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a b s t r a c t
Fitting conics from images is a preliminary step for its plentiful applications. It is a common sense that
geometric distance based ﬁtting methods are better than algebraic distance based ones. However, for a
long time, there has not been a geometric distance between a point and a general conic that allows easy
computation and achieves high accuracy simultaneously. Though Sampson distance is widely accepted, it
is only a ﬁrst-order approximation. For other geometric distances, the computations are too complex to
be popular in practice. In this paper, we derive a new geometric distance between a point and a general
conic, called Polar-N-Direction distance. The distance can be adapted to a projective transformation because it is computed along the normal direction of the polar line of the point, making conic ﬁtting more
robust. Moreover, Polar-N-Direction distance is accurate and simultaneously still analytical in an explicit
representation, which is quite easy to be implemented. Then, based on the distance, a new cost function
is constructed. The conic ﬁtting optimization by minimizing this cost function has all the merits of the
geometric distance based methods and simultaneously avoids their limitations. Experiments show that
the conic ﬁtting method is greatly eﬃcient.
© 2019 Elsevier Ltd. All rights reserved.

1. Introduction
Conics abound in man-made objects and natural scenes. Fitting
conics from images is a preliminary step for their plentiful applications in robot vision, industrial measurement, computer graphics
etc. [1–3]. There have been a great number of conic ﬁtting studies.
One natural simple way is to use linear least square for ﬁtting
a conic [4–6]. But, the accuracy is not high enough to meet practical tasks. Therefore, further optimization based on some distances
have been proposed. Fitzgibbon and Fisher [4] evaluated several
methods of ﬁtting data to conic sections in 1995. Zhang [5] gave
a tutorial of parameter estimation techniques for conic ﬁtting in
1997.
Concentrating on ellipse or circle ﬁtting problems, many researchers studied to give more accurate or eﬃcient methods using different constraints or parameterizations [7–34]. The recent
works are Ying et al. [30], Liang et al. [31], Abdul-Rahman and
Chernov [32], Liu and Hu [34]. A book of ﬁtting circles and lines
by least squares is given by Chernov [26].
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Not only ﬁtting ellipses or circles but also other types of
conics, i.e. hyperbolas and parabolas, are investigated in [35–43].
For example, Harker et al. [39,40] reduced the scatter matrix by
eliminating some conic parameters and then minimized the ﬁnal
algebraic result under a quadratic constraint by different ways to
obtain ellipse, hyperbola, and parabola ﬁttings. Chernov et al. studied the problem of projecting 2D points onto ellipses, hyperbolas,
and parabolas in [41] and showed that the algebraic parameters
of conics are more suitable for minimization procedures than the
geometric parameters in [42]. The algebraic parameters are the
coeﬃcients of the quadratic polynomial describing a conic. In this
paper, we use the algebraic parameters of a conic.
A speciﬁc conic in the scene is still imaged as a conic on the
perspective projection but the imaged conic might be a circle, an
ellipse, a hyperbola, a parabola, and even degenerate lines [6,44].
If there is no prior knowledge of the scene or before recognizing a
conic, the conic type in the image is not available. It follows that it
is necessary to study the ﬁtting problem for a general conic. In this
paper, we study ﬁtting a general conic without knowing its type.
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1.1. Related work
Generally, there are three kinds of methods for ﬁtting a general conic: statistical distance based, algebraic distance based, and
geometric distance based.
The typical approaches of the statistical distance based methods are [5,45–50]. Kanatani [45,46] proposed a re-normalization
method from a ‘Statistical’ distance to make bias-corrected, which
was improved by Zhang [5] and Wang et al. [47] later. It is very
reasonable that a statistical model of noise is introduced in terms
of the covariance matrix to compute an unbiased estimate by
adjusting to noise. Shklyar et al. [48] considered adjusted least
squares estimators for conic ﬁtting which are shown to be similarity invariant. Kanatani [49] gave the accuracy analyses of various
techniques for conic ﬁtting and a ‘hyperaccuracy’ method of subtracting an estimated bias term from maximum likelihood solution.
Furthermore, by modifying the previous re-normalization works,
Kanatani et al. derived a new scheme called hyper-renormalization
that takes zero bias up to high order error terms [50], achieving
good effectiveness on ﬁtting ellipses.
The second is the algebraic distance based methods [4,5,51].
The algebraic distance is minimized to optimize conic parameters
with different constraints. Bookstein [51] proposed a quadric constraint and then solved a generalized eigen system to obtain ﬁtting
result by block decomposition. Fitzgibbon and Fisher [4] analyzed
the complexity of the algebraic distance minimizations with two
different constraints. Zhang [5] detailed the minimization of the
algebraic distance with three different constraints.
The third is the geometric distance based methods [4–6,52–56].
The ﬁrst geometric distance is the orthogonal distance which is
proposed by Nakagawa and Rosenfeld [52]. To obtain the distance
of each point, a quartic equation needs to be solved. Zhang [5] derived the solution of the geometric distance as the quartic equation. A good approximation to the orthogonal distance is Sampson
distance [53] that are the weighted algebraic distance by one order
differentials. Taubin [54] independently derived the approximate
distance. Sturm and Gargallo [55] parameterized the ﬁtted conic
by a homography and a circle, and then proposed a new geometric distance of a data point to the conic by the parameterization.
Wijewickrema et al. [57] gave a new method to solve conic points
of orthogonal distance, while two group equations still need to be
solved for each image point.
The ﬁrst kind statistical methods require noise to be Gaussian
and to concentrate on a small region occurring in the tangent
space. Also, the methods need to compute covariance matrix.
They would become unstable when the noise level increases. The
algebraic distance based methods are easy to compute. However,
the performance gap between algebraic ﬁtting and geometric
ﬁtting is wide [42,56] and the accuracy of the algebraic distance
based methods is not satisfactory. It is a common sense that minimizing a geometric distance is better than minimizing an algebraic
distance [5,6,55]. Thus, we also study conic ﬁtting by a geometric
distance method. At present, each of the state of the art geometric
distance based methods has its own limitation. Sampson distance
based method is easy to be implemented but this distance is only
an approximation that cannot give high accuracy. The orthogonal
distance based method can give high ﬁtting accuracy but for each
point to be ﬁtted, a quartic equation needs to be solved. Although
closed form solutions exist for the quartic equation, condition
determinations are needed and numerical instability can result
from the application of the analytic formula as pointed out by
Fitzgibbon and Fisher [4]. Also, usually there are too many points
extracted in the image and thus the complexity is not low. The
homography-circle parameterized method [55] can give high accuracy but there are many parameters to be optimized and quartic
equations still need to be solved when giving the initial values.

As stated above, there has not been a geometric distance based
method that allows easy computation and gets high accuracy simultaneously. In this paper, we present a novel geometric distance
based method which has all the merits of the state-of-the-art geometric distance based ones and avoids their limitations at the same
time. The contributions are:
(1) Sampson distance is revisited and its geometric meaning is
exhibited.
(2) A new geometric distance between a point and a conic,
called Polar-N-Direction distance, is given by analyzing
Sampson distance. The distance is more accurate than Sampson distance. Polar-N-Direction distance can be adapted to a
projective transformation because it is computed along the
normal direction of the polar line of the point, making conic
ﬁtting more robust.
(3) Polar-N-Direction distance is represented explicitly and analytically. During optimization, neither condition of determinations nor solving equations are required. Moreover, the
distance is on only ﬁve independent algebraic parameters
and no any other parameters are needed. It follows that this
geometric distance based ﬁtting is greatly easy to be implemented.
(4) A new cost function based on Polar-N-Direction distance is
constructed. The conic ﬁtting optimization by minimizing
this cost function is robust and can achieve high accuracy.
The structure of this paper is as follows. Section 2 provides
some preliminaries. Section 3 revisits Sampson distance and gives
its explicit geometric interpretation. Section 4 derives the new geometric distance Polar-N-Direction distance combining with Sampson distance. The new cost function and conic ﬁtting algorithm are
reported in Section 5. Section 6 shows experimental results and
Section 7 concludes the paper.

2. Preliminaries
A bold letter denotes a vector or a matrix. ≈ denotes equality
up to a scalar.
The locus of planar points with homogeneous coordinates (x, y,
w)T that satisﬁes the equation
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is a conic. We denote d
b
f as C that can represent this
e
f
c
conic. A conic is an element in a projective plane. It can be imaged
as a circle, an ellipse, a hyperbola, a parabola, and even degenerate
lines [6]. If there is no prior knowledge of the scene or before recognizing a conic, the type of the conic is not available. It follows
that it is necessary to study the ﬁtting problem for a general conic.
Without considering its type, we study ﬁtting a general conic in
this paper.
Given a point m in 2D homogeneous coordinates, let Cm represent a line (i.e. Cm is as line coordinates). Then m and Cm are of
polarity relationship related to C. The relationship is invariant under a projective transformation. Cm is called the polar of m related
to C. Fig. 1 shows two cases of the polarity relationships. When m
is on C, its polar is just the tangent at m.
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Fig. 1. A point m and its polar  related to a conic C.
Fig. 2. A geometric distance d(m, p) of m to C.

3. Interpreting Sampson distance
Let mi = (ui , vi , 1 )T , i = 1, · · · , N, be the measured points in
the image from a conic:



C=

a
d
e

d
b
f

e
f
c



.

Without noise, there are mTi Cmi = 0, i = 1, · · · , N.
The polar line of a single point m related to C is Cm. Denote
Cm =  = (1 , 2 , 3 )T . The distance from m to  is:

d ( m,  ) =

|mT |
,


(2)

21 + 22

where |•| denotes absolute value of the element included in the
two bars. Substitute  = Cm into (2), the result is:

|mTCm|
d ( m,  ) = √
,
mT Gm

(3)

where



G=

a2 + d 2 ,
ad + bd,
ae + df,

ad + bd,
b2 + d2 ,
de + b f,

ae + df
de + b f
e2 + f 2


.

(4)

The sequential principal minors of G are

a2 + d2 ≥ 0, (ba − d2 )2 ≥ 0, det(G ) = 0 .
21 + 22 = mT Gm ≥ 0, where the equality usually does not always
appear and the reason is as follows. If 21 + 22 = mT Gm = 0 if and
only if both 1 = 0 and 2 = 0. This case appears when the polar
line  = Cm is at the inﬁnity. At this time, m is the center of a
centric conic or at the inﬁnity of a parabola. Usually, this does not
appear because there is no so large noise. Even if there is, the extracted points {mi } with so large noise are removed by RANSAC
(RANdom SAmple Consensus) before applying to a ﬁtting method.
The well known Sampson distance (a kind of geometric distance
m to C) for ﬁtting a conic is:

|mTCm|
dSam = 
.
2  
 

 2
 ∂ mTCm
∂ mTCm
+
∂u
∂v

(5)

Substitute the differential results into (5) gives:

dSam =

|mTCm|

.
√
2 mT Gm

(6)

By comparing (3) with (6), we know Sampson distance is just
a half of the distance from the point m to its polar line . As
shown in Fig. 1(a), the distance is denoted as d that is the length
of the bold line segment, and d/2 is Sampson distance when there
is noise. When there is no noise, m is on C and  is the tangent at

m, then both (3) and (6) are zero as shown in Fig. 1(b). The numerator of (6) is the usually used algebraic distance and thus Sampson
distance can also be regarded as a weighted algebraic distance.
Taking the square sum of (3) with different points mi or taking
that of (6) yields the cost functions for ﬁtting the conic C. The two
cost functions are different by a ﬁxed scalar 4 and therefore they
are equivalent by optimizing to ﬁnd the minimal C.
4. Polar-N-Direction geometric distance between a point and a
conic
As shown above, Sampson distance between a point and a conic
is a kind of geometric distance or a weighted algebraic distance.
Also, it is much simpler than the orthogonal distance between a
point and a conic for solving a 4th order polynomial. However,
Sampson distance is only a kind of approximation as interpreted
in Section 3. Here, we derive a new geometric distance between a
point and a conic. The distance is not only accurate but also explicitly analytical. It has both advantages of Sampson distance and
the orthogonal distance.
As shown in Fig. 2, C is a conic, and m is a single point,  = Cm
is its polar line. Denote the line passing through m and orthogonal to  as  , and the intersection point of  with  as q. Sampson distance is d(m, q)/2. With noise of m increasing, d(m, q) becomes larger and the error of Sampson approximation is getting
bigger. Furthermore, distribution of image noise is usually not uniform and therefore Sampson distance should be added with different weights for different noise rather than a ﬁxed scalar weight
1/2.  intersects C at two points, denoted by p+ and p− . Then, we
want to seek p making

p = arg min { d (m, p+ ), d (m, p− ) }.
p+ , p−

Clearly shown in Fig. 2, d(m, p) is more accurate than d(m, q) to
measure the distance between m and C. We need to compute p
ﬁrst. One way of obtaining p is to solve the following system:

⎧ T
⎨ p C p = 0,
pT  = 0,

⎩ p = arg min { d ( p+ , m ), d ( p− , m ) } .

(7)

p+ , p−

To express the solution analytically of (7) is not simple, in which
it is needed to determine the corresponding different solution representations according to different symbol sign assumptions. Also,
the solution representations are long and complex. This process
is not indeed much easier than solving 4th order polynomial for
the orthogonal distance between a point and a conic. However, in
the following, we can give an explicitly analytical representation of
(7) by four steps: 1) Compute q; 2) Compute p ± ; 3) Determine p;
4) Express d(m, p) analytically.
1) At ﬁrst, we compute q.
 = Cm is also denoted  = (1 , 2 , 3 )T .  is orthogonal to 
and passes through m = (u, v, 1 )T . Thus,  = (−2 , 1 , 2 u − 1 v )T .
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q is the intersection of  with  . So it is:



Substituting (12) into (14) gives two results. Since we want to seek
p making norm of m − p± smaller, we select


2 T

 ×  = 22 u − 1 2 v − 1 3 , 21 v − 1 2 u − 2 3 , 21 + 2 .
Dehomogenizing it gives:

22 u − 1 2 v − 1 3 21 v − 1 2 u − 2 3
,
,1
21 + 22
21 + 22

q=

Rewriting the result, we get:

mTCm
u− 2
1 ,
1 + 22

q=

mTCm
v − 2 2 2 , 1
1 + 2

λ2
=
λ1

T
.



−

qTCq
.
mTCm

(15)

Then substituting (15) into (14) and making an equivalent transformation, we get:

T

p=m−

1

λ2
1+
λ1



(m − q ) = m −
1+

1
qTCq
− T
m Cm

(m − q ) ,

(16)

T

= m−

m Cm
(1 , 2 , 0 )T
21 + 22

= m−

mTCm
C̄ m ,
mT Gm



a
d
where C̄ = d
b
0
0
0 for its last row.

where q is (8) that has been computed in Step 2). By substituting
(8) into (16), this can be further expressed as:

(8)



p=m−

e
f , which is the matrix of C by substituting
0

mTCm

1

C̄ m ,

 mT Gm
  T 2  T  T
 m Gm − m Cm m W m
1+

2

(17)

mT Gm

 T

 T

where we use CC̄ = C̄ C = C̄ C̄ = G, G is (4), and

 T

W = C̄ CC̄ =

⎛

3
2
+ bd2 ,
a2 + 2ad

2
2

⎝ d a + d + ab + b ,
a2 e + d2 e + adf + bdf,





d a2 + d2 + ab + b2 ,
ad2 + 2bd2 + b3 ,
ade + bde + b2 f + d2 f,

⎞

a2 e + d2 e + adf + bdf
ade + bde + b2 f + d2 f ⎠ .
ae2 + 2 de f + b f 2

2) Then, we compute p ± .
Notice that q is on , then qT  = 0. Since  = Cm, we have:

qTCm = 0.

4) Finally, we compute d(m, p).
p has been computed in (17). There is:

(9)

The two solutions p+ and p− are collinear with q and m. So they
can be expressed by homogeneous coordinates as:

p± ≈ λ1 q + λ2 m,

(18)

d ( m, p ) =

(10)

|mTCm|
,

⎞
  T 2  T  T
 m Gm − m Cm m W m √
⎝1 +
⎠ mT Gm

2
⎛

mT Gm

where λ1 and λ2 are two scalars. Substituting (10) into the ﬁrst
equation of (7) and using (9), we obtain:



 2  T  2
λ1 + m Cm λ2 = 0.

qTCq

Usually q and m are on the different sides of C. So,
Solving (11) gives:


qTCq
λ2
=± − T
.
λ1
m Cm

(11)
qTCq
< 0.
mTCm

(12)

qTCq
> 0 is called the degenerate case which appears seldom
mTCm
(even if it appears, Sampson distance is complemented). The last
element of m = (u, v, 1 )T is 1 and that of q is 1. So, dehomogenizing (10) gives:

λ2
λ1 q + λ2 m q + λ1 m
p± =
=
,
λ2
λ1 + λ2
1+
λ1

p+ , p−

where G is (4) and W is (18). As analyzed in the second paragraph of Section 3, mT Gm > 0. Besides, this expression requires



2









2







mT Gm − mTCm mTW m ≥ 0. We conclude that most of image points satisfy this requirement. We analyze the image points
not satisfying this requirement and ﬁnd that they locate far away
from the ﬁtted conic. The far image points are removed out before
ﬁtting a conic by RANSAC. We plot them out as the dark regions
shown in Fig. 3. Therefore, most of the image points could satisfy
mT Gm − mTCm mTW m ≥ 0. Even if there are some points
not satisfying it, we use Sampson distance for complementary.
Deﬁnition of Polar-N-Direction geometric distance between
a point and a conic: We deﬁne a Polar-N-Direction geometric distance between the point m and the conic C as:


(13)

d ( m, C ) =



2







d ( m, p ),
if mT Gm > mTCm mTW m
d (m, q )/2, otherwise for a small number of points
(20)

λ
where 2 is (12) and q is (8).
λ1

3) Now, we determine p.
Remember p = arg min{ d ( p+ , m ), d ( p− , m ) }. By

(19)

(13), there

is:

λ2
m
λ1 = 1
m − p± = m −
(m − q ) .
λ2
λ2
1+
1+
λ1
λ1
q+

(14)
Fig. 3. The dark regions show the points satisfying (mT Gm)2 ≤ (mT Cm)(mT Wm).
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Substituting the derived results into (20) gives the detailed distance:

d ( m, C ) =

⎧
⎨
⎩


1+

|mTCm|
(mT Gm )2 −(mT Cm )(mT W m )
(mT Gm )2

|√
mT Cm|

2 mT Gm

√

mT Gm

,

,

if

(mT Gm )2 >
(mT Cm )(mT W m )

(21)

otherwise

From above, we see that d(m, C) is computed along the normal
direction of the polar line of m. Since polarity is invariant under
a projective transformation, d(m, C) is more robust. Moreover, the
new part d(m, p) in d(m, C) is more accurate and still in an analytical representation. Although we combine Sampson distance, most
of image points contribute to the new part d(m, p).
5. Conic ﬁtting algorithm
Naturally, a cost function by using the established Polar-NDirection geometric distance is given as follows:



d 2 ( mi , C )

mi



=

d 2 ( mi , pi )

(mTi Gmi ) >(mTi Cmi )(mTi W mi )
2

s.t.



+

(mTi Gmi ) ≤(mTi Cmi )(mTi W mi )
2

s.t.

=



1 2
d ( mi , qi )
4
mTi Cmi



(mTi Gmi ) ≤(mTi Cmi )(mTi W mi )
2

s.t.

Extensive simulations and experiments on real data were performed, including comparisons with typical conic ﬁtting methods. The compared methods are: linear least square method
(LLS), Sampson distance based method (Sampson) [53], H-circle
method of Sturm and Gargallo (SG) [55], and orthogonal distance
based method of solving 4th order equations (Orthogonal) [5]. LLS
method is the most direct one. Sampson method is the easiest one
among the nonlinear geometric optimizations. SG method is the
most recent geometric method for ﬁtting a general conic. Orthogonal method minimizes the shortest distances between points and
a conic that can achieve high accuracy. The results of LLS method
are as the initial values and then are further optimized by Sampson method, SG method, Orthogonal method, and the proposed
method independently on the same data. The results show that
when noise levels are lower than 1% of the image sizes for hyperbolas, parabolas, and entire ellipses, all of the SG method, Orthogonal method, and the proposed method achieve nearly the same
accuracies, which are better than LLS method and Sampson
method at the most time. When noise levels increase to 5%, the
proposed method achieves the highest accuracies among all the
methods at the most time. For a section from an ellipse, the proposed method behaves all along well under all noise levels.

2

2

4

6. Experiments

6.1. Simulations

(
)
2
2
mT Gmi ) − (mT Cmi ) (mT W mi )
(
i
i
i
1+
s.t. (mT Gmi ) > (mT Cmi ) (mT W mi )
(mTi Gmi )
2
i
i
i
(mTi Gmi )
2

(mTi Cmi ) ,
+1
(22)
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mTi Gmi

where G is (4) and W is (18). The two terms in the cost function
are consistent with the absence of noise. When the noise of a point
mi is zero, not only both the numerators mTi Cmi = 0, but also the
denominators of the two distances become the same.
Based on the above results, a conic ﬁtting algorithm is proposed
as follows.
Algorithm: Fitting image points to a conic.
Input: Extracted images points mi = (ui , vi , 1 )T , i = 1, · · · , N.
Output: A conic C ﬁtting the extracted image points.
1: Employ RANSAC to remove outliers.
2: Use linear least square method to obtain an initial estimation
C0 from inliers. Namely, solve the linear system mTi Cmi = 0,
i = 1, · · · , N by singular value decomposition to the coeﬃcient
matrix. The right singular vector corresponding to the smallest
singular value is the solution.
3: Minimize (22) by Levenberg–Marquardt iteration to obtain
a conic C1 with C0 as the initial values. We normalize C1
C1
as
= Cwith F-norm C1 F .
C1 F
The usual worrying problem for nonlinear optimizations is how
to choose initial values and whether the iteration is convergent.
Here, it is easy to obtain the initial values by linear least square
method of using SVD (Singular Value Decomposition). The obtained initial values are suﬃciently reliable that always make the
iterations convergent. In order to further increase the reliability,
the optimized results by Sampson distance based method can be
chosen as the initial values too. In our experiments, we only use
the initial values by linear least square method and the iterations
are always convergent even noise is large.

Ellipses, hyperbolas, and parabolas are generated. Points on
these special conics are extracted. Then, Gaussian noise is added
to each point directly. Under each noise level, we performed 10 0 0
trials and two kinds of the averaged errors of the results are computed. The ﬁrst kind of errors is:

Error1 = V̄ − V 2 ,





(23)

ā, b̄, c̄, d¯, ē, f¯
where V̄ = 
is from the estimated
2
2
c̄2 + d¯2 + ē2 + f¯2
⎛ ā + b̄ +⎞
ā
ē
d¯
¯
⎝
conic C̄ = d
b̄
f¯⎠ under some noise level and V =
¯
ē
c̄
f
(a, b, c, d, e, f )
is from the ground truth C =

a2 + b2 + c2 + d2 + e2 + f 2


a
d
e
d
b
f . Because the different parameters of C are not in the
e
f
c
same order of magnitude, the ﬁrst kind errors (23) are not good
enough to differentiate the results of different methods. Thus, we
computed the second kind of errors:

Error2 = s̄V̄ − sV 2 ,

(24)

where s is a scalar that makes the elements of V relatively prime
integers. Let vi be the maximal value of V with i denoting the corresponding position, then s̄ is a scalar homogenizing V̄ such that
the value of the ith position in V̄ is vi .
At ﬁrst, Gaussian noise with 0 mean and standard deviation
ranging from 0 to 10 pixels with step 0.5 pixels are added to
each point on the used conic. Fig. 4(a) shows two used ellipses.
Extracted number of points are 300. The results of Error1 and
Error2 are shown in Fig. 5. Afterwards ellipse are rotated 45 °, as
shown in Fig. 4(b). The results of Error1 and Error2 are shown
in Fig. 6. We see that with the noise level increasing, all of SG
method, Orthogonal method, and the proposed method achieve
nearly the same accuracies, which are higher than LLS method or
Sampson method. There are similar results of the experiments on
ellipses by other rotations.
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Fig. 4. Two used ellipses.

Fig. 8. Two kind errors of the results from Fig. 7(a).

Fig. 5. Two kind errors of the results from Fig. 4(a).
Fig. 9. Two kind errors of the results from Fig. 7(b).

Fig. 6. Two kind errors of the results from Fig. 4(b).

Fig. 10. Two kind errors of the results from Fig. 7(c).

Other types of conics, hyperbolas and parabolas, and their rotations are also generated. Three of them are shown in Fig. 7. Extracted number of points are 157 from Fig. 7(a). Extracted number of points are 145 from Fig. 7(b). Extracted number of points
are 188 from Fig. 7(c). After Gaussian noise being added, the ﬁtting results are shown in Figs. 8, 9, and 10 respectively. We obtain
the similar conclusions as the above from Fig. 7(a) and (b). From
Fig. 7(c), when noise level is bigger than 8 pixels, the errors of SG
method become greater.
Also, a section from an ellipse is taken as shown in Fig. 11 with
blue. From 100 points on this section with noise, the ﬁtting errors
are shown in Fig. 12. The results demonstrate that the proposed
method in Section 5 behaves very well.

Fig. 11. A used section shown as the blue part on an ellipse. (For interpretation
of the references to color in this ﬁgure legend, the reader is referred to the web
version of this article.)

Fig. 7. Three used conics.
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Fig. 16. Two kind errors of the results from Fig. 4(a).

Fig. 12. Two kind errors of the results from Fig. 11.
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Fig. 17. Two kind errors of the results from Fig. 7(b).
8000

Fig. 13. Two kind errors of the results from Fig. 4(b) when noise levels increase to
5%.
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Fig. 14. Two kind errors of the results from Fig. 7(a) when noise levels increase to
5%.

Fig. 15. Two kind errors of the results from Fig. 7(b) when noise levels increase to
5%.

The largest noise level added above is about 1% of the image sizes. When continually increasing the noise level to 5%(40),
the proposed method in Section 5 achieves the highest accuracies among all the methods at the most time. The results from
Figs. 4(b), 7(a), and (b) are shown respectively in Figs. 13–15.

Sampson

SG

Orthogonal

Ours

Methods
Fig. 18. Time consumption of every method, where each column stands for time
cost summation of 10 0 0 simulations from 20 noise levels.

We also added other noise levels of 2%(16), 5%(40), 8%(64), and
10%(80) to the conics. The experimental results from Figs. 4(a) and
7(b) are shown in Figs. 16 and 17 respectively.
All of the simulations show that the proposed method in
Section 5 is the most robust to noise even noise level increases
to a large scale.
Although the orthogonal distance is the shortest distance, when
noise level increases, it did not achieve the best results. The reason
is that solving 4th order equations is not stable to noise. Due to the
same reason, we ﬁnd SG method is sensitive to the initial values.
Also, we ﬁnd when the number of the extracted points on an entire conic increases, SG method performs well gradually and could
achieve slightly the highest accuracies when noise is small.
The analyses of complexities are as follows: LLS has no any
nonlinear optimization and is the simplest among all the methods. The proposed method is from the new established geometric distance and one-order approximation Sampson error. The new
distance is more accurate and its complexity is a little higher
than Sampson method. SG method is more complex than the
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Fig. 19. Fitting results of two lines of ﬁsheye images.

proposed method. Orthogonal method is the most complex one because in each iteration on each image point, solving for a fourthorder equation is needed once. These analyses are consistent with
experimental results. As shown in Fig. 18, the proposed method is
slower than Sampson method and faster than SG method, Orthogonal method always is the most time-consuming ones.
6.2. Experiments on real data
Images of lines under a ﬁsh-eye camera are conics. Usually, we
do not know the conic types. Fitting results by different methods for one line image are shown in Fig. 19(a) as different colors.
Fig. 19(b) shows the results for another conic. The color meanings
are the same as Section 6.1. LLS and SG methods have the similar
results. Sampson, Orthogonal, and the proposed methods have the
similar results. This is consistent with the simulation results ﬁtted
from a conic section in Fig. 12.
7. Conclusions
Combining with Sampson distance, we derive a novel geometric distance (21) between a point and a general conic as an explicitly analytical representation, called Polar-N-Direction distance. The
distance is given along the polar normal direction, which can be
adapted to a projective transformation. Based on Polar-N-Direction
distance, a new cost function (22) is established to optimize the
conic ﬁtting. The proposed method has merits of all the geometric
methods and simultaneously avoids their disadvantages, which allows easy computation and also gets high accuracy and robustness.
The idea can be extended to ﬁtting other kind planar curves or
higher-dimensional surfaces that are differentiable. Conic ﬁtting for
different speciﬁc types, such as ellipses, hyperbolas and parabolas,
will be studied in the future. Since the easy computation with low
cost and fast speed, we will employ the proposed ﬁtting method
into our robot navigation system and our online vision detection
system in some complex and diﬃcult scenarios.
Acknowledgment
This work was supported by the National Natural Science
Foundation of China under 61836015, 61421004, 61572499. Henan
Science and Technology Innovation Outstanding Youth Program
(184100510009).
References
[1] T.-L. Sun, Conics-enhanced vision approach for easy and low-cost 3D tracking,
Pattern Recognit. 37 (7) (2004) 1441–1450.
[2] J.-Y. Guillemaut, J. Illingworth, The normalised image of the absolute conic and
its application for zooming camera calibration, Pattern Recognit. 41 (12) (2008)
3624–3635.
[3] I. Frosio, A. Alzati, M. Bertolini, C. Turrini, N.A. Borghese, Linear pose estimate
from corresponding conics, Pattern Recognit. 45 (12) (2012) 4169–4181.

[4] A. Fitzgibbon, R.B. Fisher, A buyer’s guide to conic ﬁtting, in: British Machine
Vision Conference, 1995, pp. 513–522.
[5] Z. Zhang, Parameter estimation techniques: a tutorial with application to conic
ﬁtting, Image Vis. Comput. 15 (1) (1997) 59–76.
[6] R. Hartley, A. Zisserman, Multiple View Geometry in Computer Vision, 2nd,
Cambridge University Press, UK, 2004.
[7] W. Gander, G.H. Golub, R. Strebel, Least-squares ﬁtting of circles and ellipses,
BIT Numer. Math. 34 (4) (1994) 558–578.
[8] A. Fitzgibbon, M. Pilu, R. Fisher, Direct least square ﬁtting of ellipses, IEEE
Trans. Pattern Anal. Mach. Intell. 21 (5) (1999) 476–480.
[9] J.C. Hart, Distance to an ellipsoid, in: Graphics Gems IV, 1994, pp. 113–
119.
[10] P. Rosin, G. West, Segmenting curves into elliptic arcs and straight lines, in:
Proceedings, Third International Conference on Computer Vision, 1990, 1990,
pp. 75–78.
[11] P.L. Rosin, A note on the least squares ﬁtting of ellipses, Pattern Recognit. Lett.
14 (10) (1993) 799–808.
[12] P.L. Rosin, Analysing error of ﬁt functions for ellipses, Pattern Recognit. Lett. 17
(14) (1996) 1461–1470.
[13] P.L. Rosin, Assessing error of ﬁt functions for ellipses, Graph. Models Image
Process. 58 (5) (1996) 494–502.
[14] P.L. Rosin, Further ﬁve point ﬁt ellipse ﬁtting, in: Electronic Proceedings of the
Eighth British Machine Vision Conference, 1997. Essex
[15] P.L. Rosin, Further ﬁve-point ﬁt ellipse ﬁtting, Graph. Models Image Process. 61
(5) (1999) 245–259.
[16] P.L. Rosin, Ellipse ﬁtting using orthogonal hyperbolae and stirling’s oval, Graph.
Models Image Process. 60 (3) (1998) 209–213.
[17] J. Porrill, Fitting ellipses and predicting conﬁdence envelopes using a bias corrected Kalman ﬁlter, Image Vis. Comput. 8 (1) (1990) 37–41.
[18] M. Stricker, A new approach for robust ellipse ﬁtting, in: Proc. of the Third
Intern. Conference on Automation, Robotics and Computer Vision (Singapore),
2, 1994, pp. 940–945.
[19] Y. Cui, J. Weng, H. Reynolds, Optimal parameter estimation of ellipses, in: Image Analysis and Processing, number 974, Lecture Notes in Computer Science,
1995, pp. 471–476.
[20] G. Vosselman, R.M. Haralick, Performance analysis of line and circle ﬁtting in
digital images, Workshop on Performance Characteristics of Vision Algorithms,
1996.
[21] K. Kanatani, Ellipse ﬁtting with hyperaccuracy, in: Computer Vision – ECCV
2006, Number 3951, Lecture Notes in Computer Science, 2006, pp. 484–
495.
[22] I. Frosio, N.A. Borghese, Real-time accurate circle ﬁtting with occlusions, Pattern Recognit. 41 (3) (2008) 1041–1055.
[23] J. Yu, H. Zheng, S. Kulkarni, H. Poor, Outlier elimination for robust ellipse and
ellipsoid ﬁtting, in: 2009 3rd IEEE International Workshop on Computational
Advances in Multi-Sensor Adaptive Processing (CAMSAP), 2009, pp. 33–36.
[24] R. Halir, J. Flusser, Numerically stable direct least squares ﬁtting of ellipses, I,
1998, pp. 125–132.
[25] N. Chernov, C. Lesort, Least squares ﬁtting of circles, J. Math. Imaging Vis. 23
(3) (2005) 239–252.
[26] N. Chernov, Circular and Linear Regression: Fitting Circles and Lines by Least
Squares, Monographs on Statistics and Applied Probability, 117, 1 edition,
Chapman & Hall/CRC Press, Boca Raton, 2010.
[27] D. Chaudhuri, A simple least squares method for ﬁtting of ellipses and circles
depends on border points of a two-tone image and their 3-d extensions, Pattern Recognit. Lett. 31 (9) (2010) 818–829.
[28] K. Kanatani, P. Rangarajan, Hyper least squares ﬁtting of circles and ellipses,
Comput. Stat. Data Anal. 55 (6) (2011) 2197–2208.
[29] M. Baum, U. Hanebeck, Fitting conics to noisy data using stochastic linearization, in: 2011 IEEE/RSJ International Conference on Intelligent Robots and Systems (IROS), 2011, pp. 2050–2055.
[30] X. Ying, L. Yang, H. Zha, A fast algorithm for multidimensional ellipsoid-speciﬁc ﬁtting by minimizing a new deﬁned vector norm of residuals using
semideﬁnite programming, IEEE Trans. Pattern Anal. Mach. Intell. 34 (9) (2012)
1856–1863.
[31] J. Liang, M. Zhang, D. Liu, X. Zeng, O. Ojowu, K. Zhao, Z. Li, H. Liu, Robust
ellipse ﬁtting based on sparse combination of data points, IEEE Trans. Image
Process. 22 (6) (2013) 2207–2218.
[32] H. Abdul-Rahman, N. Chernov, Fast and numerically stable circle ﬁt, J. Math.
Imaging Vis. 49 (2) (2013) 289–295.
[33] D.K. Prasad, M.K.H. Leung, C. Quek, Elliﬁt: an unconstrained, non-iterative, least
squares based geometric ellipse ﬁtting method, Pattern Recognit. 46 (5) (2013)
1449–1465.
[34] C. Liu, W. Hu, Ellipse ﬁtting for imaged cross sections of a surface of revolution, Pattern Recognit. 48 (4) (2015) 1440–1454.
[35] R. Safaee-Rad, I. Tchoukanov, B. Benhabib, K.C. Smith, Accurate parameter estimation of quadratic curves from grey-level images, CVGIP: Image Understanding 54 (2) (1991) 259–274.
[36] M. Werman, D. Keren, A Bayesian method for ﬁtting parametric and nonparametric models to noisy data, IEEE Trans. Pattern Anal. Mach. Intell. 23 (5)
(2001) 528–534.
[37] S.J. Ahn, W. Rauh, H.-J. Warnecke, Least-squares orthogonal distances ﬁtting of
circle, sphere, ellipse, hyperbola, and parabola, Pattern Recognit. 34 (12) (2001)
2283–2303.
[38] Y. Nievergelt, Fitting conics of speciﬁc types to data, Linear Algebra Appl. 378
(2004) 1–30.

Y. Wu, H. Wang and F. Tang et al. / Pattern Recognition 90 (2019) 415–423
[39] M. Harker, P. O’Leary, P. Zsombor-Murray, Direct and speciﬁc ﬁtting of conics
to scattered data, in: Proceedings of the British Machine Vision Conference,
2004, pp. 9.1–9.10.
[40] M. Harker, P. O’Leary, P. Zsombor-Murray, Direct type-speciﬁc conic ﬁtting and
eigenvalue bias correction, Image Vis. Comput. 26 (3) (2008) 372–381.
[41] N. Chernov, S. Wijewickrema, Algorithms for projecting points onto conics, J.
Comput. Appl. Math. 251 (2013) 8–21.
[42] N. Chernov, Q. Huang, H. Ma, Fitting quadratic curves to data points, Brit. J.
Math. Comput. Sci. 4 (1) (2014) 33–60.
[43] E. López-Rubio, K. Thurnhofer-Hemsi, E.B. Blázquez-Parra, O.D. de Cózar–
Macías, M.C. Ladrón-de-Guevara-Muñoz, A fast robust geometric ﬁtting
method for parabolic curves, Pattern Recognit. 84 (2018) 301–316.
[44] t.l.J.G. Semple, G.T. Kneebone, Algebraic Projective Geometry, Oxford Classic
Texts in the Physical Sciences, Oxford University Press, USA, 1998.
[45] K. Kanatani, Statistical bias of conic ﬁtting and renormalization, IEEE Trans Pattern Anal Mach Intell 16 (3) (1994) 320–326.
[46] K. Kanatani, Statistical optimization for geometric computation: theory and
practice, Machine Intelligence and Pattern Recognition, 18, North-Holland, Amsterdam, The Netherlands, 1996.
[47] G.Y. Wang, Z. Houkes, B. Zheng, X. Li, A note on conic ﬁtting by the gradient weighted least-squares estimation: reﬁned eigenvector solution, Pattern
Recognit. Lett. 23 (14) (2002) 1695–1703.
[48] S. Shklyar, A. Kukush, I. Markovsky, S. Van Huffel, On the conic section ﬁtting
problem, J. Multivar. Anal. 98 (3) (2007) 588–624.
[49] K. Kanatani, Statistical optimization for geometric ﬁtting: theoretical accuracy
bound and high order error analysis, Int. J. Comput. Vis. 80 (2) (2007) 167–188.
[50] K. Kanatani, A. Al-Sharadqah, N. Chernov, Y. Sugaya, Renormalization returns:
hyper-renormalization and its applications, in: Computer Vision – ECCV 2012,
number 7574, Lecture Notes in Computer Science, 2012, pp. 384–397.
[51] F.L. Bookstein, Fitting conic sections to scattered data, Comput. Graph. Image
Process. 9 (1) (1979) 56–71.
[52] Y. Nakagawa, A. Rosenfeld, A note on polygonal and elliptical approximation of
mechanical parts, Pattern Recognit. 11 (2) (1979) 133–142.
[53] P.D. Sampson, Fitting conic sections to “very scattered” data: an iterative reﬁnement of the bookstein algorithm, Comput. Graph. Image Process. 18 (1)
(1982) 97–108.

423

[54] G. Taubin, Estimation of planar curves, surfaces, and nonplanar space curves
deﬁned by implicit equations with applications to edge and range image
segmentation, IEEE Trans. Pattern Anal. Mach. Intell. 13 (11) (1991) 1115–
1138.
[55] P. Sturm, P. Gargallo, Conic ﬁtting using the geometric distance, in: Computer
Vision – ACCV 2007, number 4844, Lecture Notes in Computer Science, 2007,
pp. 784–795.
[56] S.J. Ahn, Least Squares Orthogonal Distance Fitting of Curves and Surfaces
in Space, number 3151, Lecture Notes in Computer Science, 2004 edition,
Springer Berlin Heidelberg, Berlin; New York, 2004.
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