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Efficient Insertion of Partially Flexible
Objects in Precision Assembly

Dengpeng Xing , Fangfang Liu, Song Liu , and De Xu , Senior Member, IEEE

Abstract— This paper proposes an efficient strategy for the
insertion of the partially flexible object in precision assembly. The
partially flexible object refers to the component with unevenly
distributed flexibilities: coupling rigidity and flexibility. This
paper focuses on the insertion of one class of partially flexible
objects: rigid shapes connected by a compliant mechanism.
We first analyze the horizontal compliance of the compliant
mechanism and build a model to relate its state and force.
The insertion is separated into two stages according to the
insertion type. The first stage is a compliant insertion and
we estimate the insertion direction based on the built model,
horizontally compensate resorting to the horizontal compliance
and the updated direction, and efficiently plan the vertical
insertion in an aggressive strategy regarding the uncertainties
caused by the compliant mechanism and predicting the future
insertion. The second stage is a hybrid insertion with both rigid
and compliant gripping and its features include that the object
states are not precisely measurable and the motion of a part of
the object is not directly controllable. To solve it, we qualitatively
and quantitatively analyze all possible configurations and, taking
advantage of the insertion property, conclude one insertion pos-
ture based on which a control strategy is proposed. Additionally,
a conservative insertion strategy is planned resorting to the
past execution performance and the current state evaluation.
Experiments are carried out to demonstrate the validation of
the proposed method.

Note to Practitioners—This paper was motivated by the prob-
lem of inserting partially flexible objects in precision assem-
bly, but it also applies to other components with unevenly
distributed flexibilities. This approach has benefits in terms of
assembling rigid-compliant-rigid sets of the objects and modeling
the behavior of many similar objects. The following key steps are
mentioned to apply the proposed method. The practitioners need
to first compute the insertion compliance based on the model
that is built in this paper to relate the deformation and force.
The determination of the object configuration in hybrid insertion
is then demanded considering the system compliance. The final
steps are to obtain the object states according to the force output
and efficiently plan the insertion depths considering the past
performance, the current evaluation, and the future prediction.
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In future research, we will address the simultaneous assembly of
multiple partially flexible objects.

Index Terms— Efficient insertion, partially flexible object,
precision assembly.

I. INTRODUCTION

D IFFERENT from traditional assembly, precision assem-
bly deals with small objects, with sizes ranging from

micrometers to millimeters, and tolerances within the same
size range. It consists of two phases: alignment and inser-
tion [1]. In alignment, precision assembly uses two or more
microscopes to provide accurate visual feedback and pre-
cise actuators to place objects where they are approximately
aligned [2]. The insertion phase employs an accurate force sen-
sor to detect the contact between objects, compensates for their
misalignment, and inserts them into the desired location [3].
Wide attention has been received in precision assembly [4]
and many accomplishments have been attained so far.

In the domain of precision assembly, different topics are
discussed to facilitate accurate insertion. For assembly plan,
a general strategy [5] is proposed to investigate precision
assembly combining several subprocesses on a platform with
multiple robot arms, and assemblies in interference fit and
clearance fit are individually treated. For assembly in multi-
scale, Das et al. [6] arrange several reconfigurable modules for
a system with multiple custom-designed end-effectors depend-
ing on the specific task. For capability enhancement of dealing
with disturbances, an inclined insertion strategy is presented
in [7] to compensate for the deviated insertion direction
by coordinating manipulators. For efficiency improvement,
an insertion strategy is presented in [8] for the precision assem-
bly of cylindrical components with an interference fit, by mod-
eling the insertion as a stochastic state transition process
with the uncertainty described by Gaussian distribution and
choosing an action after iterative calculations in an estimation
manner. Most of the insertion studies in precision assembly
focus on the acquirement of high precision and the way to react
with the contact feedback, and the objects are usually held
firmly by rigid grippers [9]. However, those methods require
a good alignment before insertion and calibration of robotic
arms, and the insertion fails if disturbance is large.

Different from rigid or fully flexible components, a partially
flexible object has unevenly distributed compliance, coupling
the rigidity and flexibility together [10]. It has various appli-
cations, e.g., flip chip assembly of rigid and flexible polymer
substrates, the flex-rigid printed circuit board [11], rigid-link
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flexible-joint robot [12], and so on. Assembling these flexible
and rigid parts is a topic that has been investigated recently.
The flexible sensors for minimally invasive instruments are
assembled on a flex-to-rigid platform [13], where flexible
interconnections are laid between the different parts of the
sensor system. In [14], a compliant safe joint is assembled
to passively achieve multiple working states behaving as a
rigid or flexible joint according to the load. To consider the
part deformation in rigid assemblies, rigid and compliant vari-
ation models are developed to better evaluate the dimensional
quality of sheet metal assembly [15]. Due to the property
of partially flexible objects, their insertion involves hybrid
clamping including the rigid and compliant clamping, which
is still a challenge for precision assembly.

The way the object is gripped determines the insertion
type. Rigid clamping, the most commonly used in precision
assembly, firmly holds objects, and active compliant methods,
such as hybrid position/force control [16] and impedance
control [17], are employed to increase the system compliance.
These strategies are based on the measured force and no
large misalignment is allowed. Compliant clamping, on the
contrary, grips objects with compliant mechanisms, and in the
corresponding compliant DOFs, the object is automatically
adjusted according to the contact, providing passive compli-
ance [18], [19]. A robust impedance control for position and
force regulation of a compliant gripper is presented in [20],
enabling a smooth transition between free and constrained
motions of the gripper. In [21], a microremote center compli-
ance unit and a microgripper are used to support the assembly
system with low translational and rotational stiffness. This
clamping accepts more misalignments but has the difficulty
of generalized application. Those works focus on either of
compliance and seldom mention to combine them together,
using both the compliance types to fulfill a multiple process
insertion.

Our motivation is to develop an efficient insertion strategy
dedicated for partially flexible objects with an interference fit
in precision assembly. Specifically, we deal with the difficulties
in efficient hybrid insertion where the rigid and compliant
clamping types are coupled, the insertion is uncertain caused
by the compliant mechanism, and the object state is immea-
surable. This paper first builds a model to relate the state of
the compliant mechanism with the force on it and analyzes
the horizontal stiffness of the compliant configuration. In the
compliant assembly, we present a control strategy in the
presence of uncertainty, in which the insertion direction is
online-estimated and an aggressive insertion is planned after
evaluating the past experience, the current states, and the future
prediction. A hybrid insertion combining rigid and compliant
clamping is then studied and an insertion strategy is proposed
where the accurate state is immeasurable and the compliant
part is uncontrollable. An efficient insertion is conservatively
regulated based on an iterated parameter reflecting the past
effect and the current evaluation. For possible application,
the proposed method facilitates not only assembling partial
flexible objects in the domain of precision assembly, but also
benefiting the behavior modeling of many objects with rigid-
compliant-rigid sets.

Fig. 1. Configuration and force analysis in insertion. (a) Initial configuration.
(b) Spring in compression.

The contributions of this paper include the following.
1) In precision assembly, we investigate on the insertion

of a partially flexible object with an interference fit.
It includes a compliant insertion and a hybrid one with
both rigid and compliant properties.

2) Control strategies are proposed for different insertion
types, where the insertion direction is online-estimated
based on the built compliant model and the problem of
immeasurable accurate states is solved after analyzing
all possible configurations and presenting an assumption
given the insertion property.

3) In the presence of the uncertainty, an aggressive strategy
is planned for the compliant insertion by predicting
the future insertion ratio according to the past perfor-
mance and evaluating the current horizontal contact and
the estimation of the insertion direction. Meanwhile,
the hybrid insertion uses a conservative strategy based
on an iterated parameter reflecting the past performance
and the current state evaluation.

II. COMPLIANCE DISCUSSION

A. Configuration
We use an object combining two rigid cylinders connected

by a spring as a prototype to study the insertion of a partially
flexible object. The compliant mechanism can be other type
and the reason that a spring is chosen is due to its flexi-
bility of compression, transverse, and bending. The strategy
proposed in this paper can also be applied to other similar
partially flexible objects. The insertion configuration is shown
in Fig. 1(a): a force sensor is laid upon the upper gripper,
which holds the partially flexible object and the hole is held
still by a lower gripper. The spring’s ends are fixed on both the
cylinders, and in its natural state the spring is aligned with the
cylinders. The insertion is vertical, with d as the approaching
direction of the cylinder-spring set, and the angular deviation
of the axes between the cylinders and the hole is equal to
zero, which can be achieved in the alignment process. The
target is to insert the partially flexible object totally into the
hole with an interference fit between them. The hole’s length
is a little shorter than the sum of two cylinders’ lengths and
the spring’s free length, which means after insertion, the spring
stores energy and stress forces exist upon the cylinders. During
insertion, the spring is in compression, and if there is a
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horizontal force on the spring’s end, the cylinders are deviated
from the hole’s center in different sides, as shown in Fig. 1(b)
where the compressed spring pushes the lower cylinder on the
other side of the hole. As stated above, the insertion direction
of the upper gripper is along d.

The interference in insertion results in the always-existing
force that is exerted on the object by the hole, and the effects
of this force include the following.

1) The increment in insertion difficulty, since in precision
assembly, the small-sized and thin-walled objects are
easily broken.

2) The axial force between the lower cylinder and the hole
equals the spring vertical force, which compresses the
spring. This force leads to the insertion depth inequality
of the two cylinders, bringing uncertainties in insertion
planning.

3) Although the accurate states of both the cylinders are
unknown when they are inserted into the hole, the con-
figuration can still be obtained due to the constraints
from the interference insertion.

B. Spring State Computation
As stated above, the spring is firmly connected with the

cylinders at its two ends, rather than connected by a spherical
bearing, and suffering from a horizontal force at its end,
the spring will be curve shaped instead of keeping straight.
This leads to a difficulty in correlating the spring force with
the offset between the spring’s two ends. Suppose the spring is
homogeneous, which means, in the case of bending, the bend-
ing degree of every part of the spring is the same. In precision
assembly, accurate alignment is achieved before insertion so
that jamming is not considered. Meanwhile, the spring is
usually short and the contact force is limited within a small
range, and as a result, other spring shapes, e.g., buckling, will
not happen. According to this assumption, quadratic function
is used to approximate the spring curve based on the distance
of its two ends. For vertical insertion, the two cylinders are
both vertical and the spring can be separated into two equal
parts, which can be represented by quadratic functions.

Set the origin of the coordinates at the top spring end with
the x-axis horizontally to the right and the z-axis vertically
to the bottom, as shown in Fig. 1(b). Label [xe, ze]T as the
position of the spring’s bottom end and [Fx , Fz ]T as the spring
force. The spring curve is expressed as

x =
{

a1z2 + b1z + c1, z <
ze

2
a2z2 + b2z + c2, otherwise

(1)

where a, b, and c are the function parameters. The spring curve
is differential and continuous with zero slopes at the two ends,
according to which the function parameters result in

a1 = −a2 = 2xe

z2
e

, b1 = c1 = 0, b2 = 4xe

ze
, c2 = −xe.

(2)

The spring length yields

L = 2
∫ ze

2

0

√
1 + 4a2

1z2dz (3)

where L is the spring length. Label θl as the angle between the
spring at l and z-axis, where l is the distance to the spring’s top
end, as shown in Fig. 1(b). The vertical force is acquired by
integrating the projection of the curved spring onto the z-axis

Fz =
∫ L

0
k

L0 − L

L
cos θldl = k

(
L0

L
− 1

)
ze (4)

where L0 is the spring length with no load. Correspondingly,
the horizontal force can be obtained

Fx = k

(
L0

L
− 1

)
xe. (5)

If the spring force is known, usually measured from the
force sensor, searching methods can be applied to acquire
the offset between the spring’s two ends, since the pairs
[xe, ze]T and [Fx , Fz ]T are one-to-one correspondence. To do
that, resorting to (4) and (5), the following equation yields:

xe = Fx

Fz
ze (6)

which restricts the ratio between the vertical and horizontal
offsets of the spring. Commonly, the vertical force is nonzero
if the spring is stressed and (6) holds. With this ratio, the
1-D searching method can be used to find the spring length
by minimizing the following function:

min

∥∥∥∥∥ L0kze

Fz + kze
− 2

∫ ze
2

0

√
1 + 4a2

1z2dz

∥∥∥∥∥
s.t. xe Fz − Fx ze = 0 (7)

where the first part of the function to be minimized is the
spring length computed from (4) and the second part is the
spring length from (3). The spring state [xe, ze] is obtained by
optimizing the above function.

C. Compliance Analysis
The horizontal distance between the spring’s two ends

is xe, which represents the offset between the gripper and the
lower cylinder, and the horizontal force is Fx indicating the
spring’s force when the spring’s ends are deviated. Therefore,
the spring’s horizontal stiffness results in

kh = Fx

xe
= k

(
L0

L
− 1

)
(8)

where kh is the horizontal stiffness reflecting the ratio between
the horizontal force and the offset. It shows that this horizontal
stiffness increases monotonically with the decreasing spring
length, with the lower bound being zero when the spring is
not loaded. The spring’s vertical stiffness yields

kv = Fz

L0 − ze
= k (L0 − L) ze

L (L0 − ze)
(9)

where kv is the vertical stiffness of the spring. Combining the
above two equations leads to (kh/kv ) = (ze/L0 − ze), which
means the larger the projection of the spring’s length onto the
z-axis, the smaller the horizontal stiffness than the vertical one.
If the horizontal displacement xe is very small, substituting
L = ze into the above equation leads to kv = k.



XING et al.: EFFICIENT INSERTION OF PARTIALLY FLEXIBLE OBJECTS IN PRECISION ASSEMBLY 709

For a motionless lower cylinder in the hole, the spring force
equals the contact force generated by the hole on the lower
cylinder. In the scale of micrometers, we model the horizontal
contact being linear to elastic deformation

Fx = M�xo (10)

where �xo is the deformation between the lower cylinder
and the hole, and M is the proportional factor between the
material deformation and the exerted force. Besides, according
to (8), when the spring’s compression is small, which is very
common in precision assembly, the spring’s length is close to
its free length, which yields that the horizontal stiffness kh is
much less than M . The resultant horizontal force on the lower
cylinder is zero, which leads to

kh xe − M�xo = 0. (11)

For a compressed spring, xe and �xo locate on different
sides of the hole’s axis. To compensate for the lower object’s
misalignment, the upper gripper’s movement depends on the
magnitudes of spring displacement and object deformation

�xc = xe − �xo (12)

where �xc is the motion of the upper gripper in order to align
the lower cylinder and the hole. Since kh is smaller than M ,
the case that �xc is zero while Fh is nonzero does not occur,
and xe > �xo. Combining the above two equations leads to

kc = Fh

�xc
= Mkh

M − kh
(13)

where kc is the assembly stiffness with a compressed spring.
Comparing (10) and (13), the assembly compliance of a com-
pressed spring is M − kh/kh times rigid gripping. It means that
the compressed spring has more compliance if kh < (M/2),
and since kh is much less than M , this configuration with
spring has a considerable compliance in insertion.

III. INSERTION CONTROL

The insertion of a partially flexible object is a process
where both rigid insertion and compliant insertion occur
and it renders different control methods in different phases.
We analyze the insertion process, propose control strategies
for each stage, and present the efficient insertion planning.

A. Insertion Process Analysis
The whole insertion can be split into two processes: one

cylinder is in the hole and both the cylinders are in contact
with the hole. The insertion is initialized in the state where
the spring is in its natural state and the object is aligned with
the hole, as shown in Fig. 2(a).

Fig. 2(b) shows the first stage, where only the lower cylinder
is inserted in the hole and the force sensor reflects the
contact between this cylinder and the hole. It is a compliant
insertion and the lower cylinder’s state depends not only on
the gripper’s motion but also on the contact with the hole. This
contact determines that the lower cylinder is not much deviated
from the hole’s center and the horizontal compensation is
based on the horizontal force and compliance. Meanwhile, the

Fig. 2. Different states in the insertion process. (a) Initial configuration.
(b) Compliant insertion. (c) Hybrid insertion. (d) Terminated configuration.

uncalibrated insertion direction d should be estimated, and due
to the insertion compliance, the method of estimating while
inserting can be applied without exerting too much force on
the cylinder.

After the horizontal adjustment and direction estimation in
the above stage, the upper gripper should be aligned with
the hole’s axis and this provides a good condition for the
insertion of the upper cylinder. Fig. 2(c) shows the second
insertion process, starting after the upper cylinder contacts
with the hole. In this phase, the force sensor displays the
resultant force that the hole exerts on both the cylinders, and
thus the accurate individual states of each cylinder cannot
be obtained. This insertion presents two different compliant
types simultaneously: the insertion of the upper cylinder is a
rigid one, since it is rigidly gripped by the upper gripper; and
the insertion of the lower cylinder is a compliant one as it is
connected to the upper cylinder through a spring. Therefore,
it is a hybrid insertion. Both the cylinders’ deviations from the
hole’s axis are not large and the control strategy is proposed
after analysis on all possible configurations.

The whole insertion ends after the object is totally inserted,
as shown in Fig. 2(d).

B. Compliant Insertion Process
The force sensor provides the force that the hole exerts

on the lower cylinder. According to the current force Ft , its
decomposition results in

Fv,t = (Ft · z) z, Fh,t = z × Ft × z (14)

where Fv,t is the vertical force, Fh,t is the horizontal force,
z is the vertical axis, “·” is the dot product, and “×” is the
cross product.

The insertion controller consists of two parts: vertical inser-
tion and horizontal compensation. The insertion depth incre-
ment is planned based on the previous performance, the current
state, and the future insertion prediction, and an incremental
PI controller is used for the horizontal compensation⎧⎪⎪⎨
⎪⎪⎩
�v1,t+1 = ξ1,t�v1,t

�h1,t+1 = 1

kc,t
[k p1(�Fh,t − �Fh,t−1) + ki1�Fh,t ]

+�v1,t+1 × dt × z

(15)

where �Fh,t is the error between the desired and current hor-
izontal forces, �v1,t is the current insertion vector of this first
stage, �h1,t is the current compensation vector, ξ1,t is a para-
meter between two consecutive insertions, and kp1 and ki1 are



710 IEEE TRANSACTIONS ON AUTOMATION SCIENCE AND ENGINEERING, VOL. 16, NO. 2, APRIL 2019

the proportional and integral parameters. The parameter ξ1,t

is planned to efficiently fulfill insertion while considering the
contact force. The last part of the second equation is the
compensation for the horizontal projection of the inclined
insertion based on the current estimated insertion direction dt .

For the unknown insertion direction d, we present an
approach to gradually estimate it and the strategy of estimating
while inserting is used in order not to reduce the insertion
efficiency. The spring state is determined according to the
horizontal contact force, and then the deviation of the gripper
relative to the hole’s axis is computed. Replacing Fx and Fz

in (6) and (7) with ‖Fh,t‖2 and ‖Fv,t‖2, the spring length
is acquired using xe,t and ze,t to represent the distance
between the spring’s two ends at time t . Meanwhile, the lower
cylinder’s deviation from the hole’s axis yields

�xl,t = −Fh,t

M
(16)

where �xl,t represents the distance vector from the hole’s
axis to the lower cylinder’s center. The deviation of the upper
cylinder relative to its alignment state results in

�xu,t = xe,t
Fh,t

‖Fh,t‖2
+ �xl,t (17)

where �xu,t is the distance vector from the hole’s axis to the
upper cylinder’s center. The inclined insertion direction has
consistent effects on the horizontal compensation

�x = �xu,t − �xu,t−n1 +
n1−1∑
i=0

[‖dt · z‖�v1,t−i − �h1,t−i ]
(18)

where n1 means how many steps to look back and �x is the
insertion vector accumulated in n1 steps. In the above equa-
tion, the third part on the right-hand side is the accumulated
projection of the insertion onto the vertical axis, and the last
part is the accumulated horizontal compensational motion. Due
to disturbances, an approximation method is used to gradually
estimate the direction

dt+1 = γ1

(
�x

‖�x‖2
− dt

)
+ dt (19)

where dt+1 contains the direction of dt+1 and γ1 discounts the
estimation error. After unitization, the direction is estimated as

dt+1 = dt+1

‖dt+1‖2
. (20)

The estimation is terminated when the updating magnitudes
are persistently small

d̃ = dt

s.t. max{‖dt − dt−1‖2, · · · , ‖dt−n2+1 − dt−n2‖2︸ ︷︷ ︸
n2

} ≤ ε (21)

where ε is a positive parameter, n2 is the persistent steps, and
d̃ is an approximation to the real direction. The checking of
the last n2 steps confirms whether the estimation is well done.

Fig. 3. (a)–(d) Configurations when the two cylinders contact with the hole,
where Fux and Fuz are the contact forces upon the upper cylinder from the
hole and Flx and Flz are upon the lower cylinder.

C. Hybrid Insertion Process

The properties of this process include that: 1) the two
contacting cylinders have different connecting types: rigid and
compliant connecting in series; 2) the force sensor provides a
resultant force the hole exerts; and therefore 3) the cylinders’
states cannot be accurately determined. Facing these difficul-
ties, we give an assumption that in the previous stage, the axis
of the upper cylinder is adjusted to be close to the hole’s axis
and the insertion direction d is well estimated. This assumption
is reasonable in that the insertion distance incorporating the
lengths of the lower cylinder and the spring is basically long
enough for adjustment and estimation.

Considering the physical constraints, there are four con-
figurations to discuss, as shown in Fig. 3. Fig. 3(a) shows
the expected state, in which the two cylinders are both well
aligned with the zero horizontal force. Fig. 3(b) shows the
configuration where only the upper cylinder is well aligned.
In Fig. 3(c), the two cylinders are deviated in the same
direction, with the lower cylinder less deviated, and Fig. 3(b)
presents the two cylinders deviating in different sides.

Not all these configurations occur in insertion, and one
is picked off qualitatively to simplify later discussion. This
impossible configuration comes from the deviated cylinders
in the same side. This setting only occurs when the spring
is stretched, where the spring pulls the lower cylinder back
in order to decrease the cylinder misalignment. Since during
the insertion in the interference fit, the spring is compressed,
and in this setting, the lower cylinder is definitely not still,
since the spring and the hole generate horizontal forces in the
same direction. Therefore, Fig. 3(c) is out of consideration.
Below we quantitatively analyze the other two cases that are
not aligned.

The configuration in Fig. 3(b) leads to �xo = xe and
substituting it into (11) results in kh = M . It means that
this case only occurs in instantaneous states where the spring
length is L = (kL0/M + k). This is a strict condition, and
with the assumption of the upper cylinder having been aligned
close to the hole’s axis, the horizontal stiffness of the spring
is much smaller than M . Therefore, the above equation cannot
be satisfied, and then, this case is not possible in practice.

In Fig. 3(d), the resultant force on the lower cylinder yields

M (xe − xu) − kh xe = 0. (22)

This equation requires kh < M , which fits in the pre-
cision assembly. Rearranging (22) leads to (xe/xu) =
(M/M − kh) ≈ 1, showing that the spring’s horizontal spread
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is only a little larger than the upper cylinder’s misalignment.
That means the lower cylinder is much closer to the hole’s
axis than the upper one.

After the above analysis, we conclude that Fig. 3(d) shows
the only case to be considered if the force sensor outputs a
nonzero horizontal value and the lower cylinder’s misalign-
ment is quite small. Therefore, we can use the controller
for rigid gripping to deal with the hybrid insertion, ignoring
the horizontal force on the lower object. This controller also
includes vertical insertion and horizontal compensation⎧⎪⎨

⎪⎩
�v2,t+1 = ξ2,t�v2,t

�h2,t+1 = 1

M
[k p2(�Fh,t − �Fh,t−1) + ki2�Fh,t ]

+�v2,t+1 × d̃ × z

(23)

where �v2,t and �h2,t are the vectors of vertical insertion and
horizontal compensation in the second stage, kp2 and ki2 are
another proportional and integral parameters, d̃ is the insertion
direction estimated in the previous stage, and ξ2,t is the
insertion parameter. The horizontal compensation difference
between the controllers of the two stages lies in the horizontal
compliance: one is with a spring and the other is rigid.

D. Insertion Planning

The compliant mechanism brings uncertainty, and for effi-
ciency improvement, the insertion is planned based on the
past performance, the current contact evaluation, and the future
insertion prediction.

1) First Stage: In the first insertion stage, a large misalign-
ment of the upper gripper only results in a small deviation of
the lower object. Therefore, aggressive methods can be taken
to improve the efficiency.

Due to the connecting spring, the two cylinders’ insertion
depth increments are not naturally equal, and this difference
is reflected by

σv,t = ‖�zl,t‖2

‖�zu,t‖2
= 1 + ze,t − ze,t−1

�v1,t · dt
(24)

where �zl,t and �zu,t are the vertical insertion depth incre-
ments of the lower and upper cylinders, and σv,t is the insertion
ratio between the insertions of the two cylinders. σv,t < 1
means the spring is more compressed; σv,t = 1 represents
that the cylinders’ insertion depth increments are equal; and
otherwise, the lower cylinder inserts more. We can use the
previous insertion ratios to estimate the next ratio

σv,t+1 = γ2σv,t + (1 − γ2)

∑n3−1
j=0 γ

j
3 σv,t− j∑n3−1

j=0 γ
j

3

(25)

where σv,t+1 is the estimated ratio for the next step, γ2 and γ3
are the discounted parameters, and n3 means how many
previous ratios are used. The next ratio is estimated with the
discounted sum of the current ratio and multiple previous ones.

The contact state for the first stage incorporates the horizon-
tal force and the insertion direction estimation error. We can
use an aggressive factor to evaluate the horizontal force, since

most of the misalignment can be counteracted by the spring

αt = max

{
1 − ‖Fh,t‖2 − Tn1

Tn1
, 1 − ‖Fh,t‖2 − ‖Fh,t−1‖2

k f

}
(26)

where αt is the evaluation factor relating to the horizontal
force, and Tn1 and k f are constant parameters. The first part
in the bracket values larger than 1 if the horizontal force is
less than Tn1, and the second part gives a value larger than 1
if the horizontal force is decreasing. The maximum function
means that only when the horizontal force surpasses Tn1 and
grows large, the evaluation factor is less than one, which means
that the current contact state needs to slow the insertion. The
expected insertion depth increment of the next step yields

�v1,t+1 = αt (1 − kd‖dt − dt−1‖2)‖�xl,t‖2

σv,t+1
(27)

where �v1,t+1 is the expected insertion depth increment of the
next step and kd is a scaling parameter. In (27), the part in
the bracket evaluates the estimation of the insertion direction;
the numerator computes the lower cylinder’s expected inser-
tion depth increment based on the two factors reflecting the
current contact state and the current insertion depth increment;
and dividing this expected insertion depth increment by the
expected insertion ratio results in the upper gripper’s expected
insertion depth increment. The insertion parameter is obtained
by limiting the above result

ξ1,t = min{�v1,t+1,�v1,max}
‖�v1,t‖2

(28)

where �v1,max is the maximum insertion depth increment in
the first stage.

The switch condition to the next stage can be set as the total
insertion distance of the lower cylinder and the spring

Lt − L1 > 0 (29)

where Lt = ∑t
i=1 �v1,i · z is the inserted distance and L1 is

the desired insertion distance for the first stage. When Lt is
close to L1, the last step inserts the upper object to be in the
initial state of the next stage.

2) Second Stage: In this hybrid insertion, the states of
cylinders are not accurately obtained and the compliance only
applies to one cylinder with the other one rigidly gripped.
Therefore, the insertion planning is conservative and different
from the above method.

Define an internal parameter based on the horizontal contact
and the insertion depth increment

βt+1 = min

{
2e

− γ4‖Ft,h‖2
‖�v2,t ‖2 βt , βmax

}
(30)

where γ4 is a scaling parameter and βt is an updating
internal parameter, which is limited by its maximum allowed
value βmax. This internal parameter concerns about both
safety and efficiency: a big parameter corresponds to a small
horizontal force with a large insertion depth increment. The
ratio between two consecutive internal parameters ranges
in (0, 1]. The parameter βt can be seen as a result of historical
states, updated in each time step rather than just based on
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the current performance. The initial value of this parameter
correlates with the insertion ratio of the previous stage. Let ts
be the time step when the stage switches and the initial value
yields

βts = ξ1,ts−2‖�v1,ts−2‖2βmax

�v1,max
(31)

where βts is the initial magnitude of βt . It is computed
according to the ratio of the next to last time step before the
stage switch. The reason not to use the time step ts − 1 is
because this last step initializes for the second stage, and not
the representation of the insertion efficiency of the first stage.

The insertion parameter for this stage is planned

ξ2,t = min

{
[1 + (βt − Tn2)]

[
1 − γ5

(‖Fv,t‖2 − Tn3
)

Tn3

]
,

�v2,max

‖�v2,t‖2

}
(32)

where Tn2 is a parameter above which the parameter βt has
a positive effect on increasing the insertion depth increment,
Tn3 is a parameter related to the vertical force, �v2,max is
the maximum insertion depth increment allowed in the second
stage, and

γ5 =
{
1, ‖Fv,t‖2 − Tn3 > 0
0. otherwise.

(33)

It means that only when the internal parameter βt is larger
than Tn2 and the vertical force is within Tn3, the insertion
depth does start to grow. Generally, the maximum insertion
depth increment of the second stage is less than the first stage,
�v2,max < �v1,max.

The end condition of the insertion is set as the union of the
inserted distance and the vertical force

Lt − L2 > 0 ∪ Fv,m − ‖Fv,t‖2 < 0 (34)

where L2 is the desired insertion distance for the whole inser-
tion and Fv,m is the maximum allowed vertical force. If the
hole’s depth is shorter than the sum of two cylinders’ lengths
and the spring’s free length, the lower cylinder touches the
bottom of the hole and the spring starts to be more compressed,
right before the upper cylinder reaches its terminal position.
The spring’s vertical force is expected to be accumulated,
and if the horizontal force is not large, a fix insertion depth
increment is used to insert the object to its terminal state.

Fig. 4 shows the insertion control process for the partially
flexible object. For the first stage, according to the measured
force, the spring state is obtained and the assembly stiff-
ness is computed. With the spring state, the insertion ratio
is calculated, and furthermore, the next ratio is estimated.
Based on the current spring state, the insertion direction is
estimated via computation of misalignment and the estimation
error effect. The expected insertion depth increment is then
planned and limited by its maximum allowed threshold and the
horizontal compensation is acquired based on the horizontal
force, the estimated direction, and the assembly stiffness.
For the second stage, the internal parameter βt is updated,
given the current horizontal force and the previous insertion

Fig. 4. Insertion control process for a partially flexible object.

depth increment. The insertion depth increment is accordingly
planned and limited and the compensation in the horizontal
plane is computed on the basis of the horizontal force and
the estimated direction. The switch mechanism determines
which controller works and the output is sent to the actuators.
The condition check function activates the switch based on
checking results of the vertical force and the inserted distance.

The insertion in this paper is a discrete control process
and the manipulators are driven with stepper motors, which
can be modeled to a one-order inertial element and an inte-
gral element. The control system is stable with well-tuned
parameters of the PI controller. In the first insertion phase,
the axis of the upper cylinder is adjusted to be close to
the axis of the hole, and the phase switch will not cause
big changes or oscillation in the radial contact force. With
appropriate controller parameters, the switch between the two
phases does not affect the system stability.

IV. EXPERIMENTS

The insertion strategies are testified on a precision assembly
platform, which is shown in Fig. 5. It equips with three
microscopes, two force sensors, and six robot arms, but for
this experiment, only two arms, two microscopes, and a force
sensor are used to verify the insertion strategy. The upper arm
holds the upper cylinder and is equipped with three linear ball
guides, Suguar KWG06030-G whose translational resolution is
±0.5 μm, to achieve 3-D translational movement, and a two-
axis rotation stage, Sigma KKD-25C, for two-DOF manual tilt
adjustment. The lower arm, which grips the hole, has an eleva-
tor stage, Micos ES-100, with movement errors within 0.1 μm
to fulfill the insertion and three motorized goniometer stages,
KGW06050-L, KGW06075-L, and SGSP-40yaw for rotation.
The horizontal microscopes are GC2450 with a resolution of
2448×2050 pixels and PointGrey 50S5M-C whose resolution
is 2448 × 2048 pixels, and the force sensor is Nano-43 with
a resolution of 1/128N, which can be improved with filtering.
Both the cylinders are hollow with 0.1-mm thickness, 3-mm
length, and 3-mm diameter. The object containing the hole is
a hollow cylinder with 50-μm thickness and 9.4-mm length.
The materials are aluminum. The hole has the same diameter
as the cylinders with the magnitude of interference between
them lying in 0∼5 μm. The compression spring is 3.5-mm
long and its diameter is 1.2 mm.
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Fig. 5. Assembly platform and the object.

Fig. 6. Comparison between the forces computed from the spring model and measured from the force sensor. (a), (b), and (d) Relative forces in
the x-, y-, and z-axes between two consecutive states. (c) and (e) Horizontal and vertical errors between the computed force and the measured force.

TABLE I

PARAMETERS FOR EXPERIMENTS

Using the least square method, we calibrate the rotational
matrix from the force sensor to the upper robot arm. The spring
coefficient is obtained averaging the ratios between the force
and the compressed length from several experiments. The
proportional factor M is calibrated by averaging the ratios
between the horizontal movements and the horizontal force
changes when the rigidly gripped object contacts the hole.
The maximum insertion step for the first stage is twice that
of the second stage, showing a restricted limitation for hybrid
insertion. The parameters are shown in Table I. The upper
manipulator is a little deviated from the vertical, which is set as
the initial guess of this insertion direction. We use the Ziegler–
Nichols method to regulate the controller parameters and the
Butterworth method to filter the force sensor.

We first experiment to verify the spring model by comparing
the computed and measured forces. The upper gripper moves
25 steps of 2 μm sequentially along the positive x-axis,
the positive y-axis, the negative x-axis, and the negative y-axis
in its own coordinates. The force change between two steps is
picked as the comparison objective. Using these movements
and the corresponding forces, we can optimize the initial
offset and compute the force changes corresponding to the
movements. The comparison results are shown in Fig. 6, where

Fig. 7. Insertion initialization. (a) and (b) Views in the microscopes 1 and 2.
In each subfigure, the left shows the object and the right shows the alignment
between the object and the hole.

Fig. 6(a)–(c) shows the relative horizontal forces and the errors
and Fig. 6(d) and (e) shows the vertical forces and errors. The
mean error is μ = [−0.01, 0.23, 1.83]T mN and the standard
deviation is σ = [7.28, 5.47, 5.27]T mN. All these show that
the proposed spring model presents a relationship between the
force and its offset with a tolerant approximation error.

The proposed method is used to insert the object into the
hole. The insertion initialization is shown in Fig. 7, where the
object state and the alignment between the object and the hole
are presented. Fig. 8 shows the insertion performance, where
the green dotted lines represent the switch between the two
stages. In the first stage, the horizontal force is small, mostly
less than 50 mN and the vertical force is within 100 mN,
and therefore, the insertion in this stage is at its maximum
insertion step. The horizontal compensation motion is shown
in Fig. 8(a), and since the minimum movement of the actu-
ators is 1 μm, this compensational curve is zigzag-like. The
maximum horizontal displacement is about 125 μm in the
x-direction and 50 μm in the y-direction, which decreases
the horizontal force. The average stiffness in this stage is
8.9 mN/μm, and comparing with rigid clamping, its compli-
ance is about eight times. Fig. 8(c) shows the lower cylinder’s
horizontal movement, calculated from the horizontal force,
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Fig. 8. Experimental results. (a) Upper cylinder’s horizontal movements. (b) Upper cylinder’s vertical movements. (c) Lower cylinder’s horizontal movements,
computed from the horizontal force. (d) Horizontal forces. (e) Vertical force. (f) Direction estimation error.

TABLE II

COMPARATIVE RESULTS

and it can be seen that this horizontal adjustment is very
small. Fig. 8(f) presents the insertion direction estimation.
Due to the restriction of the actuators’ minimum movement,
we change the estimation to a process that only when the
horizontal compensation occurs, the estimation starts. The esti-
mation error gradually approaches to zero, with a very small
magnitude when this stage ends. The forces in the second
stage is comparatively large, as shown in Fig. 8(d) and (e).
It can be seen that the horizontal compensation movements
in these two stages are almost the same, but the horizontal
forces are quite different. This shows the compliance of the
two stages from another aspect. Since the lower cylinder’s state
is not observable in the second stage, its state computation is
not shown. Before the end of this insertion, the spring is more
compressed and the vertical force increases to about 3N, as the
hole’s depth is 100 μm less than the insertion distance. In these
last insertions, the maximum step is used since the horizontal
force is still small. These experimental results show that the
insertion direction can be well estimated and the proposed
method is applicable to assemble partially flexible objects.

We also carry out comparative experiments with the method
proposed in [7], which adjusts the insertion depth incre-
ments according to the contact force. In the comparative
experiments, the maximum insertion depth increments are the
same as the above and the parameters are the same as used
in [7]. The objects are well aligned and no inclination is
involved. We apply the insertion estimation approach in this
comparative method and employ our spring model to compute
the horizontal stiffness of the compliant insertion. The time
interval is set to 0.1 s. We conduct four experiments on dif-
ferent objects and springs, which means different magnitudes
of interference, different cylinders’ diameters, and different
uncertainties. Owing to the fact that the comparative controller
also uses the same estimation and compliance, the forces
between objects are similar, and as a result, their insertion
efficiency is chosen as the comparison index. Table II shows
the time cost used in each experiment where a deliberate
disturbance of displacing the gripper during insertion is added

in the last two experiments. Our method always takes the
maximum insertion depth increment and spends 130 s; while
the comparative method varies a little due to the different
horizontal forces and uses about 157 s. Besides, we have
conducted 30 experiments altogether and all insertions are suc-
cessfully achieved. This shows the efficiency and repeatability
of the proposed approach.

V. CONCLUSION

This paper considers the efficient insertion of the partially
flexible object in precision assembly and solves the problems
in hybrid insertion. A spring is picked as the example of the
compliant connection due to its flexibility of compression,
transverse, and bending. We first build a spring model to
relate its state and the exerting force and then analyze the
assembly stiffness. The first stage is a process of a compliant
insertion and a control strategy is proposed to online-estimate
the insertion direction, compensate for the horizontal mis-
alignment, and plan an aggressive insertion based on the past
performance, the current contact, and the insertion prediction.
The second stage is a process of a hybrid insertion where
the rigid and compliant clamping is in series. To solve the
problem of immeasurable accurate state and the uncontrollable
compliant part, we qualitatively and quantitatively analyze all
the possible configurations, based on the built spring model,
to distinguish the correct relative posture between the two
rigid parts. A control strategy is also presented for horizontal
compensation and conservative vertical insertion according to
the effect of previous performance and the current evaluation.
Several experiments are implemented to validate the proposed
method.
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