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ABSTRACT 
We propose a pointwise P-Norm based nonparametric image 
deconvolution method. In our algorithm, a pointwise p-norm 
based regular term is used to deal with the different types of 
regions in a blurry image such as edges, texture and smooth areas. 
A new hyper-parameter updating method is also adopted to 
improve the effectiveness and robustness of the proposed 
algorithm. The experimental results show that the quality of our 
restored images can outperform the results derived by other 
algorithms. In addition, our algorithm has a wide adaptation to 
different blur kernels.  

CCS Concepts 
• Theory of computation ➝Design and analysis of algorithms 
➝Mathematical optimization ➝Continuous optimization 
➝Nonconvex optimization. 

Keywords 
Image deblurring; non-parametric; pointwise p-norm; hyper-
parameter. 

1. INTRODUCTION 
Image deblurring is one of the most important requirements in 
image processing. When Point Spread Function (PSF) is known, 
blurry images can be restored using non-blind deconvolution 
approaches, such as inverse filter, Wiener filter [1] and 
Richardson-Lucy (RL) de-convolution [2, 3]. 

Besides, some methods are proposed based on other effective 
regularized priors in recent years, such as Total Variation (TV) [4-
6]. Oliveira et al. [7] introduce an adaptive TV deblurring 
algorithm. Bai et al. [8] propose a reweighted graph Total 
Variation (RGTV) prior. Levin at al. [9] use a sparse derivative 
prior to avoid ringing artifacts in deconvolution. Zhang et al. [10] 
introduce L0-regularized prior for intensity and gradient of 
kernels to deblur natural blur images. Anwar et al. [11] devise a 
class-specific prior based on the band-pass filter responses and 

incorporate it into a deblurring strategy. 

Some methods use local priors to restore blurred images. Wang et 
al. [12] propose a RL deconvolution algorithm based on the local 
prior. Yuan et al. [13] propose a joint bilateral Richardson-Lucy 
(JBRL) method for suppressing ringing effects in motion blur 
restoration results by introducing global and local constraints. 

Shan et al. [14] use coded templates as local prior constraints to 
eliminate the ringing effect of smooth regions. Dong et al. [15] 
propose a local adaptive sparse and non-local robust constraint 
algorithm. Zhao et al. [16] adopt a spatial weight matrix (SWM) 
as local constraint. 

Learning methods are also used to deblur image. Schuler et al. [17] 
present an image deconvolution procedure that is learned on a 
large dataset of natural images with a multi-layer perceptron 
(MLP). Zhang et al. [18] train a set of fast and effective CNN 
(convolutional neural network) denoisers and integrate them into 
model-based optimization method to solve other inverse problems. 

But most algorithms cannot distinguish the effects of different 
regions such as the edge, texture, and smooth region of the image 
on image deconvolution. 

Galatsanos et al. [19] use gamma hyper-priors for the unknown 
hyper-parameters. Based on alternating direction method of 
multipliers (ADMM), Simoes et al. [20] propose a method for 
updating the hyper-parameter in the model. But the updating 
methods of the hyper-parameter in most algorithms are empirical. 

In the article, we propose a pointwise p-norm regularization term 
to de-convolve the edge, texture, and smooth region inside the 
blurred image. Besides, for the hyper-parameter 𝜆 along with the 
regularization term, we introduce an adaptive updating algorithm 
that improves the algorithm’s effectiveness and stability. 

2. PROPOSED ALGORITHM 
Given an observation image 𝑦 ∈ ℛ𝑚×𝑛 and a convolution kernel 
ℎ ∈ ℛℎℎ×𝑤ℎ , the extended blurred image can be modeled as 
𝑦� = 𝐺𝑦 , where 𝐺  is a permutation matrix, 𝐻  is a convolution 
matrix derived by ℎ and 𝑦� ∈ ℛ(𝑚+ℎℎ−1)×(𝑛+𝑤ℎ−1) . The specific 
size change is shown in Fig.1. 

2.1 Proposed Model 
The following is our objective function: 

𝑥� = arg min𝑥
1
2
‖𝑀 ∙ 𝐻𝑥𝑐 − 𝑀 ∙ 𝑦�𝑐‖22 + 𝜆∑ �|∇𝑥𝑥|(𝑖,𝑗)

𝑃𝑥(𝑖,𝑗) + �∇𝑦𝑥�(𝑖,𝑗)
𝑃𝑦(𝑖,𝑗)�𝑖 ,𝑗  (1) 

where 𝑀 ∈ ℛ(𝑚+ℎℎ−1)×(𝑛+𝑤ℎ−1)  is a mask matrix whose 
extended boundary part is 𝟎  and the other part is 𝟏 , λ  is a 
Lagrange multiplier for the regularization term, 𝑥𝑐 ( or 𝑦�𝑐) is the 
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vector form of 𝑥  (or  𝑦� ) by column priority, ∙  is the point 
multiplication operator, and (⋅)(𝑖,𝑗)  is the value of matrix (⋅) at 
position (𝑖, 𝑗). 

Because the extended part of the blurred image 𝑦� is not real, we 
add a mask 𝑀 to remove the effects of those unreal image pixels. 
In addition, different image content may have different properties. 
We use a pointwise P-norm regularization term to depict them. 
Fig. 1 and Table 1 give an example of estimated Generalized 
Gaussian distribution from the gradient of different image regions. 

Note that the function 𝜑(𝑥,𝑝) = |𝑥|𝑝  is not differentiable at 0 
when 0 < 𝑝<1. In order to make the right part of model (1) 
differentiable, we replace 𝜑(𝑥,𝑝) by the Huber function 𝜑𝜀(𝑥,𝑝) 
[21]. 

𝜑𝜀(𝑥,𝑝) = �
𝑝
2
𝜖𝑝−2𝑥2 + 2−𝑝

2
𝜖𝑝 if |𝑥| < 𝜖

|𝑥|𝑝                     𝑒𝑒𝑒𝑒
             (2) 

   
Figure 1. Barbara image and estimated Generalized Gaussian 
distribution of different image region. (a)-(c) are taken from 

the red,  blue, and cyan rectangle regions in the Barbara 
image and correspond to texture, smooth, and border regions 

respectively. The curves on the right side are the estimated 
Generalized Gaussian distribution from the gradient of 

corresponding image regions. 
 

Table 1. Estimated P from the gradient of different image 
regions 

 Texture Smooth Edge 

P 1 2.2330 1.6622 

It can also be rewritten as 

𝜑𝜀(𝑥,𝑝) = 1
2
𝑤�𝑥2 − 𝑝1−𝑞

2𝑞
𝑤�𝑞                          (3) 

where 2
𝑝

+ 1
𝑞

= 1, 𝑤� = arg min0≤𝑤≤𝜖𝑝−2
1
2

w𝑥2 − 𝑝1−𝑞

2𝑞
w𝑞. 

Then 𝜑(𝑥,𝑝) will be 

𝜑(𝑥,𝑝) = �𝜑𝜀(𝑥,𝑝) 𝑖f 0 < 𝑝 ≤ 1
|𝑥|𝑝          𝑒𝑒𝑒𝑒                 (4) 

Thus equation (1) will be 

𝑥� = arg min𝑥
1
2
‖𝑀 ∙ 𝐻𝑥𝑐 −𝑀 ∙ 𝑦�𝑐‖22 + 𝜆𝜆(𝐷𝑥 ,𝐷𝑦 ,𝑃𝑥,𝑃𝑦,𝑥𝑐)   (5) 

Where 𝜆�𝐷𝑥 ,𝐷𝑦 ,𝑃𝑥,𝑃𝑦,𝑥𝑐� = ∑ �𝜑�(𝐷𝑥𝑥𝑐)𝑖 ,𝑃𝑥𝑖�+𝑖

𝜑(�𝐷𝑦𝑥𝑐�𝑖 ,𝑃𝑦𝑖)� ,𝐷𝑥(or 𝐷𝑦 ) is the convolution matrix derived by 
operator ∇𝑥 (or ∇𝑦). 

2.2 Model Solving 
2.2.1 The Range of Norm P and the Corresponding 
Model Solution 
a) 0 < 𝑝 ≤ 1 

If 0 < 𝑝 ≤ 1, then equation (5) will be 

𝑥� = arg min𝑥
1
2
‖𝑀 ∙ 𝐻𝑥𝑐 −𝑀 ∙ 𝑦�𝑐‖22 + 𝜆(𝑘)𝜆1(𝐷𝑥,𝐷𝑦 ,𝑃𝑥,𝑃𝑦,𝑥𝑐) 

(6) 

where 𝜆1�𝐷𝑥,𝐷𝑦 ,𝑃𝑥,𝑃𝑦,𝑥𝑐� = 1
2
�𝑥𝑐′𝐷𝑥′𝑊𝑥𝐷𝑥𝑥𝑐 + 𝑥𝑐′𝐷𝑦′𝑊𝑦𝐷𝑦𝑥𝑐� , 

(∙)′ is the transposed matrix of (∙). 

Solving equation (6), we get 

Φ𝑥𝑐 = 𝐻′𝑀 ∙ 𝑦�𝑐                                   (7) 

where Φ = 𝐻′𝑀 ∙ 𝐻 + λ(𝑘)𝐷𝑥′𝑊𝑥𝐷𝑥 + λ(𝑘)𝐷𝑦′𝑊𝑦𝐷𝑦. 

And the optimization function of 𝑊𝑥  and 𝑊𝑦 will be 

𝑊𝑥� = arg min0≤𝑤𝑥𝑖≤𝜖
𝑃𝑥𝑖−2

1
2
𝑥𝑐′𝐷𝑥′𝑊𝑥𝐷𝑥𝑥𝑐 − 𝛾(𝑃𝑥,𝑄𝑥,𝑊𝑥)       (8) 

𝑊𝑦� = arg min0≤𝑤𝑦𝑖≤𝜖
𝑃𝑦𝑖−2

1
2
𝑥𝑐′𝐷𝑦′𝑊𝑦𝐷𝑦𝑥𝑐 − 𝛾�𝑃𝑦,𝑄𝑦,𝑊𝑦�      (9) 

where 𝛾(𝑃,𝑄,𝑊)(𝑖,𝑗) =
𝑃(𝑖,𝑗)
1−𝑄(𝑖,𝑗)𝑊(𝑖,𝑗)

𝑄(𝑖,𝑗)

2𝑄(𝑖,𝑗)
. 

The solution of equation (8) and (9) is 

𝑊𝑥� = diag �𝑤�𝑥1
(1),𝑤�𝑥2

(1),𝑤�𝑥(𝑚+ℎℎ−1)∗(𝑛+𝑤ℎ−1)

(1) �           (10) 

𝑊𝑦� = diag �𝑤�𝑦1
(1),𝑤�𝑦2

(1),𝑤�𝑦(𝑚+ℎℎ−1)∗(𝑛+𝑤ℎ−1)

(1) �           (11) 

where 𝑤�𝑥𝑖
(1) = min �𝑃𝑥𝑖𝜖

𝑃𝑥𝑖−2,𝑃𝑥𝑖|(𝐷𝑥𝑥𝑐)𝑖|𝑃𝑥𝑖−2� ,  𝑤�𝑦𝑖
(1) =

min �𝑃𝑦𝑖𝜖
𝑃𝑦𝑖−2 ,𝑃𝑦𝑖 ��𝐷𝑦𝑥𝑐�𝑖�

𝑃𝑦𝑖−2�. 

b) 𝑝 > 1 

If 𝑝 > 1, then model (5) will be 

𝑥� = arg min𝑥
1
2
‖𝑀 ∙ 𝐻𝑥𝑐 − 𝑀 ∙ 𝑦�𝑐‖22 + 𝜆(𝑘)𝜆2(𝐷𝑥 ,𝐷𝑦, 𝑃𝑥 , 𝑃𝑦 , 𝑥𝑐)   (12) 

where 𝜆2�𝐷𝑥 ,𝐷𝑦, 𝑃𝑥 ,𝑃𝑦 ,𝑥𝑐� = ∑ �|(𝐷𝑥𝑥𝑐)𝑖|𝑃𝑥𝑖 + ��𝐷𝑦𝑥𝑐�𝑖�
𝑃𝑦𝑖�𝑖 . 

Solving equation model (12), we get 

Φ𝑥𝑐 = 𝐻′𝑀 ∙ 𝑦�𝑐 

In order to solve deconvolution problem with p-norm based 
regularization term, we use iteratively reweighted least squares 
method (IRLS) [22]. Then the weight 𝑊𝑥  and 𝑊𝑦 is 

𝑊𝑥� = diag �𝑤�𝑥1
(2),𝑤�𝑥2

(2),𝑤�𝑥(𝑚+ℎℎ−1)∗(𝑛+𝑤ℎ−1)

(2) �           (13) 

𝑊𝑦� = diag �𝑤�𝑦1
(2),𝑤�𝑦2

(2),𝑤�𝑦(𝑚+ℎℎ−1)∗(𝑛+𝑤ℎ−1)

(2) �           (14) 

Where 𝑤�𝑥𝑖
(2) = 𝑃𝑥𝑖|(𝐷𝑥𝑥𝑐)𝑖|𝑃𝑥𝑖−2, 𝑤�𝑦𝑖

(2) = 𝑃𝑦𝑖 ��𝐷𝑦𝑥𝑐�𝑖�
𝑃𝑦𝑖−2. 



2.2.2 The Updating Method of λ 
For the Lagrange parameter 𝜆 , Simoes et al. [20] introduce an 
ADMM-based image deconvolution method where the iterative 
equation of 𝜆 is  

𝜆𝑖+1 = �
2𝜆𝑖 , 𝑖𝑖 �𝑑𝑖+1 − 𝑑𝑖� > 𝑡�𝑣𝑖+1 − 𝑣𝑖�

0.5𝜆𝑖 , 𝑖𝑖 �𝑣𝑖+1 − 𝑣𝑖� > 𝑡�𝑑𝑖+1 − 𝑑𝑖�
𝜆𝑖 , 𝑜𝑡ℎ𝑒𝑒𝑤𝑖𝑒𝑒 

 

Obviously this is an empirical expression. The rate of Eq. (7) 
depends on the eigenvalues of 𝜆Φ−1. If the parameter is tuned in 
some way so that all the eigenvalues of 𝜆Φ−1are less than 1, then 
the iteration will be linearly convergent. The eigenvalues of 𝜆Φ−1 
are  𝜆/(𝛿2 + 𝜆), where 𝛿 represents the eigenvalue of 𝐻′𝑀 ∙ 𝐻 .  
Thus when 𝜆  is set between the minimum and maximum 
eigenvalue of 𝐻′𝑀 ∙ 𝐻, all the eigenvalues of 𝜆Φ−1 will be less 
than 1 and the minimum eigenvalues will be less than 1/2. Thus 
an adaptive updating function of the parameter 𝜆 is: 

𝜆(𝑘) =
�𝑀∙𝐻∆(𝑘)𝑥𝑐�2

2

��𝑊𝑥
(𝑘)�

1/2
𝐷𝑥∆(𝑘)𝑥𝑐�

2

2
+��𝑊𝑦

(𝑘)�
1/2

𝐷𝑦∆(𝑘)𝑥𝑐�
2

2       (15) 

where ∆(𝑘)𝑥𝑐 = 𝑥𝑐
(𝑘) − 𝑥𝑐

(𝑘−1). 

Since we need the last iteration result of deblurred image x , the 
updating equation (7) will be changed to 

Φ𝑥𝑐
(𝑘) = 𝐻′𝑀 ∙ 𝑦�𝑐 +Φ𝑥𝑐

(𝑘−1)                 (16) 

2.2.3 Estimation of Norm P 
According to the fact that gradient map of the image obeys 
generalized Gaussian distribution（GGD）, we can estimate the 
parameter of GGD for each image block and take it as norm p
[23]. 

In order to estimate p of a position (𝑖, 𝑗) in the image, we take the 
image block centered on (𝑖, 𝑗) from the gradient map of the image, 
and then we estimate the 𝑝 using the estimation method of the 
generalized Gaussian distribution.  

Suppose the image block data are 𝑒1 ,𝑒2 ,⋯ , 𝑒𝑛 , the histogram 
sampling positions are 𝑒𝑝𝑝1 ,𝑒𝑝𝑝2 ,⋯ , 𝑒𝑝𝑝𝑚  and the normalized 
frequencies are ℎ𝑝𝑝1 ,ℎ𝑝𝑝2 ,⋯ ,ℎ𝑝𝑝𝑚 . Then parameter 𝑝 can be 
estimated by 

𝑍(𝑝) =
1
𝑛
∑ |𝑠𝑖−𝜇|2𝑝𝑛
𝑖=1

�1
𝑛
∑ |𝑠𝑖−𝜇|𝑝𝑛
𝑖=1 �

2 − (𝑝+ 1)               (17) 

The update of parameter 𝑝 is 

�̂�(𝑘) = 𝑝(𝑘−1) − 𝜃 𝑍(𝑝(𝑘−1))
�̇�(𝑝(𝑘−1))

                   (18) 

The estimation of parameter σ is 

𝜎�(𝑘) = �𝑝
(𝑘)

𝑛
∑ |𝑥𝑖 − 𝜇|𝑝(𝑘)𝑛
𝑖=1 �

1
𝑝(𝑘)

             (19) 

We solve 𝜃 by minimizing the following objective function 

𝜃�(𝑘) = arg min𝜃 ∑ �𝐺 �𝑒𝑝𝑝𝑖; 𝜇,𝜎(𝑘),𝑝(𝑘)�𝜃(𝑘−1)�� − ℎ𝑝𝑝𝑖�
2

𝑚
𝑖=1     (20) 

where 𝐺(𝑒; 𝜇,𝜎,𝑝) = 𝑝
2𝜎Γ(1/𝑝)

𝑒−
|𝑠−𝜇|
𝜎

𝑝

. 

In each cycle, solve Eq. (17)-(19) in order, then an estimation of 𝑝 
is obtained. 

3. EXPERIMENTS AND COMPARSIONS 
3.1 Procedure of Proposed Algorithm 
The algorithm for solving problem (1) is described in the 
Algorithm 1. Since the extended part of the recovered image x  is 
not real, we only compare the inner part of the extended image. 

3.2 Experiments 
We utilize the widely used mean of structural similarity index 
(MSSIM) and the peak-signal-to-noise ratio (PSNR) to evaluate 
the performance of the proposed algorithm and other approaches. 

In the experiment, we restore the 256 × 256   Butterfly image 
blurred by a 17 × 17 focus Point Spread Function (PSF) kernel 
which is obtained from Levin et al. [9], and compare the 
deconvolution result with Shan et al. [14], Levin et al. [9] and 
Simoes et al. [20]. See Fig. 2 and Table 2 for details. From Table 
2, the PSNR and MSSIM of the deblurred image in our algorithm 
is higher than other algorithms. 

 
Algorithm 1 Framework for image deconvolution using an 
adaptive pointwise P-norm regularization. 

 

Input: kernel h ; blurred image y ; maximum number of outer 

(inner) iteration outN  ( innerN ); 

Output: deblurred image x ; 

Initialization: mask of image M ; xp = 1 ; yp = 1 ; 1j = . 

while outj N<  do 

1m = ; 

     while innm N<  do 

            1k = ; (0)x = 0 ; (0) 1λ = ; 

             while innerk N<  do 

                      Restore image x  by solving Eq. (16) using 
conjugate gradient method; 

                      Update ( )kλ  using Eq. (15); 

 ( 1) ( )k kx x− = ; 

 if ( 1) ( )k kx x ε− − <‖ ‖  then 

      break; 

 end if 

 1k k= + ; 

             end while 

             Update weight ( )k
xW  and ( )k

yW  using Eq. (10), (11), (13) 

and (14) respectively; 



              1m m= + ; 

      end while 

      Update xp  and yp ; 

      1j j= + ; 

end while 

 
 

 
Figure 2. Image restoration of blurred Butterfly image. (a) 

Original Butterfly image. (b) Butterfly image blurred with a 
focus PSF (shown at its bottom-right corner). The deblurring 
results of (c) Shan et al. 2008 [14], (d) Simoes et al. 2016 [20], 

(e) Levin et al. 2007 [9] and (f) our result.  
Table 2. PSNR and MSSIM of Butterfly image restoration 

Approaches Shan Simoes Levin Our 

PSNR 26.9121 32.5909 34.1464 35.6987 

MSSIM 0.88809 0.95749 0.9655 0.96976 

We restore the 210 × 192 Raccoon image blurred by a 23 × 23  
motion PSF which is obtained from Levin et al. [9]. The results 
are shown in Fig. 3 and Table 3. From Table 3, the PSNR and 
MSSIM of deblurred image in our algorithm is higher than other 
algorithms. Our algorithm is able to recover better quality images. 

 

Figure 3. Image restoration of blurred Raccoon image. (a) 
Original Raccoon image. (b) Raccoon image blurred with a 

PSF shown at its bottom-right corner. The deblurring results 
of (c) Shan et al. 2008 [14], (d) Simoes et al. 2016 [20], (e) 

Levin et al. 2007 [9] and (f) our result. 
Table 3. PSNR and MSSIM of Raccoon image restoration. 

Approaches Shan Simoes Levin Our 

PSNR 23.849 28.946 30.696 33.077 

MSSIM 0.6451 0.9420 0.9470 0.9484 

 

In order to study whether the selection of blur kernels has an 
effect on our algorithm, we use the 150 × 150 images cameraman 
and Barbara with 4 different blurs (out-of-focus, linear motion, 
uniform, and Gaussian (σ = 2)), all of size19 × 19 .See Table 4 
for details. Both PSNR and MSSIM values of restoration images 
are listed on Table 4. 

Table 4. PSNR (dB) and MSSIM of Cameraman and Barbara 
image deconvolution results which are blurred by the four 

different blurs. 
  Blur Kernels 

Image Method
s 

Unifor
m 

Out-of-
focus 

Linear 
motion 

Gaussi
an 

C.Man 

Shan 
18.524 27.879 30.288 26.612 

0.5062 0.8302 0.8453 0.8485 

Levin 
28.299 31.636 33.8670 27.674 

0.8795 0.9140 0.9299 0.8834 

Simoes 
28.668 31.485 34.302 27.812 

0.8898 0.9181 0.9462 0.8941 

Our 
35.222 39.104 36.723 29.642 

0.9355 0.9644 0.9553 0.9157 

      

Barbara 

Shan 
18.271 27.731 29.465 28.006 

0.3594 0.8549 0.8900 0.8786 

Levin 
27.136 29.507 28.416 29.866 

0.8512 0.9033 0.9129 0.9118 

Simoes 
27.481 29.73 29.261 29.469 

0.8541 0.9081 0.9297 0.9126 

Our 
29.791 32.744 28.869 30.965 

0.9058 0.9482 0.9228 0.9256 

In Table 4, the PSNR values of all our restored images are above 
28dB, so the selection of blur kernels does not lead to poor results 
in our algorithm. In addition, the MSSIM values of all our results 
are above 0.9, so the quality of the restored image in our 
algorithm is good.  Compare to other algorithms, most results of 
our algorithm are better. 

4. CONCLUSIONS 
We propose a pointwise p-norm and an adaptive updating method 
for hyper-parameter λ, and conduct several experiments with 



different types of blur kernels. Compared to the results of other 
algorithms, both PSNR/MSSIM and visual quality of deblurred 
image in our algorithm have been improved. In addition, our 
algorithm has a wide adaptation to different blur kernels. Noise 
has a certain impact on our experimental results and needs further 
research. 
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