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Laser Beam Pointing Control With Piezoelectric
Actuator Model Learning
Fangbo Qin , Dapeng Zhang, Dengpeng Xing, De Xu

Abstract—The inherent hysteresis property of piezoelectric
actuator (PEA) brings challenges to its modeling and control.
This paper proposes a model learning method that is suitable
for both forward and inverse PEA models. The hysteresis property is learned based on least squares support vector machines
(LS-SVMs). A larger dataset is used for training LS-SVM to
guarantee a good generalization performance. Support vectors
pruning is utilized to reduce the model complexity. The ratedependent property of PEA is identified as a linear dynamic
submodel. Moreover, a pointing control system with two dualPEA-axis steering mirrors is developed, which can regulate the
4-degree-of-freedom pose of a laser beam. The coordinated control of four PEAs is realized based on the Jacobian matrix.
The learned inverse PEA models are used for the feedforward compensation of each PEA’s nonlinearity. A series of
experiments were conducted to evaluate the proposed method’s
effectiveness.
Index Terms—Laser beam pointing control, model learning,
piezoelectric actuator (PEA), support vector machines (SVMs).

I. I NTRODUCTION
IEZOELECTRONIC actuators (PEAs) have been widely
applied to micro-motion systems due to their advantages
of micro size, light weight, and high resolution [1], [2]. The
micro motion of PEA is generated by the inverse piezoelectric effect, i.e., a mechanical strain resulting from an applied
electrical field. PEAs act as key elements for applications
such as atomic force microscopes, microassembly, and smart
devices [3]–[6], [31]. However, PEA is with nonlinear hysteresis property that brings challenges to the PEA modeling
and control [32]. Hysteresis is the dependence of a system
state on both its current input and its historical states. The
PEA’s nonlinearity is with amplitude-dependent and ratedependent behaviors [7]. Therefore, a hysteresis loop varies
with input amplitude, resulting in a multivalued mapping from
current input to output. Moreover, the hysteresis phenomenon
becomes more evident as the rate of input signal increases [8].
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Several classical models were designed to describe the hysteresis property [9]–[11].
The usage of learning algorithms for the modeling of
physical nonlinear system is an appealing approach. For example, fuzzy modeling method with subtractive clustering was
proposed for PEA, which relied on predefined rules [12].
Xie et al. [13] used neural networks to model the hysteresis behavior in the PEAs-driven micro-positioning stage.
Cheng et al. [14] modeled PEA as a cascade of a hysteresis
submodel and a dynamic submodel, which were implemented
by neural networks. Support vector machines (SVMs), which
is based on the statistical learning theory, has good performances on generalization and global optimization. SVM can
be used for modeling and prediction [15], [16]. As reported
by Wang and Du [17], least squares SVMs (LS-SVMs) has
superiority over SVM, especially for large-scale dataset.
Xu and Wong [18] utilized LS-SVM to learn both forward
and inverse rate-dependent hysteresis model [18]. Its modeling
accuracy was better than the traditional Bouc-Wen and modified Prandtl–Ishlinskii methods. LS-SVM has only two hyperparameters to tune, resulting in an efficient modeling process.
However, the model with variation rate as input might be sensitive to noise. Wong et al. [19] proposed the online LS-SVM
model learning method for PEA, which outperformed neural networks method. However, the online model updating
increased the computation burden during real time application. The initial offline training dataset was small and covered
a limited range of possible conditions. In addition, the aforementioned LS-SVM-based models were only tested with sine
signals. Their generalization performances were not evaluated
using other signals with different shape or discontinuity.
Beam pointing control is a key issue in laser application, for example, laser processing, laser telecommunications,
and physics experiment [20]–[22]. Generally, feedback pointing control systems were developed with steering mirror as
actuator and photoelectric device as sensor [23], [24]. Since
an optical path could have long distance, a tiny orientation change of laser beam will cause large position error
on the target. Steering mirrors with PEA axes are preferred
for providing micro-radian or submicro-radian level tuning
resolution [25]–[28]. However, these control systems could
adjust only the 2-degree-of-freedom (DOF) pose of a laser
beam with only one dual-axis steering mirror. In addition,
the nonlinearity should be considered in the design of control
system with PEA axes.
The motivation of this paper is to propose an LS-SVMbased PEA model learning method and develop a laser beam
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Fig. 1.

Schematic of rate-dependent PEA model.

pointing control system with multiple PEAs. First, comparing
to the existed LS-SVM-based offline PEA modeling method,
the proposed offline modeling method considers further about
achieving good generalization performance of the learned
model over various signals. A larger dataset with thousands of
samples is used for the LS-SVM training. To guarantee that
the model is suitable for real-time application, the model’s
complexity is reduced by support vectors (SVs) pruning, with
little loss of modeling accuracy. A dynamic submodel is cascaded with the hysteresis model to describe the rate-dependent
property of PEA. Moreover, the inverse PEA model learning is extended from the PEA model learning. The learned
model was experimentally evaluated with not only sine signal but also nonsine and discontinuous signals. Second, the
designed pointing control system aims to regulate the 4-DOF
pose of a laser beam, while the existed control systems only
considered regulating the 2-DOF pose. The coordination of
multiple PEA axes and the compensation of hysteresis nonlinearity are integrated in the control system to realize accurate
control.
The rest of this paper is organized as follows. The
PEA model learning method based on LS-SVM is proposed
in Section II. Section III describes the laser beam pointing
control system with multiple PEAs. Section IV provides the
experimental results. This paper is concluded in Section V.
II. P IEZOELECTRIC ACTUATOR M ODEL L EARNING
M ETHOD BASED ON LS-SVM
In this paper, PEA axis is used to provide rotational micromotion of steering mirror. Therefore, the PEA model’s input
and output are the driving voltage u and steering angle θ ,
respectively. The rate-dependent PEA model is a cascade
of a nonlinear hysteresis submodel and a linear dynamic
submodel [14], [29], as shown in Fig. 1. The former submodel is implemented by LS-SVM, which can well address
nonlinear modeling with multidimensional input. The latter
submodel is identified as a linear autoregressive with exogenous terms (ARX) model, which is simple and allows stability
analysis. The procedure of PEA model learning is given in
Fig. 2, whose details are described in the following sections.
A. LS-SVM-Based Hysteresis Model Learning
The hysteresis model H(·) is learned when the signal is
with varying amplitude and fixed low frequency. Thus, the
dynamic behavior is negligible, and the hysteresis submodel’s
output h(t) at time step t equals the PEA’s output θ (t). The
hysteresis model’s output h(t) depends on not only the current major input u(t) but also its historical states, which are

Fig. 2.

Procedure of PEA model learning.

jointly labeled as a multidimensional vector s(t) = [u(t),
u(t − 1), . . . , u(t − Nh ), h(t − 1), . . . , h(t − Nh )]T . The positive
integral Nh is the maximum delayed time step of historical
states that are involved.
To collect training samples, a time series of low-frequency
and amplitude-varying voltages ui (i = 1, 2, . . . , N) is used to
drive a PEA axis. Meanwhile, the corresponding PEA outputs
θ i are measured and recorded. Hence, a time series of samples,
i.e., output–input pairs {hi , si }, is obtained, where hi = θ i . The
time interval between two samples equals the sampling time.
Before LS-SVM training, samples should be preprocessed by
normalizing them into the interval [0, 1]. Note that hi and si
with the subscript indexes indicate the data points that have
been sampled and recorded, which do not change over time
anymore. h(t) and s(t) with the time index t indicate the signals
changing over time t, which are used to describe the model’s
behavior.
As to the LS-SVM training, the goal is to obtain the
hysteresis model
h(t) = H[s(t)] = wT ϕ[s(t)] + b

(1)

by solving the optimization problem
1 T
1 2
ei
w w+γ
2
2
N

min

w,b,e

i=1

s.t. ei = wT ϕ(si ) + b − hi

(2)

where w and b are the weight vector and bias, respectively. ϕ(·)
is the mapping from input space to a high-dimensional space.
ei indicates the measurement errors. γ is the regularization
parameter. i = 1, 2, . . . , N are the indexes of samples.
By applying the Lagrange multipliers method and Mercer’s
theorem [17], the model (1) is transformed to its dual form
h(t) = H[s(t)] =

N


αi K[si , s(t)] + b

(3)

i=1

where α i are the Lagrange multipliers. K(·, ·) is a positive definite kernel which satisfies K(si , s) = ϕ(si )T ϕ(s). si are called
SVs. For nonlinear modeling, the radial basis function (RBF)
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kernel is used, that is



si − s2
K(si , s) = exp −
σ2

3

Algorithm 1 SV Pruning


(4)

where σ is the kernel bandwidth. The solution to (2) is given
by its dual problem

   
b
0
0
1T
=
(5)
h
1  + γ −1 I α
where α ∈ RN×1 is the vector of the Lagrange multipliers
αi . h ∈ RN×1 is the vector of the sample output values hi .
1 ∈ RN×1 is the vector of ones. The kernel matrix  ∈ RN×N
is with the elements i,j = K(si , sj ) (i, j = 1, 2, . . . , N). The
explicit solution to (5) is as follows:



−1
−1
b = 1T  + γ −1 I h
1T  + γ −1 I 1
(6)
−1
α =  + γ −1 I (h − 1b).
Thus, the LS-SVM-based hysteresis model is obtained.
B. Model Evaluation and Hyper-Parameters Selection
The hysteresis model’s performance is evaluated by the
root mean square error (RMSE) between the model outputs h j and the measured truth values hj . Note that
there are two model evaluation modes: the samples-based
mode and the simulation mode. Given a time series
of samples{hj , sj } (j = 1, 2, . . . , Nev ), hj and sj =
[uj , uj−1 , . . . , uj−Nh , hj−1 , . . . , hj−Nh ]T are the PEA’s actual
outputs and inputs, respectively.
In the samples-based mode, the learned model gives the
time series of outputs h j by
T 

hj = H(sj ) = H uj , uj−1 , . . . , uj−Nh , hj−1 , . . . , hj−Nh
.
(7)
In the simulation mode, the learned model gives the time series
of outputs h j by


T



.
(8)
hj = H uj , uj−1 , . . . , uj−Nh , hj−1 , . . . , hj−Nh
Comparing (7) and (8), the difference between the two evaluation modes lies in whether the learned model’s historical
outputs hj−1 , . . . , hj−Nh or the physical PEA’s sampled historical outputs hj−1 , . . . , hj−Nh are used as input components.
Apparently, the simulation evaluation mode is stricter with
modeling accuracy, because it has a recursive structure so
that all historical modeling errors are involved in the current
estimation. Moreover, in some applications like feedforward
control and multistep prediction, the learned model works in
the simulation mode, so that only the major inputs are required
and no actual measurements are necessary. Therefore, the
simulation mode is adopted for model evaluation in this paper.
The result of LS-SVM-based hysteresis model learning is
dependent on three hyper-parameters: 1) the historical input
number Nh ; 2) the RBF kernel bandwidth σ ; and 3) the regularization parameter γ . The standard 10-folder cross-validation
method is used to compare the performances of the models learned under different hyper-parameter settings, and then

Input: The initial LS-SVM based model H(·) trained by all the N
samples, the maximum acceptable RMSE τ , the minimum SV number Nmin
Output: The reduced model Hr (·) with Nsv SVs
1. Calculate the kernel matrix Ω using the SVs si (i =
1, 2, . . . , Nsv ) of the current model;
2. Calculate the matrix K by (10);
3. for each SV si of the current model, calculate its introduced
output error e(i) by (9);
4. Sort the SVs in ascending order in terms of their introduced
output errors’ absolute values | e(i)|(i = 1, 2, . . . , Nsv );
5. Prune the top 5% SVs in the sorted SV set; Nsv ← 0.95Nsv ;
6. Retrain the model H(·) using the remaining SVs;
7. Evaluate the model by RMSE on the entire training sample set
according to Sec. II(B);
8. if RMSE<τ & Nsv >Nmin , go to step 1;
else, return the current model;

select the optimal one. The optimal hyper-parameters setting is
expected to provide not only the least RMSE but also the least
model complexity. A smaller Nh leads to a lower model complexity. A larger σ can also lead to a lower model complexity,
because fewer SVs are required for representing a model when
the kernel bandwidth is larger.
C. Support Vector Pruning for Model Reduction
A drawback of LS-SVM for its real-time applications is
the lack of model sparseness. As shown in (3), an LS-SVMbased model calculates the output with all the training samples
involved as SVs. The computation time will be unacceptably
long if a large dataset is used for training. However, a small
training dataset covers limited conditions and cannot guarantee the generalization performance under various conditions.
Therefore, the SV pruning with a finite regularization parameter is utilized to reduce the model complexity with little
sacrifice in performance.
The basic idea of model reduction is iteratively pruning the
SVs that have the least influence on modeling after these SVs
are omitted. Let si indicate the ith SV of an LS-SVM-based
model H(·). Before si is pruned, the output on si given by
the current model is H(si ). After si is pruned, the model is
retrained and the output on si given by the new model becomes
H(i) (si ). According to [30], the introduced output error by
pruning the ith SV is
e(i) = H(i) (si ) − H(si ) = αi (1/γ − 1/kii )

(9)

where α i is the ith Lagrange multiplier of the current model.
kii is the ith diagonal element of the matrix K, which is
given by

K=

0
1

1T
 + γ −1 I

−1

.

(10)

If the absolute value of the introduced output error e(i) is
small, this SV is considered not important for modeling and
has a higher priority to be pruned. The SV pruning algorithm
is given in Algorithm 1.
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D. ARX-Based Dynamic Model Identification
The linear dynamic submodel D(·) describes the relationship between the hysteresis submodel’s output and the PEA
model’s. The ARX model is widely applied to discrete linear
system modeling. The ARX-based linear dynamic submodel
is given by


θ (t) = D h(t), h(t − 1), . . . , θ (t − nβ ), θ (t − 1), . . . , θ (t − nη )
nβ
nη


βi h(t − i) −
ηi θ (t − i)
(11)
=
i=0

(a)

(b)

Fig. 3. Differences between (a) forward PEA hysteresis model learning
and (b) inverse PEA hysteresis model learning.

i=1

where nβ and nη are the predefined orders of ARX model. β i
and ηi are the model parameters.
To collect samples for dynamic model identification, a time
series of frequency-varying voltages ui (i = 1, 2, . . . , N) is
used to drive a PEA axis. Meanwhile, the corresponding
PEA outputs θi are measured and recorded. Then, a timeseries of the hysteresis submodel outputs hi are generated
using the learned model and the driving voltages ui . Thus, the
input–output pairs {hi , θi } are used for model identification,
which is implemented by the MATLAB system identification toolbox in this paper. The linear dynamic submodel
adds negligible burden to computation and allows stability
analysis.
Finally, the PEA model is obtained by cascade the hysteresis submodel (3) and the dynamic submodel (11). The
learned PEA model should be tested with signals that are
different with the training sample set, in order to evaluate the model’s generalization performance. Note that the
PEA model evaluation is also conducted in the simulation
mode, i.e., both hysteresis submodel and dynamic submodel
use their own historical outputs as current input components
recursively.
E. Inverse PEA Model Learning
The PEA model learning method proposed in
Sections II-A–II-D is used to obtain the forward model,
which can be extended to inverse PEA model learning. The
only two differences are as follows.
First, the input and output of an inverse PEA model are
the inversions of those of PEA model. Hence, the hysteresis
submodel Hinv (·) and the dynamic submodel Dinv (·) of the
inverse PEA model are given as follows:

h(t) = Hinv θ (t), θ (t − 1), . . . , θ (t − Nh )
T 
h(t − 1), . . . , h(t − Nh )
(12)

u(t) = Dinv h(t), h(t − 1), . . . , h(t − nβ )
T 
u(t − 1), . . . , u(t − nη ) .
(13)
Second, the training samples for inverse hysteresis model
learning are collected from the simulation process of the
learned forward hysteresis model, instead of the executing process of the physical PEA. The purpose is to collect samples
with noise-free inputs. If the training samples are collected
from the physical PEA’s executing process, the steering angle
values are with measurement noises. According to (2), the

Fig. 4. System diagram. The red dashed line and red spot indicate the laser
beam and laser spot, respectively.

measurement noises are considered in LS-SVM training when
the steering angle is the model output. However, in the inverse
PEA model learning, the steering angle becomes the major
input. In this case, the input noise might cause an unacceptably degraded modeling result. Xu and Wong [18] suppressed
input noise by low-pass filtering. However, the filtered signal might have delayed phase and remained nonsmoothness.
Therefore, an alternative noise-free sample collection method
is proposed based on the learned PEA hysteresis submodel.
Fig. 3 shows the difference between the PEA hysteresis model
learning and the inverse PEA hysteresis model learning.
After both inverse hysteresis and inverse dynamic submodels are obtained, the inverse PEA model is given by their
cascade. Inverse model can be used as feedforward controller,
because it can transform the reference signal to driving signal.
Therefore, in the next section, the learned inverse PEA models
are utilized for feedforward compensation.
III. L ASER B EAM P OINTING C ONTROL S YSTEMS
W ITH M ULTIPLE PEA S
In this section, a laser beam pointing control system
is designed to regulate both beam’s position and orientation. This system is with multiple PEAs, whose models and
inverse models are learned based on the system configuration. The controller is designed considering the coordination
of multiple PEAs and the compensation for PEA hysteresis
nonlinearity.
A. System Configuration
The laser beam pointing control system is shown in Fig. 4,
which mainly consists of two steering mirrors, two position
sensitive detectors (PSDs), and two semitransparent mirrors.
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The steering mirror has two orthogonal PEA axes. Each
PEA axis accepts the voltage generated by a piezo driver and
provides rotational micro motions. Each PSD measures the
2-D position of the laser spot on it. The semitransparent mirror can split out a fraction of laser beam that falls on the PSD’s
active area. As known, two points in the space determine
a unique line. Therefore, the laser beam pose can be determined by the two laser spots’ positions on these PSDs, and be
changed by the two steering mirrors’ rotational motions. The
steering mirrors’ angles are first coarsely adjusted by manual
operation, and afterwards being finely adjusted by PEA axes
under automatic control.
The aforementioned PEA model learning is implemented
based on this system configuration. Although the steering angle of a PEA axis cannot be directly measured,
the normalized steering angle θ ∈ [0, 1] can be approximated by θ = (θa − θmin )/(θmax − θmin ) ≈ (da − dmin )/
(dmax − dmin ), where θ a , θ min , and θ max are the actual,
minimum, and maximum steering angles. da , dmin , and
dmax are the actual, minimum, and maximum displacements
along an axis of the PSD, which can be measured. This
approximation holds because the actual steering angle of
PEA axis is within micro range. Thus, the PEA model
learned under this system configuration gives the relationship
between driving voltage and normalized steering angles of a
PEA axis.

5

Fig. 5.

Block diagram of laser pointing control system.

measured and recorded at each time step. Thus


x11 x12 · · · x1n
y11 y12 · · · y1n



X1

⎡
⎤
 θ θ
· · · θ1n
m11 m12 x10 ⎣ 11 12
θ21 θ22 · · · θ2n ⎦
=
m21 m22 y10
··· 1


 1 1



M


1




x21 x22 · · · x2n
y21 y22 · · · y2n



X2

The relationship between the normalized steering angles
of PEA axes and the laser spots’ positions on PSDs are
described by the kinematic model, which depends on the optical path configuration. Due to the PEA axes’ micro motion
ranges, the kinematic model is given by the local linear
approximation
⎤⎡ ⎤ ⎡
⎤
⎡ ⎤ ⎡
0
0
θ1
m11 m12
x10
x1
⎢ ⎥ ⎢
⎥
⎢ y1 ⎥ ⎢ m21 m22
0
0 ⎥
⎥ ⎢ θ2 ⎥ ⎢ y10 ⎥
⎢ ⎥=⎢
⎣ x2 ⎦ ⎣ m31 m32 m33 m34 ⎦ ⎣ θ3 ⎦ + ⎣ x20 ⎦ (14)
y2
m41 m42 m43 m44
θ4
y20

      
   
p

J

θ

p0

where J is the Jacobian matrix. p and θ are the vectors
composed by the PSD positions and the normalized steering
angles, respectively. p0 is a position offset vector. The zero
elements of J exist because the laser spot position on PSD 1
is independent of the steering mirror 2.
The calibration of kinematic model is based on active
motions. The four PEA axes conduct active motion simultaneously. For the ith (i = 1, 2, 3, 4) PEA axis, a known time series
of normalized steering angles θi1 , θi2 , . . . , θin are transformed
to the time series of driving voltages using the learned inverse
PEA model. This time series of driving voltages is used to
drive the ith PEA axis, so that the actual and known normalized steering angles are approximately equal. While the four
PEA axes are in motion, the two laser spot positions on the
two PSD, i.e., (xj1 , yj1 ), (xj2 , yj2 ), . . . , (xjn , yjn )(j = 1, 2) are

=

1

⎡


B. Jacobian Matrix-Based Kinematic Model and Its
Active Motion-Based Calibration

m31 m32 m33 m34
m41 m42 m43 m44


M2

(15)

θ11
 ⎢ θ21
x20 ⎢
⎢ θ31
y20 ⎢
 ⎣ θ41
1


θ12
θ22
θ32
θ42
1



2

···
···
···
···
···

θ1n
θ2n
θ3n
θ4n
1

⎤
⎥
⎥
⎥.
⎥
⎦

(16)

The matrices j should have full ranks. Using linear least
squares method, the solutions to (15) and (16) are
Mj = Xj Tj (j Tj )−1 , j = 1, 2.

(17)

Thus, the kinematic model parameters are obtained. The calibration is convenient and takes short time. If the optical path
configuration is changed, only the kinematic model needs to
be recalibrated and the four PEA models remain the same.
C. Coordinated Control of Multiple PEAs With
Feedforward Compensation
The control system is designed considering the coordination
of the four PEA axes and the compensation of their hysteresis
nonlinearity, as shown in Fig. 5. The controller is with the
4-D reference pr ∈ R4×1 , feedback p ∈ R4×1 , and output
U = [u1 , u2 , u3 , u4 ]T ∈ R4×1 .
The hysteresis compensation is implemented by a feedforward controller. According to (14), the position reference
pr can be transformed to the steering angle reference θ r =
[θr1 , θr2 , θr3 , θr4 ]T by
θ r = J−1 (pr − p0 ).

(18)

Then, for each PEA axis, its reference steering angle θ ri is
transformed to the driving voltage uffi based on its inverse
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Fig. 7. Samples collection with frequency-fixed and amplitude-varying signal.
Fig. 6.

Experimental system. The laser path is marked by red dashed lines.

PEA model that works in the simulation mode. These driving voltages compose the output Uff of the feedforward
controller.
Although the above feedforward controller can compensate for the PEA nonlinearity, a feedback controller is still
required to reduce the errors caused by modeling inaccuracy
and external disturbance, which enhances the control system
in both accuracy and robustness. The proportional integral differential (PID) controller is a classical feedback controller,
which has low computation burden and few parameters to
tune. Therefore, the PID feedback controller is integrated, as
given by
Ufb (t) = kP eθ (t) + kI

t


eθ (j) + kD [eθ (t) − eθ (t − 1)]

(19)

j=0

where the steering angle error is eθ = J−1 (pr − p).kP , kI ,
and kD are the proportional, integral, and differential gains,
respectively.
Finally, the output of the coordinated controller is the sum
of those of the forward and feedback controllers. Namely
U(t) = kff Uff (t) + Ufb (t)

(20)

where kff >0 is the feedforward gain.
IV. E XPERIMENTAL R ESULTS
The models of the four PEA axes were learned sequentially
and the experimental result of one PEA axis is demonstrated.
The performance of the laser beam pointing control system
was investigated by the trajectory tracking experiments.
A. Hardware Configuration
As shown in Fig. 6, the experimental platform was set
up according to Section III-A. Each PEA axis of the two
Thorlabs POLARIS-K1PZ2 steering mirrors provided the rotational motion with the angular resolution of 5 μrad/V. The four
Thorlabs TPZ001 piezo drivers generated voltages with the
range of 0–150 V. The two Otron PSD100-SPB PSD boards
were with 10×10 mm active areas. The two NI USB-6002
cards were used to sample the analog voltages outputs of the
two PSD boards with the 16-bit 1 kS/s ADC modules. The
laser spot position with the unit µm on a PSD was calculated
by the sampled voltages and further processed by a low-pass

Butterworth filter with the 50-Hz cutoff frequency. The host
computer was with an RTX real-time kernel. In addition, the
three silver mirrors were configured to lengthen the optical
path. The focus lens with a long focal distance was placed
before the PSD 2 so that the laser spot on the PSD 2 was not
blurred.
B. PEA Model Learning
This PEA model learning experiment was based on the
horizontal PEA axis of the steering mirror 1. The normalized
steering angle θ 1 was given by the laser spot displacement
along the PSD 1’s x-axis, according to Section III-A.
1) Samples Collection for Hysteresis Submodel Learning:
The driving voltage signal was u1 (t) = 75 + 75 sin(π t −
0.5π ) cos(0.0217πt), t ∈ [0, 20] s, which was with fixed low
frequency and varying amplitude. The signal amplitude was
initially 75 V and gradually decreased to 15.4 V. The driving
voltage u1 and the corresponding normalized steering angle
θ 1 were recorded with a time interval of 5 ms. Therefore,
4000 training samples were collected. The raw voltages were
normalized to the range [0, 1]. The relationship between the
voltages and angles of these samples is given in Fig. 7, which
shows the noticeable amplitude-dependent nonlinearity. The
absolute value of the error between the normalized voltage
and angle ranged from nearly zero to as large as 19.6%.
2) Hyper-Parameters Selection for Hysteresis Submodel
Learning: The LS-SVM hyper-parameters selection was conducted according to Section II-B. First, the regularization
parameter γ was coarsely selected as 1 × 104 and its finetuning gave negligible influence on the training results. Then,
the different settings of historical input number Nh and kernel
bandwidth σ were used for LS-SVM training. The 10-folder
cross-validation results under these settings are shown in
Fig. 8(a). It is found that the RMSE kept smaller than 0.5%
when σ 2 ≤ 2 and Nh ≥√2. Therefore, the optimal Nh and σ
were selected as 2 and 2, respectively.
3) LS-SVM Training and Support Vector Pruning: After
LS-SVM training with the entire training sample set and the
selected hyper-parameters, the initial nonsparse model Hns (·)
had as many as 4000 SVs and provided the RMSE = 0.426%
on the entire training data. Then, the SV pruning was conducted according to Section II-C. The maximum acceptable
RMSE τ and minimum SV number Nmin were set as 0.61%
and 40, respectively. The RMSE increased as the SVs were
being pruned gradually, as given in Fig. 8(b). The resulting
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Fig. 8. Hyper-parameters selection and SV pruning. (a) RMSEs given by 10-folder cross-validation under different settings of hyper-parameters Nh and σ .
(b) SV pruning process during which SVs number gradually decreases. (c) Remaining 551 SVs (red dots) after SV pruning.

Fig. 9. LS-SVM-based hysteresis model learning result on entire training
sample set. The truth values were given by the measured steering angle.

SV number was only 551. As shown in Fig. 8(c), all the training samples form a hysteresis curve on the normalized u-θ
coordinates. The remaining SVs distributed sparsely on this
loop. The reduced model with the remaining SVs provided the
RMSE of 0.607% on the entire training sample-set, as shown
in Fig. 9. Therefore, the model complexity was reduced by
about 86% with a little modeling RMSE increase of 0.181%.
4) ARX-Based Linear Dynamic Submodel Identification:
The driving voltage signal was u1 (t) = 75 + 75sin(0.7π e0.05t
t − 0.5π), t∈ [0, 20] s, which was with varying frequency and
fixed amplitude. The instantaneous frequency of signal was
initially 0.35 Hz and gradually increased to 1.90 Hz. First, the
driving voltages u1 and the corresponding normalized steering angles θ 1 were recorded with the time interval of 5 ms.
Second, the driving voltages were input to the learned hysteresis model, whose outputs were calculated and recorded. The
error between the hysteresis model’s output and the truth-value
increased noticeably with the signal rate, and the RMSE was
2.25%. Then, the ARX-based linear dynamic submodel was
obtained using the MATLAB system identification toolbox.
The dynamic model written in the discrete transfer function
form was
G(z) =

0.276897 − 0.540637z−1 + 0.263941z−2
.
1 − 2.72054z−1 + 2.45461z−2 −0.733864z−3

The final PEA model was learned after both hysteresis and
dynamic submodels were obtained. As shown in Fig. 10, the
RMSE on the same sample set was reduced from 2.25% to
0.957% after the dynamic submodel was cascaded with the
hysteresis submodel.

Fig. 10.

Linear dynamic submodel identification result.

5) PEA Model Evaluation With Test Signals: The learned
PEA model was evaluated with two different test signals
to investigate its generalization performance. The test signal 1 was with varying frequency and amplitude, i.e., u1 (t) =
75+75 sin(3πe−0.03t t −0.5π ) cos [0.55+0.35 cos(0.1πt)], t ∈
[0, 20] s. The test signal 2 was composed of cubic sinusoidal
and discontinuous signals, i.e., u1 (t) = 75+75 sin(3πe−0.03t t−
0.5π )3 cos [0.55 + 0.35 cos(0.1πt)], t ∈ [0, 10] s, and u1 (t) =
75 + 32.5sgn[ sin(π t)]e−0.1t , t ∈ [10, 20] s. The PEA model
outputs with these two input signals are shown in Fig. 11. The
modeling RMSE on the test signals 1 and 2 were 0.925% and
1.18%, respectively. The results showed that the PEA model
could be generally used for signals that were unseen in
the learning process. Even for the signal 2 with discontinuous steps, the PEA model outputs gave no instability and
approximated the truth values.
6) Performance Comparison of PEA Models Learned by
Different Methods: The comparative experiments were to
investigate the influence of linear dynamic model, SV pruning, and the SV number. The proposed PEA model learning
method was conducted twice when the same N = 4000 original training sample set was used for LS-SVM training. The
minimum SV numbers Nsv were set as 551 and 2059 in these
two experiments, respectively.
In [18] and [19], the first N samples in a dataset were
used for offline LS-SVM training, and the dynamic submodel was not used. The offline LS-SVM-based modeling
in [19] did not use the SV pruning. Therefore, the comparative
method 1 only used the basic offline LS-SVM-based modeling.
In the two comparative experiments, the first N = 551 and
N = 2059 samples in the entire training sample set were
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Fig. 11. PEA model evaluation result with the (a) test signal 1 that had
varying frequency and amplitude and (b) test signal 2 that consisted of a
cubic sinusoidal part and a discontinuous part.

TABLE I
E VALUATION R ESULTS OF M ODELS L EARNED BY D IFFERENT M ETHODS

used for LS-SVM training, respectively. The SV number Nsv
equaled the training sample number N, because the SV pruning
was not used.
In addition, the comparative method 2 was with SV
pruning but without linear dynamic submodel. The original
training sample set and SV number configurations of these
two experiments with the comparative method 2 were the
same with those of the two experiments with the proposed
method.
The results of the comparison experiments are given in
Table I. First, the model with more SVs provided the better
modeling accuracy on the both test signals, by comparing the
first two rows of Table I. Second, the proposed method outperformed the comparative method 1, i.e., the basic offline LSSVM modeling method. Third, the proposed method provided
better modeling accuracy than the comparative method 2,
which validated the effectiveness of the cascading of linear
dynamic submodel.

IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS: SYSTEMS

Fig. 12. Inverse PEA model evaluation result with the (a) test signal 1 that
had varying frequency and amplitude and (b) test signal 2 that consisted of
a cubic sinusoidal part and a discontinuous part. The truth values were given
by the known driving voltages.

C. Inverse PEA Model Learning
The inverse PEA model learning method is extended
from the PEA model learning, as described in Section II-E.
Therefore, only the experimental results were shown here. The
amplitude varying and the frequency varying voltage signals
to generate sample set were the same as those in PEA model
learning. The hyper-parameters were selected as Nh = 2,
σ 2 = 2, and γ = 1 × 106 . The maximum acceptable RMSE
τ and minimum SV number Nmin were set as 0.005% and 40,
respectively. The LS-SVM-based inverse hysteresis submodel
was with 350 SVs, and provided the RMSE = 0.00496% on
the entire training sample set. Note that the model evaluation
accuracy was high because the training sample set, derived
from the simulation process of Hns (·), was noise-free. Hns (·)
was the learned nonsparse model which could provide the least
simulation RMSE of 0.426%, as mentioned in Section IV-B3.
It was also found that the inverse hysteresis model provided
the unacceptably bad result when it was trained with the noisyinput samples directly derived from the physical PEA, and
the tuning of hyper-parameters could not lead to a satisfying
result. The inverse hysteresis models that were learned from
the physical process and the simulation process provided the
RMSEs of 44.62% and 1.17%, respectively, when they were
both evaluated on the amplitude-varying signal.
The inverse PEA modeling RMSEs evaluated on the
frequency-varying signal were 5.38% and 1.25% before and
after cascading the identified linear dynamic model, respectively. Finally, the learned inverse PEA model was evaluated
on the two test signals, as shown in Fig. 12. The resulting RMSEs on the two test signals were 1.13% and 2.51%,
respectively. The inverse PEA modeling accuracy was lower
than the forward PEA modeling accuracy. A reason was that
the input signal was the measured steering angles that had
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Fig. 13. Trajectory tracking results of four laser beam pointing control systems. (a) Control system 1. (b) Control system 2. (c) Control system 3. (d) Control
system 4. The actual trajectories of the laser spots on PSDs 1 and 2 are marked by blue and red, respectively. The reference trajectories of the laser spots on
PSDs 1 and 2 are marked by green and cyan, respectively.

Fig. 14. Time histories of tracking positions and errors of four laser beam pointing control systems. (a) Control system 1. (b) Control system 2. (c) Control
system 3. (d) Control system 4. The actual and reference positions along the x-axis of PSD 2 are marked by blue and green, respectively. The tracking errors
along the x-axis of PSD 2 are marked by red.

noise. Another reason was that the inverse dynamic model
of a system with inertial components is inherently sensitive to
noise and step signal, because the inverse of an inertial element
is a first derivative element. In further control application, the
input to inverse PEA model was noise-free reference signal.
D. Laser Beam Pointing Control With Multiple PEAs
After learning the inverse models of the four PEA axes,
the kinetic model of the system was calibrated. Then the
performance of the laser beam pointing control system was
investigated by the trajectory tracking experiment.
1) Active-Motion-Based Calibration of Kinematic Model:
Let the four PEA axes take active motions simultaneously for
5 s. The reference steering angles and the measured PSD positions were recorded with the time interval of 5 ms. Using least
squares method, the kinematic model is obtained as
⎡
⎤
504.693 3.33402
0
0
⎢ 14.4123 −515.344
⎥
0
0
⎥
J=⎢
⎣ 210.358 −12.0015 −129.337 7.85753 ⎦
1.18470 217.263 −3.04729 −142.002
⎡
⎤
−261.625
⎢ 272.281 ⎥
⎥
p0 = ⎢
⎣ −46.6467 ⎦.
−39.1210
According to the calibrated Jacobian matrix, the maximum
motion range of the laser spot on PSDs 1 and 2 were about
720 and 495 μm, respectively.

2) Trajectory Tracking Control Performance: The trajectory tracking control was executed with the following four
control systems.
1) The traditional control system with two independent PID
feedback controllers. One controller adjusted the steering mirror 1 with only the feedback of the PSD 1. The
other controller adjusted the steering mirror 2 with only
the feedback of the PSD 2. The PID parameters were
tuned as kP = 4.5, kI = 0.4, and kD = 4.0.
2) The control system with a coordinated PID feedback
controller. The PID parameters were the same as those
of the first control system.
3) The control system with a coordinated feedforward
controller. The feedforward gain was kff = 1.0.
4) The control system with a coordinated feedforwardfeedback controller. The PID parameters and the feedforward gain were kP = 4.5, kI = 0.3, kD = 4.0, and
kff = 0.9.
The control periods of these control systems were 5 ms. The
reference trajectories on PSDs 1 and 2 are shown by the dashed
curves in Fig. 13. The trajectories tracking experiments were
conducted with two rates. With the rates 1 and 2, the time to
finish the trajectory tracking was 2 and 1 s, respectively.
As to the experimental results, the tracking RMSEs are
given in Table II. The actual trajectories with the rate 2 of
the four control systems are shown in Fig. 13. The time histories of the tracking positions and errors along the x-axis
of PSD 2 are displayed in Fig. 14. By comparing the control systems 1 and 2, it is found that the coordination of
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TABLE II
T RAJECTORY T RACKING P ERFORMANCES
OF D IFFERENT C ONTROL S YSTEMS

two steering mirrors’ PEA axes could reduce the tracking
error on PSD 2. As shown in Fig. 14(a) and the zoomed
local picture of Fig. 13(a), the independent controllers produced nonsmooth actual trajectory on PSD 2, because the
steering mirror 1’s motion might cause disturbance to the
other controller that adjusted the steering mirror 2. The control system 3 used only feedforward compensation, based on
the four learned inverse PEA models and calibrated kinetic
model. However, its tracking performance was limited by the
modeling inaccuracy and external disturbance. Finally, the
control system 4, which considered both coordination of
the two steering mirrors and feedforward compensation of
PEA nonlinearity, provided the least tracking errors under the
two tracking rates. The relative tracking RMSEs compared to
the motion ranges on PSDs 1 and 2 were about 0.3% and 0.2%,
respectively.
V. C ONCLUSION
In this paper, a PEA model learning method is proposed
based on LS-SVM and a laser beam pointing control system
with multiple PEAs is developed. The hysteresis model is
learned with a larger training dataset to improve the model’s
generalization performance with various signals. The SVs
pruning-based model reduction is used to make the model
more proper for real-time application. A linear dynamic submodel is cascaded with the hysteresis model to describe
the PEA’s rate-dependent property. The inverse PEA model
learning is extended from the PEA model learning by collecting training samples from simulation. Moreover, the control
system is with two dual-PEA-axis steering mirrors, which can
regulate both position and orientation of a laser beam. The
kinematic model is approximated with the Jacobian matrix,
which can be calibrated with short time active motions. The
inverse PEA models were used for the hysteresis nonlinearity
compensation.
The designed control systems can be extended to other
applications that use multiple PEAs to provide micro motions.
The future work will focus on the PEA control with high
frequency and the design of the optimal exciting signal in
training data collection.
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