇q = − kqξq − gαξα, (52)

where kq > 0, βq > 0, σq > 0, and θ′q are the design parameters.
Finally, we can obtain the derivative of ēq as follows:

ė̄q = − kqēq + θ
~

q
Tφq − gαēα + ηq − η̄q tanh(η̄qēq/κ) . (53)

5.3 Velocity controller design

In this section, we design the controller for the velocity subsystem
of the FAHV. Taking the time derivative of tracking error
eV = V − Vd, we obtain

ėV = θV
TφV(xV) + θ

~
V
TφV(xV) + ηV + gVϕ − V̇d . (54)

in which θ
~

V = θV
∗ − θV. Then the control input, the fuel equivalence

ratio ϕ, is chosen as

ϕ = 1
gV

( − kVeV − θV
TφV(xV) + V̇d − η̄V tanh(η̄VeV /κ)), (55)

where positive scalars kV and κ are the design parameters. Choose
the adaptation function of θV as

θ̇V = βVeVφV(xV) − σV(θV − θ′V), (56)

where βV > 0, σV > 0, and θ′V are the design parameters.

5.4 Stability analysis

 
Theorem 1: Consider the vehicle models (12)–(16) with state
observers (27) and (28); virtual control laws (41), (42), and (46);
control laws (50) and (55); and adaptive laws (43), (47), (51), and
(56). If there exist positive-definite matrix P ∈ ℜ2 × 2 and matrix
R ∈ ℜ2 × 1 satisfying the following LMIs:

− 1
4 I P

P Ao
(i)TP − Co

TRT + PAo
(i) − RCo

< 0, (57)

for i ∈ {1, 2}, where

Ao
(1) =

0 ḡγ

0 −ḡγ
Ao

(2) =
0 gγ

0 −gγ
Co = [1 0],

then all the signals involved are bounded.
 
Proof: Choose the Lyapunov function as

W = Wo + Wγ + Wα + Wq + WV,

where Wo = eTPe, Wγ = (1/2)ēγ
2 + (1/2βγ)θ

~
γ
Tθ

~
γ, Wα = (1/2)ēα

2 +
(1/2βα)θ~α

Tθ
~

α, Wq = (1/2)ēq
2 + (1/2βq)θ

~
q
Tθ

~
q, WV = (1/2)eV

2 +

(1/2βV)θ~V
Tθ~V. Taking the differentiate of Wi(i = γ, α, q, V) along

(45), (49), (53), and (54) and substituting the corresponding control
and adaptive laws in Wi, one obtains

Ẇγ = − kγēγ
2 + ēγηγ − ēγη̄γ tanh(η̄γēγ /κ) − ēγργ

+gγēγēα + σγ
βγ

θ
~

γ
T(θγ − θ′γ),

Ẇα = − kαēα
2 + ēαηα − ēαη̄α tanh(η̄αēα/κ) − ēαρα + gαēαēq

−gγēγēα + σα
βα

θ
~

α
T(θα − θ′α),

Ẇq = − kqēq
2 + ēqηq − ēqη̄q tanh(η̄qēq/κ) − gαēαēq

+ σq
βq

θ
~

q
T(θq − θ′q),

ẆV = − kVeV
2 + eVηV − eVη̄V tanh(η̄VeV /κ) + σV

βV
θ
~

V
T(θV − θ′V) .

It is noted that the following inequality holds:

σk
βk

θ
~

k
T(θk − θ′k) = − σk

βk
θ
~

k
Tθ

~
k + σk

βk
θ
~

k
T(θk

∗ − θ′k)

≤ − σk
2βk

θ
~

k
Tθ

~
k + σk

2βk
∥ θk

∗ − θ′k ∥2 k = V , γ, α, q

ēkηk − ēkη̄k tanh(η̄kēk /κ) ≤ 0.2785κ = κ′ k = γ, α, q

eVηV − eVη̄V tanh(η̄VeV /κ) ≤ 0.2785κ = κ′,

−ēkρk ≤ ēk
2

2 + ρk
2

2 k = γ, α .

By using the above inequalities and (33), we obtain

Ẇ = Ẇo + Ẇh + Ẇγ + Ẇα + Ẇq + ẆV

≤ eT[(Ao + LCo)TP + P(Ao + LCo) + 4PTP]e

+ −kγ + 1
2 ēγ

2 + −kα + 1
2 ēα

2 − kqēq
2 − kVeV

2

− σγ
2βγ

− 1 θ
~

γ
Tθ

~
γ − σα

2βα
− 1 θ

~
α
Tθ

~
α − σq

2βq
θ
~

q
Tθ

~
q

− σV
2βV

θ
~

V
Tθ

~
V + σγ

2βγ
∥ θγ

∗ − θ′γ ∥2 + σα
2βα

∥ θα
∗ − θ′α ∥2

+ σq
2βq

∥ θq
∗ − θ′q ∥2 + σV

2βV
∥ θV

∗ − θ′V ∥2 + 4κ′

+ ρα
2

2 + ργ
2

2 + η̄γ
2 + η̄α

2 .

(58)

Furthermore, invoking Lemma 1, it is easy to verify that if there
exist positive-definite matrix P ∈ ℜ2 × 2 and matrix R ∈ ℜ2 × 1

making the LMIs (57) hold, then we can obtain an observer gain L
making inequality (34) hold. Meanwhile, by selecting the
appropriate design parameters ki(i = γ, α, q, V), σk(k = γ, α, q, V),
βk(k = γ, α, q, V) satisfying [ − ki + (1/2)] < 0( i = γ, α),
−ki < 0(i = q, V), −[(σk /2βk) − 1] < 0(k = γ, α), (σk /2βk) < 0(k
= q, V), it follows from (58) that:

Ẇ ≤ cW + d, (59)

in which
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c = 2 × max λo, −ki + 1
2 (i = γ, α), − ki(i = q, V),

− σk
2βk

− 1 (k = γ, α), σk
2βk

(k = q, V) ,
(60)

d = σγ
2βγ

∥ θγ
∗ − θ′γ ∥2 + σα

2βα
∥ θα

∗ − θ′α ∥2 + σq
2βq

∥ θq
∗ − θ′q ∥2

+ σV
2βV

∥ θV
∗ − θ′V ∥2 + 4κ′ + ρα

2

2 + ργ
2

2 + η̄γ
2 + η̄α

2 ,
(61)

and λo represents the maximum eigenvalue of
(Ao + LCo)TP + P(Ao + LCo) + 4PTP. According to Assumption 4,
ρα and ργ are bounded which imply d in (61) is bounded. Solving
(59), we obtain the solution as

W(t) ≤ W(t0)ec(t − t0) − d
c . (62)

Thereby, from (62), the signals ēλ, ēα, ēq, eV, γ~, α~, and
θ
~

k(k = γ, α, q, V) are bound. Considering the definition of the
compensating signals in (44), (48), and (52), then we have
∥ ξγ, ξα, ξq

T ∥ is bounded by invoking Lemma 3 in [46]. Since
ēk = ek − ξk, (k = γ, α, q) and ∥ ξk ∥ are bounded, the signals
ek, (k = γ, α, q) which represent the tracking errors before
compensation are also bounded. Hence all the signals involved in
systems are bounded. This completes the proof. □
 
Remark 5: According to the control scheme design and stability
analysis, the unknown dynamics including the corresponding
lumped uncertainties Δk, (k = V , γ, α, q) can be approximated by
the IT2-FLSs and the corresponding adaptive laws guarantee the
boundedness of the approximation errors. Furthermore, by
applying the approximation value, the control laws are designed for
compensating the influence of the lumped uncertainties and
reducing their negative effect.

6 Simulation
In this section, simulation results have been presented to verify the
effectiveness of the proposed control scheme. Here, the FAHV
models (1)–(6) are used in the simulations and the initial flying
states are chosen in Table 1. The reference trajectories of velocity
and altitude channel are generated from filtering the given 500 ft/s
and 1000 ft step command through second-order filters,
respectively. Next, the controller parameters used in this research
are outlined. Moreover, a simulation in the nominal case is
conducted to verify the effectiveness of the proposed method.
Finally, the advantages of the proposed method are analysed
through comparing with other adaptive output control methods in
[42]. 

6.1 Parameters in simulations

The parameters of the proposed control scheme are given as
follows. First, according to Fiorentini et al.[6] which shows the
admissible range for states of FAHVs, the bounds of gγ during the
flight can be calculated and gγ, ḡγ are equal to 0.0244 and 0.3496,
respectively. On the basis of the limitation of gγ given above, we
can compute the values of Ao

(1) and Ao
(2). Then by Lemma 1, the state

observer gains can be obtained as

L = [lo_γ, lo_α]T = [7.9233, 7.1647]T . (63)

Next, the altitude and velocity controllers design are carried out.
For the situation when we do not have complete knowledge of the
FAHVs, the adaptive T2 fuzzy controller can be implemented to
approximate the unknown function in the system. The prior
knowledge shows that [V , a, γ]T and [V , a]T are the main variables
in FV and Fk, (k = γ, α, q) in (12)–(16), respectively, and the

proposed observer can estimate γ, α effectively. Hence, the inputs
of IT2-FLS are selected as xV = [V , a^, γ^]T and
xk = [V , a^]T, k = (γ, α, q), because they are sufficient to
describe the main features of the corresponding unknown dynamics
function Fk, (k = V , γ, α, q). For each variable in the premise
variables, define five T2 fuzzy sets with labels G

~
1
1, G

~
1
2, G

~
1
3, G

~
1
4, G

~
1
5,

which are characterised by the membership function μG
~

j
i(xj) of the

input variable xj with the corresponding Gaussian upper and lower
membership grades defined as μ̄G

~
j
i(xj) = exp{ − [(xj − ci j)2/σ̄i j

2 ]},
μG

~
j
i(xj) = 0.9 × exp{ − [(xj − ci j)2/σi j

2 ]} where σ̄i j and σi j are the
standard deviations of the Gaussian upper and lower membership
grades and the centres ci j evenly distributed to span the input space.
The initial value of consequent IT2-FSs θk are randomly chosen
between −1 and 1. For each k = V , γ, α, q, set σk = 1.5, βk = 0.5,
and select θ′k as the desired centroid of the corresponding
consequent fuzzy sets. Other parameters in controllers are chosen
as kh = 2.5, kV = 2.5, kI = 0.1, kα = 1, kγ = 4, kq = 40, and κ = 1,
which satisfy the constraint of stability in Theorem 1.

6.2 Performance verification

CASE I nominal tracking: Simulation is first conducted on the
nominal model and the simulation results are shown in Figs. 2–4.
The velocity and altitude trajectories with their corresponding
tracking error are shown in Fig. 2. Rapid and precise tracking of
the altitude and velocity reference commands is observed, which is
the basic objective of the proposed control scheme. As shown in
Fig. 3, the trajectories of the other flight states including FPA,
AOA, pitch rate, and flexible states η keep stable during the flight.
The initial chattering is caused by the transient process of the IT2-
FLS approximation. However, both the states and control inputs
are kept in admissible ranges. Fig. 4 shows the tracking error
signals eγ, eα, eq defined in each step of the backstepping technique
and the norm of the adaptive parameter θγ. Fig. 5 presents the state
estimation γ^, α^  and the corresponding estimation errors γ~, α~. It can
be noted that the unmeasurable states γ, α are well reconstructed by
the proposed observer. The estimation errors of the observer
remain small during the entire flight, which implies the
effectiveness of the proposed observer. In addition, as shown in
Figs. 2, 4, and 5, the bounded signals of the tracking errors in
controllers, observer errors in state observer, and adaptive
parameter in FLS confirm the effectiveness of the proposed control
scheme which guarantees the signals involved in the control system
are bounded. Hence, it can be concluded from this simulation that
the unmeasurable states are reconstructed well through the
designed observer and the proposed control scheme is effective
when performed in nominal case. 

CASE II robustness verification: Among the existing literatures,
it is a rare instance which simultaneously considers the tracking
control problem in the presence of incomplete state measurement
and unknown vehicle dynamics in FAHVs. To better show the
superiority of our control scheme, we find the control scheme in
[42] worth for comparison because it also deals with the output
tracking control problem and owns a similar structure of the

Table 1 Initial conditions
Item Value Units
V 7846.4 ft/s
h 85,000 ft
γ 0 rad
α 0.021 rad
Q 0 rad/s
η1 0.594 —
η2 −0.0976 —
η3 −0.0335 —
η̇1, η̇2, η̇3 0 —
— — —
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observer for states estimation, though unknown dynamics is not
considered there. Hence, in the following simulations, the proposed
control scheme is compared with the adaptive output feedback
control scheme proposed in [42] (denoted as ‘comparison scheme’
hereafter) which utilised immersion and invariance-based output
feedback control method. Although the form of observers is
similar, the comparison scheme is based on the parameter adaptive
method. A set of simulations are conducted with the proposed
control scheme and the comparison one.

First, two control schemes are both applied to the FAHV
longitudinal model with model uncertainties. As in the literature of
the comparison scheme, it is often assumed that the model
uncertainties are added in all aerodynamic coefficients flexible
states. Here, the uncertain aerodynamic coefficient is modelled as

Ci = Ci
∗(1 + ΔUi), where Ci

∗ is the nominal value of aerodynamic
coefficient and ΔUi is the uncertainty which varies from −30 to
30%. Then by applying both control schemes on the uncertain
model of FAHVs, the simulation results are obtained and presented
in Figs. 6 and 7a. 

From the velocity and altitude tracking depicted in Fig. 6, it is
obvious that compared with the comparison scheme, the proposed
strategy in this paper achieves better performances with smaller
tracking errors. Moreover, the corresponding estimation error of
each observer is shown in Fig. 7a. It is clear that a higher accuracy
of estimation and a faster convergence of observer can be obtained
by the proposed observer in the presence of model uncertainties.

Furthermore, a severer uncertain condition is considered in this
simulation. It is assumed that not only the model uncertainties
influence vehicle model, but also the measurable states are
contaminated by measurement noises. Hence, in this simulation,
besides the uncertainties, the measurement signals are subjected to
Gaussian white noises. Here, the variance of noises in
measurement channel [V , h, q]T are set as [25, 100, 10−4]T. The
related simulation results are presented in Figs. 7b and 8. As shown
in Fig. 8, in contrast to the performance of the comparison scheme,
the proposed control scheme improves the tracking performance of
velocity V and altitude h and the robustness against the model
uncertainties and measurement noises. It is observed from Fig. 7b
that the presented observer can provide a more stable estimation of
states in the presence of model uncertainties and measurement
noises than the observer designed the comparison scheme, which is
owing to the effective estimation of unknown dynamics provided
by the proposed IT2-FLSs. Hence, contrast simulation
demonstrates that the proposed control scheme achieves good
tracking performance and strong robustness against the model
uncertainties, and the measurement noises. 

7 Conclusion and future work
This paper has proposed an observer-based robust adaptive T2
fuzzy tracking control scheme for the FAVs. An approximator is
built by IT2-FLSs to approximate the uncertain terms in vehicle
dynamics. For estimating the unmeasurable states, the reduced-
order fuzzy state observer is presented by integrating the output
feedback and approximated-based adaptive techniques. Moreover,

Fig. 2  Tracking performance
 

Fig. 3  Performances of other flight states
 

Fig. 4  Performances of tracking errors and adaptive law
 

Fig. 5  Observer performances
 

Fig. 6  Tracking performance (with uncertainties)
 

Fig. 7  Estimation error of observer
(a) In the uncertainties case, (b) In the uncertainties and noises case
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the observer gains are obtained via an LMI technique. Furthermore,
on the basis of the approximator and state observer, command-
filtered backstepping controllers for altitude and velocity tracking
are constructed, which avoid the explosion of complexity in the
traditional backstepping design. Meanwhile, compensating signals
have been employed to remove the effect from the filter errors to
the system. In addition, the closed-loop system is proven to be
stable with the proposed control scheme. Simulation results
demonstrate the effectiveness and superiority of the proposed
results.

Note that there also exist other issues that need to be
considered. For example, the time delay appears in the system
input and matching error exists in the approximator. Therefore,
future research can be focused on further improving the robustness
of the IT2-FLS-based adaptive fuzzy control algorithms when
more practical constraints such as the influence of time delay and
matching error are considered.
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